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Abstract We explore the first radial excitation X7 of the
fully charmed diquark-antidiquark state X4. = cccc built of
axial-vector components, and the hadronic molecule M =
Xc1Xe1- The masses and current couplings of these scalar
states are calculated in the context of the QCD two-point
sum rule approach. The full widths of X7, and M are evalu-
ated by taking into account their kinematically allowed decay
channels. We find partial widths of these processes using the
strong couplings g’ and GE*) at the X (M )-conventional
mesons vertices computed by means of the QCD three-point
sum rule method. The predictions obtained for the param-
eters m = (7235 £ 75) MeV, I' = (144 + 18) MeV and
# = (71804+120) MeV, T = (169+21) MeV of these struc-
tures, are compared with the experimental data of the CMS
and ATLAS Collaborations. In accordance to these results,
within existing errors of measurements and uncertainties
of the theoretical calculations, both the excited tetraquark
and hadronic molecule may be considered as candidates to
the resonance X (7300). Detailed analysis, however, demon-
strates that the preferable model for X (7300) is an admixture
of the molecule M and sizeable part of X} .

1 Introduction

The multiquark hadrons composed of exclusively heavy
quarks were in agenda of researches from first years of the
parton model and QCD. During past decades much was done
to investigate features of such particles, calculate their param-
eters in the context of different models, study production and
decay mechanisms of these hadrons. Reports of the LHCb,
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ATLAS and CMS Collaborations on X resonances in the 6.2—
7.3 GeV mass range became one of important experimen-
tal achievements in the physics of fully charmed four-quark
mesons [1-3]. The structures X (6200), X (6600), X (6900)
and X (7300) observed by these experiments in the di- J /v
and J /vy’ mass distributions provide useful information
and allow one to compare numerous theoretical predictions
with the masses and widths of these states.

These discoveries generated new theoretical activities
to explain observed states, reveal their internal structures
[4-16]. The fully heavy X resonances were considered
as scalar four-quark mesons with diquark-antidiquark or
hadronic molecule organizations [4-8]. For example, the res-
onance X (6900) may be a diquark-antidiquark state with
pseudoscalar ingredients, or hadronic molecule x.0xco [5]-
The structure X (6200) was interpreted as a ground-level
tetraquark with the spin-parities J°C¢ = 0** or 17—, whereas
X (6600)— as its first radial excitation [6]. The four structures
X (6200) — X (7300) were assigned to be different excited
tetraquark states [7,8].

Alternative scenarios explain appearance of the X reso-
nances by coupled-channel effects. Thus, using this approach
the authors of Ref. [11] predicted existence of the near-
threshold state X (6200) with JP€ = 07+ or 27+ in the
di-J /¢ system. Coupled-channel effects may also generate
a pole structure identified in Ref. [13] with X (6900), and
lead to emergence of a bound state X (6200), and resonances
X (6680) and X (7200), which can be classified as broad and
narrow structures, respectively.

Production mechanisms of fully heavy tetraquarks in dif-
ferent processes became topics for interesting investigations
[17,18]. Thus, inclusive production of fully charmed S -wave
four-quark mesons at the LHC energies was studied in the
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nonrelativistic QCD factorization framework in Ref. [17].
Production of fully-heavy tetraquark states in pp and pA
collisions through the double parton scattering mechanism
was considered in Ref. [18], in which it was shown that a
search for such states is feasible in the future runs of LHC
and in Future Circular Collider.

The fully heavy four-quark mesons were studied also in
our articles [19-21]. The scalar tetraquarks X4 = cccc and
X, = bbbb built of axial-vector diquarks were explored
in Ref. [19]. It was demonstrated that X4, with the mass
(6570 £ 55) MeV and full width (110 £ 21) MeV is nice
candidate to the resonance X (6600). The fully beauty state
X4p has the mass (18540 4 50) MeV that is smaller than
the npnp threshold therefore it cannot be seen in 1, or
Y (1S)Y (1S) mass distributions. The X4p can decay to open-
beauty mesons through bb annihilation to gluon(s) that trig-
gers X4, — BT B~ and other decays [9]. Electromagnetic
decays to photons and leptons are alternative channels for
transformation of X4, to conventional particles.

The scalar tetraquarks 74. and T4, composed of pseu-
doscalar diquarks were explored in Ref. [20], in which we
computed their masses and widths. The parameters m =
(6928 + 50) MeV and T'ye = (128 & 22) MeV of Ty are in
excellent agreements with relevant CMS data, therefore we
interpreted it as the resonance X (6900). The exotic meson
Typ decays to npnp pairs and can be detected in the mass dis-
tribution of these mesons. It is interesting that the hadronic
molecule .o xco (a brief form of x.o(1P) x.0(1P)) has sim-
ilar parameters and is another candidate to X (6900) [21].
Hence, X (6900) may be considered as a linear superposition
of the molecule x.0xc0 and diquark-antidiquark state Tj.

The lowest lying structure among X states is the reso-
nance X (6200), that may be interpreted as the molecule
nene. In fact, the mass (6264 £ 50) MeV and full width
(320 £72) MeV of the molecule 1.1, agree with the LHCb-
ATLAS-CMS data [21].

The last position in the list of new X structures is held by
the resonance X (7300). This state was detected in both the
di-J /v and J /4" mass distributions. In Ref. [19], we used
this fact to make assumptions about its nature, and argued
that X (7300) maybe is the 2§ radial excitation of the exotic
meson X (6600). Another option for X (7300) is the hadronic
molecule model x.;(1P)xc1(1P) (in what follows xc1xc1)
that may have close parameters.

