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1 Introduction

The inclusive rare decay B̄ → Xsℓ+ℓ− (ℓ = e, µ) proceeds through a flavor changing neutral
current (FCNC), which is forbidden in the Born approximation of the Standard Model (SM).
However, the underlying b → s transition occurs at higher order through simultaneous
emission of a pair of charged gauge bosons, or emission of a neutral gauge boson from a
virtual charged gauge boson or quark. Therefore B̄ → Xsℓ+ℓ− directly probes the quantum
fluctuations of the SM at the electroweak scale, and is sensitive to potential physics beyond
the SM [1, 2].

Tensions between measurements and SM predictions in precision B physics, known
as the B anomalies, have persisted over the last decade, mainly driven by LHCb results
on branching fractions and angular observables of exclusive modes with muons such as
B̄ → Kµ+µ− and B̄ → K∗µ+µ− [3–12]. Such observables suffer from power corrections
which are difficult to access, among them hadronic contributions from virtual charm quarks
which are not described within QCD factorization. While these nonlocal matrix elements
can be addressed with analyticity methods [13], it is currently not possible to confidently
separate new physics (NP) from them; the NP significance of the tensions presently depends
on order of magnitude estimates for these unknown long distance effects [14, 15].

On the other hand, the ratios RK and RK
∗ of branching fractions into muons compared

to electrons are theoretically very clean, with uncertainties of less than one percent and
central values close to unity in the SM due to lepton flavor universality [16, 17]. Tensions
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in RK and RK
∗ were reported at the level of 3σ by LHCb [18, 19]. The crucial issue in this

context is that the tensions were rather consistent with the previously found tensions in
the angular observables; the persistence of the tensions in RK and RK

∗ supported the NP
interpretation in the other exclusive observables, despite their sensitivity to long distance
physics [20]. However, the anomaly has evaporated in the latest LHCb measurement [21]
which is now one of the most precise measurements in FCNC transitions, and along with it,
the option to disentangle NP in the exclusive modes with a clean observable.

Since RK and RK
∗ are now consistent with the SM, investigating the inclusive mode

B̄ → Xsµ+µ− is the only remaining option to resolve the persisting anomalies in the exclusive
modes such as B̄ → Kµ+µ− and B̄ → K∗µ+µ−. Inclusive and exclusive decays offer
complementary information in the search for NP in b → s transitions [22]. However, inclusive
decays are much cleaner, as they are analyzed in the operator product expansion (OPE)
in terms of a handful of local matrix elements, and bounds on nonlocal power corrections
originating from resolved virtual photons can be calculated within Soft Collinear Effective
Theory (SCET) [23–25].

In the future the inclusive mode will be measured at Belle II with high precision [26].
A semi-inclusive measurement might be possible even at LHCb [27]. Presently, inclusive
measurements are available from BaBar [28, 29] and Belle [30, 31] with combined statistics
on electrons and muons. The results1

B[1, 6]exp
ℓℓ =

 (1.49± 0.50+0.41
−0.32)× 10−6 Belle

(1.60+0.41
−0.39

+0.17
−0.13 ± 0.18)× 10−6 BaBar

(1.1)

are compatible with each other and with the SM predictions [22]

B[1, 6]SM
ee = (1.78± 0.13)× 10−6 , B[1, 6]SM

µµ = (1.73± 0.13)× 10−6 . (1.2)

The first two uncertainties indicated in eq. (1.1) are statistical and systematic, respectively.
The final uncertainty on the BaBar result accounts, separately from other systematics,
the reconstruction of missing modes using a sum-over-exclusive tagging method. The
missing modes include modes removed by a cut MX < 1.8GeV (for Belle MX < 2.0GeV)
necessary to reduce double semileptonic backgrounds from same and/or opposite side decays
B̄ → Xc(→ Xℓ+ν)ℓ−ν and B̄(→ Xcℓ

−ν)B(→ Xc̄ℓ
+ν) respectively. With sufficient statistics

at Belle II, it may be feasible to use the recoil tagging method, in which the kinematics of
the Xs system is determined indirectly by tagging the fully hadronic decays of the partner
B meson and the lepton momenta in B̄ → Xℓ+ℓ−. However, a cut on the hadronic mass
will probably still be necessary to reduce backgrounds from B̄ → Xc(→ Xℓ+ν)ℓ−ν on the
signal side.

At BaBar and Belle, the effect of the cut on the hadronic invariant mass was taken into
account with a signal Monte Carlo formed by smearing the spectrum of b → s(g)ℓ+ℓ− with
a Gaussian Fermi motion model [32]. Alternatively, measurements of B̄ → Xsℓ+ℓ− with
a hadronic mass cut can be compared to the corresponding theory predictions, using the

1[q2
1 , q

2
2 ] indicates the bin q

2
1 < m

2
ℓℓ < q

2
2 in units of GeV2.
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framework of SCET to address the multi-scale problem introduced by the hadronic mass
cut. At leading order in 1/mb, there is a single shape function which is universal to all
heavy-to-light-current B decays [33, 34]. These shape functions represent the soft functions
in the factorization within SCET and are well-defined HQET (Heavy Quark Effective
Theory) matrix elements. The effect of the hadronic mass cut was first analyzed in [35], but
with some simplifications and certain problems about the SCET scaling of the virtual photon
in the low dilepton-mass region as indicated in [23, 24, 36]. At order 1/mb, five subleading
shape functions appear, and enter with different kernels in SCET convolution integrals for
various heavy-to-light decays. The uncertainty due to these subleading shape functions is
presently estimated at 5 − 10% [35, 37]. It might be possible to reduce this uncertainty
by incorporating more information on moments of the subleading shape functions within
HQET (see e.g. [38]).

In this article we follow another strategy to reduce the uncertainty due to the hadronic
mass cut. We consider the effect of the hadronic mass cut for mild cuts in the OPE region
and analyze the validity of the OPE by studying the explosion of power corrections as the
cut is lowered into the shape function region (M cut

X ∼
√
Λmb). Since the OPE region does

not overlap with the cuts in the shape function region required by experiment, in the future,
as a next step an interpolation between the OPE region and the shape function region using
SCET is planned. Ratios of observables with the same hadronic mass cut are suitable for
investigating the interpolation. Certain B̄ → Xsℓ+ℓ− observables are already known to be
independent of the shape function in SCET at least at leading order in 1/mb, such as the
zero-crossing of the forward-backward asymmetry [36].

For this purpose, we compute the fully differential distribution of B̄ → Xsℓ+ℓ− at
O(αs) in the OPE. We also compute those power corrections at O(αs/m2

b) which are the
most divergent in 1/M cut

X and use them as an indicator for the breakdown of the OPE.
Moreover, the three B̄ → Xsℓ+ℓ− angular observables, together with the B̄ → Xuℓ−ν

branching fraction, all with the same hadronic mass cut, constitute a basis of four heavy-to-
light-current observables from which three normalized observables, which are both sensitive
to NP and rather independent of the hadronic mass cut, can be constructed. We anticipate
that both perturbative and nonperturbative corrections are essentially eliminated in these
ratios in the OPE region.

The organization of this paper is as follows. In section 2, the effective Lagrangian and
angular decomposition of B̄ → Xsℓ+ℓ− is reviewed. In section 3, results for the effect of
the hadronic mass cut on the rate and angular observables of B̄ → Xsℓ+ℓ− are presented.
We summarize in section 4 and relegate technical details to appendices A and B.

