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The 2 → 3 scattering of longitudinal vector bosons (VBS) has been proven to be a complementary
channel to measure the Higgs self-couplings in the Standard Model (SM) and the SM effective field theory
(SMEFT) at colliders. We perform the first comprehensive study of all main 2 → 3 VBS processes at high-
energy muon colliders, especially including background analysis. The main contributing channels turn out
to be the scattering of WþW− → WþW−h, ZZh, and hhh. We obtain the constraints on c6 and cΦ1

which
are the Wilson coefficients of the dimension-6 operators relevant for Higgs self-couplings in the SMEFT.
With the center-of-mass energies of 10 TeVand 30 TeV, we find the expected sensitivity to the coefficients
c6=Λ2 and cΦ1

=Λ2 can reach the level of 0.01 TeV−2. The tightest constraints come from the hhh channel,
while the constraints from WWh are also comparable. Our results crucially depend on selecting the
longitudinal polarizations for the final W and Z bosons. We then study how the sensitivities change by
varying the efficiency of tagging longitudinal polarizations, and find that the significance remains
consistently high.
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I. INTRODUCTION

The self-couplings of the Standard Model (SM) Higgs
boson are most closely related to the origin of the
electroweak (EW) symmetry breaking. Any deviation
away from the SM prediction indicates the existence of
new physics above the EW scale [1–5] and may shed light
on the electroweak baryogenesis [6–13]. The precision
measurement of the Higgs self-couplings is thus one
of the most important topics of high-energy physics, as
well as one of the main goals of the Large Hadron Collider
(LHC) upgrades [14] and future high-energy lepton
colliders [15–19].
The traditional channel of measuring Higgs self-

couplings is well established through the Higgs pair
production via gluon fusion at hadron colliders [20–23].
In recent years, people have been proposing and studying

the measurement of Higgs couplings through the processes
involving longitudinal vector bosons [24–29]. The most
common channels of measuring Higgs self-couplings
through longitudinal vector bosons are the 2 → 2 vector
boson scattering (VBS) because they have the largest
production cross sections. However, it was first proposed
in Ref. [30] that the 2 → 3 VBS can also be used to probe
Higgs self-couplings

VLVL → VLVLh; ð1Þ

where VL denotes the longitudinally polarized gauge
bosons and h is the physical SM Higgs boson. In fact,
the VBS VLVL → VLVLh belongs to the more general
proposal of studying the measurement of Higgs couplings
through the processes involving longitudinal vector bosons
[18,30,31]. This approach is based on the Goldstone
equivalence theorem (GET), stating that the scattering
amplitudes of the longitudinal vector bosons are equivalent
to the amplitudes of the corresponding Goldstone bosons.
After taking the GET, the structure of SUð2Þ ×Uð1Þ group
for the Higgs doublet ensures that the couplings of
Goldstone bosons and the Higgs couplings come from
the same parameters. This is in particular true for the SM as
well as the SM effective field theory (SMEFT) [32] which
is a valuable tool for parametrizing new physics in much
higher energies.
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For the 2 → 3 VBS, the dimension-6 operator ðΦ†ΦÞ3
which is directly related to the shape of Higgs potential can
provide optimistic probing channels for the Higgs self-
coupling measurement. After taking extra care of choosing
longitudinal polarizations and applying advanced trans-
verse momentum cuts, a very naive estimation shows that
the constraints on the Higgs self-couplings could be
comparable to di-Higgs production in future high-energy
colliders [30,31]. This might be surprising at first sight, as
the cross section of 2 → 3VBS is much smaller than that of
2 → 2 VBS. However, according to the GET, the ampli-
tudes beyond the SM ABSM in 2 → 3 VBS demonstrate
quadratic energy increase compared to the amplitude in
the SM ASM, i.e., ABSM=ASM ≃ E2=Λ2 where E denotes
the collision energy and Λ is the new physics scale. As
a result, the sensitivity to new physics from the BSM
amplitudes balances out the small cross sections in
2 → 3 VBS and the future high-energy colliders demon-
strate extremely high sensitivity to new physics. In
Ref. [31], some of us studied the 2 → 3 processes with
either VLVLh or hhh final states at the LHC and future
lepton colliders and demonstrated extremely high sensi-
tivity to new physics. However, in Ref. [31] we did not
consider the decay of the final states, nor did we carry out
the detailed background analysis. Moreover, we only
analyzed the productions of WþW−hðW�W�hÞ and
hhh without considering other similar channels.
The VLVL initiated VBS prefers dynamically activated

EW gauge bosons at high-energy colliders. Recently, with
new technological development, the high-energy muon
colliders have again gained much attention in the com-
munity due to the extremely low synchrotron radiation
and much smaller beam-energy spread [15,33,34]. A
muon collider operating at much higher energies above
multi-TeV offers great potential in reaching new physics
up to its energy threshold. Another advantage of the muon
collider is that it can reach a high integrated luminosity
scaling with energy quadratically and does not suffer from
QCD background. Thus, the muon collider provides
good opportunities to precisely measure the Higgs self-
couplings through the VBS [18,19,35]. In this paper, we
carry out a comprehensive study of all 2 → 3 VBS
processes that are related to Higgs self-couplings as well
as the detailed background analysis at high-energy muon
colliders. We aim to obtain a reliable estimation of the
sensitivity to the related Wilson coefficients of dim-6
operators in SMEFT.
The rest of the paper is organized as follows. In Sec. II,

we briefly describe the framework of SMEFT and
emphasize the operators relevant for the Higgs self-
couplings. We also summarize the characteristics and
advantages of the 2 → 3 VBS. We discuss the implemen-
tation of the 2 → 3 VBS analysis in Sec. III. Three VBS
topologies are analyzed at muon collider, including
WW → WWh; ZZh; hhh, and we show the projected

sensitivity to the Higgs self-couplings. Finally, we sum-
marize our conclusions in Sec. IV.

