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1 Introduction

Solvable lattice models are important as exact models of statistical physics, conformal

field theory and phase transitions. For a review see [1]. These models are also connected

to domains of mathematics, being of importance in subjects such as Rogers Ramanujan

identities, knot theory, quantum algebra and probability theory.

Of particular interest, both in mathematics and physics, is the underlying algebraic

structure of solvable lattice models. Our general idea is that the algebra depends only

on the number of blocks, which is the degree of the polynomial equation obeyed by the

Boltzmann weights, and is general to all the models, independently of the details of the

model. This paper is directed towards proving this pivotal assertion.



We started investigating this structure in the papers [2, 3], based on the initial results of
the work [4]. For two blocks, it is well known to be described by Templerley-Lieb algebra [5],
or equivalently Hecke algebra. We study here the three and four blocks cases. We base our
investigation on an ansatz for the Baxterisation put forward in ref. [4]. Using this ansatz
and the Yang-Baxter equation (YBE), we show that the three blocks case obeys a weak ver-
sion of the Birman-Murakami-Wenzl algebra (BMW) [6, 7]. This is discussed in section 2.

For the four blocks case, we find using the ansatz, an algebra which we call 4-CB
(Conformal Braiding). This algebra includes the BMW algebra, with a different skein
relation, along with one additional relation. This is described in section 3. The connection
of this algebraic structure to knot theory is described in section 4.

We check the ansatz for Go theory, which is a four blocks theory, in section 5. We
already checked it for SU(2) with the field of isposin 3/2 in ref. [3]. We find that it holds
in both cases. We connect the algebraic structure with the tangle algebra of Kuperberg
and Kalfagianni [8, 9]. We find that Kalfagianni’s relations hold for any four blocks theory,
assuming the ansatz, YBE and BMW. This is treated in sections 6-7.

The inversion relation method to compute the free energy, that we use, was first
developed in ref. [10]. It was further elucidated by Baxter [11]. The Baxterization method
that we propose here, was first suggested by Jones for the two block case [12].

Our approach to knot invariants is quite similar to that of [13] and references therein.
These authors construct a Markov trace for any solvable lattice model and prove that it
obeys the Markov properties, thus defining a link invariant for any solvable lattice model.
An equivalent approach is that of Reshetikhin and Turaev [14]. Thes authors define a link
invariant for any quantum group and any representation. Presumably, the two approaches
give the same link invariants.

We define link invariants based on the Baxterization ansatz that we proposed. We
assume that the conjecture that we have a Markov trace, described in section 4, is correct.
Then our link invaraint differs from the above works in two ways. First, we give a tangle
algebra that allows for the practical calculation of the invariants. Second, our link invariants
depend on three arbitrary parameters, whereas the above works hold only for certain values
of the parameters, which correspond to some lattice model or quantum group.

1.1 Solvable IRF models
1.1.1 Interaction-round-the-face (IRF) models

Let I be a set, which is assumed to be finite for the purposes of this article. We assume
that I is endowed with two relations ~p,~, . When a ~p b (a ~, b) we say that (a,b)
are horizontally (vertically) admissible. In the special case ~p=~,, which will be mainly
considered here, we write ~ for ~p,~, and we say that a,b are admissible whenever a ~ b.
The third piece of data we require is a function, called the Boltzmann weight, of four
elements of a,b,c,d € I and a complex parameter u, which is required to satisfy

ab
=0




unless the admissibility condition
an~pban~yccr~pd b~y d (1.1)

is met. The parameter u is called the spectral parameter.

An interaction-round-the-face (IRF) lattice model is defined on a two dimensional
square lattice, or its finite approximation via a M x M box with periodic boundary con-
ditions (we will not make use in the periodicity in the algebraic treatment below, and will
keep it only for the combinatorial motivation). We denote the underlying graph in both
cases by T. A configuration is an assignment of an element of I to each vertex of T. The

u) , (1.2)

The state space of the theory is (CT)®N, and we denote states using the ket notation

partition function of the model is defined to be

Z =Z(u) =Zp(u) = Z Hw(iz

configurations faces

laj ...apn). Dual states are denoted using the bra notation, (aj...an|. A state is ad-
missible if for all i, a; ~ a;11 (we assume here ~p=~,, otherwise there are analogous
requirements, but which depend on the parity of 7). Denote by V4, the space spanned by
the admissible states.

