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Abstract: Using a sample of (10.09 ± 0.04) × 109 J/ψ decays collected with the BE-
SIII detector, partial wave analyses of the decay J/ψ → γK0
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0
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0 are performed within
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0 invariant mass region below 1.6GeV/c2. The covariant tensor amplitude
method is used in both mass independent and mass dependent approaches. Both analysis
approaches exhibit dominant pseudoscalar and axial vector components, and show good
consistency for the other individual components. Furthermore, the mass dependent analy-
sis reveals that the K0
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0 invariant mass spectrum for the pseudoscalar component can
be well described with two isoscalar resonant states using relativistic Breit-Wigner model,
i.e., the η(1405) with a mass of 1391.7±0.7+11.3

−0.3 MeV/c2 and a width of 60.8±1.2+5.5
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and the η(1475) with a mass of 1507.6±1.6+15.5
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−10.9 MeV.
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1 Introduction

The non-abelian nature of quantum chromodynamics (QCD) predicts the existence of ex-
otic states, such as glueballs, hybrids, and multiquarks states. The experimental confirma-
tion of these states would provide fundamental information about QCD in the confinement
regime and would be a direct test of the QCD theory. The radiative decays of charmo-
nium are glue-rich processes and are considered to be excellent probes for the production
of gluonic matter and light hadron structures. Much progress has been made in the past
few decades, but many issues remain unresolved.

In the field of light hadron spectroscopy, one of the most interesting and disputed
questions is the nature of the pseudoscalar structure with a mass around 1.4 GeV/c2, the
so-called “ι” state. The “ι” state was first observed in the J/ψ radiative decay to the KK̄π
final state in the early 1980s by the Crystal Barrel [1] and Mark II [2] Collaborations.
The structure has been subsequently confirmed by different experiments [3–11], and is
often interpreted as the combination of two isoscalar resonant states, i.e., the η(1405) and
η(1475) [12]. Pseudoscalar structures in the vicinity of 1.4 GeV/c2 are also observed in the
ηππ, πππ and γV (where V refers to vector meson) final states of J/ψ radiative decays,
but with quite different lineshapes [13–18]. Consequently, whether or not these observed
pseudoscalar structures are from the same origin is controversial.
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From the theoretical point of view, the pseudoscalar nonet of ground states is well
established, and the η(1295) and η(1475) are generally assigned to be the first radial ex-
citations of the ground states η and η′, taking into account their production and decay
properties [12]. It is very difficult to accomodate another pseudoscalar state with a mass
around 1.4GeV/c2 in the quark model. Therefore, the possibility of an additional state with
a non-qq̄ nature [19–25] has been widely discussed. Meanwhile, there is still a long-standing
controversy about whether or not the η(1405) and η(1475) are two separate states or just
one pseudoscalar state, namely the η(1440), in different decay modes. In refs. [26–29], a co-
herent phenomenological analysis of η(1405/1475)→ KK̄π, ηππ and πππ is performed by
considering a triangle singularity mechanism (TSM), and it is concluded that only one pseu-
doscalar state is needed in this mass vicinity, and the distorted lineshape and shifted peak
position in the different decay modes could be due to dynamic features within the TSM.

To solve the η(1405/1475) puzzle and to pin down their nature, a precise and com-
prehensive measurement is prerequisite. The BESIII experiment has collected 10.09× 109

J/ψ decays [30], which provides an excellent opportunity to explore the nature of the
η(1405/1475). Meanwhile, comparing to other decay modes, J/ψ → γK0

SK
0
Sπ

0 is free of
background from similar final states with one fewer or more photon, and can provide a
much cleaner sample than the corresponding charged channels. This article presents a
partial wave analysis (PWA) of the decay J/ψ → γK0

SK
0
Sπ

0 based on the full J/ψ sample
collected by the BESIII collaboration, where both mass dependent and independent ap-
proaches are performed. Both K0

S mesons are reconstructed from π+π− and the π0 meson
is reconstructed from γγ.

2 BESIII detector and Monte Carlo simulation

The BESIII detector [31] records the final state particles produced in symmetric e+e−

collisions provided by the BEPCII storage ring [32] in the center-of-mass energy range from
2.0 to 4.95GeV [33], with a peak luminosity of 1×1033cm−2s−1 achieved at

√
s = 3.77 GeV.

The cylindrical core of the BESIII detector covers 93% of the full solid angle. From inner
detectors to outer, it consists of a helium-based multilayer drift chamber (MDC), a plastic
scintillator time-of-flight system (TOF), and a CsI(Tl) electromagnetic calorimeter (EMC),
which are all enclosed in a superconducting solenoidal magnet providing a 1.0 T (0.9 T
in 2012) magnetic field. The solenoid is supported by an octagonal flux-return yoke with
resistive plate counter muon identification modules interleaved with steel. The charged-
particle momentum resolution at 1GeV/c is 0.5%, and the dE/dx resolution is 6% for
electrons from Bhabha scattering. The EMC measures photon energies with a resolution
of 2.5% (5%) at 1GeV in the barrel (end cap) region. The time resolution in the TOF
barrel region is 68 ps, while that in the end cap region was initially 110 ps. The end
cap TOF system was upgraded in 2015 with multi-gap resistive plate chamber technology,
improving the time resolution to be 60 ps [34, 35].