II. THE 2 → 3 VBS UNDER THE FRAMEWORK
OF SMEFT

In this section we give an overview about the underlying
physics behind the measurement of Higgs self-couplings
through 2 → 3 VBS [31]. Based on this overview, we then
enumerate all possible 2 → 3 VBS that can be used for
Higgs self-coupling measurement, and compare with other
processes such as 2 → 2 VBS, 2 → 4 VBS and etc.
According to the GET, the amplitudes of the longitudinal

vector boson scatterings are approximately equal to those
of the corresponding Goldstone bosons’ scattering.
Moreover, the Goldstone bosons and the Higgs boson
form an SUð2Þ Higgs doublet in the SM and SMEFT. They
thus couple to other SM particles together with the same
couplings. This characteristic means that any Higgs cou-
plings can be measured through the production of either the
Higgs boson or the Goldstone bosons, as long as the SUð2Þ
gauge symmetry is preserved or spontaneously broken.
Note that, with large energy scale E ≫ MZ, the SM gauge
symmetry is efficiently restored in high-energy collisions
[36–39]. The EW gauge bosons in the unbroken SM are
dynamically activated. The high-energy leptonic colliders
thus provide an ideal environment to make use of the GET
and measure the Higgs self-couplings through the scatter-
ing of the longitudinally polarized gauge bosons.
For the 2 → 3 VBS under SMEFT, the relevant dim-6

operators involved in the measurement of Higgs self-
couplings include

Ldim−6 ⊃
1

Λ2
½c6O6 þ cΦ1

OΦ1
�

¼ 1

Λ2
½c6ðΦ†ΦÞ3 þ cΦ1

∂μðΦ†ΦÞ∂μðΦ†ΦÞ�; ð2Þ

where Φ is the SM Higgs doublet and can be
parametrized as

Φ ¼
� ϕþ

vþhþiϕ0ffiffi
2

p

�
: ð3Þ

Here ϕþ and ϕ0 denote the charged and neutral Goldstone
bosons, respectively. Given the GET, the 2 → 3 scattering
VLVL → VLVLh can be approximated by ϕϕ → ϕϕh with
ϕ being ϕ� or ϕ0. The amplitudes of the above 2 → 3 VBS
processes at high energies can be easily estimated by taking
the GET (see the details in Ref. [31]). First of all, the SM
amplitudes are suppressed by the propagators at high
energies, resulting in ASM ≃ v

E2. Since OΦ1
gives derivative

couplings scaling as ∝ E2, the BSM amplitudes give
ABSM

Φ1
≃ cΦ1

v

Λ2 after combining with the suppressing effect
of the propagators. The derivation for c6 is different, but
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leads to the same conclusion. For the 2 → 3 VBS from O6,
there is a contact diagram from 5-point scalar vertices
contributing to the BSM amplitude that is for instance
ϕþϕ− → ϕþϕ−h. This contribution stays constant even as
the energy grows. Thus the BSM amplitude for c6 simply
becomes ABSM

6 ≃ c6v
Λ2 . As a result, we have the approximate

ratio of the SM and BSM amplitudes

ABSM

ASM ≃
E2

Λ2
; ð4Þ

for both c6 and cΦ1
coefficients. This behavior indicates the

dominant sensitivity of BSM amplitudes over SM ones at
high-energy colliders.
The high sensitivity of the BSM amplitudes of 2 → 3

VBS over the Wilson coefficients (in particular the c6
coefficient) is the key to understanding the potential
importance in measuring Higgs self-couplings in future
high-energy colliders. Although the 2 → 3 VBS processes
have relatively small production cross sections, the energy
behavior Eq. (4) becomes an important advantage com-
pared with 2 → 2 VBS. In the 2 → 2 VBS, the contact
diagram has the contributions from both OΦ1

and O6, as
well as SM. As a result, the dependence on c6 becomes
ABSM

ASM ≃ v2=Λ2, without any energy enhancement. Also, the
dependence on cΦ1

scales as E2 which is much larger than
that of c6. This gives more obstacles to the measurement of
c6 which is more directly related to the shape of the Higgs
potential and the EW symmetry breaking mechanism. By
contrast, the contact diagrams in 2 → 3 VBS only arise
from O6 operator, while the dependence on cΦ1

is sup-
pressed by the propagators. As a result, the amplitude’s
dependence on c6 is of the same order as that of cΦ1

. This
makes it easier to obtain the constraints on c6 in 2 → 3VBS
than 2 → 2 VBS. On the other hand, the 2 → 4 VBS has
very similar energy behavior as Eq. (4). However, it has
even much smaller cross sections which makes the meas-
urement impractical even in future high-energy colliders
with E ∼Oð10Þ TeV.
From the above analysis, we can also enumerate all

2 → 3 VBS processes which are relevant to the measure-
ment of c6, i.e., the Higgs potential. The contact diagram
is generated by 5-point scalar vertices which can only be
obtained when the vertex has either one Higgs boson,
three Higgs bosons, or five Higgs bosons. The hh → hhh
process cannot be implemented in a leptonic collider.
Consequently, the 2 → 3 VBS processes we are interested
in can be summarized in the following list according to the
final states

WþW−=ZZ → WþW−h; W�W� → W�W�h;

WþW−=ZZ → ZZh; W�Z → W�Zh;

WþW−=ZZ → hhh: ð5Þ

As we can see, in principle, all processes except for the
same-sign W processes can be implemented in μþμ−
colliders, while the same-sign W processes need the
performance of μ�μ� collider.