1.1.2 Solvability, Yang-Baxter equation (YBE) and braiding

We define the i face transfer matriz X;(u) by

ai_1 a;
<a1,a2,...,aN|Xi(u)|a'1,a'2,...,a§V>: Héaj,a; w(lll '

u> . (1.3)

i a; G4l
For any u, v, we have
X)X (0) = X;(0)Xa(uw), j £ i%1. (1.4)
The Yang-Baxter equation (YBE) is the relation
Xi(u)XiJrl(u + v)Xi(v) = Xprl(’U)Xi(u + U)qurl(u). (1.5)

An equivalent formulation of this equation, in terms of the Boltzmann weights, is
Zw ¢ U | w € U+v|w 97 v =
- ab bd ce
:Zw acv w gfu—i—v w feu
- bd ac cd '

If the YBE is satisfied then transfer matrices for different spectral parameters commute.

—~

1.6)




Remark 1. Although the point of view presented in this paper is algebraic, we make a
small digression concerning the combinatorial picture. A front in a M x M box T with
periodic boundary conditions (or equivalently a M x M torus) is a chain of N = 2M — 2
vertices vy, ...,vy such that v; is a neighbor of v;y1, where addition is modulo N, and
such that the projections of v1,...,vy on the diagonal x = —y are increasing, when the
diagonal is oriented from NW to SE. An example of a front is the standard front, which is
an arbitrary shift of the vertices

(0, M), (0, M — 1)(1, M — 1), (1, M — 2),...(M,0) = (0, M)

by a lattice vector. A state can be thought of as an association of an element of I to each
vertex of the front. The state is admissible if neighboring elements are. Since all fronts are
of the same size, there are isomorphisms between their state spaces.

The " face transfer matrix should be thought as promoting the front from
(V15 vy Vim1, Uiy Vit 1, - -, ON) tO (V1,..., Vi1, V4, Vit1,...,0N) by adding a square whose
four vertices are

Vi, 1)1;1:’[)@'%—(1,0), Ui+1:Ui+(071)7 (xS U;:Ui—l—(l,l).

We see that the face transfer matrices are operators between different, although isomorphic,
state spaces.
Starting from a standard front, applying the transfer matriz

X =X(u) =X1(u) - Xz(u) - X5(u)---

amounts to pushing the front by (1,0) and cyclically shifting indices by 1. Thus, roughly
speaking
Zp(u) = Tr(XM).

This means that if uq(u),. .., u-(u) are the eigenvalues of X, counted with multiplicities,
the partition function equals

2() = Y ()™,

If one can understand the eigenvalues of the transfer matrix good enough, the model
is usually solvable, meaning that its partition function can be calculated. It follows from
direct calculation that when the Yang-Baxter equation (1.5) and the commutation equa-
tion (1.4) hold, the matrices X (u) for different v commute. This means that they have
common eigenspaces. In many occasions the combinatorics or physics of the IRF model
give rise to additional constrains on the transfer matrices, which in turn give rise to func-
tional equations satisfies by the different p;(u). Sometimes these constraints are strong
enough to determine the eigenvalues.

One such constraint may be an inversion relation which connects X;(u) and X;(—u).
We will consider such an inversion relation below. More details about the transfer matrix
method in statistical mechanics models, as well as different inversion relations can be found
in ref. [1].



Suppose that the UV limit of the face transfer matrices

Xi= lm g(u)X;(u), (1.7)
U—100
exists and is finite and non zero, where g(u) is some function. Then the matrix coefficients
of X; automatically satisfy the admissibility conditions equation (1.1). In addition, one
can also take the limits of equations (1.4), (1.5) to obtain

XiX; = X;X5, j#Fi+1. (1.8)
XiXi—I—lXi = Xi+1XiXZ‘+1. (19)
These equations imply that Xi,..., Xy form a representation of the braid group.