Simulated data samples produced with a geant4-based Monte Carlo (MC) pack-
age [36], which includes the geometric description of the BESIII detector [37, 38] and the
detector response, are used to optimize the event selection criteria, determine detection
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efficiencies and estimate backgrounds. The simulation models the beam energy spread and
initial state radiation in the e+e− annihilations with the generator kkmc [39, 40]. The sig-
nal MC sample for J/ψ → γK0

SK
0
Sπ

0, with subsequent decays K0
S → π+π− and π0 → γγ,

is generated uniformly in phase space (PHSP).
An inclusive MC sample with 10.01 × 109 J/ψ decays is used to study background,

where the production of the J/ψ resonance and the continuum processes is incorporated
in kkmc [39, 40]. All particle decays are modeled with evtgen [41, 42] using branching
fractions either taken from the Particle Data Group (PDG) [12], when available, or oth-
erwise estimated with lundcharm [43, 44]. Final state radiation from charged final state
particles is incorporated using photos [45].

3 Event selection

Charged tracks are reconstructed using hits in the MDC. The point of closest approach of
each charged track to the interaction point (IP) is required to be less than 20 cm along
the z axis, which is the symmetry axis of the MDC, because of the relatively long lifetime
of K0

S . Charged tracks detected in the MDC are required to be within a polar angle (θ)
range of |cos θ| < 0.93, where θ is defined with respect to the z axis. All charged tracks are
reconstructed under the pion hypothesis.To reconstruct K0

S candidates, a vertex fit and a
subsequent secondary vertex fit are performed on each pair of charged tracks with opposite
charges. When two vertex fits are performed successfully, the corresponding combination is
regarded as an K0

S candidate. Photon candidates are identified using showers in the EMC.
The deposited energy of each shower must be more than 25MeV in the EMC barrel region
(|cos θ| < 0.80) and more than 50MeV in the end cap region (0.86 < |cos θ| < 0.92). To
exclude those showers originating from charged tracks, the angle between the position of
each shower in the EMC and the closest extrapolated charged track must be greater than
10◦ as measured from the IP. To suppress electronic noise and energy deposits unrelated
to the event, the difference between the EMC time and the event start time is required to
be within [0, 700] ns.

In J/ψ → γK0
SK

0
Sπ

0 process, candidates are required to have four charged tracks with
zero net charge and at least three photon candidates. The K0

S candidates are required to
satisfy L/σL > 2, where L and σL are the distance of the common vertex of the π+π− pair
away from the IP, and the corresponding uncertainty, respectively. The γγγK0

SK
0
S candi-

dates are further subjected to a four-constraint (4C) kinematic fit, which ensures energy
and momentum conservation. Only candidates which yield a χ2

4C of the 4C kinematic fit
of less than 40 are retained for further analysis. For events with more than three photon
candidates, multiple signal candidates are possible, and only the one with the smallest
χ2

4C is retained for further analysis. Furthermore, the J/ψ → γK0
SK

0
Sπ

0 candidates are
required to have exactly one pair of photons with invariant mass within the π0 mass re-
gion (

∣∣M(γγ)−M(π0)
∣∣ < 20 MeV/c2) [12], as shown in figure 1(a). MC simulation studies

indicate this criterion significantly reduces the rate of miscombined photon pairs to be less
than 0.3%. Both K0

S candidates are required to satisfy
∣∣M(π+π−)−M(K0

S)
∣∣ < 12 MeV/c2,

whereM(K0
S) is the known K0 mass [12], as shown in figures 1(b)-(c). The miscombination
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Figure 1. Invariant mass distributions of (a) γγ, (b) one π+π− pair, (c) another π+π− pair for
candidate events with the 4C kinematic fit applied. Dots with error bars are data and the red solid
line represents the signal MC sample (normalized by height).

of pion pairs to form a K0
S signal is also studied and found to be negligible. To suppress

backgrounds containing an η signal, events with any photon pair of invariant mass within
±30 MeV/c2of the known η mass [12] are rejected, while the efficiency for real signal is
about 90.5%. The decay J/ψ → ωK0

SK
0
S with ω → γπ0 is of the same final state as

the signal decay J/ψ → γK0
SK

0
Sπ

0. Therefore, events with γπ0 invariant mass within
±40 MeV/c2of the known ω mass [12] are rejected, while the efficiency for real signal is
about 95.5%. After all the above selection criteria, potential backgrounds are studied by
subjecting the inclusive MC sample of 10.01× 109 J/ψ decays to the same selection crite-
ria applied to data. No significant peaking background is identified in the invariant mass
spectrum of K0

SK
0
Sπ

0. The dominant background stemming from non-K0
SK

0
S processes is

estimated to be 0.5% in total. Non-K0
SK

0
S backgrounds are estimated using events from

K0
SK

0
S two-dimensional sidebands from data, where the sideband regions are defined as∣∣M(π+π−)1,2 −M(K0

S)± 35 MeV/c2∣∣ < 12 MeV/c2, and the subscripts 1 and 2 stand for
the two sets of π+π− corresponding to the two K0

S . The total contribution is estimated to
be at a level of 0.2%, which is neglected in the following analysis.