III. THE NUMERICAL SIMULATION AND
ANALYSIS OF THE 2 → 3 VBS AT MUON

COLLIDERS

The VBF topology for 2 → 3 productions reads as
follows

μþμ− → νμν̄μVLVLh=hhh ðWW fusionÞ;
μþμ− → μþμ−VLVLh=hhh ðZZ fusionÞ:

At high energies the outgoing muons in ZZ (or WZ)
fusion are extremely forward with a small polar angle
and most likely escape the detector. We require the capabil-
ity of detecting very energetic muons in the forward
region of a few degrees with respect to the beam [19].
Thus, theWW and ZZ fusion processes are distinguishable
and the ZZ fusions are substantially suppressed by
requiring to detect the forward muons [19]. As a result,
we only consider the exclusive WW fusion channels below
and give a conservative estimate of the expected sensitivity
for the couplings. The VBF productions are simulated using
MadGraph5_aMC@NLO [40].Wemake use of the SMEFT
UFO model [41] to implement the dim-6 SMEFToperators
and allow the decays of the gauge bosons and the Higgs
boson. We set the decay widths of massive particles (e.g.,
W�,Z and h) to zero and impose amild cutmνν̄ > 150 GeV
in order to achieve nonphysical cancellation resulting from
longitudinal polarization vectors [31]. The polarizations of
vector bosons in the final states are specified to be longi-
tudinal [42]. The decays of gauge bosons and Higgs boson
are implemented in MadSpin [43].1

Before carrying out background analysis, we apply two
kinematic means to make sure that the sensitivity to BSM
physics manifested in Eq. (4) at the amplitude level also
works at the level of cross sections. The first one is to apply
significant pT cuts on the decay products ofW, Z, h bosons
to reduce the SM cross sections enhanced by infrared
singularities. The second approach, as mentioned above, is
to require the polarizations of the W and Z bosons to be
longitudinal. As a result, the sensitivities of cross sections
to BSM physics are not overwhelmed by the contributions
of transverse polarizations (e.g., WTWT → WTWT) which
are dominant over pure longitudinal polarizations. In
experiments the measurement of polarizations is achievable
through reconstructing distinct kinematic properties of the

1We launch the processes in MadGraph and set the decay
widths to zero in the parameter card, instead of importing
no_width mode directly. In this way, the main processes are
implemented with zero decay widths, while MadSpin can still
decay the particles with the original decay widths.
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decaying products [44–48]. See also Refs. [49,50] for
recent advance. Fortunately, the measurements at LHC
in recent years shows that the efficiency for tagging
longitudinal/transverse polarizations can be quite high,
e.g., reaching 70%–80% in Ref. [47] and as high as
99% in Ref. [48]. When doing the analysis for 2 → 3
VBS, we will scan the tagging efficiency of polarizations
for W and Z at a reasonable range and compare the
corresponding significance and constraints accordingly.
The ratios of longitudinal and transverse polarizations in
a process are determined by fitting the parameters in the
angular distribution of cross section, supplemented by
unitarity. The (mis-)tagging efficiency is obtained in terms
of the determined fractions as well as the errors. According
to Refs. [47,48], the efficiency for the transverse polariza-
tion is as high as that for the longitudinal polarization.
The corresponding mistagging efficiencies for the trans-
verse polarization gauge bosons would be smaller than
10%–20%. We neglect the contribution originating from
transversely polarized gauge bosons wrongly identified as
longitudinal polarization in the following analysis.
In this work, we choose two typical energies and

integrated luminosities of the muon collider as our
benchmarks

ffiffiffi
s

p ¼ 10 and 30 TeV; L¼ 10 and 90 ab−1; ð6Þ

corresponding to an optimistic energy quadratic
scaling [15]

L ¼
� ffiffiffi

s
p

10 TeV

�
2

10 ab−1: ð7Þ

The significance is defined as follows

S ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2½ðBþ SÞ lnð1þ S=BÞ − S�

p
; ð8Þ

where the signal (S) and background (B) events are
given by

S ¼ Nsig − Nc¼0; B ¼ Nc¼0 þ Nbkg: ð9Þ

The signal events Nsig is obtained by setting certain high-
dimension coefficient(s) in SMEFT. The background
events are composed of Nc¼0 and Nbkg in which Nc¼0

denotes the SM prediction with all high-dimension coef-
ficients vanishing and Nbkg corresponds to other SM
processes giving the same final states. Our Eq. (4) signifies
the dominance of BSM amplitudes over SM ones for
2 → 3 VBS processes at high energies. Thus we have a
good reason to expect similar sensitivity in cross
sections and local significance. In the case that the
systematic error is dominant, the significance is given by
S=B ≃ jABSMj2=jASMj2 ≃ E4=Λ4. Then we do have the
conclusion of high significance at high energies. In the case

that the statistical error dominates, the local significance
can be determined as S=

ffiffiffiffi
B

p
∝ jABSMj2=jASMj ≃ E4=Λ2.