1.2 RCFTs and fusion IRF models

In ref. [4] a conjectural recipe for obtaining solvable IRF models from a rational conformal
field theory was described. We review it here, but refer to ref. [4] for more details. We
begin by providing a very partial definition of conformal field theories, and recalling the
most basic properties we need for the discussion below. We refer the reader to ref. [15] for
a complete definition and extensive analysis of conformal field theories.

A conformal field theory (CFT) O is a collection of primary fields, labelled by a set
I, together with a fusion product, which is a commutative and associative product defined
via the fusion structure constants f, (a,b, c are elements of I)

axb= (ibc'

Each primary field has a conformal dimension which is a non negative rational number
which specifies the behaviour of the field under conformal symmetries. We identify elements
of I with the corresponding primary fields. O is a rational conformal field theory (RCFT)
if I is finite.

Given a RCFT O and two fields h, v one can use the fusion product to write admissi-
bility conditions ~y,, ~, as follows:

a~pbe fo >0, a~pbe fo >0
An IRF model with a set of states I and the admissibility conditions above is called a fusion

abu
d

IRF model. Such a model is completely specified by its Boltzmann weights w (
c

which vanish unless
fon>0, f4,>0, fs, >0, and ff, >0. (1.10)

A fusion IRF model is called a n conformal braiding (CB) IRF if the fusion product
of the primary fields h and v is a sum of n primary fields

n—1
1] x o] = 3 4. (1.11)
i=0



1.2.1 Braiding

We are interested in constructing solvable fusion IRF models, meaning models for which
the Bolzmann weights satisfy (1.6). As we saw above, for such a model, if one can define
the UV limit, a representation of the braid group appears, and it is a representation in
which the matrix components satisfy the admissibility conditions (1.10). To a conformal
field theory there are associated braiding matrices

o, |" “] _ (1.12)

]

ab

The matrix components of these matrices vanish unless the admissibility conditions (1.10)
holds. In addition, these matrices satisfy the hexagon relation, and when A = v, this
relation reduces to the braiding relations (1.8), (1.9).

Moreover, it can be shown that the matrix C' whose components are given by (1.12)
for fixed h, v satisfies the characteristic equation

n—1

[[c—-x)=o,

=0

where n is the number of blocks, and \; are given by
Ai = gelTAnthu—A) (1.13)

here A;, Ay, A, are the conformal dimensions of ;, h, v respectively, and €; = £1 according
to whether the product is symmetric or anti-symmetric.

1.2.2 An ansatz for Baxterization

From now on we consider h = h = v. The appearance of the natural braiding matrix
suggests searching for a solvable fusion IRF model with this matrix as the UV limit. More
precisely, we start with matrices X;, ¢ = 1,..., N, which are given by equation (1.3) with

ab ab h h
1 = .
w (c d u) replaced by C' <c d> ed | b]

These matrices satisfy the braiding equations (1.8), (1.9), the admissibility condi-

tion (1.10), and correspond to n conformal blocks, meaning

n—1

[Txi=x) =0, (1.14)

p=0

where \; are given in equation (1.13). The goal is to construct matrices X;(u), which
satisfy the admissibility relation (1.10), equations (1.4), (1.5), and that their UV limit is

lim g(u)Xi(u) = X; (1.15)
U—100
for some function g(u). The process of extending a representation X;, ¢ = 1,..., N of the

braid group, to a solution X;(u), of the Yang-Baxter equation (1.5) is called a Baxterization.