In the present article, we address problems connected with
the resonance X (7300) in attempts to describe its parameters
in the four-quark model. To this end, we calculate the mass
and width of the first radial excitation X of the diquark-
antidiquark state Xac. The full width of XZC is evaluated
using its kinematically allowed decays to J /v J /¥, J /¥,
Neles NeNe(2° ), NeXels Xc0Xc0, and Xe1 Xc1 mesons. We are
also going to perform the similar analysis in the case of
the molecule M =y, xc1.- We will compare predictions for
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parameters of X jc and M with experimental data, and each
other to make decision about the nature of X (7300).

This article is organized in the following form: In Sect. 2,
we explore the excited tetraquark X, and compute its mass
and full width. The same analysis for the molecule M is
carried out in Sect. 3. In the last Sect. 4, we present our brief
conclusions. Appendix contains the heavy quark propagator
and some of correlation functions used in the present analysis.

2 Radially excited state X}y

In this section, we explore the first radial excitation X7 of the
scalar tetraquark X 4. built of axial-vector diquarks. The mass
and current coupling of this state are computed by means
of the QCD two-point sum rule (SR) approach [22,23]. To
evaluate partial widths of the kinematically allowed decay
channels of X, we are going to employ the three-point sum
rule method, which is necessary to find strong couplings at
corresponding three-particle vertices. It is worth noting that
the SR methods are powerful nonperturbative tools to study
conventional hadrons, but they can also be applied for anal-
yses of multiquark particles [24-26].

2.1 Mass m and coupling f of X7,

The sum rules for the mass m and current coupling f of the
tetraquark X7 can be extracted from analysis of the correla-
tion function

M(p) =i f d*xeP* (01T (J (x)J 7 (0)}]0), (1

where 7 is the time-ordered product of two currents, and
J (x) is the interpolating current for the states X4 and X} .

We model X4 and XZC as tetraquarks built of the
axial-vector diquark ¢’ C yuc and axial-vector antidiquark
EyMCET. Then, the interpolating current is determined by
the expression

J(x) = el (x)Cypep(x)a (x)y*Cef (x), )

with a and b being color indices. In Eq. (2) c¢(x) is c-quark
fields, and C is the charge conjugation matrix. The cur-
rent J (x) describes the diquark-antidiquark states with spin-
parities JFC = 01T,

The ground-level particle with this quark content and
quantum numbers is the tetraquark X4, which was inves-
tigated in our paper [19]. We computed its mass mo and
coupling fp by employing the two-point SR approach. We
took into account explicitly only the ground-state term and
included all other contributions to a class of “higher res-
onances and continuum states”. We refer to this standard
treatment as “ground-state+continuum” approximation.
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To derive sumrules form and f, we express the correlation
function IT(p) in terms of X4 and X7 tetraquarks’ masses
and couplings. Having inserted a complete set of intermediate
states with the same content and quantum numbers of these
tetraquarks, and carried out integration over x, we get

(011 X4 (p))(Xac(p)|IT10)
m% —p?

X X* T
L (01 40(193)( 4;(P>|J o 3)
m2—p

™ (p) =

This expression contains two terms corresponding to the
ground-state particle X4 with the mass mo and a contribu-
tion coming from the first radially excited state, i.e., from 2.5
level tetraquark X . Here, the ellipses stand for the effects
of higher resonances and continuum states. This approach
is “ground-level+first excited state +continuum” approxima-
tion.

The TTPY5(p) can be simplified using the matrix elements

(O171X4c(p)) = fomo, (01X} (p)) = fm, “

where fp and f are current couplings of the X4c and X7,
respectively. Then, we get

f2m2 f2m2
l-[PhYS(p) — m20 ;))2 + m2 p2 + e (5)
G- —

This function contains only the Lorentz structure propor-
tional to I, hence the invariant amplitude ITPS(p?) neces-
sary for our analysis is defined by rhs of Eq. (5).

The QCD side of the sum rules is formed by the corre-
lation function IT(p) expressed using c—quark propagators
and calculated in the operator product expansion (OPE) with
some accuracy. In the case under discussion, [1OPE (p) and
corresponding amplitude TTOPF(p?) were computed in Ref.
[19]. There, we also found the parameters mg and fj of the
ground-state particle X4, which appear in the present anal-
ysis as input quantities.

After the Borel transformation and continuum subtraction
the SR equality takes the form

fzmze_mz/M2 = T1(M?, s0) — f&m%e_m(z)/Mz, (6)

which in conjunction with the derivation of Eq. (6) over
d/d(—1/M?), can be utilized to find sum rules for m and f.
Here, T1(M?2, s¢) is the amplitude [1OPE( p2) after the Borel
transformation and subtraction operations, and M 2 and s are
corresponding parameters.

The TT(M?, s0) is given by the formula

50
(M2, 50) = / dspOPE(s)e=s/M* )

16m%

where pOPE(s) is a two-point spectral density. It consists of
the perturbative contribution pP™(s) and the dimension-4
nonperturbative term ~ (ayG>/m): The explicit expression
of pPe™(s) can be found in Ref. [19].

To carry out numerical computations, one needs the gluon
vacuum condensate (g G? /) = (0.0124+0.004) GeV* and
c-quark mass m, = (1.27 £ 0.02) GeV. A crucial prob-
lem to be clarified is a choice of the parameters M> and
so. The regions in which they can be changed should meet
known restrictions of SR computations. Stated differently,
M? and s have to be fixed in such a way that to ensure dom-
inance of the pole contribution (PC) and perturbative term
over a nonperturbative one. The convergence of OPE and
a stability of extracted observables against variations of the
Borel parameter M2 are also among important constraints.
Because, IT(M 2, s0) does not contain quark and mixed con-
densates the dominance of PC and stability of extracted quan-
tities play key role in choosing parameters M2 and so.