The energy dependence in this result is similar to the case
of S=B. We take into account a small systematic uncertainty
as 0.1% according to Ref. [51]. In Eq. (9), we take the
signal events as the difference from the SM due to the
presence of EFT couplings and also take into account
additional SM processes giving the same final states in the
background events. The real significance in our analysis
is thus more complicated than the above estimation.
Nevertheless, our results below demonstrate that our initial
estimation in Eq. (4) is still correct at least qualitatively.

A. WW → WWh

The VBF topology forWWh production reads as follows

μþμ− → νμν̄μWþW−h ðWW fusionÞ: ð10Þ

We require that one of the W bosons hadronically decays
into two jets and the other one decays to l�νl. The Higgs
boson h is followed by the leading decay channel h → bb̄.
The signal would thus be l�jj0bb̄ plus large missing
energy, with the bb̄ (jj0) pair being near the Higgs (W)
boson resonance. The irreducible backgrounds consist of

μþμ− → tt̄; νμν̄μtt̄; WþW−Z;

νμν̄μWþW−Z and γγ → tt̄ ð11Þ

followed by the semileptonic decays of the two top quarks
or the twoW bosons as well as Z → bb̄. For

ffiffiffi
s

p ¼ 10 TeV,
we impose the basic acceptance cuts on the objects

pTðl; b; jÞ > 50 GeV; 10° < θl;b;j < 170°: ð12Þ

We also assume an energy resolution for the jets and
leptons2

ΔE=E ¼ 5%: ð13Þ

In the signal events, we reconstruct the Higgs boson h with
the invariant mass of the two b jets as shown in Fig. 1 and
apply the invariant mass cut

mbb̄ ¼ mh � 15 GeV: ð14Þ

In the analysis here and below, we assume an optimistic
b-tagging efficiency of 100%. To distinguish the back-
grounds and the signal, we also define the recoil mass as
follows

2We will apply the same energy resolution of Eq. (13) for the
analysis ofWW → ZZh andWW → hhh in Secs. III B and III C,
respectively.
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Mrecoil ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
pμþ þpμ− −

X
i
pvisible
i

�
2

s
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�X
k
pνk

�
2

s
:

ð15Þ
The final states of tt̄, WþW−Z, and γγ → tt̄ backgrounds
have only one neutrino from W decay and thus the recoil
mass turns out to be near zero, which is very different from
the signal. In addition, the νμν̄μtt̄, νμν̄μWþW−Z back-
grounds exhibit much higher recoil mass as shown in
Fig. 1. After we apply the recoil mass cut

Mrecoil > 1000 GeV; ð16Þ
only νμν̄μtt̄ and νμν̄μWþW−Z backgrounds are left. Since
this cut can effectively remove the events from tt̄ and

WþW−Z, we will not consider these two backgrounds in
our analysis. There exists a hadronically decayed top quark
in the νμν̄μtt̄ background but not in the signal. We first
reconstruct theW from the two jets jj0 and then select the b
jet which minimizes the separationΔRðW; bÞ to reconstruct
the top quark. The invariant mass distribution of the top
quark is shown in Fig. 1, and we apply the cut

jmbjj0 −mtj > 100 GeV ð17Þ

to reduce the νμν̄μtt̄ background. The νμν̄μWþW−Z back-
ground is highly suppressed by the bb̄ invariant mass cut.
Next we show the cut efficiencies as well as the number

of events after cuts for our WWh signal and backgrounds.
For illustration, in Table I, we take c6=Λ2 ¼ −1 TeV−2 and

FIG. 1. The kinematic distributions of WWh signal and SM backgrounds for
ffiffiffi
s

p ¼ 10 TeV. Top left: the invariant mass of the two b
jets mbb̄. Top right: the reconstructed top mass of mbjj0 . Bottom: the recoil mass Mrecoil.

TABLE I. The selection efficiencies for the WWh signal and SM backgrounds. The number of events before and after selection cuts
are evaluated with c6=Λ2 ¼ −1 TeV−2 and cΦ1

=Λ2 ¼ 0 at muon collider with
ffiffiffi
s

p ¼ 10 TeV and the luminosity of L ¼ 10 ab−1

(outside brackets), and with c6=Λ2 ¼ −0.5 TeV−2 and cΦ1
=Λ2 ¼ 0 at muon collider with

ffiffiffi
s

p ¼ 30 TeV and the luminosity of L ¼
90 ab−1 (inside brackets).

WWh Signal νν̄tt̄ νν̄WWZ c6 ¼ 0 (SM)

Initial 302.703 [7999.836] 10816.667 [163490.400] 132.983 [3678.714] 292.778 [7935.077]
pT and θ cut 21.728 [78.558] 1701.462 [5071.472] 6.250 [20.674] 16.940 [65.067]
mbb̄ cut 14.245 [35.199] 162.250 [52.316] 0.894 [2.575] 11.120 [28.725]
mbjj0 cut 8.960 [26.399] 0.649 [0.000] 0.633 [1.912] 5.270 [20.155]
Efficiency ϵð%Þ 2.960 [0.330] 0.006 [0.000] 0.476 [0.052] 1.800 [0.254]
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FIG. 2. The initial cross section of theWWh signal without any cuts (left) and the significance S after combining the analyzed results
(right), as a function of c6=Λ2 for

ffiffiffi
s

p ¼ 10 TeV and L ¼ 10 ab−1 (upper) as well as
ffiffiffi
s

p ¼ 30 TeV and L ¼ 90 ab−1 (lower).