The ansatz of ref. [4] is the following. Observe that

n—1
Xi=> AP, (1.16)

a=0

where the projection P} to the ath eigenspace is given by
Xi— A

Pt = =P 1.17
Sl (117)

pFa

These projections satisfy the relations
n—1
Y P=1;, PPl =06.,P (1.18)
a=0

Remark 2. The operator 1; is just the identity on the space of admissible states, and
0 on the space spanned by the complementary states. In the algebraic analysis we will
conduct in the following sections, since we will restrict only to admissible states, and
the face transfer matrices preserve Vg4, we will be able to identify 1; with the identity
operator. The reason we still use the notation 1; is that, as was explained in Remark
1 above, although we identify state spaces of different fronts with V,4,, combinatorially
it is more accurate to consider our operators are relating state spaces of different fronts.
With this point of view 1; has the meaning of a unit face transfer matrix, which promotes
the front from (v1,...,vi—1, v, Vit1,...,0n) to (V1,...,0i—1,V},Vit1,...,vN) by adding a
square whose four vertices are

Vi, Vi—1 :’UZ'—|-(1,O), Vit1 :’U,L'—F(O,l), Vi, v;:vi+(1,1),

and the field which is assigned to v} in the admissible case is the same field that is assigned
to v;.
We define the crossing parameters as

G =m(Ait1—A0)/2, A= (o (1.19)
The trigonometric ansatz for the Yang Baxter equations (1.5) is

n—1
Xi(u) =Y fa(w)Pf, (1.20)
a=0

where the functions f,(u) are given by

a n—1
falu) = [H sin((r—1 — u)] [ H sin((r—1 + u)

r=1 r=a+1

n—1
/ [H sin(g}l)] . (1.21)
r=1

With this ansatz the following inversion relation or unitarity is straight forward

Xi(u) Xi(—u) = plu)p(—u)Ls, (1.22)



where the function p is defined by
(1.23)
It is also conjectured in ref. [4] that the Boltzmann weights obey crossing symmetry
ab GG 1/2 ca
A— = 1.24
‘”(cd‘ “) [GaGd] “\as") (1.24)

where G, is some factor and A = (p is the crossing parameter.
The IRF model given by this ansatz is called the (O, h,v) fusion IRF model.

1.3 n Conformal Braiding (CB) algebras

The algebras formed by the operators X;(u), i = 1,..., N, in the n blocks case are collec-
tively called n CB algebras. We would like to understand the structure of these algebras,
what are the relations between generators, and whether there are interesting subalgebras
or quotients.

The simplest non trivial case is the n = 2 case. In this case X; satisfy a quadratic
relation, and it is shown in ref. [4] section 7, that the algebra formed by the X; is a
Apny1—Hecke algebra. In this case it is also proven that the ansatz provides a solution to
the YBE (1.5) and the commutation (1.4).

An example of an interesting subalgebra is an embedding of the Temperley-Lieb alge-
bra: we define the operator,

E; = X;(\), (1.25)

where ) is the crossing parameter of (1.19). Assuming the crossing symmetry (1.24) holds,

it follows that 1o
> ab _ GG, 50
cd G.Gy ’

where we denoted FE; above with its explicit indices. From this equation, it follows, that

E; obeys the Temperley-Lieb algebra (for any n),

EiEiE; = E;,  E?=bE; EE; = E;E;, if |i—j|>1, (1.26)
where )
T sin(A + &)
b= [ =52 1.2
=50 (127

1.4 The main results

In this paper we analyze n CB algebras for n = 3,4 (and h = v = h).

In the n = 3 case we prove that the operators X;(u) constructed by the ansatz satisfy
the required relations (1.4), (1.5) and (1.24) if an only if the generators 1, E;, Gy, G; !, i =
1,..., N where GZ:.tl are proportional to X;, X!, form an algebra to which we call the
weak Birman-Murakami- Wenzl (BMW) algebra. This algebra which is defined below, has



the property that a simple quotient of it gives the well known BMW algebra [6, 7] . We
conjecture, and have verified in many examples, that the above generators satisfy the BMW
algebra itself. We conjecture that most of the BMW algebra relations hold for all n.

In the n = 4 case, assuming this conjecture regarding the BMW relations for general
n, we describe an algebra which is a generalization of the BMW algebra over the same set
of generators, and which is equivalent to YBE.