In the first phase of computations, we fix the regions for
M? and s in order to activate in Eq. (3) only the ground-state
term. This task was fulfilled in Ref. [19], where M? and sq
were varied inside the regions

M? € [5.5,71 GeV?, 50 € [49, 50] GeV>. (8)

As aresult, we evaluated the mass m( and coupling fj of the
ground-state tetraquark Xy

mo = (6570 £ 55) MeV,
fo = (5.61 £0.39) x 1072 GeV*. )

At the second stage of studies, we use mq and fj in Eq. (6)
as input parameters and calculate the mass m and coupling
f of the excited state

m = (7235 + 75) MeV,
f=(8.0+0.9) x 1072 GeV*. (10)

To compute Eq. (10), we use the working regions
M? € [5.5,7]1 GeV?, s € [55,56] GeV?, (11)

which obey all constraints imposed on TT(M?, sq) by the SR
analysis. In fact, the pole contribution changes inside limits
0.93 > PC > 0.71, at the minimum of M? = 5.5 GeV? the
nonperturbative term is negative and constitutes only 1.4%
part of the correlation function. The extracted quantities m
and coupling f bear residual dependence on the parameters
M? and s¢ which is a main source of theoretical uncertain-
ties. These effects are equal to =1% in the case of m, and
to £11% for f staying within limits acceptable for the SR
computations. The behavior of the mass m under variations
of M? and sy is shown in Fig. 1.
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Fig. 1 Mass of the tetraquark X,c« as a function of the Borel M? (left), and the continuum threshold 5§ parameters (right)

Because we consider two terms in Eq. (5), and find param-
eters of the ground-level and radially excited tetraquarks,
there is a necessity to check a self-consistency of performed
studies. Indeed, the parameters sy and sa‘ separate contri-
butions of interest from ones which are modeled using the
assumption about quark-hadron duality. Therefore, in these
studies the inequalities m% < sp and 5o < m? < s¢ should
be satisfied: With results of the numerical analysis at hand,
it is not difficult to verify these relations.

The prediction for the mass m = 7235 MeV of the 25
excited tetraquark X7, within uncertainties of calculations
and errors of experiments is consistent with values mAT =
7220430730 MeV and mMS = 7287119 £ 5 MeV, respec-
tively. In our article [19] we supposed that the resonance
X (7300) is 28 excited state of X (6600). This assumption
based on the fact that the ATLAS Collaboration detected the
resonances X (6600) and X (7300) in J /v J /4 and J /¥y’
mass distributions, respectively. Because the mass differ-
ence between mesons ¥ and J /v is around 590 MeV, and a
comparable mass splitting (600 — 735) MeV exists in the
X (7300) — X (6600) system, it is natural to assume that
X (7300) is excitation of X (6600). Our results for the masses
of X4c and X} differ by amount 665 MeV and seem support
this scenario.

2.2 The full width of X},

The mass m of the excited tetraquark X7 allow us to deter-
mine its decay channels, and evaluate full width of this state.
It is clear, that decays to J /¥ J /v, J /Uy, nene, nene(2 S),
NeXels Xc0Xc0, and xc1 xc1 mesons are among such allowed
channels. It is worth noting that decay X}. — ncxc1 is the
P-wave process, whereas the remaining ones are S-wave
decays.

@ Springer

We are going to explain in a detailed form only pro-
cesses Xj. — J/yJ/¥ and X — J/y¥y’', and provide
final results for other channels. The partial widths of these
decays are governed by the strong couplings g/ at the ver-
tices X J /¥ J /¥, and X} J /¥’ These couplings can be
evaluated using the following three-point correlation func-
tion

Huv(p’p/) — i2/d4xd4yeip’ye—il7x<O|T{Jullf(y)

xJ (0)77(x))(0), (12)
where J, ,Iff (x) is the interpolating current for the mesons J /v
and ¢’

TV (x) =T () yci(x), (13)

withi = 1, 2, 3 being the color indices.

We apply usual recipes of the sum rule method and express
the correlation function IT,,(p, p’) in terms of physical
parameters of particles. Because the tetraquark X7 . decays
both to J /v J /v and J /' pairs, we isolate in I1,,, (p, p’)
contributions of the mesons J /v and v/ from ones of higher
resonances and continuum states. But the current J(x) also

couples to the ground-state tetraquark X4.. Therefore, for the

Phys

physical side of the sum rule IT,,/" (p, p’), we get

(OLLY 17/ (") (O 11/ (@)

Ph
HMVys(pv P/) = Z

=, PP m? 2 —m’
X4(PIITI0
() @I Ky TP
p? - m%
by Q) OL1/v)
I=1,2 p?— m21// g% — m%
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X1.(p1Jto
x<w<p’>1/w<q)|Xic(p)>%~~- N
1

where m; = (3096.900 £ 0.006) MeV and my =
(3686.10+0.06) MeV are the masses of J /v and y'mesons
[27]. To write down l'[f:llys( p, p') in a compact form, we use
in Eq. (14) notations X}‘C = Xy, Xﬁc = X}, and m% = m%,
m3 =m?.