2 Theoretical framework

Integrating out electroweak gauge bosons, the top quark and Higgs boson from the SM
leads to an effective Lagrangian

L(b → sℓ+ℓ−) = 4GF√
2

V ∗
tsVtb

10∑
i=1

CiQi , (2.1)
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where Q3...6 are QCD penguin operators and

Q1 = (s̄γµPLT ac)(c̄γµPLT ab) , Q2 = (s̄γµPLc)(c̄γµPLb) , (2.2)

Q7 = emb

16π2 (s̄σµνPRb)Fµν , Q8 = gmb

16π2 (s̄σµνPRT ab)Ga
µν ,

Q9 = α

4π
(s̄γµPLb)(ℓ̄γµℓ) , Q10 = α

4π
(s̄γµPLb)(ℓ̄γµγ5ℓ) . (2.3)

To arrive at eq. (2.1) we used CKM unitarity and neglected V ∗
usVub = O(λ4) compared

to V ∗
tsVtb = O(λ2) with the Wolfenstein parameter λ ∼ 0.22, which is appropriate for the

purposes of the present article.

2.1 Kinematics

The fully differential B̄ → Xsℓ+ℓ− rate is defined by three kinematical invariants, such as
the dilepton mass square q2 = (p

ℓ
+ + p

ℓ
−)2, the dilepton energy v · q, where v = pB/MB is

the heavy meson velocity which satisfies v2 = 1, and an angular variable z = cos θ, where θ

is the angle between the positively charged lepton momentum and the B meson momentum
in the dilepton center of momentum frame,

z =
v · (p

ℓ
− − p

ℓ
+)√

(v · q)2 − q2
. (2.4)

We also define

s = q2

m2
b

, u = (mbv − q)2

m2
b

, (2.5)

which appear in the calculation of the partonic decay process b → s(g)ℓ+ℓ−, in particular
in the combinations (using similar notation as [39])

w = 1− s , λ = (w + u)2 − 4u , I = 1√
λ
ln w + u +

√
λ

w + u −
√

λ
. (2.6)

2.2 Angular decomposition

The branching fraction of B̄ → Xsℓ+ℓ− is quadratic in the angular variable z at leading
order in QED and can be decomposed into three angular observables [40],

d3B
ds du dz

= 3
8

[
(1 + z2)d2HT

ds du
+ 2z

d2HA

ds du
+ 2(1− z2)d2HL

ds du

]
+ O(αe) . (2.7)

For the definitions of the angular observables in the presence of QED corrections, see [41].
In the following, we work at lowest order in QED. The double differential branching fraction
is given by

d2B
ds du

= d2HL

ds du
+ d2HT

ds du
. (2.8)
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The angular observables depend on the Wilson coefficients according to2

d2HT

ds du
= 2Γ0(1− s)2s

[
(|Ceff

9 |2 + C2
10)h99

T (s, u) + 4
s2 |C

eff
7 |2 h77

T (s, u)

+4
s
Re(Ceff∗

7 Ceff
9 )h79

T (s, u)
]
+ d2Hbrems

T

ds du
, (2.9)

d2HA

ds du
= −4Γ0(1− s)2s

[
Re(Ceff

9 )C10 h90
A (s, u) + 2

s
Re(Ceff

7 )C10 h70
A (s, u)

]
+ d2Hbrems

A

ds du
, (2.10)

d2HL

ds du
= Γ0(1− s)2

[
(|Ceff

9 |2 + C2
10)h99

L (s, u) + 4|Ceff
7 |2 h77

L (s, u)

+4Re(Ceff∗
7 Ceff

9 )h79
L (s, u)

]
+ d2Hbrems

L

ds du
, (2.11)

where

Γ0 = G2
F m5

b

48π3τ−1
B

|V ∗
tbVts|

2 . (2.12)

At tree level, the form factors are given by hij
I (s, u) = δ(u), so the q2 dependence of the

contribution of each product of coefficients to each observable can be understood by setting
the form factors to unity. The effective coefficients Ceff

7,9 absorb into C7,9 the matrix elements
of other operators in the effective theory which are proportional to the tree level matrix
element of Q7,9,

Ceff
7 (s) = C

(11)
7 (µb) , (2.13)

Ceff
9 (s) = C

(11)
9 (µb) +

4π

αs(µb)
C

(01)
9 (µb) +

(4
3C

(00)
1 + C

(00)
2

)
f2(s) . (2.14)

Here µb ∼ mb and C
(nm)
i is the coefficient of the αn

s κm term of the double expansion of Ci

in αs and κ = αe/αs [42]. Including the αs corrections to the Wilson coefficients would
modify the hadronic mass spectrum which starts at order αs at a higher order α2

s. Such
matrix elements in the case of C7 are order αs and not included. Below the charm pair
production threshold, the loop function is real and is given by

f2(s) =
4
9

[
ln µ2

b

m2
c

+ 2
3 + yc − (2 + yc)

√
yc − 1 arctan 1√

yc − 1

]
, (2.15)

where yc = 4m2
c/q2. Finally, the bremsstrahlung terms in eqs. (2.9)–(2.11) refer to the

matrix elements of other operators in the effective theory which are not proportional to the
tree level matrix elements of Q7,9,10.

We also define the normalized forward backward asymmetry ĀFB and fraction of
transverse polarization FT according to

ĀFB = 3
4

HA

HT +HL
, FT = HT

HT +HL
. (2.16)

2Interference terms involving the operator Q10 are designated by the superscript 0.
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Both fractions are suppressed in the low-q2 region due to the prefactor s in eq. (2.9) for
HT and eq. (2.10) for HA, which does not appear in eq. (2.11) for HL. Moreover, the two
Wilson coefficients in the combination C9 + 2C7/s appearing in eq. (2.10) approximately
cancel in the low-q2 region, suppressing the forward backward asymmetry. The fraction FT

is also suppressed since HT depends on C9 through the combination |C9 + 2C7/s|2.

2.3 Hadronic tensor and form factors

Having outlined the main ingredients in the phenomenology of B̄ → Xsℓ+ℓ−, the starting
point of a formal treatment of inclusive semileptonic decays in QCD is an analysis of the
hadronic tensor, which is defined by the matrix element of the time ordered product of
currents in QCD,

W ij
µν(v, q) = − 1

π
Im
[
−i

∫
d4x e−iqx ⟨B̄(v)|TJ†i

µ (x)J j
ν (0)|B̄(v)⟩

2MB

]
. (2.17)

The semileptonic and radiative currents are

J9
µ = J10

µ = s̄γµPLb , J7
µ = −2mb

q2 (s̄iσµνPRb) qν . (2.18)

Note that the hadronic currents for the operators Q9 and Q10 are identical. Therefore
W 99

µν = W 90
µν = W 00

µν and W 79
µν = W 70

µν . The hadronic tensor is a function of v and q, and can
be decomposed into five form factors

W ij
µν(v, q) = −gµνW ij

1 (q2, v · q) + vµvνW ij
2 (q2, v · q) + iϵµναβvαqβW ij

3 (q2, v · q)

+ qµqνW ij
4 (q2, v · q) + (vµqν + vνqµ)W

ij
5 (q2, v · q) (2.19)

of which only the first three contribute to B̄ → Xsℓ+ℓ− for massless leptons. At next to
leading order (NLO) the hadronic tensor is calculated from diagrams depicted in figure 1.
The form factors are related by

h99
T = 4

√
λ

(1−s)2 W 99
1 , h77

T =
√

λs2

(1−s)2 W 77
1 , h79

T = 2
√

λs

(1−s)2 W 79
1 , (2.20)

h90
A = 2λ

(1−s)2 W 99
3 , h70

A = λs

(1−s)2 W 79
3 , (2.21)

h99
L =

√
λ(4sW 99

1 +λW 99
2 )

(1−s)2 , h77
L =

√
λ(4sW 77

1 +λW 77
2 )

4(1−s)2 , h79
L =

√
λ(4sW 79

1 +λW 79
2 )

2(1−s)2 .

