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1 Introduction

The Ostrogradsky theorem states that any Lagrangian which contains more than first-order
time derivatives and is non-degenerate with respect to the highest-order derivatives leads to
a classical Hamiltonian which is not bounded due to its linear dependence on the canonical
momenta [1, 2]. It implies that there is in general no stable configuration, which is known
as the Ostrogradsky instability. Recently, a generalization of the Ostrogradsky theorem
has been investigated extensively. It was proved in [3] that even though a higher-derivative
Lagrangian is degenerate with respect to the highest-order derivatives and hence avoids
the original Ostrogradsky theorem, a nondegeneracy with respect to the next-highest order
derivatives still makes the Hamiltonian unbounded. Furthermore, analysis on more general
Lagrangian involving multiple kinds of variables with arbitrary higher derivatives was estab-
lished recently [4-7]. These generalizations of the original Ostrogradsky theorem are pow-
erful and provide severe restriction for constructing consistent higher-derivative theories.

However, the unboundedness of the classical Hamiltonian does not always mean that
the corresponding quantum Hamiltonian is also unbounded since the canonical momentum
cannot be varied independently of its conjugate variable due to the uncertainty principle.
For instance, the Hamiltonian of the hydrogen atom is classically unbounded but bounded
from below quantum mechanically. It is then an interesting question to ask if the Ostro-
gradsky theorem remains true even at the quantum level. While the original Ostrogradsky
theorem on the highest derivatives was considered at the quantum level in [8], there are
no explicit and quantitative studies that address this issue for the generalizations of the
Ostrogradsky theorem.



In this paper, after reviewing the Ostrogradsky theorem in section 2, we consider more
general nondegeneracy structure in section 3, and prove that the Hamiltonian is unbounded
quantum mechanically and has no ground state. We generalize our argument to quantum
field theory in section 4, and further general system with arbitrary higher-order derivatives
in section 5. In section 6, we discuss conclusions.

2 Ostrogradsky theorem

In this section, we briefly review the Ostrogradsky theorem for nondegenerate Lagrangians
both at the classical [2] and the quantum [8] level to make our argument self-contained.

2.1 Classical analysis

Let us consider a general second-order Lagrangian L = L(q, ¢, §) of a point particle ¢ = ¢(t).
Following the Ostrogradsky’s method [2], we define canonical coordinates ¢1 = ¢q, g2 = ¢
and their conjugate momenta as
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In general, p; and ps are functions of {q, ¢, §, ¢ }. The assumption of the Ostrogradsky the-
orem is that the Lagrangian is nondegenerate with respect to the highest-order derivative,
namely, 0°L/0¢* # 0, under which the Euler-Lagrange equation is fourth-order differen-
tial equation for ¢. From the nondegeneracy and the implicit function theorem, we can
solve (2.1) for G = f(q1,q92,p2), ¢ = 9(q1,q2, p1,p2). Notice that G does not depend on p;.
The Hamiltonian is then given by

H =pig1 + p2g2 — L = prg2 + F(q1, g2, p2), (2.2)

where F(q1,q2,p2) = p2f(q1,92,p2) — L(q1,q2, f(q1,¢2,p2)). Hence, the Hamiltonian is
linear in p; and unbounded. This is the Ostrogradsky theorem at the classical level.

2.2 Quantum analysis

In parallel to the quantization of hydrogen atom, one may think a possibility to avoid
the Ostrogradsky instability by quantization. Let us quantize the Hamiltonian (2.2) by
imposing the canonical commutation relations as

[qAayﬁb] = i(sabv [qAIl?qAb] = [ﬁaaﬁb] = 07 (23)

where a,b run 1,2 and we shall work in the natural unit where A = 1. Then the quantum
Hamiltonian becomes
H = p1ds + F(G1, Ga, p2)- (2.4)

This Hamiltonian has ambiguities due to the ordering of the operators. As it will be clear
from the following calculations, our result is not affected by such ambiguities.

If there exists a ground state |0) such that H|0) = E|0), we have (1)|H|¢) > Eq for
any state |¢)) with the normalization (¢|1)) = 1. Thus, if ()|H|%) is not bounded from
below, there is no ground state.