2

The function Hzl‘l,ys (p, p') can be expressed in terms of
mesons and tetraquarks masses and decay constants (cou-
plings). To this end, one should use the matrix elements of

the tetraquarks Eq. (4), as well as the matrix elements

OV 1 /4 (p)) = famseu(p).
O 1% (p)) = fymy&u(p), (15)

and

/(NI /(@) Xac(p)) = 814 [q - P'e*(P)) - £*(9)
—q-"(pHp - " (@],
W (PN /¥ (@) Xac(p)) = 82(¢7) [q - P'E*(P) - £*()
—q-T(PHp " (@)]. (16)
Here, f; = (409 £ 15) MeV, fy = (279 & 8) MeV and
&, €, are the decay constants and polarization vectors of the
mesons J/vy and ' [27,28], respectively. In the vertices
with the excited tetraquark X} (p) one should write form
factors gf(q2) and gz(qz).
Having used these matrix elements and carried out simple
calculations, we find for HE}LYS( p.p)

Ph
L, (p, ) = g1(q?) fomo f3m? Fyp(mo, m )

+g1 (gD fmfim5 Fuy(m, my)
+82(q) fomo frmy fymy Fu(mo, my)
+g5(qP) fmfymy fymy Fpp(m,my) + -+, (17)

where

[(a* = b* — ¢%) guv — 29, 1)]
2 (pz _ az) (17/2 _ bz) (qz _ m2j)

Fu(a, b) = (18)

As is seen, there are two structures in H,lillys( p, p') which can
be used for SR analysis. To derive the sum rules for the form
factors gl.(*) (qz), we work with the Lorentz structure g, ,, and
corresponding invariant amplitude TIPS (p?, p’2, ¢?).
After the double Borel transformation of the function
1Pys (p2, p'2, ¢%) over the variables — p? and —p'?, we get

BO™(p?, p%, %) = g1(g?) fomo fim3 F (mo, m )
+gi(g®) fmfim3 F(m my)
+g2(612)fOH10f/mJfwmwF(mo, my)
+85(qD) fmfymy fymy F(m,my) + -+, (19)

with F(a, b) being equal to

(az _p2_ qz)

22 122
e*tl /Ml e*b /MZ' (20)
2(q?% — m%)

F(a,b) =

The second component of the sum rules is the same corre-
lation function TI%PE (p, p’), but calculated using the ¢ -quark

L
SPE (p, p') and invariant ampli-

propagators. The function IT /|
tude TTOPE(p?, p”2, %) were computed in Ref. [19]. Having
equated BITPYS(p2, p%, ¢?) and the doubly Borel transfor-
mation of the amplitude TI°PE(p2, p’2, ¢2), and performed
the continuum subtractions, we find the sum rule equality,

right-hand side of which is determined by the function

50 50
(M2, so, ¢°) =/ ds/ ds'p(s,s', g%
16m2 4m?
x e~/ M g=5'/M3 Q1)

where M2 = (M2, M22) and so = (50, s,) are the Borel
and continuum threshold parameters, respectively. A spec-
tral density p(s,s’,¢?) is found as an imaginary part of
MOPE(p2, p2, ¢?). Let us note that parameters (M7, so) and
(M3, 5}) correspond to X4c — X}, and J /¢ — ' channels,
respectively.

The equality Eq. (19) obtained by this way contains four
unknown form factors gﬁg) (g%). One of possible methods
to extract them from this equality is to calculate its deriva-
tives over —1 /Ml2 and —1/ M22. But then final expressions

for gﬁg) (¢%) become rather complicated, which may reduce
an accuracy of numerical analyses. Here, we pursue the alter-
native policy: By choosing appropriate subtraction parame-
ters in Xy — XIC and J/¥ — v’ channels, we include in
analysis terms from Eq. (19) one by one. These operations
change number of components in BITP™S and integration
limits in TT(M?2, s, qz). At each new stage, we take into
account results obtained in previous steps, and solve subse-
quent equations with only one unknown form factor.

First of all, let us note that the form factor g| (¢%) was eval-
uated in Ref. [19]. It corresponds to the vertex X4cJ /¥ J /¢
and is necessary to compute the partial width of the decay
X4c — J/¥J /. To calculate g1 (g?), we fixed parameters
(M}, 50) as in Eq. (8), whereas for (M3, s,) used

M3 € [4,5] GeV?, s, € [12, 13] GeV?, (22)

where s, is limited by the mass mzw of the next state in the
J/¥ — ' channel, i.e., s(/) < m?ﬁ Afterwards, we choose
(Mlz, so) in accordance with Eq. (11), but do not modify
(M2, 5)- By this way, we include into consideration g7 (q?)
and obtain the equation containing g;(¢?) and gT(qz). This
means that remaining terms in Eq. (19) are included in
“higher resonances and continuum states” and their effects

@ Springer



994 Page 6 of 12

Eur. Phys. J. C (2023) 83:994

are implicitly taken into account in IT(M?, s, ¢2) through
the quark-hadron duality. Then, using results for g (¢2), we
calculate the form factor g]"(qz) that determines the width of
the process X3, — J/¥J/¥.

At the new stage of studies, we consider the equation for
the form factors g(¢?) and g2(g?). The latter corresponds
to the vertex X4cJ /¥ ', and formally describes the channel
X4 — J/Yy’. This decay mode of X4 is kinematically
forbidden, because the threshold 6737 MeV for production
of the J /¥y pair exceeds the mass of the tetraquark X4c.
But g>(g?) is required to determine the form factor g (g%
of interest. To extract gz(qz), we fix (Mlz, s0) by means of
Eq. (8), but choose (M2, s¢’) in the form

M3 € [4,5] GeV?, 53 € [15,16] GeV?, (23)

where 5§’ < mzv,(3 s)- Finally, using for the X4. — X7 and
J /¥ — ' channels Egs. (11) and (23), we calculate the last
form factor g7 (q?).

The SR method allows one to calculate the form fac-
tors in the deep-Euclidean region ¢> < 0. All functions
gi(*) (¢%) in the present work are calculated in the region
g> = —(1 — 10) GeV?. But partial widths of the decays
under consideration are determined by values of these form
factors at the mass shell g2 = m% To solve this problem, we
introduce a new variable Q> = —g? and denote the obtained
functions by gl.(*)(Qz). Afterwards, we use a fit functions
gf*)(QZ) that at momenta Q> > 0 are equal to the SR’s
results, but can be extrapolated to the domain of Q% < 0. In
present article, we use functions G; (0%

2 2\ 2
Gi(Q%) = Glexp [c,-‘Q +cf (Q—z) } (24)
m

=
with parameters g?, cl.1 and cl.z. It is worth noting that in the
case of gi‘(qz) and g7 (¢%) the parameter m in Eq. (24) is
the mass of the tetraquark X j{c, whereas for the intermediate
functions g (qz) and gz(qz), we use the mass mq of X4c.