To improve the resolution of kinematic variables, the remaining J/ψ → γK0
SK

0
Sπ

0

events are subjected to a seven-constraint (7C) kinematic fit, which, in addition to im-
posing energy and momentum conservation, further constrains the one π0 and two K0

S
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Figure 2. Invariant mass spectra of (a) K0
SK

0
Sπ

0, (b) K0
SK

0
S , and (c) K0

Sπ
0 for events with the

requirement M(K0
SK

0
Sπ

0) < 1.6 GeV/c2. The corresponding two-dimensional distributions of (d)
M(K0

SK
0
S) versus M(K0

SK
0
Sπ

0) and (e) M(K0
Sπ

0) versus M(K0
SK

0
Sπ

0). The corresponding Dalitz
plot of (f)M2(K0

S1π
0) versusM2(K0

S2π
0). Dots with error bars are the data with the 7C kinematic

fit applied. The blue solid line and the red dotted line represent the data with the 4C kinematic
fit applied and the signal PHSP MC samples with the 7C kinematic fit applied (normalized by
integral), respectively.
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masses to their known values quoted in the PDG [12]. Detailed MC simulation studies
show that the 7C kinematic fit improves the resolution of the K0

SK
0
Sπ

0 invariant mass from
8.4MeV/c2 to 4.9MeV/c2 at 1.45GeV/c2, while the efficiency is more than 99.5%. After all
the above criteria are imposed, the invariant mass spectrum of K0

SK
0
Sπ

0 up to 1.6GeV/c2

is shown in figure 2(a) for data and the signal PHSP MC sample. A prominent structure
around 1.45GeV/c2 as well as a clear bump around 1.28GeV/c2 are observed. The corre-
sponding spectra of K0

SK
0
S and K0

Sπ
0 invariant mass are presented in figures 2(b) and (c),

respectively. The spectra reveal strong enhancements near the K0
SK

0
S mass threshold and

around 0.90GeV/c2 in the K0
Sπ

0 mass spectrum. The two-dimensional distributions of the
invariant mass of K0

SK
0
Sπ

0 versus that of K0
SK

0
S and K0

Sπ
0 are also shown in figures 2(d)

and (e), respectively. The Dalitz plot of M2(K0
S1π

0) versus M2(K0
S2π

0) for the selected
candidates is shown in figure 2(f).

4 Partial wave analysis

4.1 Analysis method

Using the GPUPWA framework [46], a PWA is performed on the remaining 126,436 events
in the region M(K0

SK
0
Sπ

0) < 1.6 GeV/c2 in order to disentangle the structures present
in the K0

SK
0
Sπ

0 invariant mass spectrum. The quasi-two-body decay amplitudes in the
decay process J/ψ → γR1 with two sequential decays R1 → K0

SR2 → K0
SK

0
Sπ

0 and R1 →
R2π

0 → K0
SK

0
Sπ

0 are considered and constructed using the covariant tensor amplitudes
described in ref. [47], where R1 and R2 are the intermediate states that can decay to
K0
SK

0
Sπ

0, K0
Sπ

0 or K0
SK

0
S , respectively.

Let AX be the amplitude for a decay modeX, which hasNWX
independent partial wave

amplitudes. For the J/ψ radiative decay, the general form of the AX decay amplitude is:

AX = ψµ(m1)e∗ν(m2)
NWX∑
j=1

ΛjUµνj , (4.1)

according to ref. [47], where ψµ(m1) is the polarization four-vector for the J/ψ; eν(m2) is the
polarization four-vector for the photon; m1 and m2 are the spin projections of the J/ψ and
photon, respectively; Uµνj is the jth independent partial wave amplitude of J/ψ radiative
decay by the mode X with coupling strength determined by a complex parameter Λj . The
partial wave amplitudes Uµνj used in the analysis are constructed with the four-momenta
of the particles in the final state, and their specific expressions are given in ref. [47].

The ordinary intermediate resonance is parametrized by a relativistic Breit-Wigner
(BW) propagator with a constant-width

BW (s) = 1
M2 − s− iMΓ , (4.2)

where s is the invariant mass squared of resonances, M and Γ are the corresponding mass
and width.
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For a0(980)0 with mass near KK̄ threshold, we use dispersion integrals to describe
its lineshape, following the prescription given in ref. [48]. The a0(980)0 amplitude is con-
structed using the following denominator:

Dα(s) = m2
0 − s−

∑
ch

Πch(s), (4.3)

where m0 is the a0(980) mass and Πch(s) in the sum over channels is a complex function,
with imaginary part

ImΠch(s) = g2
chρch(s)Fch(s), (4.4)

while real parts are given by principal value integrals,

ReΠch(s) = 1
π
P

∫ ∞
sch

ImΠch(s′)ds′

(s′ − s) . (4.5)

In the above expressions ρch(s) is the available phase space for a given channel, obtained
from the corresponding decay momentum qch(s). The integral in eq. (4.5) is divergent
when s→∞, so the phase space is modified by a form factor Fch(s) = e−βq

2
ch(s), where the

parameter β is related to the root-mean-square size of an emitting source [48]. We consider
three a0(980)0 decay channels here, the πη, KK̄, and η′π, with corresponding coupling
constants and the value of a0(980)0 mass quoted from ref. [49].