(2.22)

3 Results

In this section, we present results for the effect of a hadronic mass cut on the process
B̄ → Xsℓ+ℓ− at low-q2 at O(αs). The SM predictions for B̄ → Xsℓ+ℓ− without a hadronic
mass cut were updated recently in [22]. For large values of M cut

X , the form factors can be
expanded in local operators

hij
I =

∞∑
n=0

(
αs

4π

)n
[
h

ij(n)
I + h

ij(λ1,n)
I

λ1

m2
b

+ h
ij(λ2,n)
I

λ2

m2
b

]
+ O(1/m3

b) , (3.1)
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Figure 1. The hadronic tensor at NLO from unitarity cuts. Square vertices are insertions of Q7,9,10.
Only one of the two vertex corrections is shown.

where the normalization is such that, at lowest order, h
ij(0)
I = δ(u). The NLO corrections

to the partonic decay rate are given by the functions h
ij(1)
I . Results for these functions are

new, and have the form

h
ij(1)
I (s, u) = −4CF

[ ln u

u

]
+
− CF

(
7− 8 lnw

) [1
u

]
+
+ h

ij(1)
I,δ δ(u) + h

ij(1)
I,θ θ(u) (3.2)

in terms of distributions in the partonic mass variable u. The coefficients of the plus
distributions are universal, i.e. the same for each product of Wilson coefficients to each
angular observable. The coefficients of the other distributions depend on the combination of
Wilson coefficients which enter each angular observable. They are tabulated in appendix A.2,
and are also provided in electronic form in the supplementary materials.

One subtlety is that the expansion in terms of local operators in eq. (3.1) requires u ∼ 1.
It is curious then, that these results are to be used for phenomenology of B̄ → Xsℓ+ℓ− with
a cut MX < M cut

X which includes the region u ≪ 1. However, the integral over the region
u ∈ [0, U ] is to be interpreted as the difference of the bins u ∈ [0, Umax] and u ∈ [U, Umax],
where the first bin is the standard OPE integrated over the full hadronic mass spectrum,
which admits a local expansion via analytic continuation to u < 0, and the second is
assumed to admit an OPE locally in u ∼ 1. In practice, logarithms appear in the integrals

∫ U

0
du

[1
u

]
+
= −

∫ 1

U
du

1
u
= lnU ,

∫ U

0
du

[ ln u

u

]
+
= −

∫ 1

U
du

ln u

u
= 1

2 ln2 U , (3.3)

using [0, U ] = [0, 1]− [U, 1] and the property that the integrals of the distributions vanish
on the interval [0, 1], see appendix B. If the hadronic mass cut is in the OPE region, i.e.
U ∼ 1, these logarithms are not large and do not require resummation. Therefore, each
term in eq. (3.2) is of equal importance.

The power corrections h
ij(λ1,n)
I are related to the leading power corrections h

ij(n)
I order

by order in perturbation theory through reparameterization invariance (RPI) relations [43].
We find, at lowest order,

h
ij(λ1,0)
I = −1

6w2δ′′(u)− 1
2(2− w)δ′(u) + h

ij(λ1,0)
I,δ δ(u) (3.4)

– 7 –
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and at NLO,

h
ij(λ1,1)
I = 4CF w2

3

[ ln u

u3

]
+
+ CF w2

3 (1− 8 lnw)
[ 1

u3

]
+

− 2CF (2− w)
[ ln u

u2

]
+
− CF

6
(
2 + 3w − 24(2− w) lnw

) [ 1
u2

]
+

+ h
ij(λ1,1)
I,[ln /1]+

[ ln u

u

]
+
+ h

ij(λ1,1)
I,[/1]+

[1
u

]
+

+ h
ij(λ1,1)
I,δ′′ δ′′(u) + h

ij(λ1,1)
I,δ′ δ′(u) + h

ij(λ1,1)
I,δ δ(u) + h

ij(λ1,1)
I,θ θ(u) . (3.5)

The first two lines of eq. (3.5) are generated exclusively from the derivatives of the plus
distributions in eq. (3.2), and are therefore also universal. The second two lines contain
pieces from the finite terms of eq. (3.2).

The calculation of the h
ij(λ2,1)
I corrections cannot be carried out using RPI relations,

and is not attempted here. The structure of these corrections, however, can be inferred from
the recent calculation of the hadronic mass distribution of B̄ → Xuℓ−ν at order αs/m2

b [39].
The highest order plus distributions in h

ij(λ2,1)
I are quadratic in 1/u, rather than cubic as

in the first line of eq. (3.5). These quadratic divergences are not universal, as in the second
line of eq. (3.5). Schematically,

h
ij(λ2,0)
I = h

ij(λ2,0)
I,δ′ δ′(u) + h

ij(λ2,0)
I,δ δ(u) (3.6)

and

h
ij(λ2,1)
I = h

ij(λ2,1)
I,[ln /2]+

[ ln u

u2

]
+
+ h

ij(λ2,1)
I,[/2]+

[ 1
u2

]
+

+ h
ij(λ2,1)
I,[ln /1]+

[ ln u

u

]
+
+ h

ij(λ2,1)
I,[/1]+

[1
u

]
+

+ h
ij(λ2,1)
I,δ′′ δ′′(u) + h

ij(λ2,1)
I,δ′ δ′(u) + h

ij(λ2,1)
I,δ δ(u) + h

ij(λ2,1)
I,θ θ(u) . (3.7)

To complete the calculation of the hadronic mass spectrum in the OPE at O(αs/m2
b), the

coefficient functions in eq. (3.7) need to be computed in the future. The tree level functions
in eq. (3.6) are available from [44].

The branching fraction of B̄ → Xsℓ+ℓ− integrated in a bin q2
1 < q2 < q2

2, with and
without a hadronic mass cut MX < M cut

X , is

B[q2
1, q2

2, M cut
X ] =

∫ s2

s1

ds

∫ (1−
√

s)2

0
du θ(M cut

X − MX) d2B
ds du

, (3.8)

B[q2
1, q2

2] =
∫ s2

s1

ds

∫ (1−
√

s)2

0
du

d2B
ds du

, (3.9)

where s, u are defined in eq. (2.5), and

MX =
√

um2
b + mb(MB − mb)(1− s + u) + (MB − mb)

2 . (3.10)

The integral kernel in eqs. (3.8) and (3.9) is given via eqs. (2.8), (2.9) and (2.11) in terms
of form factors with an expansion in αs and 1/mb in eq. (3.1). The O(αs), O(λ1/m2

b) and
O(αsλ1/m2

b) terms of this expansion are given in eqs. (3.2), (3.4) and (3.5).

– 8 –
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Figure 2. Impact of a cut on the hadronic invariant mass on the low-q2 branching fraction. Red
and blue curves include up to O(αs) and O(αsλ1/m2

b) corrections, respectively. Dashed, solid and
dot-dashed lines correspond to µb = [2.5, 5, 10] GeV, respectively. The gray band is a conservative
bound on O(αsλ2/m2

b) power corrections which are not yet available.