We then consider two explicit special cases with n = 4 blocks. The first is the G2 model
and the second is SU(2) 3 x 3 model. For the first model we show that by adding two new
types of generators H;, K;, i = 1,..., N the algebra formed by 1, E;, G;, Gi_l,HZ-,Ki, 1=
1,..., N is the Kalfagianni-Kuperberg algebra (defined in [9], following the work of ref. [8]).
We then show that by defining H;, K; in an analogous way, very similar relations hold in
the case of SU(2) 3 x 3 model. The algebra we find there is new, as far as we know. We
extend the definition of the new generators H;, K; to any n = 4 fusion IRF model. In
sections 6, 7 we show that the relations we find also extend in a similar manner to the
general n = 4 theories.

2 n = 3 case

Consider the case of n = 3. Auppose the crossing relation
wabC—u [ GG %w ca
cd™ ~ \G.Gy db

where G, is the multiplier.
Recall equation (1.25) and the ansatz. We have

Set 59 = €0, 51 = €1,
sin(2¢p) sin(¢p + ¢1)

u) ) (2.1)

(502512 — 1) (802 + 1) 0

E; = Xi(6) = P? = Y. 2.2
e E T YR GZ-Ds? 22)
G; = 4sin((p) sin(Cl)e_’CoXi = —e 20001 P+ e P! — e P? (2.3)
_ —35281_1]32-0 + Sl—lpil _ 81PZ-2- ’
Then
2 1 2
Pio = (o1 )0 E;,
(802812 — 1)(802 + 1)
Pl = st -1 B+l @ S g, (2.4)
(8024 1)(s12+1)s2 " s2 41 F 0 5241 " '
2.1 1 1
o (51 o G o2
’ (802812 — 1)(812 + 1)802512 ! (813 + 81) ! + 512 + 1 v
and G;E; = E;G; = "' E;, where [ = —3331.
Using PZ»O + Pi1 + Pf = 1, we obtain
2
Gi = _8027512E1 +1+ <51 —s1 | G;. (25)



Denote m = —2isin((;) = s; ' — s1. Then

m

G ;

EG 4+ Gt +m. (2.6)
This implies the skein relation
m(E; —1) =Gt - G,. (2.7)

(2

Using the expression for G?, we have

0_ (51 = 1)so ‘
v (802812 — 1)(802 + 1) v
2_ 1) 812 S1
pl— _ (s1 B G. 2.8
’ (502 +1)(s12+ 1) H_812—i-1+=‘>‘12—|-1 ‘ 28)
21) 51 1
P2=— (51 E; — G .
e PPN B | PICRE S Sl PRCIEG S  C
Therefore
1 . .
Xi(u) = (q1 + g2 + gze™ ™),
AR TN Ry
@1 = (517 = D)so” + (1 — 1) Ei + (s0° + 1)s1G, (2.9)
qo2 = (1 — 812) + (812 — 1)EZ' — SlGi,
g3 = —s0°51Gi.

By equations (1.26-1.27), E,E;E; = E;, when |i — j| = 1, and E? = bE;, where
h— sin(2¢o) sin(¢o+¢1) (s0%s1%—1)(s0?+1)

sin(¢o) sin(¢1) (s12—1)s02
The skein relation implies that for |i — j| = 1,

1 _
(E; —1)E;G; = E(Gi '~ G)E;G,

G,E;(E; —1) = %GiEj(Gi_l ~Gy),

(2.10)

and

_ _ 1, _ 1, _
G7'E;Gi =G (1 + —(G; -GG, GiEGT =G(1+ —(G, f—a))Gyt (211)

Therefore

1 1
EleJG'Z = EjGi — fGlE]GZ + fGi_lEjGi,
“11 ml (2.12)
Gz‘EjEZ' = GiEj + szEjGZ_I — szEJGZ
m m