The complex coefficients of the amplitudes and resonance parameters are determined
by an unbinned maximum likelihood fit to the data. The likelihood function is constructed
following a method similar to that used in ref. [50].

The probability to observe the ith event characterized by the measurement ξi, i.e., the
measured four-momenta of the particles in the final state, is:

P (ξi) = |M(ξi)|2ε(ξi)Φ(ξi)
σ′

, (4.6)

where ε(ξi) is the detection efficiency, Φ(ξi) is the standard element of phase space, and
M(ξi) = ∑

X AX(ξi) is the matrix element describing the decay processes from the J/ψ
to the final state γK0

SK
0
Sπ

0. AX(ξi) is the amplitude corresponding to decay mode X as
defined in eq. (4.1) and σ′ ≡

∫
|M(ξ)|2ε(ξ)Φ(ξ)dξ is the normalization integral.

The joint probability for observing N events in the data sample is:

L =
N∏
i=1

P (ξi) =
N∏
i=1

|M(ξi)|2ε(ξi)Φ(ξi)
σ′

. (4.7)

For technical reasons, rather than maximizing L, S = − lnL is minimized, with

S = − lnL = −
N∑
i=1

ln |M(ξi)|2 +N ln σ′ −
N∑
i=1

ln ε(ξi)Φ(ξi), (4.8)

For a given data set. The third term is a constant and has no impact on the determination
of the parameters of the amplitudes or on the relative changes of − lnL values. In the
fitting, the third term will not be considered.
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The free parameters are optimized by MINUIT [51]. The normalization integral σ′ is
evaluated using MC techniques. A signal PHSP MC sample of Ngen events is generated.
These events are put through the detector simulation, subjected to the selection criteria
and yield a sample of Nacc accepted events. The normalization integral is computed as:

σ
′ =

∫
|M(ξ)|2ε(ξ)Φ(ξ)dξ → 1

Ngen

Nacc∑
j=1
|M(ξj)|2, (4.9)

where the constant value of the phase space integral
∫

Φ(ξ)dξ is ignored.
The number of the fitted events NX for a decay mode X, which has NWX

independent
decay amplitudes, is defined as:

NX = σX
σ′
·N, (4.10)

where N is the number of selected events after background subtraction, and

σX = 1
Ngen

Nacc∑
j=1
|AX(ξj)|2, (4.11)

is calculated with the same MC sample as the normalization integral σ′ .
The branching fraction of a decay mode X is calculated as:

B = NX

NJ/ψ · εX · B2
K0

S→π+π−
· Bπ0→γγ

, (4.12)

where the detection efficiency εX for the decay mode X is obtained by the partial wave
amplitude weighted MC sample,

εX = σX
σgen
X

=
∑Nacc
k=1 |AX(ξk)|2∑Ngen
j=1 |AX(ξj)|2

, (4.13)

NX is the number of the fitted events for the decay mode X; NJ/ψ = (10.09±0.04)×109 is
the total number of J/ψ events [30]; BK0

S→π+π− = (69.2± 0.05)% and Bπ0→γγ = (98.823±
0.034)% are the branching fractions of K0

S → π+π− and π0 → γγ quoted from ref. [12],
respectively. Additionally, the branching fractions are defined as the coherent sum over
the R1 → K0

S1R2 → K0
S1K

0
S2π

0 and R1 → K0
S2R2 → K0

S2K
0
S1π

0 contributions for J/ψ →
γR1,R1 → K0

SR2 → K0
SK

0
Sπ

0 processes in this analysis.

4.2 Mass independent PWA

To investigate the contributions from different components, a mass independent (MI) PWA
is performed, which is mandatory in order to explore the lineshape of the K0

SK
0
Sπ

0 invariant
mass distribution for the different decay modes, and to minimize the bias from a particular
model for the dynamics of the intermediate states.

In practice, a MI PWA where the intermediate states in the K0
SK

0
Sπ

0 invariant mass
spectrum are parameterized by a separate complex constant for each of 24 bins of 15 MeV/c2

width, while the part of the amplitude that describes the dynamical function is constant
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0 (K0
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0 (K0
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S)D-phspπ

0 (K0
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S)S-phspπ

0 (K0
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0
S)S-phspπ

0 (K0
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0

Table 1. The set of all possible decay mode candidates evaluated in the MI PWA.

over a small range of s, is performed in the region M(K0
SK

0
Sπ

0) < 1.6 GeV/c2 to extract
the contribution of components with different decay modes, this method also has been
described as “Bin-by-bin analysis” in ref. [52]. Taking into account the spin-parity, charge
conjugation and isospin conservation, all possible decay mode candidates are evaluated, as
listed in table 1, where “S”, “P” and “D” represent the mother resonance decaying with
orbital angular momentum equal to 0, 1 and 2, respectively. The “phsp” refers to the direct
decay process without an intermediate resonance, and is modeled by the corresponding
PHSP distribution without a propagator. Only the partial wave amplitudes with smallest
orbital angular momentum are considered in the analysis because of the strong suppression
on the magnitude from the centrifugal barrier [47] for large orbital angular momentum
waves. In the fit, all resonance parameters are fixed to the PDG values [12] or published
results [49]. The changes on the negative log-likelihood (NLL) value and the number of free
parameters in the fits with and without a component are used to evaluate its statistical
significance. The nominal solution, in which the significance of each component is greater
than 5σ, is retained as the baseline in each bin.