Let us consider a state [1) defined by

V) = |p1)|b2), (2.5)
where |¢,) is an arbitrary state in the Hilbert space for §,, p, and satisfies the normalization

condition (¢,|¢s) = 1. The norm of this state is hence unity, (¥|¢)) = 1. For this state,
the expectation value of H is written as

(| H ) = (p1|p1] 1) (ba]da|d2) + (Dal(d1|F(Gr, G2, P2)|d1)|d2). (2.6)

Now let us focus on a particular one-parameter family of states |¢;) composed of a
superposition of |z), which is the eigenstate of |¢1), i.e. ¢1]z) = z|x),

1) = / dx g (z)|z), (2.7)

where k € R is a parameter, and g(x) is an arbitrary function independent of k and quickly
decaying for |z| — 0o to satisfy the normalization condition [ dz|g(x)|>=1. We then obtain

@rlinlon) = k+ 7 [ do g %E. (2.8)
(@al(61|F . p2) 00l 02) = [ da lg()PF (), (2.9)

where F(x) = (p2| F(z, G2, P2)|p2). It is obvious that eq. (2.9) is independent of k. Putting
these results together, we conclude that (1p|H|t) can be written as

(Y| H|y) = Cik + Ca, (2.10)

where C1 = (¢o|d2|¢2) and Co depend on |¢2) but not on k. Thus, (¢|H|[¢) depends
linearly on k and the Hamiltonian is unbounded even at the quantum level. While (2.10) is
a subset of the full spectrum of the eigenvalues of the Hamiltonian for |¢;) given in (2.7),
its unboundedness means that the full spectrum is also unbounded.

While we have focused on the single-variable second-order Lagrangian L = L(q,q, §),
the above analysis can be straightforwardly generalized to any multi-variable systems
L = L(qi, i, g;) that is nondegenerate with respect to the highest-order derivatives, i.e.
det(0?L/0G;0g;) # 0, for which the Euler-Lagrange equations consist fourth-order system.

3 Theory with third-order EOM

In this section, we consider a system which avoids the Ostrogradsky theorem but still
has unbounded Hamiltonian. The unboundedness of the Hamiltonian was shown in [3] at
classical level. Here we generalize it to quantum level.



3.1 Classical analysis

To avoid the Ostrogradsky theorem, one can consider a system with 9%L/8g;d4; = 0.
However, such a system could still suffer from the same type of ghost instability. Specific
form of such a system clarified in [3] is

2N
Jj=1

where f,c are arbitrary functions satisfying det C' # 0 with an antisymmetric matrix

Cij = gg — g(];;, for which the Euler-Lagrange equations consist third-order system. It

was shown in [3] that the Lagrangian (3.1) is the most general one possessing the third-
order Euler-Lagrange equations so long as one considers Lagrangian involving at most
second-order derivatives. As in the previous section, we define canonical coordinates as
q1,i = ¢, ¢2,; = ¢; and their conjugate momenta as eq. (2.1), i.e.

. dc Bf;.
i — U545 a-. a4, T = Ji y ; 2
p1i = Cijg; + 90 9, qj,  p2i= filq1,q2) (3.2)

where the Einstein’s summation notation is used. From the equations for ps;, we im-
mediately see that they provide 2N primary constraints among the canonical variables
(91,05 92, P1,is P2,i) @S

Xi = p2i — filq1,¢2) = 0. (3.3)

The Hamiltonian is given by

H =pi g — c(q1,q2)- (3.4)

Due to det C' # 0, no secondary constraints arise and the primary constraints are second
class as the Poisson bracket yields {x;,x;}p = Ci;. As it was argued in [3], the con-
straints are not enough to kill the linear dependence of the Hamiltonian on p; ; and the
Ostrogradsky ghosts are still present at the classical level.

3.2 Quantum analysis

Below we shall consider the quantization of the system (3.1) and prove that the quantum
Hamiltonian is unbounded. Since py; are fixed by the primary constraints (3.3), remaining
canonical variables are (qi14,p1,,¢2,). Taking into account the second class constraints,
we consider the Dirac bracket {A, B}p = {4, B}p — {4, xx} p(C™De{xe, B} p. Tt is then
straightforward to obtain

{q1,i,p1,}D = i, {g1i,015}p ={q14,92,}p =0,
8fk —1 8f£
i»P1jtp =+ —(C , 3.5
{p1,isp15tD 3Q1,z'( ke Par (3.5)
_ 8fk C—l _ C—l
{Prisq25}p = ey (C™ )iy {@2,q2,5}p = (C7 )45

1,2



Canonical quantization of a constrained system is imposed by promoting the Dirac
bracket i{A, B}p to the commutation relation [A, B]. We then see that ¢, commute
with other variables except pq ;. Hence, the eigenstates of §;; constitute the basis of the
Hilbert space.