In the ratio B[q2
1, q2

2, M cut
X ]/B[q2

1, q2
2], the common factor in eq. (2.12) cancels. Using

the pole scheme for the heavy quark masses, the ratio depends on the parameters [45]

mb = 4.78(6)GeV , mc = 1.67(7)GeV , αs(MZ) = 0.1179(9) , MB = 5.279GeV (3.11)

and the matrix element in the pole scheme [46, 47]

λ1 ≡ ⟨B|h̄v(iD⊥)
2hv|B⟩

2MB
= −0.267(90)GeV2, (3.12)

where aµ
⊥ = aµ − vµ(v · a), in addition to the Wilson coefficients from [42]. The pole

scheme for heavy quark masses and the power correction parameter λ1 is appropriate at
this order since the conversions from a short distance scheme would affect the hadronic
mass distribution which is order αs at a higher order α2

s. The red curve in figure 2 shows
the impact of a hadronic mass cut for B[1, 6] at O(αs). The blue curve includes also
O(λ1/m2

b) and O(αsλ1/m2
b) corrections. The calculation is not complete at O(αs/m2

b) since
O(αsλ2/m2

b) corrections are not yet available. However, the missing O(αsλ2/m2
b) corrections

in eq. (3.7) do not contain 1/u3 plus distributions which appear for the O(αsλ1/m2
b) ones in

eq. (3.5). Hence, at low M cut
X , the O(αsλ2/m2

b) corrections are expected to be subdominant
with respect to the O(αsλ1/m2

b) ones. The grey band provides a conservative estimate
of the missing power corrections at order 1/m2

b ; it is centered on the O(αs) result (red
curved) and its width is twice the largest shift that we find by including λ1/m2

b power
corrections and varying mpole

b = 4.78(6) GeV. Although the tree level λ2 corrections are
available [44], they have not been included for simplicity since their effect is common to
the branching fraction with and without a hadronic mass cut and cancel in their ratio
B[q2

1, q2
2, M cut

X ]/B[q2
1, q2

2] at O(1/m2
b).
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Figure 3. Impact of a cut on the hadronic invariant mass on the low-q2 branching fraction separated
into two bins. See the caption in figure 2 for further details.

For M cut
X = 2.0GeV, the O(αs) correction decreases the integrated branching fraction

by about 10% and the O(αsλ1/m2
b) effect is equally large and further lowers the branching

fraction by another 10%. It is important to stress that the large impact of the λ1 correction
at M cut

X = 2.0GeV signals a breakdown of the OPE: the grey band cannot be interpreted
as an estimate of power corrections to all orders in 1/mb there, since their convergence
is not guaranteed. A threshold can be tentatively set at M cut

X ≳ 2.5 GeV, for which the
grey band may be used to estimate the corrections from λ2 as well as higher order power
corrections. The same analysis for the branching fraction separated into two bins in the
low-q2 region is shown in figure 3. The ratios HI [q

2
1, q2

2, M cut
X ]/HI [q

2
1, q2

2] for the angular
observables can be built using eqs. (3.8) and (3.9) with B → HI , and are shown in figure 4.
The results presented in figures 2, 3 and 4 are all very similar, and the discussion above for
the branching fraction applies to these observables as well.

The qualitative difference between the cuts at 2.0GeV and 2.5GeV can be understood
by converting from the hadronic mass to the partonic mass

√
umb, using eq. (3.10). The

partonic mass corresponds to the offshellness of the strange quark in the OPE, and must be
larger than the scale Λ ∼ 1GeV in order for the OPE to make sense. For M cut

X = 2.0GeV,
putting 1GeV2 < q2 < 6GeV2, the partonic mass cut falls within the range 0.95GeV <
√

ucutmb < 1.21GeV. For M cut
X = 2.5GeV, 1.70GeV <

√
ucutmb < 1.86GeV. The lower

endpoint of this range is similar to the mass of the τ lepton, whose inclusive hadronic decays
are analyzed with an OPE. Therefore, one may be optimistic that a cut M cut

X = 2.5GeV
is sufficiently high to analyze B̄ → Xsℓ+ℓ− with an OPE as well. Our explicit results at
O(αsλ1/m2

b) presented in figures 2, 3 and 4 support this conclusion.
In figure 5 we present our results for the cut dependence of the observables FT and ĀFB.

Due to limited statistics on B̄ → Xsℓ+ℓ−, the numerators and denominators of eq. (2.16)
will probably need to be binned separately. To be precise,

ĀFB[q
2
1, q2

2, M cut
X ] =

∫ s2

s1

ds

∫ (1−
√

s)2

0
du θ(M cut

X − MX)34
d2HA

ds du∫ s2

s1

ds

∫ (1−
√

s)2

0
du θ(M cut

X − MX) d2B
ds du

, (3.13)
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ĀFB[q
2
1, q2

2] =

∫ s2

s1

ds

∫ (1−
√

s)2

0
du

3
4

d2HA

ds du∫ s2

s1

ds

∫ (1−
√

s)2

0
du

d2B
ds du

, (3.14)

and

FT [q
2
1, q2

2, M cut
X ] =

∫ s2

s1

ds

∫ (1−
√

s)2

0
du θ(M cut

X − MX)d2HT

ds du∫ s2

s1

ds

∫ (1−
√

s)2

0
du θ(M cut

X − MX) d2B
ds du

, (3.15)

FT [q
2
1, q2

2] =

∫ s2

s1

ds

∫ (1−
√

s)2

0
du

d2HT

ds du∫ s2

s1

ds

∫ (1−
√

s)2

0
du

d2B
ds du

. (3.16)

The first important point to notice is that the O(αs) corrections are O(1%), an order
of magnitude smaller than for the rates presented in figures 2, 3 and 4. The reason for
this behavior can be traced to the leading power results in eq. (3.2), where it is apparent
that the 1/u singularities are universal to all angular observables. Upon integration, the
resulting logarithms of M cut

X appearing in the numerator and denominator of FT and ĀFB
therefore cancel. Power corrections at O(αsλ1/m2

b) are also quite small because 1/u3 and
1/u2 singular terms in eq. (3.5) are universal. This universality is lost for O(αsλ2/m2

b)
corrections. The latter, therefore, can potentially have a larger impact on these normalized
ratios. In conclusion, the gray bands in figure 5 might underestimate the potential size of
missing O(αsλ2/m2

b) effects, especially at small values of M cut
X . This issue will be clarified

when the O(αsλ2/m2
b) corrections are available.

The panel for the observable FT [1, 3.5] appears to be exceptional, in that even for
M cut

X = 2.0GeV, the O(αsλ1/m2
b) correction is smaller than the O(αs) correction, but this

seems to originate from a cancellation that holds only at µb = 5GeV (as it is apparent
from inspection of the µb = 2.5 GeV dashed curves). In general, the shifts observed as the
scale µb is varied in the [2.5, 10] GeV interval are also quite asymmetric for all observables
because of various correlations between the numerator and denominators of FT and ĀFB.

Finally, we consider the ratio formed by normalizing the B̄ → Xsℓ+ℓ− branching fraction
to the branching fraction of B̄ → Xuℓ−ν with the same q2 and MX cuts. Such a ratio
was introduced in [48] to analyze the high-q2 region. Here we study its dependence on the
hadronic mass cut in the low-q2 region, as proposed in [35],

R[q2
1, q2

2, M cut
X ] =

∫ s2

s1

ds

∫ (1−
√

s)2

0
du θ(M cut

X − MX)d2B(B̄ → Xsℓ+ℓ−)
ds du∫ s2

s1

ds

∫ (1−
√

s)2

0
du θ(M cut

X − MX)d2B(B̄ → Xuℓ−ν)
ds du

, (3.17)

R[q2
1, q2

2] =

∫ s2

s1

ds

∫ (1−
√

s)2

0
du

d2B(B̄ → Xsℓ+ℓ−)
ds du∫ s2

s1

ds

∫ (1−
√

s)2

0
du

d2B(B̄ → Xuℓ−ν)
ds du

. (3.18)
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Figure 4. Impact of a cut on the hadronic invariant mass on the low-q2 angular observables. See
the caption in figure 2 for further details.
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Figure 5. Impact of a cut on the hadronic invariant mass on the low-q2 normalized angular
observables. See the caption in figure 2 for further details.
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Figure 6. Impact of a cut on the hadronic invariant mass on the low-q2 observable R. See the
caption in figure 2 for further details.
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In the C7 → 0 limit, B̄ → Xuℓ−ν and B̄ → Xsℓ+ℓ− have the same hadronic mass spectra
in QCD, to all orders in αs and to all orders in 1/mb. While the O(1%) sensitivity of this
observable to the hadronic mass cut shown in figure 6 is similar to that of FT and ĀFB, it
is important to observe that the cancellation of the M cut

X dependence between numerators
and denominators is different in the two cases. For the ratio R, terms proportional
to |Ceff

9 |2 + |C10|
2 are completely independent of M cut

X and the small cut dependence is
controlled by terms involving C7, which are subleading in the B̄ → Xsℓ+ℓ− rate by a factor
|4C7C9|/(C

2
9 + C2

10) ∼ 0.15.