In the MI PWA results, the fit components of the nominal solutions for 24 bins are
shown in table 2. The K0

SK
0
Sπ

0 intensity spectra obtained from the MI PWA results are
shown in figure 3, where (K0

SK
0
S)S-waveπ

0 represents the combination of a0(980)0π0 and
(K0

SK
0
S)S-phspπ

0 waves, and (K0
Sπ

0)P-waveK
0
S represents the combination of K∗(892)0K0

S

and (K0
Sπ

0)P-phspK
0
S waves. The fit results confirm that the pseudoscalar component is

the dominant contribution. However, unlike a general resonance, the lineshape of the total
pseudoscalar component does not exhibit an obvious peak position. It is instead relatively
constant between 1.4GeV/c2 and 1.5GeV/c2. Further analysis shows that the pseudoscalar
component decays into the (K0

SK
0
S)S-waveπ

0 and (K0
Sπ

0)P-waveK
0
S partial waves are of com-

parable magnitudes, but with different lineshapes and peaks. Axial vector components also
contribute prominently, peaking at 1.28GeV/c2 and 1.42GeV/c2, respectively, and the cor-
responding component peaking at 1.28GeV/c2 decays into a0(980)0π0, while that peaking
at 1.42GeV/c2 into K∗(892)0K0

S . There is also a small tensor component decaying into
K∗(892)0K0

S around 1.52GeV/c2, which is observed in the decay of J/ψ → γKK̄π for the
first time.
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Figure 3. The K0
SK

0
Sπ

0 intensity spectra for the (a) dominant spin-parity components and (b)
dominant decay modes for different spin-parity components obtained from the MI PWA results.
The uncertainty on the total data is statistical, and the uncertainties on the others are obtained
from the PWA in each bin.
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4.3 Mass dependent PWA

A mass dependent (MD) PWA is also performed. All possible intermediate states listed in
the PDG [12] with mass less than 1.6GeV/c2, and satisfying spin-parity, charge conjugation
and isospin conservation, e.g., the η(1295), η(1405), η(1475), f1(1285), f1(1420), f1(1510),
f2(1270), f2(1525) and f2(1565), are considered as candidates in the analysis. Additionally,
non-resonant processes with different spin-parities are also taken into consideration when
searching for the nominal solution. These kinds of non-resonant components can mimic
the contributions of the tails from higher mass resonances with different spin-parities and
decay modes as well. The masses and widths of intermediate states from J/ψ radiative
decay are floating in the fit, while those of the resonances decaying into K0

SK
0
S or K0

Sπ
0

final states are fixed to the PDG values [12] or published results [49] as done in the MI
PWA. All possible intermediate states and decay modes are tried in the fits, and only those
with significance larger than 5σ are retained.

Finally, the nominal solution includes two pseudoscalar states, the η(1405) and η(1475),
two axial vector states, the f1(1285) and f1(1420) and a tensor state, the f2(1525). In total,
14 components are considered, and the fractions of the various components, as well as the
interference fractions between any two components are presented in table 3. The calculation
of the fractions for individual components involves the PHSPMC truth information without
detector acceptance or resolution effects. The fraction for the ith component is defined as:

Fi =
∑Ntruth
k=1 |Ai|2k∑Ntruth
k=1 |A|2k

, (4.14)

and the interference between the ith and jth components is defined as (where Iij = Iji):

Iij =
∑Ntruth
k=1 2Re[AiA∗j ]k∑Ntruth

k=1 |A|2k
, (4.15)

where Ntruth is the number of PHSP MC events at the generator level; Ai and Aj are the
amplitudes corresponding to the ith and jth components in the MD PWA nominal solution
as defined in eq. (4.1), respectively; A = ∑

iAi is the total amplitude describing the decay
processes from the J/ψ to the final state γK0

SK
0
Sπ

0 in the MD PWA nominal solution.
These fractions will not sum to unity if there is net constructive or destructive interference.
In order to determine the statistical uncertainties of the fractions, the amplitude coefficients
are randomly sampled by a Gaussian-distributed amount set by the covariance matrix.
Then the distribution of each fraction is fitted with a Gaussian function and the width of
the Gaussian function is defined as the uncertainty of the fraction. The optimized masses
and widths of the intermediate states, product branching fractions of J/ψ → γR1 with
R1 → K0

SR2 → K0
SK

0
Sπ

0 or R1 → π0R2 → K0
SK

0
Sπ

0, the statistical significances of the
predominant components are calculated accordingly and summarized in table 4, where the
first uncertainties are statistical and the second are systematic.