We can see that the rest of the basis are the eigenstates of IV linear combinations of
Go,i as follows. By virtue of det C' # 0, there exists a linear combination g2 ; = 23251 Aijqo,
such that the Dirac brackets for the new variables g ; take a block diagonalized form as

o
_ 01
{2, @2ilp=1| , 0= (_1 0) - (3.6)

By using a canonical transformation to redefine z, = g2 2,—1 and p., = @22, for n=1,--- N,
we have {zp,pzm}p =0nm and {zn,2m}p ={Pzn,P2m}p =0. Here, note that A;; depends
on q1; and go; only, which implies that go; is a function of ¢ ;, 2,, p., only, and does not
depend on p; ;. We shall make use of this fact later.

Thus, we have the 3N coordinate operators ¢, 2, that commute with each
other. The Hilbert space can be then spanned by the eigenstates of these operators:
|z, 2) = |21) -+ - [w2n)[21) -+ [2n), where §u
previous section, let us consider a state

|’9Z}> = |¢x>|¢z>a (37)

x;) = xi|lx;) and Zplzn) = zplzn). As in the

where ‘
162) = / Vo Hg(@)E, |7 = 1) [oa) (3.8)

and |¢,) is a state spanned by |z1)---|zn). Here, k is a real parameter and g(¥) is an
arbitrary function which quickly decays as |Z| — oo. The expectation value of the Hamil-
tonian (3.4) for this state is given by

WIH|Y) = ([p1,jdo,5]) — (Wle(dr, G2) ). (3.9)

Using the fact that g2 does not depend on pq, it is straightforward to show that the second

term on the right-hand side is independent of k. In order to determine the first term, let

us focus on the relation [¢1 j,P1,j42,;] = iG2,; (no summation over j on the left-hand side).
By sandwiching it by (¢, [(Z'| and |Z)|$,), we obtain

(2 = 23){@=[(T' P12 |D)|62) = 10 |(T 12,417 02)- (3.10)

Using again the fact that ¢ depends on ¢y, 2, p, only, we conclude that the right-hand side

is proportional to §(Z — Z’). Thus, the above equation can be written as

D)¢,) = i6(F — F)F (&, 2). (3.11)

( — x5) (@ 1(T [ P1,5G2.5

From this relation we conclude

0
T)|¢z) = —i

/
&rj

where G(Z, ) is a function that is not determined from the above relation.

CHICEIRTEY 0(F = F)F(Z, 2) + 0(F — ¥')G(T, 2), (3.12)

Plugging (3.12) into (3.9), we confirm that the Hamiltonian takes the same form
as (2.10), and hence is unbounded quantum mechanically.



4 Quantum field theory

We can generalize our arguments in section 2 and section 3 to quantum field theory. Con-
sider a single scalar field ¢ = ¢(t, Z) in flat spacetime background, and a Lagrangian density
L = L(¢,0u9,0,0,¢) containing up to second derivatives. First, let us assume the non-
degeneracy 0°L/ D2 # 0. The canonical variables are ¢1 = ¢, po = é. Then, from the
variation of the action, we find the canonical conjugate momenta as

ﬂlz%—ai <8£> —6t <a£>, FQZ%. (4.1)
¢ 0¢; 0 L)

With the nondegeneracy assumption, the implicit function theorem guarantees that we can
solve the second equation for ¢ and obtain ¢ = f(ma, ¢2, ¢1, ¢1,i), where ¢1; = 0;¢p1. Then,
the Hamiltonian density is given by

H = mip2 + ma f (T2, P2, 01, 014) — L(P1, P2, P14, [ (T2, P2, b1, D14), 24, P1i5)- (4.2)

It is clear that H linearly depends on 7. Now, we promote the classical fields to the
operators in the Schrodinger picture and impose the canonical commutation relations

[Qba(f)v(%b(g)] = [ﬁ'a(f)ﬂ%b(g)] =0. (4'3)

We consider a state given by
[¥) = [¥1)|¥2), (4.4)

where |U,) is a state in the Hilbert space for the operators ng 7. Let us consider a set of

states parametrized by a real function k(Z) as
02) = [ Dt KD Gl ), (45)

where [¢1) is eigenstate of ¢ (&), namely, ¢1(Z)|1h1) = ¥1(Z)|v1). Then, it is straightfor-
ward to show that

(UIH(D)|V) = C1(D)k(F) + C2(2), (4.6)
where Cy(Z) = (WUy|¢o|¥s) and Cy(Z) are independent of k(Z). Thus, the Hamiltonian

depends on k(%) linearly and is not bounded from below nor above.
Next, let us consider a generalization of (3.1) to field theory, namely,