4 Conclusions

Measurements of the branching fractions and angular observables of inclusive B̄ → Xsµ+µ−

and B̄ → Xse+e−, with precision competitive for the first time with SM predictions, are
finally on the horizon [26]. To make the most of rare decay modes at Belle II, it is important
at this time to reflect on the results from the first generation B factories and pinpoint what
observables are both straightforward to measure with high statistics and low backgrounds,
and what observables are sensitive to physics beyond the SM with minimal interference
from nonperturbative QCD.

In this context, the most important conceptual advancement that can be made in
the phenomenology of B̄ → Xsℓ+ℓ− at low-q2 is to improve or replace the procedure of
extrapolating out of the signal region MX ≲ 2.0GeV, historically done on the experimental
side, in order to compare with SM predictions without a hadronic mass cut. The observables
ĀFB, FT and R are significantly less sensitive to the hadronic mass cut than the standard
angular observables, since they are formed from ratios of observables for which the hadronic
mass spectrum is universal to an excellent approximation. The main conclusion of our
study is that for M cut

X ≳ 2.5GeV, this cut dependence may be calculated with an OPE.
Since cuts in the OPE region are difficult to realize experimentally, a complementary
calculation for cuts in the shape function region within SCET is planned, supplemented
with an interpolation between shape function and OPE regions.

In conclusion, the angular observables HT ,HA,HL of B̄ → Xsℓ+ℓ− should be measured
together with the branching fraction of B̄ → Xuℓ−ν, with the same cuts on q2 and MX ,
without extrapolation in M cut

X . The data on B̄ → Xuℓ−ν is helpful in reducing the effect
of the hadronic mass cut on the extraction of the Wilson coefficients of B̄ → Xsℓ+ℓ−. A
breakdown into bins of MX would be helpful, especially for the bins at MX ∼ 2.0GeV
which are affected by large backgrounds. It is critical that all results are presented with
correlations, since the ideal observables on the theory side are ratios of linear combinations
of these branching fractions.
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A Analytical results

A.1 Integrals

The NLO matrix elements were reduced using IBP techniques with FeynCalc [49] and
FIRE [50]. The following master integral appears in the computation of the NLO matrix
element:

Ma1a2a3
= − 1

π
Im
[

1
D0

∫ [dk]
D

a1
1 D

a2
2 D

a3
3

]
(m2

b)
a1+a2+a3−1+ϵ , (A.1)

where D0 = p2, D1 = k2, D2 = (k − p)2 and D3 = (k + q)2 − m2
b , p = mbv − q,

the analytic continuation is specified by Di → Di + i0+, and the integral measure is
[dk] = d4−2ϵk eϵγE /(iπ2−ϵ). After partial fractions and IBP reduction, the integrals needed
are

M001 =
(1

ϵ
+ 1

)
δ(u) , (A.2)

M101 =
(1

ϵ
+ w lnw

1− w
+ 2

)
δ(u) , (A.3)

M110 =
(1

ϵ
+ 2

)
δ(u)−

[1
u

]
+

, (A.4)

M111 = − 1
w

(
Li2(1− w) + 2 ln2 w + π2

3

)
δ(u) +

[I
u

]
+

, (A.5)

where I is given in eq. (2.6). In terms of standard distributions,[I
u

]
+
= − 1

w

[ ln u

u

]
+
+ 2 lnw

w

[1
u

]
+
+ 1

u

(
I + 1

w
ln u

w2

)
θ(u) . (A.6)

All 1/ϵ divergences are UV in origin. M001 and M101 are proportional to δ(u), since the
loop integrals are real and elementary to evaluate. M110 depends only on a single scale
u and is also elementary. For u > 0, eq. (A.5) can be confirmed by introducing Feynman
parameters, using −(1/π)Im[1/∆] = δ(∆), and integrating over Feynman parameters,

M111(u > 0) = 1
u

∫ 1

0
dx1

∫ 1

0
dx2 δ

[
x1x̄2u − x̄1x2(x̄1 + x1w)

]
= I

u
. (A.7)

Here and in the following, for any variable z we introduce z̄ = 1− z. The coefficients of the
plus distributions are also inferred from this exercise by extracting the u → 0 behavior of
the u > 0 result, obtaining an ansatz

M111 = M δ
111δ(u) +

[I
u

]
+

(A.8)
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in terms of an undetermined coefficient. To extract this coefficient, we combine the 1/u

prefactor into the integral using a third Feynman parameter, integrate on the interval
u ∈ [0, U ], remove the regulator ϵ (U now serves as an IR regulator) and expand in U → 0:

∫ U

0
du M111 = −

∫ 1

0
dx1

∫ 1

0
dx2

∫ 1

0
dx3

δ
[
(x1x̄2x3 + x̄3)U − x̄1x2x3(x̄1 + x1w)

]
x1x̄2x3 + x̄3

= −
∫ 1

0
dx1

1
x̄1(1− w̄x1)

ln
(
1 + x̄1(1− w̄x1)

U x1

)

= −

c1+i ∞∫
c1−i ∞

dz1
2πi

c2+i ∞∫
c2−i ∞

dz2
2πi

Γ(z1 + 1)Γ(−z2)Γ(1 + 2z1 − z2)Γ
2(z2 − z1)

Γ(z1 + 2) U−z1−1 wz2 . (A.9)

The Mellin-Barnes representation in the third line is well-suited for extracting the asymptotic
behavior for U → 0 to any desired order [51, 52]. The values c1 = −3/8 and c2 = −1/4
denote the constant real parts of the integration contours in the complex plane. One obtains∫ U

0
du M111 = − 1

w

(
Li2(1− w) + 2 ln2 w + π2

3

)
− ln2 U

2w
+ 2 lnw

w
lnU + O(U) . (A.10)

The constant term in this expression extracts the coefficient of the delta function in eq. (A.5)
respectively eq. (A.8).

A.2 Form factors

In this appendix, the eight form factors hij
I are given as an expansion in αs and 1/mb, up to

O(αsλ1/m2
b). The O(αs) and O(αsλ1/m2

b) corrections are proportional to CF = 4/3. The
following terms always appear together in the combination

Lw = Li2(1− w) + 2 ln2 w + π2

3 + 1
4
{
0, 1, 2

}
ln µ2

b

m2
b

. (A.11)

The bracket notation indicates the ij = {99, 79, 77} interference (in the case of hij
A , the last

entry is deleted and ij = {90, 70}).