Figures 4(a)-(c) show distributions of the data and the MD PWA fit projections (PHSP
MC sample weighted with the differential cross sections) on the invariant mass of K0

SK
0
Sπ

0,
K0
SK

0
S and K0

Sπ
0, individually, while figures 4(d)-(g) show various angular distributions.
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Figure 4. Superposition of data and the MD PWA fit projections for invariant mass distributions
of (a) K0

SK
0
Sπ

0, (b) K0
SK

0
S , and (c) K0

Sπ
0. The cos θ distributions of (d) γ in J/ψ helicity frame,

(e) K0
S and (f) π0 in K0

SK
0
Sπ

0 system helicity frame, (g) K0
S in K0

SK
0
S system helicity frame. The

pull projection of residual is shown beneath each distribution correspondingly.
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Figure 5. Invariant mass distribution of K0
SK

0
Sπ

0 for each of the 14 individual components corre-
sponding to table 3 included in the MD PWA nominal solution.
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As a supplement for figure 4(a) in detail, the figure 5 shows the M(K0
SK

0
Sπ

0) spectrum for
each of the 14 individual components corresponding to table 3 included in the MD PWA
nominal solution. Additionally, the dips on the cos θ distribution of γ in J/ψ helicity frame
shown in figure 4(d) are caused by the acceptance of the EMC detector, and the dips on
cos θ distribution of π0 in K0

SK
0
Sπ

0 helicity frame shown in figure 4(f) are correlated with
the veto of ω on the γπ0 invariant mass spectrum which is applied on the event selection
part. The pull projection of residual beneath each distribution is displayed to demonstrate
the comparison between data and MC projection correspondingly, where the χ is defined as

χ = ni − νi√
νi

, (4.16)

where ni and νi are the number of entries for the data and the fit projections of the nominal
solution in the ith bin, respectively.

To validate the consistency between the MI and MD PWA results, comparisons of
the K0

SK
0
Sπ

0 intensity spectra for individual spin-parity components obtained by the two
PWA approaches are shown in figure 6(a), where good agreement is observed. We also
compare the distributions of the pseudoscalar component decaying into (K0

SK
0
S)S-waveπ

0,
(K0

Sπ
0)P-waveK

0
S and the axial vector component decaying into a0(980)0π0, K∗(892)0K0

S

between the two approaches, individually, as shown in figures 6(b) and (c), where good
agreement is also achieved.

As described previously, the lineshape and dynamics of the pseudoscalar component
are of great interest in this analysis. Therefore, different scenarios are tried in the MD
analysis. An alternative fit is performed by replacing the two pseudoscalar states η(1405)
and η(1475) with one resonance with floating resonance parameters. The result shows the
NLL value is worsen by 1564.4. The result from the TSM test by considering both η(1440)
and f1(1420) TSM contributions in the MD PWA, where the intermediate on-shell K∗K+
c.c can exchange an on-shell kaon or anti-kaon and then rescatter to a0(980)0π0 in this
process [28, 29], shows the NLL value is worse by 1169.4. The description of the K0

SK
0
Sπ

0

invariant mass spectrum deteriorates significantly compared with the two states scenario.

5 Systematic uncertainties

In the MD PWA, the sources of systematic uncertainties can be classified into two cate-
gories, i.e., those associated with event reconstruction and selection, and those related to
the PWA.

The systematic uncertainties associated with the event reconstruction and selection
are applied in the branching fraction measurement only, and mainly include those from
the photon detection efficiency, K0

S reconstruction efficiency, kinematic fit, the number of
J/ψ events, and the branching fractions of K0

S → π+π− and π0 → γγ. The systematic
uncertainty of the photon detection efficiency is 1.0% per photon, obtained by studying
the control sample of J/ψ → ρπ [53]. Therefore, 3% is assigned as the corresponding
uncertainty for three photons. The systematic uncertainty of K0

S reconstruction efficiency
is studied with the control samples of J/ψ → K∗±K∗∓ and J/ψ → φK0

SK
±π∓, and is 1%
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Figure 6. The K0
SK

0
Sπ

0 intensity spectra for the (a) dominant spin-parity components, (b) dom-
inant decay modes for the pseudoscalar component, and (c) dominant decay modes for the axial
vector component. The dots with error bars and the dotted lines are the intensity obtained from
the MI PWA and MD PWA results, respectively. The uncertainty on the total data is statistical,
and those of the others are obtained from the PWA in each bin.
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Source Uncertainty(%)
Photon detection 3.0
K0
S reconstruction 2.0
Kinematic fit 1.6

Number of J/ψ events 0.4
Intermediate branching fractions 0.2

Total 4.0

Table 5. Summary of systematic uncertainties related to event selection for the determination of
the branching fraction (relative uncertainties).