FIG. 3. The initial cross section of theWWh signal without any cuts (left) and the significance S after combining the analyzed results
(right), as a function of cΦ1

=Λ2 for
ffiffiffi
s

p ¼ 10 TeV and L ¼ 10 ab−1 (upper) as well as
ffiffiffi
s

p ¼ 30 TeV and L ¼ 90 ab−1 (lower).
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cΦ1
=Λ2 ¼ 0 and the number of events are given for

ffiffiffi
s

p ¼
10 TeV and L ¼ 10 ab−1 outside the brackets. One can
obtain the significance as S¼1.33. We then fix cΦ1

=Λ2 ¼ 0

and perform a scan of the parameter c6=Λ2 in the range
½−1.5; 1.5� TeV−2 to test the projected sensitivity of the
effective coupling. We show the initial cross section
of the signal without any cuts (left) and the significance
S after combining the analyzed results (right), as
functions of c6=Λ2 in the upper panels of Fig. 2. Note
that we display the resulting significance under the
assumption of various efficiencies ϵtag of tagging longi-
tudinal gauge bosons in final states. As expected, higher
tagging efficiencies lead to increasing sensitivity. For
ϵtag ¼ 1, the 1σ and 2σ sensitivity ranges of c6=Λ2 are
½−0.856; 0.940� TeV−2 and ½−1.245; 1.327� TeV−2, respec-
tively. For

ffiffiffi
s

p ¼ 30 TeV and L ¼ 90 ab−1, we instead
require pTðl; b; jÞ > 100 GeV and Mrecoil > 4000 GeV.
We also take c6=Λ2 ¼ −0.5 TeV−2 and cΦ1

=Λ2 ¼ 0, and
show the cut efficiency results inside the brackets in Table I.
The significance is given asS ¼ 1.27 for this setup. One can
achieve a better sensitivity of the effective coupling as seen
from the lower panels in Fig. 2. The 1σ and 2σ ranges of
c6=Λ2 are ½−0.447;0.389�TeV−2 and ½−0.627;0.569�TeV−2,
respectively.
We further study the sensitivity of the parameter cΦ1

at
muon collider by fixing c6=Λ2 ¼ 0 and performing a scan
of cΦ1

=Λ2 in the range ½−1; 1� TeV−2. The same cuts are
applied as given above. We show the cross sections
of the signal and the significance S as functions of
cΦ1

=Λ2 in Fig. 3. We find that the cross section
curve shifts to the left, while the significance curve shifts
a little to the opposite direction due to the effect of cut
efficiency. We can see that the 1σ and 2σ ranges of cΦ1

=Λ2

are ½−0.318; 0.424� TeV−2 and ½−0.477; 0.571� TeV−2

for
ffiffiffi
s

p ¼ 10 TeV, respectively. For
ffiffiffi
s

p ¼ 30 TeV,
we also perform a scan of cΦ1

=Λ2 in the range
½−0.15;0.15�TeV−2, and the 1σ and 2σ ranges of cΦ1

=Λ2

are ½−0.0378;0.0657�TeV−2 and ½−0.0591; 0.0867� TeV−2,
respectively.

Finally, we comment on the other possible choice of
signal. One might be tempted to choose the signal as
lþl−bb̄ plus large missing energy by instead decaying
W� leptonically. However, in this case, the top quark in
the background process μþμ− → νν̄tt̄ cannot be fully
reconstructed and thus the events are still much more
than those of the signal without imposing the top veto cut.
As a result, this process has no competitive reach of
sensitivity.

B. WW → ZZh

Next we consider the following VBF topology for ZZh
production

μþμ− → νμν̄μZZh ðWW fusionÞ: ð18Þ
The final states are followed by the semileptonic decay
channel of Z bosons ZZ → lþl−jj as well as h → bb̄. The
signal would be lþl−jjbb̄ plus large missing energy,
with the bb̄ (lþl− and jj) pair being near the Higgs (Z)
boson mass resonance. The irreducible backgrounds thus
consist of

μþμ− → tt̄Z; νν̄tt̄Z; νν̄ZZZ: ð19Þ
In the first two backgrounds, the two top quarks leptonically
decay and the Z boson decays into two light jets. In the
background process of νν̄ZZZ, the three Z bosons decay to
lþl−; jj and bb̄, respectively. We consider

ffiffiffi
s

p ¼ 30 TeV3

and impose the basic acceptance cuts on the objects

pTðl; b; jÞ > 60 GeV; 10° < θl;b;j < 170°: ð20Þ

For the signal events, we reconstruct the Higgs boson hwith
the invariant mass of the two b jets as shown in the left panel
of Fig. 4 and apply the invariant mass cut as follows

FIG. 4. The kinematic distributions of ZZh signal and SM backgrounds for
ffiffiffi
s

p ¼ 30 TeV. Left: the invariant mass of the two b jets
mbb̄. Right: the recoil mass Mrecoil.