A.2.1 O(λ1/m2
b){

h
99(λ1,0)
T,δ , h

79(λ1,0)
T,δ , h

77(λ1,0)
T,δ

}
= 1

2 − 4
3w

{
1, 0, w − 1

}
, (A.12){

h
90(λ1,0)
A,δ , h

70(λ1,0)
A,δ

}
= 1

2 + 4
3w2

{
1− w, 1− w

}
, (A.13){

h
99(λ1,0)
L,δ , h

79(λ1,0)
L,δ , h

77(λ1,0)
L,δ

}
= 1

2 − 8
3w

{
w − 1, 0, 1

}
. (A.14)

A.2.2 O(αs){
h

99(1)
T,δ , h

79(1)
T,δ , h

77(1)
T,δ

}
= −CF

(
4Lw − 8 lnw + 5 +

{
2, 1, 0

}w lnw

1− w

)
, (A.15){

h
90(1)
A,δ , h

70(1)
A,δ

}
= −CF

(
4Lw − 8 lnw + 5 +

{
2, 1
}w lnw

1− w

)
, (A.16){

h
99(1)
L,δ , h

79(1)
L,δ , h

77(1)
L,δ

}
= −CF

(
4Lw − 8 lnw + 5 +

{
0, 2, 4

}w lnw

1− w

)
, (A.17)
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{
h

99(1)
T,θ , h

79(1)
T,θ , h

77(1)
T,θ

}
= 4CF

u

[
ln u

w2 +
√

λ I + 7
4

(
1−

√
λ

w

)]

+ 2CF I
w2√λ


2w3 − w(14− 5w)u − 4(2− w)u2 + u3 ,

2w3 − w(9− 4w)u + (1 + 2w)u2 ,

2w3 − w(4 + w)u + 2(3− w)u2 − u3


+ CF

w2√λ


3w2 + 4(3 + w)u + u2 ,

2(2− w)u − 2u2 ,

−w2(3− 2w)− 4(1− w − w2)u − (9− 4w)u2 + 2u3

 , (A.18)

{
h

90(1)
A,θ , h

70(1)
A,θ

}
= 4CF

u

[
ln u

w2 + w I
]
− 2CFI

w2

{
4w(1− w) + 3(2− w)u − u2 ,

4w(1− w) + (5− 2w)u

}

+ CF

w2

{
12− 4w − u ,

12− 5w + 2u

}
, (A.19)

{
h

99(1)
L,θ , h

79(1)
L,θ , h

77(1)
L,θ

}
= 4CF

u

[
ln u

w2 +
√

λ I + 7
4

(
1−

√
λ

w

)]

+ 2CF I
w2√λ


2w3 + w(4− 7w)u + 4(1− w)u2 + u3 ,

2w3 − 3w(2− w)u + 2u2 − u3 ,

2w3 − w(16− 5w)u − 4(2− w)u2 + u3


+ CF

w2√λ


−w2(7− 4w)− 2(10− 11w − 2w2)u − 3u2 ,

−w2 − 2(2− w)u + 3u2 ,

5w2 + 6(2 + w)u + u2

 . (A.20)

A.2.3 O(αsλ1/m2
b){

h
99(λ1,1)
T,[ln /1] , h

79(λ1,1)
T,[ln /1] , h

77(λ1,1)
T,[ln /1]

}
= −2CF

(
1− 8

3w

{
1, 0, w − 1

})
, (A.21){

h
90(λ1,1)
A,[ln /1] , h

70(λ1,1)
A,[ln /1]

}
= −2CF

(
1 + 8

3w2

{
1− w, 1− w

})
, (A.22){

h
99(λ1,1)
L,[ln /1] , h

79(λ1,1)
L,[ln /1] , h

77(λ1,1)
L,[ln /1]

}
= −2CF

(
1− 16

3w

{
w − 1, 0, 1

})
, (A.23)

{
h

99(λ1,1)
T,[/1] , h

79(λ1,1)
T,[/1] , h

77(λ1,1)
T,[/1]

}
= CF

6w


52− 31w ,

6− 33w ,

−40 + 13w

+ 4CF

3


−8 + 3w ,

3w ,

8− 5w

 lnw

w
, (A.24)

{
h

90(λ1,1)
A,[/1] , h

70(λ1,1)
A,[/1]

}
= CF

6w2

{
−48 + 52w − 31w2 ,

−48 + 54w − 33w2

}
+ 4CF

3

{
8− 8w + 3w2 ,

8− 8w + 3w2

}
lnw

w2 ,

(A.25)

{
h

99(λ1,1)
L,[/1] , h

79(λ1,1)
L,[/1] , h

77(λ1,1)
L,[/1]

}
= CF

6w


−80 + 57w ,

12− 35w ,

104− 31w

+ 4CF

3


16− 13w ,

3w ,

−16 + 3w

 lnw

w
,

(A.26)
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{
h

99(λ1,1)
T,δ′′ , h

79(λ1,1)
T,δ′′ , h

77(λ1,1)
T,δ′′

}
= 2CF w2

3

(
Lw + lnw − 7

8 + 1
4
{
2, 1, 0

}w lnw

1− w

)
, (A.27)

{
h

90(λ1,1)
A,δ′′ , h

70(λ1,1)
A,δ′′

}
= 2CF w2

3

(
Lw + lnw − 7

8 + 1
4
{
2, 1
}w lnw

1− w

)
, (A.28)

{
h

99(λ1,1)
L,δ′′ , h

79(λ1,1)
L,δ′′ , h

77(λ1,1)
L,δ′′

}
= 2CF w2

3

(
Lw + lnw − 7

8 + 1
2
{
0, 1, 2

}w lnw

1− w

)
, (A.29)

{
h

99(λ1,1)
T,δ′ , h

79(λ1,1)
T,δ′ , h

77(λ1,1)
T,δ′

}
= 2CF (2− w)Lw − CF

6


30− 4w − 10w2 ,

30− 7w − 10w2 ,

30− 10w − 8w2


+ CF

6


32− 44w + 2w2 + 16w3 ,

32− 50w + 5w2 + 16w3 ,

32− 56w + 8w2 + 16w3

 lnw

1− w
, (A.30)

{
h

90(λ1,1)
A,δ′ , h

70(λ1,1)
A,δ′

}
= 2CF (2− w)Lw − CF

6

{
28− 4w − 10w2 ,

28− 5w − 10w2

}

+ CF

6

{
32− 44w + 2w2 + 16w3 ,

32− 50w + 5w2 + 16w3

}
lnw

1− w
, (A.31)

{
h

99(λ1,1)
L,δ′ , h

79(λ1,1)
L,δ′ , h

77(λ1,1)
L,δ′

}
= 2CF (2− w)Lw − CF

6


30− 14w − 6w2 ,

30− 8w − 10w2 ,

30− 2w − 10w2


+ CF

6


32− 56w + 8w2 + 16w3 ,

32− 44w + 2w2 + 16w3 ,

32− 32w − 4w2 + 16w3

 lnw

1− w
, (A.32)

{
h

99(λ1,1)
T,δ , h

79(λ1,1)
T,δ , h

77(λ1,1)
T,δ

}
= 2CF

3w
Lw

{
8− 3w,−3w,−8 + 5w

}

− CF

6w2


14 + 2w − 10w2 + 9w3 + 3w4 ,

14 + 12w − 8w2 + 9w3 + 3w4 ,

14 + 22w − 18w2 + 9w3 + 3w4


− CF

6w


72− 68w − 22w2 + 16w3 + 8w4 ,

4− 4w − 21w2 + 16w3 + 8w4 ,

−64 + 140w − 100w2 + 16w3 + 8w4

 lnw

1− w
, (A.33)

{
h

90(λ1,1)
A,δ , h

70(λ1,1)
A,δ

}
= −2CF

3w2 Lw(8− 8w + 3w2)− CF

6w2

{
28− 12w2 + 9w3 + 3w4 ,

28− 4w − 6w2 + 9w3 + 3w4

}

+ CF

6w2

{
48− 120w + 68w2 + 22w3 − 16w4 − 8w5 ,

48− 116w + 68w2 + 21w3 − 16w4 − 8w5

}
lnw

1− w
, (A.34)
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{
h

99(λ1,1)
L,δ , h

79(λ1,1)
L,δ , h

77(λ1,1)
L,δ

}
= 2CF

3w
Lw

{
− 16 + 13w ,−3w , 16− 3w

}

− CF

6w2


14 + 14w − 12w2 + 5w3 + 3w4 ,

14− 6w + 9w3 + 3w4 ,

14− 26w − 12w2 + 9w3 + 3w4


− CF

6w


−96 + 212w − 140w2 + 16w3 + 8w4 ,

40− 44w − 14w2 + 16w3 + 8w4 ,

176− 172w − 16w2 + 16w3 + 8w4

 lnw

1− w
, (A.35)