L= FI"($,00)0.0,¢a + G(¢,00), (4.7)

with multiple scalar field ¢, = ¢, (t, £) and arbitrary functions F,” and G. Here, we assume

_9F%  gF0o
det C' # 0, where Cyp = 5 Be '
as follows. For the canonical variables ¢1, = ¢q, ¢24 = ¢q, conjugate momenta (4.1) read

. We can then show that the Hamiltonian is unbounded

Tla = ab(y‘ng e, Mg = FC(L)O) (48)



the latter of which is primary constraints. With the assumption det C' # 0, we can solve
the first equation for ¢, to obtain ¢, = fa(mia, -+ ). Also, under det C' # 0, there are
no secondary constraints and the primary constraints are second class. The Hamiltonian
density on the constraint surface is then given by

H = T1a02q4 — (2F£i61»¢2a 4+ -+ G) , (4.9)

where 71, appears only in the first term linearly. Then, we can follow the above arguments
and arrive at the same conclusion that even after quantization the Hamiltonian (4.9) is
unbounded from below nor above.

5 General theories

Finally, we consider generalization of our analysis to more general theory. Since gener-
alization to field theory is straightforward as we see in section 4, here we again focus on
analytical mechanics of point particles.

First, let us consider L = L((ia,q'ﬁa,%,qi,qi). We take the canonical variables as
Q. = q'ﬁa, and ¢4, q;, and their conjugate momenta P,, m,,p;. In this case, the following
two criteria determine the existence or absence of the Ostrogradsky ghosts [5]. The first
criterion is whether a symmetric matrix Ko = Lgp — Lai(Lij)_leb is non/degenerate,
where L., = %7 L agqui and L;; = 8?;%3_. If det K # 0 is satisfied, the situation
is same as that in section 2, and the Hamiltonian is unbounded, both classically and

quantum mechanically. On the other hand, if K, = 0, known as the first degeneracy
condition, there exist primary constraints

EaEPa_Fa(p7Q7Q7¢) %0 (51)

The second criterion is whether an antisymmetric matrix My, = {Z4,Zp}p is
non/degenerate. If det M # 0, no secondary constraints arise and the primary constraints
are second class. The on-shell Hamiltonian is then given by

H = FaQa + WaQa +pigi — L, (52)

which is unbounded since 7, appears only linearly. Clearly, =, and M, correspond to x;
and Cj; in section 3. Further, one can confirm that 4, ¢4, ™, have the same structure
of the Dirac brackets for ¢24,¢1,4,p1, as in (3.5). Therefore, we can apply the analyses in
section 3 and show that the Hamiltonian is still unbounded after canonical quantization.
Further, we can generalize the above argument to general multi-variable Lagrangian
containing derivatives higher than second order. For simplicity let us focus on a Lagrangian
where all the variables have the same n-th order derivatives. Then, there exist 2(n — 1)
degeneracy conditions [6, 7]. Violation of some of the first n degenearcy conditions cause
terms linear in canonical momenta, to which we can apply the above analyses. After
imposing the first n degenearcy conditions, linear momentum terms in the Hamiltonian
are removed. However, one still needs to impose remaining n — 2 degeneracy conditions to
obtain a system with number of degrees of freedom same as the number of the variables.



For the case of the quadratic model in [6], violation of the remaining n — 2 degeneracy
conditions lead to the existence of “hidden” ghosts, which show up only after canonical
transformation as terms linear in canonical coordinates in the Hamiltonian. For these
terms, we can apply the above analyses by changing the role of ¢ and p, and prove the
Hamiltonian is unbounded quantum mechanically. For more general case, while explicit
canonical transformation has not been clarified, it is plausible that violation of remaining
n — 2 degeneracy conditions still causes linear instability, to which we can apply the above
analyses. The logic remains the same for the most general Lagrangian considered in [7].

6 Conclusion

The original Ostrogradsky theorem focused only on Lagrangian nondegenerate with re-
spect to the highest-order derivatives, and it was known to hold at the level of quantum
mechanics. Recent developments clarified that generalization of the Ostrogradsky theorem
is possible, by considering nondegeneracy with respect to non-highest but higher deriva-
tives. In light of the situation that such a generalization of the Ostrogradsky theorem has
been playing a crucial role for construction of sensible higher-derivative theories, in this
paper we have proved that the unbounded Hamiltonian due to more general nondegeneracy
structure is still unbounded after quantization. Our analysis applies to general quantum
field theory with arbitrary higher-order derivatives. It justifies a commonly-adopted way
of model building relying on the absence of the Ostrogradsky ghost as a guiding principle
at the level of quantum field theory.
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