Results obtained for g;‘(qz) and gi“(qz) are plotted in
Fig. 2. Computations demonstrate that Q?* = 0.68 GeV‘l,
c}* = 3.93, and c%* = —4.33 lead to nice agreement with
the sum rule’s data for g’f(Qz). At the mass shell g2 = m%
the function QT(QZ) is equal to

¢ =Gr(—=m3) = (3.1£0.5) x 107! Gev~1. (25)
The width of the decay X;. — J/ J /v can be obtained by

employing the expression

A [mt 222
T [X5 — J/vi/y]= g;ﬁzg (m_g + Tl> , (26)
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Fig. 2 The QCD results and fit functions for the form factors g’l*(Qz)

(dashed curve) and gi‘(Qz) (solid curve). The red diamond and green

star denote the point Q% = —m%, where the strong couplings g} and
g5 are evaluated

where Ay = A(m, m , my) and
[m} +m3 +m3

Almy, my, m3) = o
1

12
—2(m3m? + m3m? + m%m%)] . 27)

Then it is not difficult to find that
I'[Xi. — J/¥J/¥] = (30.1 £8.3) MeV. (28)

In the case of g%‘(QZ), similar investigations give for the
parameters of the function g;(QZ) following results: Qg* =
0.54 GeV~!, ¢l* = 3.28, and ¢3* = —4.26. The strong
coupling g3 equals to

& =Gi(—m3) =(2.5+0.5) x 107" Gev~! (29)

Partial width of the process X, — J/¥¢’ is given by the
formula

2 .2 2
Ay [Mmymy 2
X = Iy =g (% - f) .0

where Ay = A(m, my, m ). This leads to the prediction
I [X5 — J/¥y'] = (11.5£3.3) MeV. 31)

The results obtained for these two decay channels are col-
lected in Table 1.

The decays X3, — nene and Xj, — nene(2S) can
be explored in the context of this scheme as well. In this
case, the double Borel transformation of the amplitude

Hl;?ys(lﬂz, P2, q?%) equals to

fomo f2m;)

Ph C
BIL, (0%, . 4%) = g3(¢%) 5" R(mo, my,)
c
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fmfym,
SR Om,my) + 84(4)
c

2

Jomo fy.my,
4m?

2

fmfﬂcmrh.
4m?

+g3(g%)

X fre@symy 25y R (Mo, my.2s)) + €5(q°)

anc(zs)mf,c(zs)R(m, Mp.2s)) + -, (32)

where m,, = (2983.9£0.4) MeV, f;,. = (398.1£1.0) MeV
and my, 2 5) = (3637.5£1.1) MeV, f;.25) = 331 MeV are
the spectroscopic parameters of the 1. and 7n.(2 S) mesons
[27,29]. The function R(a, b) is defined by the formula

2,12 2
R(a, b) = (Clz(tb—;[))e_QZ/M%e—bz/Mé (33)
q- — mnc

The invariant amplitude H%PE( %, p% q%) was calcu-
lated in our article [19]. Here, one should take into account
that the regions (M2, s) and (M2, sy for ne —n(2 §) chan-
nel are given by the expressions

M3 € [3.5,4.5] GeV?, s € [11, 12] GeV?, (34)
and
M3 € [3.5,4.5] GeV?, s € [13, 14] GeV?, (35)

respectively. In the case of gg“(Qz), our studies lead for the
parameters of the function g;(QZ) to predictions: gg* =
0.39 GeV~!, c}* = 4.01, and ¢3* = —4.99. Then the cou-
pling g5 is equal to

g5 =Gi(-m; )= (1.7£04) x 107! GeV~". (36)

The width of the decay X}, — nn. can be found by

means of the formula
2 2
my A3 A
—é’n (1 + m—§> , (37)

Ne

T [X5 = nene] = g3

where A3 = A(m, m,;., my, ). Numerical computations yield
I [X}. = nene] = (30.6 = 10.5) MeV. (38)

For the second decay X}, — n:1.(25), we get
g =Gi(-m;)=(14£03) x 107" GeV ™!,
I'[Xi. = nene(28)] = (16.6 £5.5) MeV, (39)

where QZ(QZ) is the function with parameters Q’g* =
0.32 GeV~!, c}* = 4.06, and c3* = —5.02.

Treatment of the channels Xj. — n¢xc1, Xc0Xco, and
Xc1Xe1 1s done by taking into account vertices of the
tetraquarks X4 and X ZC with these meson pairs. Therefore,
the physical side of the sum rules consists of two terms. In the

case of the 1. x.1 mesons, both the ground-level tetraquark
X4 and its excited state X} decays to this meson pair.
Therefore, to find the partial decay width of the process
X;“C — NeXel, We use the form factor gs (q2) studied in Ref.
[19], and extract g5 (¢%) necessary to compute the coupling
g5 at the mass shell g% = m%y. The corresponding fit func-
tion Q;(Qz) has the parameters: gg* = 3.46, cé* = 3.59,
and c* = —4.72.

The remaining processes Xj{c — Xc0Xco and .1 xc1 are
investigated by the same manner, the difference being that
decays of X 4. to mesons x.0xc0, and x.1 xc1 are not kinemati-
cally allowed channels, but we compute relevant form factors
to find strong couplings g¢ and g7 of interests. The related
correlation functions are calculated in the present work for
the first time and given by the expressions (A.3) and (A.4).
The final results of analysis are collected in Table 1. Let us
note only that in numerical computations, we employ the SR
predictions for the decay constants f,., = (344 &= 27) MeV
and f,,, = 343 MeV [30,31].