{
h

99(λ1,1)
T,θ , h

79(λ1,1)
T,θ , h

77(λ1,1)
T,θ

}
= − 2CF

3wu3


2w3 − 3w(2− w)u + (8− 3w)u2 ,

2w3 − 3w(2− w)u − 3wu2 ,

2w3 − 3w(2− w)u − (8− 5w)u2

 ln u

w2

− CFI
3w2u3√λ



4w6 − 14w4(2− w)u + 2w2(24− 16w + 5w2)u2

−w(36− 36w + 13w2)u3 − (8− 58w + 23w2)u4

+13(2− w)u5 − 3u6 ,

4w6 − 14w4(2− w)u + 2w2(24− 24w + 5w2)u2

−w(6− 17w + 14w2)u3 − (4− 41w + 22w2)u4

−4(1 + 2w)u5 ,

4w6 − 14w4(2− w)u + 2w2(24− 32w + 13w2)u2

+w(24− 34w + 9w2)u3 + (16− 8w + 3w2)u4

−(18− 5w)u5 + 3u6


− CF

6wu3


2w3 − w(2 + 3w)u + (52− 31w)u2 ,

2w3 − w(2 + 3w)u + (6− 33w)u2 ,

2w3 − w(2 + 3w)u − (40− 13w)u2



+ CF

6w2u3√λ



2w5 − w3(22− 15w)u + 2w(28− 14w − w2)u2

−(64− 110w + 34w2)u3 + 4(17− 5w)u4 − u5 ,

2w5 − w3(22− 15w)u + 2w(28− 37w − 2w2)u2

−(16− 116w + 43w2)u3 + 8(1− 4w)u4 − 6u5 ,

2w5 − w3(22− 15w)u + 2w(28− 60w + 21w2)u2

+2(16 + 37w − 22w2 + w3)u3 − 4(17− 7w + w2)u4

+(13− 6w)u5


, (A.36)

{
h

90(λ1,1)
A,θ , h

70(λ1,1)
A,θ

}
= − 2CF

3w2u3

{
2w4 − 3w2(2− w)u − (8− 8w + 3w2)u2 ,

2w4 − 3w2(2− w)u − (8− 8w + 3w2)u2

}
ln u

w2

− CFI
3w2u3

{
4w5 − 10w3(2− w)u − (12− 24w + 13w2)u3 + 10(2− w)u4 − 3u5 ,

4w5 − 10w3(2− w)u − (10− 21w + 14w2)u3 + 4(5− 2w)u4

}

− CF

6w2u2

{
16w2(1− w)− 8(1− w)(3− 2w)u − (54− 17w)u2 + 7u3 ,

16w2(1− w)− 8(1− w)(3− 2w)u − (52− 22w)u2 − 6u3

}
, (A.37)
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{
h

99(λ1,1)
L,θ , h

79(λ1,1)
L,θ , h

77(λ1,1)
L,θ

}
= − 2CF

3wu3


2w3 − 3w(2− w)u − (16− 13w)u2 ,

2w3 − 3w(2− w)u − 3wu2 ,

2w3 − 3w(2− w)u + (16− 3w)u2

 ln u

w2

− CFI
3w2u3√λ



4w6 − 14w4(2− w)u + 2w2(24− 40w + 21w2)u2

+3w(24− 38w + 13w2)u3 + (40− 76w + 45w2)u4

−(22− 19w)u5 − 3u6 ,

4w6 − 14w4(2− w)u + 2w2(24− 24w + 5w2)u2

+w(12 + 4w − 15w2)u3 + w(22− 21w)u4

−(2 + 3w)u5 + 3u6 ,

4w6 − 14w4(2− w)u + 2w2(24− 8w + 5w2)u2

−w(48− 58w + 13w2)u3 − (40− 72w + 23w2)u4

+13(2− w)u5 − 3u6


− CF

6wu3


2w3 − w(2 + 3w)u − (80− 57w)u2 ,

2w3 − w(2 + 3w)u + (12− 35w)u2 ,

2w3 − w(2 + 3w)u + (104− 31w)u2



+ CF

6w2u3√λ



2w5 − w3(22− 15w)u + 2w(28− 80w + 43w2)u2

+2(64− 39w − 15w2 + 8w3)u3

−(76− 60w − 16w2)u4 − 13u5 ,

2w5 − w3(22− 15w)u + 2w(28− 34w − 3w2)u2

+(32 + 70w − 52w2)u3 − 20(1 + w)u4 + 13u5 ,

2w5 − w3(22− 15w)u + 2w(28 + 12w − w2)u2

−(64− 90w + 26w2)u3 + 12(3− w)u4 − u5


. (A.38)

A.3 Hadronic tensors

The leading order, O(αs) and O(αsλ1/m2
b) contributions to the functions W ij

a appearing in
eq. (2.19) can be expressed as:

W ij
a = W ij(0)

a − λ1

2m2
b

W ij(λ1,0)
a + αsCF

4π

[
W ij(1)

a − λ1

2m2
b

W ij(λ1,1)
a

]
. (A.39)

We present the explicit results for the leading order and O(αs) contributions in terms of
the variables w = 1− q̂2 and u = (v − q̂)2, where q̂ = q/mb and v = pB/MB . The tree level
results are

W ij(0)
a = W

ij(0)
a,δ δ(u) , (A.40)

where {
W

99(0)
1,δ , W

99(0)
2,δ , W

99(0)
3,δ

}
=
{

w

4 , 1,
1
2

}
, (A.41){

W
79(0)
1,δ , W

79(0)
2,δ , W

79(0)
3,δ

}
= 1

1− w

{
w

2 , 0, 1
}

, (A.42){
W

77(0)
1,δ , W

77(0)
2,δ , W

77(0)
3,δ

}
= 1

(1− w)2 {w,−4(1− w), 2} . (A.43)
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The O(αs) results are

W ij(1)
a = W

ij(0)
a,δ

(
−4
[ ln u

u

]
+
+ (8 lnw − 7)

[1
u

]
+
+ S δ(u) + 4

u
ln u

w2 θ(u)
)

+ W
ij(1)
a,δ δ(u) + W

ij(1)
a,θ θ(u) , (A.44)

where

S = − 5− 4
3π2 − 8 ln2 w − 4Li2(1− w) . (A.45)

The singular terms are{
W

99(1)
1,δ , W

99(1)
2,δ , W

99(1)
3,δ

}
= lnw

1− w

{
w

2 (4− 5w), 10(1− w), 4− 5w

}
, (A.46){

W
79(1)
1,δ , W

79(1)
2,δ , W

79(1)
3,δ

}
= lnw

(1− w)2

{
w

2 (8− 9w),−2(1− w), 8− 9w

}

− 1
1− w

{
w

2 , 0, 1
}
ln µ2

b

m2
b

, (A.47)

{
W

77(1)
1,δ , W

77(1)
2,δ , W

77(1)
3,δ

}
= 8 lnw

(1− w)2 {w,−6(1− w), 2} − 2(2 + w)
(1− w)2 {0, 0, 1}

− 2
(1− w)2 {w,−4(1− w), 2} ln µ2

b

m2
b

. (A.48)