3For
ffiffiffi
s

p ¼ 10 TeV, we find the best achievable significance is
less than one and the number of events after applying various cuts
is too small.
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mbb̄ ¼ mh � 20 GeV: ð21Þ

For the Z bosons reconstructed from lþl− and jj pairs, the
invariant mass cuts are not applied since these two cuts
would further reduce the number of signal events as well as
the significance. We also take the recoil mass cut

Mrecoil > 15 TeV ð22Þ

to reduce the tt̄Z background as shown in the right panel
of Fig. 4.
We then show the cut efficiencies and the number of

events in Table II by fixing c6=Λ2 ¼ −2 TeV−2 and
cΦ1

=Λ2 ¼ 0 for
ffiffiffi
s

p ¼ 30 TeV with the luminosity of

90 ab−1. For this setup one can obtain the significance
as S ¼ 2.25. We also fix cΦ1

=Λ2 ¼ 0 and perform a scan of
the parameter c6=Λ2 in the range ½−3; 3� TeV−2 to evaluate
the projected sensitivity to the effective coupling. The
cross section before the selection cuts of the ZZh signal
and the final significance S are displayed as a function of
c6=Λ2 in the upper panels of Fig. 5. One can see that the 1σ
and 2σ ranges of c6=Λ2 are ½−1.329; 1.136� TeV−2 and
½−1.881;1.691�TeV−2, respectively.We further fixc6=Λ2¼0

and perform a scan of cΦ1
=Λ2 in the range of ½−0.25;

0.25� TeV−2. The same cuts as given in above analysis are
also applied. The lower panels of Fig. 5 show that the 1σ and
2σ ranges of cΦ1

=Λ2 are ½−0.0688; 0.0852� TeV−2 and
½−0.103; 0.119� TeV−2, respectively.

TABLE II. The selection efficiencies for the ZZh signal with c6=Λ2 ¼ −2 TeV−2 and cΦ1
=Λ2 ¼ 0 and SM backgrounds. The number

of events before and after selection cuts are evaluated at the muon collider with
ffiffiffi
s

p ¼ 30 TeV and luminosity L ¼ 90 ab−1. The number
of signal events is too small after imposing necessary cuts at the muon collider with

ffiffiffi
s

p ¼ 10 TeV, thus the results are not listed here.

ZZh Signal tt̄Z νν̄tt̄Z νν̄ZZZ c6 ¼ 0 (SM)

Initial 997.666 23.090 1671.074 458.515 961.092
pT and θ cut (Eq. (20)) 13.461 15.657 30.238 0.882 4.994
mbb̄ cut (Eq. (21)) 8.209 0.078 1.061 0.163 2.891
Mrecoil cut (Eq. (22)) 8.121 0.000 1.061 0.163 2.816
Efficiency ϵð%Þ 0.814 0.000 0.063 0.036 0.293

FIG. 5. The initial cross section of the ZZh signal without any cuts (left) and the significance S after combining the analyzed results
(right), as a function of c6=Λ2 (upper) and cΦ1

=Λ2 (lower) for
ffiffiffi
s

p ¼ 30 TeV and L ¼ 90 ab−1.
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C. WW → hhh

For hhh production we consider the following VBF
topology

μþμ− → νμν̄μhhh ðWW fusionÞ: ð23Þ
The leading signal would be six b jets as well as missing
energy. The main background includes

μþμ− → νν̄ZZZ; νν̄ZZh; νν̄Zhh; ð24Þ
with the Z boson and the SM Higgs decaying into bb̄ pairs.
Compared with the signal, the cross sections of the back-
ground are suppressed by the branching fraction of Z → bb̄
which makes it possible to achieve a high significance with
very loose cuts at muon collider. Note that there also exists

the continuum background from SM processes with multi-
ple b jets. Data-driven methods are usually used to estimate
the continuum background contribution. The b jets are
required to satisfy a set of isolation criteria to reject the
continuum background from light jets misidentified as
b jets or from virtual photon γ� → bb̄. We assume a
subtraction of the continuum background and neglect it
in the following study. We consider

ffiffiffi
s

p ¼ 10 TeV and
impose the basic acceptance cuts on the b jets

pTðbÞ > 40 GeV; 10° < θb < 170°: ð25Þ

In order to keep enough signal events, the invariant mass
cut of the reconstructed Higgs boson is not applied. The
recoil mass cut introduced in the above processes is also not

TABLE III. The selection efficiencies for the hhh signal and SM backgrounds. The number of events before and after selection cuts are
evaluated with c6=Λ2 ¼ −1 TeV−2 and cΦ1

=Λ2 ¼ 0 at muon collider with
ffiffiffi
s

p ¼ 10 TeV and the luminosity of L ¼ 10 ab−1 (outside
brackets), and with c6=Λ2 ¼ −0.5 TeV−2 and cΦ1

=Λ2 ¼ 0 at muon collider with
ffiffiffi
s

p ¼ 30 TeV and the luminosity of L ¼ 90 ab−1

(inside brackets).

hhh Signal νν̄ZZZ νν̄ZZh νν̄Zhh c6 ¼ 0 (SM)

Initial 9.298 [229.556] 3.498 [95.706] 11.858 [334.314] 16.023 [462.745] 6.820 [239.323]
pT and θ cut 2.027 [11.092] 0.099 [0.419] 0.466 [3.162] 0.697 [5.248] 0.326 [3.250]
Efficiency ϵð%Þ 21.804 [4.832] 2.830 [0.438] 3.928 [0.946] 4.352 [1.134] 4.784 [1.358]