Source
η(1405) η(1475) f1(1285) f1(1420) f2(1525)

∆M ∆Γ ∆M ∆Γ ∆M ∆Γ ∆M ∆Γ ∆M ∆Γ
Breit-Wigner formula +11.0 +5.2

−11.8
+15.5
−31.6 +14.6 +0.8

−1.5
+0.6
−2.9

+27.9
−0.5

+13.3
−9.9

+2.6
−7.5

+2.0
−5.1

Resonance parameters +2.5 +1.8 −5.6 −10.8 +0.3 +1.8 −0.2 −2.4 +1.6 −3.0
Extra components +0.1

−0.3
+0.6
−2.0

+0.1
−2.2

+2.3
−1.8

+0.8
−0.2

+5.2
−0.1

+1.5
−0.5

+2.7
−3.9 +1.1 −1.4

Total +11.3
−0.3

+5.5
−12.0

+15.5
−32.2

+14.8
−10.9

+1.2
−1.5

+5.5
−2.9

+27.9
−0.7

+13.6
−10.9

+3.2
−7.5

+2.0
−6.1

Table 6. Summary of the systematic uncertainty sources and their corresponding contributions to
the systematic uncertainties in masses (MeV/c2) and widths (MeV) of η(1405), η(1475), f1(1285),
f1(1420) and f2(1525), denoted as ∆M and ∆Γ, respectively.

per K0
S candidate [54]. Therefore, 2% is assigned as the corresponding uncertainty for the

two K0
S candidates. The systematic uncertainty associated with the kinematic fit is 1.6%,

obtained by the track helix parameter correction method [55]. The total number of J/ψ
decays is obtained using inclusive hadron events, and the uncertainty is 0.4% [30]. The
uncertainties associated with the decay branching fractions of K0

S → π+π− and π0 → γγ

are quoted from the PDG [12]. All the uncertainties associated with event reconstruction
and selection are summarized in table 5, and the total uncertainty is 4%, which is the
quadrature sum of the individual values.

The systematic uncertainties associated with the PWA, which are applied in both
measurements of branching fractions and the resonance parameters in the MD approach,
include:

• Uncertainty from the resonance parametrization form. In the nominal fit, the inter-
mediate states are parameterized by a relativistic BW function with a constant width.
Since the η(1405), η(1475) and f1(1420) are close to the threshold of K∗(892)K, an
alternative BW function with mass-dependent width is used to parameterize the res-
onances,

BW (s) = 1
M2 − s− iMΓ(s) , (5.1)
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with

Γ(s) = Γ(M2)
(
M√
s

)(
ρ(s)
ρ(M2)

)2l+1
B2
l (ρ(s)), (5.2)

where s is the invariant mass squared of the intermediate states, M and Γ(M2) are
the corresponding nominal mass and width, ρ is the momentum of the daughter
particle in its mother resonance rest frame calculated by the invariant mass squared
of the mother resonance, Bl(ρ(s)) is the Blatt-Weisskopf barrier factor [56] and l is
the orbital angular momentum.

• Uncertainty from resonance parameters. In the nominal fit, the resonant parameters
of a0(980)0, K∗(892)0 and a2(1320)0 states are fixed. The related uncertainties are
evaluated with alternative fits in which these resonance parameters are varied within
one standard deviation of the PDG values [12] or published results [49].

• Uncertainty from extra components. Uncertainties from possible extra compo-
nents are estimated by adding the processes f1(1510) → K∗(892)0K0

S , η(1295) →
a0(980)0π0, f1(1420) → (K0

Sπ
0)P-phspK

0
S and f1(1285) → (K0

Sπ
0)P-phspK

0
S , which

are the four most significant extra components evaluated from data, into the nominal
configuration individually.

For each alternative fit performed to estimate the systematic uncertainties from the
PWA fit procedure, the changes of the measurements are taken as the one-sided system-
atic uncertainties. For each measurement, the individual uncertainties are assumed to be
independent and are added in quadrature to obtain the total systematic uncertainty on
the negative and positive sides, respectively. The sources of systematic uncertainties are
applied to the measurements of masses and widths of intermediate states, and their con-
tributions are summarized in table 6. The relative systematic uncertainties relevant to the
branching fraction measurements are summarized in table 7.

6 Summary

In summary, mass independent and dependent PWAs have been performed on the decay
J/ψ → γK0

SK
0
Sπ

0 with M(K0
SK

0
Sπ

0) < 1.6 GeV/c2 based on 10.09 × 109 J/ψ decays
collected with the BESIII detector. The analyses show good consistency with each other
in the intensity of individual components, and exhibit that the pseudoscalar and axial
vector components are the dominant contributions. The mass dependent PWA shows
that the pseudoscalar component can be well described with the two isoscalar states using
relativistic Breit-Wigner model, i.e., η(1405) with a mass of 1391.7± 0.7+11.3

−0.3 MeV/c2 and
a width of 60.8± 1.2+5.5

−12.0 MeV and η(1475) with a mass of 1507.6± 1.6+15.5
−32.2 MeV/c2 and a

width of 115.8± 2.4+14.8
−11.0 MeV, and both decay into (K0

SK
0
S)S-waveπ

0 and (K0
Sπ

0)P-waveK
0
S .