Having used results for the partial widths of the excited
X7, tetraquark’s decay channels, we estimate its full width

I' = (144 £ 18) MeV. (40)

3 Hadronic molecule .1 xc1

Here, we investigate the hadronic molecule M = .1 xc1
and calculate the mass and current coupling of this structure,
which will be used to determine its kinematically allowed
decay channels. Decays of the molecule M and its full width
are also studied in this section.

3.1 Mass and current coupling

The sum rules for the mass 7 and current coupling fof the
molecule M can be extracted by exploring the correlation
function

M(p) = i/d“xe"l”‘<0|T{7(x)7*(0)}|0>. 41

Here, J(x) is the interpolating current for M

T(x) = Ca(0)ysyuca(X)Tn(x)ysy cp(x), (42)

with a, and b being the color indices. We are going to calcu-
late spectroscopic parameters of the ground-level molecule
M, therefore the physical side of the SRs is given by only
one term

Pir

"™ (p) = 5—— +--. (43)
m=—p

@ Springer
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Table 1 Decay channels of the tetraquark X, and hadronic molecule
M, strong couplings g and Glf*), and partial widths I'; and Fi. The
couplings g5 and G5 are dimensionless. For all decays of the tetraquark
X, the parameters M 12 and sg vary in the regions [5.5, 7] GeV? and

[55, 56] GeV?, respectively. In the case of the molecule M the param-
eters are M7 € [6, 8] GeV? and sy € [63, 65] GeV? for all considered
processes

i Channels M2(GeV?) 55 (Gev?) g x 10 (GeV™1) T; (MeV) G™ x 10 (GeV™1) T (MeV)

1 N 4-5 12—13 3.14+05 30.1 +£8.3 35407 36.1 £ 10.5
2 Iy 4-5 15—16 25405 11.5+33 32405 16.2£5.1
3 NeNe 3.5-4.5 11-12 1.74£04 30.6 £ 10.5 20+04 423+£122
4 Nene(2S) 3.5-4.5 13—14 14403 16.6£5.5 13403 14.7£5.1
5 MeXel 4-5 13—14 16.4 +3.8 11.6+4.1 18.3+£4.1 12.8+£42
6 X0 Xc0 4-5 14—14.9 21404 28.8+7.9 23405 29.9+94
7 Yel Xel 4-5 13—14 35405 144442 41408 16.5+£4.7

It is calculated by taking into account the matrix element

(OITIM) = fi. (a4

The invariant amplitude that is required for following analy-
sis is TIPS (p2) = F2m2 /(2 — p).

The correlation function [T°PE (p) in terms of the c-quark
propagators is determined by Eq. (45)

MO () =i [ atxe™ {Te [psy s omsse (o)
XTe [ sy S22 (007 ysSE (=) | = Tr [ysrSE oo
XVSSf,a(—x)VSV“Sfa/(X)VUVSSf/b(—X)] — Tr [¥s¥u
XSE )y SE =)y Set (0 ysSE P (=)
T [157S2 (00 7p5SY P (=) | Tr [ s 52 (o)
xysSe-n]}.

It is convenient to denote the invariant amplitude of the QCD
side by MOPE(p?). Then, the sum rules for the mass and
current coupling take simple forms

(45)

~, (M2, 50)

- 46
I1(M?, s0) (46)

and
2/ M?

2= ——T(M?, 50), 47)
m

It is not difficult to check that PC meets usual requirements of
SR computations. In Fig. 3, we plot dependence of the pole
contribution on the Borel parameter. It is seen, that expect
for a small region, PC is larger than 0.5. On average in s the
PC exceeds 0.5 for all values of M?.

The mass and current coupling of the molecule M are

— (7180 + 120) MeV,

I
f=(1.06£0.13) x 107! GeV*, 49)

respectively. It is worth to note that 71 and fin Eq. (49) are
mean values of the mass and current coupling averaged over
the working regions (48). It overshoots the mass 7022 MeV
of two x.1 mesons by 160 MeV and is unstable against decays
to these particles.

In Fig. 4, we plot the mass 71 as a function of M 2 and 50, 1n
which its residual dependence on these parameters is clear. It
is also useful to estimate a gap between the ground-state M
and excited molecules M*. The mass m* of the state M*
should obey the constraint m* > ,/so, i.e., m* > 8 GeV,
which implies an approximately 800 MeV mass splitting
between these molecules.

3.2 Width of M

Decay channels of the hadronic molecule M do not differ
from that of the tetraquark X . A difference appears in treat-
ment of these processes. Indeed, the molecule M is ground-
state particle it its class, therefore physical side of relevant

where IT' (M2, s0) = dT1(M?, 50)/d(— 1/M2). Here, TT1(M?, s¢) sum rules in M channel contains terms connected only with

is the amplitude TT°PE (p?) obtained after the Borel transfor-
mation and continuum subtraction operations.

Computations lead to the following constraints on the
parameters M2 and s

M? € [6, 8] GeV?, 50 € [63,65] GeV>. (48)

@ Springer

its decays.

Because the resonances under investigation were detected
in the di-J /4 and J /vy’ mass distributions, we concentrate
on the decays M — J/¥J/¢¥ and M — J/¥y'. The
correlation function required for this analysis is given by the
formula
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1.0
0.8

0.6]
o 08
o

0.4}

0.2}

e 5p=63 GeV/2

0.0 —————i— — —

6.0 6.5 7.0 7.5 8.0
M?(GeV?)