FIG. 6. The initial cross section of the hhh signal without any cuts (left) and the significance S after combining the analyzed results
(right), as a function of c6=Λ2 for

ffiffiffi
s

p ¼ 10 TeV and L ¼ 10 ab−1 (upper) as well as
ffiffiffi
s

p ¼ 30 TeV and L ¼ 90 ab−1 (lower).
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applied in this case, since there is no significant difference
between the signal and backgrounds.
The cut efficiencies and the number of events are

given outside the brackets in Table III for benchmark
c6=Λ2 ¼ −1 TeV−2 and cΦ1

=Λ2 ¼ 0 with
ffiffiffi
s

p ¼ 10 TeV
and the luminosity of 10 ab−1. For this setup one
can obtain the significance as S ¼ 1.18. From the cross
section and significance as a function of c6=Λ2 shown in
Fig. 6 for

ffiffiffi
s

p ¼ 10 TeV, one can see that the 1σ
and 2σ ranges of c6=Λ2 are ½−0.926;0.796�TeV−2 and
½−1.316;1.201�TeV−2, respectively. For muon collider withffiffiffi
s

p ¼ 30 TeV, we instead require pTðbÞ > 50 GeV. The
results of cut efficiency are given inside the brackets in
Table III for

ffiffiffi
s

p ¼ 30 TeV with the luminosity of 90 ab−1

for benchmark c6=Λ2 ¼ −0.5 TeV−2 and cΦ1
=Λ2 ¼ 0.

This setup leads to the significance as S ¼ 2.06. The
corresponding results are also shown in Fig. 6, and the
1σ and 2σ ranges of c6=Λ2 are ½−0.354; 0.342� TeV−2 and
½−0.493; 0.458� TeV−2, respectively. It is interesting to
note that the sensitivities of the cross sections to c6 before
cuts are larger for c6 > 0 than for c6 < 0, whereas the
significance are symmetric for c6 > 0 and c6 < 0. The
reason is that the cut efficiency has the opposite depend-
ence on c6 to the cross sections, which balances out the
significance eventually. We should also note that in this
process, higher tagging efficiencies of longitudinal modes
would increase the number of background events and thus

lead to a decreasing sensitivity that can be seen in the right
panels of Fig. 6. This dependence is in opposite to other
processes above.
We further perform a scan of cΦ1

=Λ2 in the
range ½−1; 1� TeV−2 and apply the same cuts as
given in Eq. (25). The cross section of the signal
and the significance S as a function of cΦ1

=Λ2

are displayed in Fig. 7 for both
ffiffiffi
s

p ¼ 10 TeV and
30 TeV. For

ffiffiffi
s

p ¼10 (30) TeV, the 1σ and 2σ ranges of
cΦ1

=Λ2 are ½−0.282;0.351�ð½−0.0324;0.0576�ÞTeV−2 and
½−0.430;0.505�ð½−0.0545;0.0760�ÞTeV−2, respectively.

D. Summary

We collected all projected sensitivities to the coupling
c6=Λ2 and cΦ1

=Λ2 from the above three processes in
Table IV. As expected, the muon collider with higher
energy and larger luminosity exhibits a better sensitivity for
the couplings. For all processes, the sensitivity for cΦ1

=Λ2

is better than that for c6=Λ2. The expected sensitivity to the
coefficients c6=Λ2 and cΦ1

=Λ2 can reach the level of
0.01 TeV−2. We also summarize the energy scale which
these processes can reach in Table V.
To display the dependence of sensitivity on both

c6=Λ2 and cΦ1
=Λ2, we perform a scan in the plane of

ðc6=Λ2; cΦ1
=Λ2Þ. We work at the muon collider with

ffiffiffi
s

p ¼
30 TeV and L ¼ 90 ab−1, and show the contour plots from

FIG. 7. The initial cross section of the hhh signal without any cuts (left) and the significance S after combining the analyzed results
(right), as a function of cΦ1

=Λ2 for
ffiffiffi
s

p ¼ 10 TeV and L ¼ 10 ab−1 (upper) as well as
ffiffiffi
s

p ¼ 30 TeV and L ¼ 90 ab−1 (lower).
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TABLE V. The summary table of the reachable energy scales at 1σ and 2σ for the three processes WWh, ZZh, and hhh forffiffiffi
s

p ¼ 10 TeV and
ffiffiffi
s

p ¼ 30 TeV. The tagging efficiency of longitudinal polarizations is assumed to be 100%.

Channels
ffiffiffi
s

p
(TeV) Energy scales (TeV) 1σ 2σ

WWh 10 TeV Λ= ffiffiffiffiffi
c6

p
1.032 0.868

Λ= ffiffiffiffiffiffifficΦ1

p 1.535 1.323
30 TeV Λ= ffiffiffiffiffi

c6
p

1.495 1.263
Λ= ffiffiffiffiffiffifficΦ1

p 3.899 3.396
ZZh 30 TeV Λ= ffiffiffiffiffi

c6
p

0.867 0.729
Λ= ffiffiffiffiffiffifficΦ1

p 3.427 2.894
hhh 10 TeV Λ= ffiffiffiffiffi

c6
p

1.039 0.872
Λ= ffiffiffiffiffiffifficΦ1

p 1.689 1.407
30 TeV Λ= ffiffiffiffiffi

c6
p

1.682 1.425
Λ= ffiffiffiffiffiffifficΦ1

p 4.166 3.627

TABLE IV. The summary table of the expected sensitivities to the couplings at 1σ and 2σ for the three processesWWh, ZZh, and hhh
for

ffiffiffi
s

p ¼ 10 TeV and
ffiffiffi
s

p ¼ 30 TeV. The tagging efficiency of longitudinal polarizations is assumed to be 100%.