The axial vector component can be well described with f1(1285)→ a0(980)0π0, f1(1420)→
a0(980)0π0 and f1(1420)→ K∗(892)0K0

S . The tensor component f2(1525)→ K∗(892)0K0
S

is observed for the first time in this process.
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For the pseudoscalar component, the relatively flat lineshape between 1.4 GeV/c2 and
1.5GeV/c2 rules out one standard resonance parameterization. In addition, the current
TSM models [26–29] can not describe data well. This analysis provides a precision measure-
ment of the pseudoscalar component, and is essential to study the dynamics of pseudoscalar
structure in this mass region. More studies on the TSM and other phenomenological mech-
anisms are necessary to improve our understanding of the isoscalar pseudoscalar spectrum.
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A Formulas of covariant tensor amplitudes

As a supplement, we provide the formulas of covariant tensor amplitudes applied in PWA
nominal solution referring to ref. [47], where K0

S ,K0
S , π0 are denoted as particle 1, 2, 3.

The correspinding intermediate resonances and decay modes are listed in the table 3.
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For the J/ψ → γ0−+ vertex, there is one independent coupling:

〈γ0−+|(K∗K)1〉 = SµνB1(QψγX)f (0−+)
(123)

[
t̃
(1)
(K∗K)λt̃

(1)λ
(13)f

(K∗)
(13) + t̃

(1)
(K∗K)λt̃

(1)λ
(23)f

(K∗)
(23)

]
(A.1)

〈γ0−+|(a0π
0)1〉 = SµνB1(QψγX)f (0−+)

(123) f
(a0)
(12) (A.2)

〈γ0−+|(a2π
0)1〉 = SµνB1(QψγX)f (0−+)

(123) f
(a2)
(12) t̃

(2)
(a2π0)γδ t̃

(2)γδ
(12) (A.3)

For the J/ψ → γ1++ vertex, there are two independent couplings:

〈γ1++|(K∗K)1〉 = εµναβp
α
ψf

(1++)
(123)

[
t̃
(1)β
(13)f

(K∗)
(13) + t̃

(1)β
(23)f

(K∗)
(23)

]
(A.4)

〈γ1++|(K∗K)2〉 = qµSνβB2(QψγX)f (1++)
(123)

[
t̃
(1)β
(13)f

(K∗)
(13) + t̃

(1)β
(23)f

(K∗)
(23)

]
(A.5)

〈γ1++|(a0π
0)1〉 = εµναβp

α
ψf

(1++)
(123) t̃

(1)β
(a0π0)f

(a0)
(12) (A.6)

〈γ1++|(a0π
0)2〉 = qµSνβ t̃

(1)β
(a0π0)B2(QψγX)f (1++)

(123) f
(a0)
(12) (A.7)

For the J/ψ → γ2++ vertex, there are three independent couplings:

〈γ2++|(K∗K)1〉 = P
(2)
µναβ(K)εαλγσKλf

(2++)
(123)

×
[
t̃
(2)β
(K∗K)γ t̃

(1)
(13)σf

(K∗)
(13) + t̃

(2)β
(K∗K)γ t̃

(1)
(23)σf

(K∗)
(23)

]
(A.8)

〈γ2++|(K∗K)2〉 = gµνp
δ
ψp

δ
′

ψ P
(2)
δδ′αβ

(K)εαλγσKλf
(2++)
(123)

×
[
t̃
(2)β
(K∗K)γ t̃

(1)
(13)σf

(K∗)
(13) + t̃

(2)β
(K∗K)γ t̃

(1)
(23)σf

(K∗)
(23)

]
B2(QψγX) (A.9)

〈γ2++|(K∗K)3〉 = qµp
δ
ψP

(2)
νδαβ(K)εαλγσKλf

(2++)
(123)

×
[
t̃
(2)β
(K∗K)γ t̃

(1)
(13)σf

(K∗)
(13) + t̃

(2)β
(K∗K)γ t̃

(1)
(23)σf

(K∗)
(23)

]
B2(QψγX) (A.10)

For the J/ψ → γ2−+ vertex, there are three independent couplings:

〈γ2−+|(a0π
0)1〉 = εµναβp

α
ψf

(2−+)
(123) t̃

(2)βγ
(a0π0)qγf

(a0)
(12)B1(QψγX) (A.11)

〈γ2−+|(a0π
0)2〉 = Sµνpψγpψδf

(2−+)
(123) t̃

(2)γδ
(a0π0)f

(a0)
(12)B3(QψγX) (A.12)

〈γ2−+|(a0π
0)3〉 = qµSνγf

(2−+)
(123) t̃

(2)γδ
(a0π0)pψδf

(a0)
(12)B3(QψγX) (A.13)

here the partial-wave amplitudes are constructed with the pure-orbital-angular-momentum
covariant tensors t̃(l)µ1···µl and the covariant spin wave functions φµ1···µl

together with the
operators gµν and εµναβ . Besides, P (S)

µ1···µSµ
′
1···µ

′
S

(pa) is the spin projection operator of meson
a, Bl is the Blatt-Weisskopf barrier factor, the propagators of intermediate resonances are
denoted as f and the Sµν is defined as

Sµν = εµναβp
α
ψq

β (A.14)

where pαψ and qβ are the momenta of J/ψ and the radiative photon. More detailed deriva-
tion of the formulas, definitions of physical quantities and specific expressions have been
given by the ref. [47].
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