Fig. 3 Dependence of PC on the Borel parameter M2. The horizontal

line shows the border PC = 0.5. The red triangle fix the position, where

the mass of the molecule x. x.1 has been evaluated

M (p, p)
=i’ / d4xd4yeip’ye*iPX<0|T{Jf ()
xJY(0)J " (x)}10). (50)

As usual, we express ﬁw(p, p’) in terms of the physical
parameters of particles involved in the decay process. To this
end, we write it in the following form

_ O/ ()OI 1T /9 (@)

"'Phys ’
H v )
wi (PP p/z_ma q2—m3
, Mp)|TH0
<0 M) D
+<0|JM¢IW(17’)> O1L 17/% (@)
p/2 _ m12/, qZ _ m%
, Mp)|TH0
X(lﬂ(p)f/w(q)l/\/l(p))%+ (51)
or : : x
8t ]
S
[]
e n 2
& | Sp=65 GeV
65 ----- $0=64 Ge\/2 ]
[ wmmmmmmn $)=63 GEV2
5' n 1 n n 1 n n 1 n n
6.0 6.5 7.0 75 8.0
M?(GeV?)

Fig. 4 Mass m of the molecule x1 xc1

We have already defined the matrix elements of the hadronic
molecule M and mesons J /vy and v'. The vertices M J /v J /s
and M J /Y’ after some substitutions are given by Eq. (16).
Asin previous section, we use the amplitude [1Phys (P2 p% 4%
which in ﬁiﬁys (p, p') corresponds to a term proportional
to guv. The double Borel transformation of the function
TIPS (p2, p’2, ¢2) over the variables — p? and — p'? is equal
to

BOPYS(p?, p2, ¢%) = G1(g?) [ f7m% F (i, m )
+GI (@D frifrmy fymy F(it,my) +--- .

The correlation function ﬁgEE (p, p') is given by the formula

(52)

ﬁSEE(P, p) =2i’ / d*xd*yeiPxeir'y {Tr [Vngb(—x)
bj j '
Xy ysSE (0 | Tr [ 1S (v = ¥)varsSe (x = )]
_ . .
—Tr [VuSé” (v — 0)Vays S, () S (=x)y®

><)/5Sfi (x — y)]} . (53)

The QCD side of the sum rule and amplitude TTOPE( AN
are extracted from this expression. The strategy pursued in
our study of these processes repeats one used in Sect. 2 while
considering decays of the tetraquark X . We first determine
the form factor G1(¢?) utilizing the “ground-state + contin-
uum” scheme. The parameters (M 12 so) are universal for all
decays of M and are presented in Eq. (48). The second pair
of the parameters (M7, s, corresponding to J /v J /yr decay
can be found in Eq. (22 ). Once determined G1(g?), in the
second stage of computations we choose (M2, sy) from Eq.
(23) and employ information on G1(g?) to find the form fac-
tor G’lk(qz), responsible for the process M — J/yy/’. The
functions Gg(Q?) and Q’g‘(Q2) are formed by the parameters

Ge =076 GeV™! ¢l =332, ¢ = —4.19,

9 ; x :
8 1
S
[]
e
g | — M?=8 GeV?
0 M?=7 GeV? ]
[ wmmmnnn P26 GeV2
5 n n 1 n n 1 n n 1 n n
63.0 63.5 64.0 64.5 65.0
so(GeV?)

@ Springer
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G* = 0.68 GeV™!, cf* =3.20, ¢§* = —4.11. (54)

The strong couplings G and G7 are extracted from these
functions at the mass shells Q% = —m%.

This approach is also valid for the channels M — n.n,
and M — nn.(2 S). The correlation function required for

these decays is written down below
MO (p,pf) =2 [ atadtye e (e [s5i0(3 - )
ai Jjb a bj
xays S = )] Tr [ 7582 (—x)y ysSE 0]
| | )
—Tr [ 151 = 0)7a 58 (s SL (—x)p®

x5St =w]} (55)
The functions Go(Q?) and g;(Q2) needed to extrapolate
the form factors G»(g?) and G;(qz) are determined by the
parameters: gg = 0.46 GeV~! cé = 3.93, cg = —4.83
and GJ* = 0.30 GeV ™!, ¢§* = 3.90, ¢* = —4.81. These
functions at the mass shells Q% = —m% fix the couplings G»
and G7, respectively.

The decays M — ncxe1s Xc0Xc0, and Xc1 Xc1 are inves-
tigated directly in the context of the “ground-state + con-
tinuum” approach. Corresponding functions TP (p, p/),
M%PE(p, p’) and ﬁSEE(p, p’) can found in Appendix as
Eqgs. (A.5)—(A.7). Predictions obtained for the partial widths
of different modes of the hadronic molecule M, strong cou-
plings and related parameters are presented in Table 1. It
should be noted that, to collect results obtained in this work
in the framework of a single Table, the couplings G, G2 and
G? are placed there under numbers G3, G3 and G}, respec-
tively.

For the full width of the hadronic molecule, we get

[ = (169 + 21) MeV, (56)

which characterizes it as a wide structure.

4 Summing up

In the present work, we have explored radially excited
tetraquark X} and hadronic molecule M = xcixc1. We
have computed their masses and full widths using the QCD
sum rule method and interpolating currents J(x) and J (x).
Obtained results have been confronted with available data of
the ATLAS-CMS Collaborations on the heaviest resonance
X (7300).

The LHCD fixed this state at 7.2 GeV, but did not provide
other information. The CMS measured parameters of this
resonance and found that

m™S = 7287720 4+ 5 MeV,

@ Springer

IEMS — 95132 £ 19 MeV. (57)

The ATLAS Collaboration observed X (7300) in the J /vy’
mass distribution and also reported the mass and width of
this state

mATh = 7220 £ 30130 MeV,

FATL — 100+130+60 MeV.

—70—50 (58)

As is seen, experimental data suffer from big errors: only in
the case of Eq. (57) they are relatively small.