Channels
ffiffiffi
s

p
(TeV) coupling ðTeV−2Þ 1σ 2σ

WWh 10 TeV c6=Λ2 ½−0.856; 0.940� ½−1.245; 1.327�
cΦ1

=Λ2 ½−0.318; 0.424� ½−0.477; 0.571�
30 TeV c6=Λ2 ½−0.447; 0.389� ½−0.627; 0.569�

cΦ1
=Λ2 ½−0.0378; 0.0657� ½−0.0591; 0.0867�

ZZh 30 TeV c6=Λ2 ½−1.329; 1.136� ½−1.881; 1.691�
cΦ1

=Λ2 ½−0.0688; 0.0852� ½−0.103; 0.119�
hhh 10 TeV c6=Λ2 ½−0.926; 0.796� ½−1.316; 1.201�

cΦ1
=Λ2 ½−0.282; 0.351� ½−0.430; 0.505�

30 TeV c6=Λ2 ½−0.354; 0.342� ½−0.493; 0.458�
cΦ1

=Λ2 ½−0.0324; 0.0576� ½−0.0545; 0.0760�

FIG. 8. The contour plots of the significance S in the plane of c6=Λ2 versus cΦ1
=Λ2 fromWW → WWh process (left) andWW → hhh

process (right) for
ffiffiffi
s

p ¼ 30 TeV and L ¼ 90 ab−1. The ZZh process is not quite promising so we do not show the contour plot for
it here.
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WW → WWh process (left) and WW → hhh process
(right) in Fig. 8. The 1σ, 2σ and 5σ significance contours
are indicated with red, green, and blue curves, respectively.

IV. CONCLUSIONS AND DISCUSSIONS

In this work we studied the measurement of Higgs self-
couplings through 2 → 3 VBS in future muon colliders
with detailed background analysis, and obtained the con-
straints on Wilson coefficients c6=Λ2 and cΦ1

=Λ2 as
defined in Eq. (2). We demonstrated that the 2 → 3 VBS
are plausible channels for measuring the Higgs self-
couplings at high-energy colliders. To ensure the sensitiv-
ities of VBS cross sections to the BSM physics at high
energies, the involved gauge bosons are required chosen to
be longitudinally polarized and high pT cuts are applied on
the final states. We only implemented the WW scatterings,
i.e., μþμ− → νν̄VVh with VVh being WWh, ZZh, and
hhh, as their contributions to the cross sections dominate
over the scattering of the neutral bosons. In every channel,
by assuming the tagging efficiency for the polarizations of
final vector bosons to be 100%, we obtained the constraints
on c6=Λ2, as well as cΦ1

=Λ2, for
ffiffiffi
s

p ¼ 10 TeV and 30 TeV.
These results are summarized in Table IV (see also Table V
for the reachable energy scales). In addition, we made
contour plots for the constraints in the plane of c6=Λ2

versus cΦ1
=Λ2 to display the correlation.

Our results confirmed the rough estimation of
Refs. [30,31] that the 2 → 3 VBS provides supplemental
channels of measuring Higgs self-couplings besides the di-
Higgs production at colliders. The tightest constraints come
from the hhh channel, whereas the WWh channel is also
comparable. The constraints from ZZh are the weakest
as the cross section is very small. If only considering
hhh channel, the constraints on c6=Λ2 at 1σ level are
½−0.926; 0.796� TeV−2 for

ffiffiffi
s

p ¼ 10 TeV with integrated
luminosity L ¼ 10 ab−1, as well as ½−0.354; 0.342� TeV−2

for
ffiffiffi
s

p ¼ 30 TeV with integrated luminosity L ¼ 90 ab−1.
The constraints on cΦ1

=Λ2 become ½−0.282; 0.351� TeV−2

and ½−0.0324; 0.0576� TeV−2 for
ffiffiffi
s

p ¼ 10 with L ¼
10 ab−1 and 30 TeV with L ¼ 90 ab−1, respectively.
The results we obtained fromWWh and ZZh channels in

Table IV depend on the assumption of the polarization
tagging efficiency being 100%. Since the cross sections

with transverse W or Z bosons are much larger than those
with longitudinal vector bosons, the correctly chosen
polarization is necessary for our method. Fortunately, the
efficiencies of tagging polarizations of W=Z have been
measured in other processes and can reach up to 80–99%.
Thus, we also made the plots to show the change of
significance with the scan of tagging efficiency. The results
shows that the significance remains consistently high when
the tagging efficiency varies within the range of [0.7, 1].
Our analysis also leaves a lot of room for improvement.

For example, it should be possible to construct more
delicate observables to make use of the differential dis-
tribution of the cross sections. Besides, the background
analysis is expected to be quite different in hadron
colliders, thus warranting another separate study. In addi-
tion, although the cross sections of other channels (such as
W and Z) and other final states for the channels studied here
have smaller cross sections, they are still worth further
study. Finally, the focus in our work was the measurement
of Higgs self-couplings and thus we exclusively studied
VLVL channels. However, the scattering of other polar-
izations can be used to measure and constrain the dim-6
operators in SMEFTother thanO6 andOΦ1

. We leave these
topics for the research in future.
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