The finite terms are

W
99(1)
1,θ = I

2uλ
(u4 + 4u3w − 8u3 + 7u2w2 − 14u2w + 6uw3 − 8uw2 + 2w4)

+ 1
4λ

(u2 + 4uw + 12u + 3w2) , (A.49)

W
99(1)
2,θ = 2I

uλ2 (u
4w + 4u3w2 − 16u3w + 12u3 + 7u2w3 − 26u2w2 + 18u2w + 6uw4 − 8uw3

+ 2w5) + 1
λ2 (7u3 + 29u2w − 60u2 + 43uw2 − 82uw + 80u + 21w3 − 38w2) ,

(A.50)

W
99(1)
3,θ = I

uλ
(u3 + 3u2w − 6u2 + 4uw2 − 4uw + 2w3) + 1

λ
(3u + 5w − 8) , (A.51)

W
79(1)
1,θ = I

u(1− w)λ(2u3w + u3 + 6u2w2 − 9u2w + 6uw3 − 8uw2 + 2w4)− u(u + w − 2)
(1− w)λ ,

(A.52)

W
79(1)
2,θ = − 4uI

λ2 (u2 + 2uw − u + w2 − 3w) + 2
λ2 (5u2 + 4uw − 8u − w2) , (A.53)

W
79(1)
3,θ = 2I

u(1− w)λ(2u2w − 5u2 + 4uw2 − 4uw + 2w3) + 9u + 9w − 16
(1− w)λ , (A.54)

W
77(1)
1,θ = − 2I

u(1− w)2λ
(u4 + 2u3w − 6u3 − u2w2 + 4u2w − 6uw3 + 8uw2 − 2w4)

+ 1
(1− w)2λ

(2u3 + 4u2w − 9u2 + 4uw2 + 4uw − 4u + 2w3 − 3w2) , (A.55)

– 21 –



J
H
E
P
1
2
(
2
0
2
3
)
1
1
7

W
77(1)
2,θ = − 8I

u(1− w)λ2 (u
4w − 2u4 + 4u3w2 − 14u3w + 14u3 + 7u2w3 − 22u2

w2 + 12u2w + 6uw4 − 8uw3 + 2w5)− 12
(1− w)λ2 (3u3 + 11u2w − 22u2

+ 15uw2 − 34uw + 32u + 7w3 − 12w2) , (A.56)

W
77(1)
3,θ = 4I

u(1− w)2λ
(u3 + u2w − 4u2 + 4uw2 − 4uw + 2w3)− 4(u − 4)(u + w − 2)

(1− w)2λ
.

(A.57)

The results for W 99(1)
a are identical to those presented in eqs. (2.10) and (3.18)–(3.23) of [39].

Note that the 1/u singularity in the last term in the square bracket of eq. (A.44) cancels
against the singularities in W

ij(1)
a,θ (the last terms in the first bracket of eqs. (A.49)–(A.57));

the absence of a singularity in eq. (A.53) reflects the absence of the corresponding singular
term in eq. (A.44) due to W

79(0)
2,δ = 0.

Explicit results for the O(αsλ1/m2
b) terms W ij(λ1,1)

a have been obtained using reparam-
eterization invariance relations first presented in [43] and summarized in section 5 of [39].
As a cross check of these manipulations we verified that the terms W 99(λ1,1)

a reproduce
exactly the results of [39] and that the integral of the O(αsλ1/m2

b) corrections over the
whole hadronic spectrum amounts to an overall factor (1− λ1/(2m2

b)).

B Plus distribution technology

The plus distribution of order (m, n), for integers m ≥ 0 and n ≥ 1 is defined by
∫ ∞

−∞
du

[
lnm u

un

]
+

f(u) =
∫ 1

0
du

lnm u

un

(
f(u)−

n−1∑
k=0

1
k!f

(k)(0)uk

)
(B.1)

for an arbitrary analytic function f . The simplification

uk

[
lnm u

un

]
+
=


[
lnm u

un−k

]
+

k < n

uk−n lnm u θ(u)θ(1− u) k ≥ n

(B.2)

is consistent with the definition above, since multiplying both sides of eq. (B.2) by an
analytic function and integrating over R gives equality by means of eq. (B.1). Generalizing,

f(u)
[
lnm u

un

]
+
=

n−1∑
k=0

1
k!f

(k)(0)
[
lnm u

un−k

]
+
+ lnm u

un

(
f(u)−

n−1∑
k=0

1
k!f

(k)(0)uk

)
θ(u)θ(1− u) .

(B.3)

By definition, the kth derivative D(k) of a distribution D inherits the properties of D

after k applications of integration by parts. Assuming no boundary conditions at infinity,∫ ∞

−∞
du D(k)(u)f(u) = (−1)k

∫ ∞

−∞
du D(u)f (k)(u) . (B.4)
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To simplify expressions of the form f(u)D(k)(u), we integrate by parts

∫ ∞

−∞
du
[
f(u)D(k)(u)

]
g(u) = (−1)k

∫ ∞

−∞
du D(u) dk

duk

[
f(u)g(u)

]
, (B.5)

and then work (on a case by case basis) to remove the derivatives of g(u) by integrating by
parts again, so that g(u) is restored and factors out of the integral. For instance,∫ ∞

−∞
du
[
f(u) δ′(u)

]
g(u) = −

∫ ∞

−∞
du δ(u)

[
f(0)g′(u) + f ′(0)g(u)

]
=
∫ ∞

−∞
du
[
f(0)δ′(u)− f ′(0)δ(u)

]
g(u) , (B.6)

so f(u)δ′(u) = f(0)δ′(u)− f ′(0)δ(u), which generalizes for higher derivatives to

f(u)δ(n)(u) =
n∑

k=0
(−1)k

(
n

k

)
f (k)(0)δ(n−k)(u) . (B.7)

The derivative of a plus distribution is given in terms of higher order plus distributions and
singular distributions,

d

du

[
lnm u

un

]
+
=


−n

[ 1
un+1

]
+
+

n∑
k=0

(−1)k

k! δ(k)(u)− δ(1− u) m = 0

−n

[
lnm u

un+1

]
+
+ m

[
lnm−1 u

un+1

]
+

m > 0 .

(B.8)

For instance,

∫ ∞

−∞

d

du

[1
u

]
+

f(u) du = −
∫ ∞

−∞

[1
u

]
+

f ′(u) du = −
∫ 1

0

f ′(u)− f ′(0)
u

du

= −
∫ 1

0

f(u)− f(0)− uf ′(0)
u2 du − f(u)− f(0)− uf ′(0)

u

∣∣∣∣∣
1

0

=
∫ ∞

−∞

(
−
[ 1

u2

]
+
+ δ(u)− δ′(u)− δ(1− u)

)
f(u) du . (B.9)

When the derivative of a plus distribution comes multiplied by an analytic function, the
derivative is eliminated according to eq. (B.8), and then eqs. (B.3) and (B.7) are used to
further reduce the result to a standard form in which the coefficients of the plus distributions
and Dirac distributions are independent of u. Moreover, second and higher order derivatives
are obtained simply by iterating eq. (B.8). Finally, derivatives of finite distributions generate
singular distributions from their logarithmic singularities,

d

du

[
lnm u θ(u)θ(1− u)

]
= m

[
lnm−1 u

u

]
+

. (B.10)
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For instance,∫ ∞

−∞

d

du

[
ln u θ(u)θ(1− u)

]
f(u) du = −

∫ ∞

−∞

[
ln u θ(u)θ(1− u)

]
f ′(u) du

= −
∫ 1

0
ln u f ′(u) du =

∫ 1

0

f(u)− f(0)
u

du + ln u
(
f(u)− f(0)

)∣∣∣1
0

=
∫ ∞

−∞

[1
u

]
+

f(u) du . (B.11)
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