Comparing our findings m = (7235 +75) MeV and m =
(7180£120) MeV with corresponding experimental data and
taking into account errors of calculations and measurements,
we conclude that masses of the excited tetraquark X and
hadronic molecule M are compatible with m ™S and mATL,
In other words, at this phase of analysis, it is difficult to make
assignment for the resonance X (7300).

The full widths of the structures X7 and M provide very
important information for this purpose. It is interesting that
X (7300) is narrowest fully charmed state detected by the
ATLAS and CMS experiments provided one ignores errors
of measurements. The four-quark structures X ;. and M have
the widths ' = (144 4 18) MeV and T' = (169 +21) MeV,
respectively. As is seen, within uncertainties of theoretical
analysis they agree with results of measurements. Because
masses of these structures are also consistent with existing
data, both the excited tetraquark X and hadronic molecule
M may be considered as natural candidates to the observed
state X (7300).

For more strong conclusions about internal organization
of X (7300), it is useful to examine an overlap of the currents
J(x) and Ji (x) with the physical state X (7300) modeled as
the structures Xj, or M. This information is encoded in the
matrix element
(0]J1X(7300)) = A . (59)
By employing Eqs. (10) and (49) obtained for the diquark-
antidiquark and molecule currents, we find that the matrix
element in Eq. (59) equals to A; 2 0.58 GeV> and A iy
0.76 GeV?, respectively. This means, that the fully charmed
resonance X (7300) couples with a larger strength to x.1 xc1
molecule current than to the current from Eq. (2). But from
the ratio Ay /A 7 ~ 0.76 it also becomes clear that X (7300)
can not be interpreted as a pure molecule state. Indeed, the
diquark-antidiquark current J (x) through Fierz transforma-
tions can be expressed as a weighted sum of T (x) and other
currents. Then if X (7300) had a pure molecule structure,
the ratio Ay /A 7 would be equal to a weight of the molecule
component in J (x), and considerably smaller than 0.76 [24].
Because this is not a case, we can conclude that X (7300)
contains a sizeable X;, component. As a result, a preferable
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model for the resonance X (7300) is the admixture of the
molecule M with considerable piece of the tetraquark X .

Parameters of such mixing depend on precision of the
mass and width of the resonance X (7300) measured by
experimental groups. Accuracy of the theoretical results are
also important. In the sum rule method physical observables
are evaluated with some accuracy and contain uncertainties
which can be kept under control. The ambiguities in the
masses and widths of the structures X7, and M are typical
for such kind of investigations, and can hardly be reduced.
Therefore, for quantitative analysis of the M—X}_ mixing
phenomenon one needs more precise experimental data. This
is true not only for X (7300), but also for other fully charmed
X resonances.
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Appendix: Heavy quark propagator and different corre-
lation functions

In the present paper, for the heavy quark propagator S‘g’ (x)
(Q = ¢, b), we employ the following expression

S (x) =i —d4k e~ ikx Sap (k +mo) (K +mo)
Q Qn)* k2 —my,
3G oup (K+mo) + (K+mg) oup
2 _ 232
4 (k mQ)
22 2
&5 G k= + ka
) —= ...} Al

+ 12 ame(kz_m2Q)4+ ( )
Here, we have introduced the notations
G = G2, G = GG, (A.2)

with G‘zﬁ being the gluon field-strength tensor, and A4—Gell-
Mann matrices. The index A varies in the range 1 — 8.

This Appendix also contains expressions of correlation
functions, which are employed to calculate some of the strong
couplings. In the case of the decay X, — xc0xco the corre-
lation function ITOPE(p, p’) is given by the formula

% (p, p)

= 2i2/d4xd4ye_ipxeip/y
x [T [ i = 09,82 (=088 oy s (x = ) |
—Tr [ $i( = )9 S 08 st - ]}
(A.3)

where §C(x) = CS.(x)C, and C is the charge conjugation
operator. The fit function gg(Qz) used to find the strong
coupling g¢ is fixed by the parameters Qg* =0.51 GeV~!,
cd* =3.11,and ¢2* = —3.57.

For the decay X}, — xc1Xc1 the function HSSE(p, P)
has the following form:

Qe (p. p)

:2i2/d4xd4yef"meip/y
| i » |
x T [yuys it = 07 S (—opsn 8 oy st - ) |
| o o .
e [yuysSi (v = 07 S (s 8 oy s - » |}

(A4)

In this case, the function g;‘(Q2) has the parameters: Q?* =
0.74 GeV~!, c}* = 2.48, and ¢3* = —3.01.

The correlation functions for the decays of the hadronic
molecule M and functions to calculate the relevant strong
couplings:

Decay M — ncxe1

o™ (p, p))
= 2i3/d4xd4ye_ipxeip/)’
x [T [7ursSi (v = X vaysSe (= )]
x T [5S2" (=x)yyssP ()]
—Tr 175 0 = 07755 )y SL
x (—0y ysSte =y . (A5)

and the fit function G;o(Q?) for G5(Q3?): g?o = 3.85, c}o =
3.51,and ¢, = —4.56.
Decay M — Xc0xc0

%% (p, p)
= —2i2/d4xd4ye_ipxeip/y

XTe [ 5140y = yars s S oy ysstioo -]
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and G6(0%): G¥, = 0.55GeV~!, ¢}, =

(A.6)
3.06, and ¢?, =

—3.46.

TjOPE
I,

Decay M = Xe1Xel

(», ")

= 2i2/d4xd4ye_ipxeip/y

x T [yursSi o = vy = ) |
) N
X Tr [7uysS” (=007 ysSE (0]
ia aj b
T [ 175 S9 (0 = 0707558 @ rs St ()

x y®ysSti(x — y)]} : (A7)

and the parameters Q?z = 0.86 GeV~l, c}z = 2.41, and
0122 = —2.89 to compute G7(Q2).
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