and G:lE]Gl = GJEsz_l

,10,



Using X;(u) Xit1(u+v)X;(v) = Xip1(v) Xi(u + v) Xi41(u) and the above relations, we
obtain 19 equations. The only two independent equations are the following equations.
(512 = 1)°(s0%512 — 812 + DE; — (12 = 1) (50281 — 512 + 1) By (2.13)
+(s12 — 1)231Ei+1Gi + (51 = 51%)GiEi1Gi + (17 — 1)281Ez‘Gi+1Ez‘
(512 = 1)’51GiEip1 — (1% = 1)’ 51 EiGip1 + (512 — 1) Gip1 EiGin
—(s1> = 1)’ 81 Bi1GiEip1 — (512 = 1)751Giy1 B = 0,
—(s51% — 1)2(304 + 502812 — 512 + 1) E; + (512 — 1)2(304 + 502512 — 512+ DEi1 (2.14)
—(512 = 1)°(s0* + )51 Ei11Gi + (512 — 1)’ (s0* + )s1Gi1 E;
—(512 = 1)(s0* + 1)$12GiE1Gi — (s0° + 1)(s12 — 1)°51 EiGyiy1 E
—(512 = 1)(s0* + 1)51GiEip1 + (1% = 1)°(s0* + 1 EGii1
+(s1% = 1)(s0" + 1)512Gi1 EiGig1 + (s0% + 1)(s1% = 1) 51 Ei41GiEie1 = 0.
These equations are equivalent to the following:
s02s1E; — s0°s1Fip1 + EiGis1E; — Ei1GiEip1 =0 (2.15)
and
(512 = 1’Ei — (512 = 1)°Ep1 + (51 — 1) Ein1 Gi + (512 — D)s1Gi1 E; (2.16)
—512GiEi11Gi + (51 — 51%)GiBi1 + (12 = V)s1E;Gig1 + 512Gis1 EiGip1 = 0.

Thus, assume the crossing relation (1.24), or even only its consequence eq. (1.26). We
have proved that X;(u) satisfies the Yang-Baxter equation

Xi(u) X1 (u+v)X;(v) = X1 (v) X5 (u + v) X (u), (2.17)
if and only if G;, F; satisfies the following relations:
G:G; =G;G;, li—j]>2,
GiG;G;=G,;G;Gy, |i—j|=1,
m(E;—1)=G;' -G,

GiE;=1"'E;, (2.18)
EiGjEi—lEi—EjGiEj +lEj:0; |i_j|:17
mQ(EZ' —Ej) —i—m(EjGi —GjEZ' —I—GiEj —EZ‘GJ') —GZ‘Esz‘—FGjEiGj =0, ’Z _]| =1,

=t -1 _ 2
where m = ToT =81 — S, l = —sgs1.

We call the above relations weak BMW relation and we call the algebra generated by
Gy, E; subject to the weak BMW relation the weak BMW algebra.
In fact, for general n blocks, using the ansatz, the Yang-Baxter equation implies that
GiG; = G;G;, i =] =2,
G:G;G; = GGGy, li—jl =1, (2.19)
GiE; =1""E;,

for some I.

— 11 —



3 The 4-CB algebra

We focus now on the four blocks case, n = 4.
We find it convenient, for future use, to scale the braiding matrices as follows. We

have
X; = lim exp(3iu)X;(u), XP= lim exp(—3iu)X;(u). (3.1)

U—>100 U——100

We define the operators G;, G Land E; by,

G = 8¢/ 2 5in((p) sin(¢y) sin(Ca) X,
Gl = 83160/ 5in((p) sin(¢y) sin(C2) XY, (3.2)
Ei = Xi(o)-

The normalization is taken so that Gi_1 will be the inverse of G,
GGt =1, (3.3)

in view of the inversion relation eq. (1.22).

We can now express the projection operators P in terms of G;, G} Land E;. This is
given by solving the set of equations which are obtained from the ansatz for the Boltzmann
weights, egs. (1.20)—(1.21),

Gy = e~ 380—iC1—iC2 (€% P} — ¢2iCo+2iC1 p2 | (2iC0+2i1+2i2 p3 _ pO), (3.4)
G;l = Z'e%iCo—iCl—iCz (€2i40+2i41+2iC2pi0 — 2101 +2iC Pil + e2iC2Pi2 _ PZS)’ (3'5)
e=3iG (1 4 €240 (=1 + ¢i0+Hi1) (1 4 ¢ido+ic1)
(=14 €i€1) (1 + e®1) (=1 + ei€2) (1 + ei2)
x (<1 eiotie) (14 ¢leotia) po, (3.6)

E; =

along with
3
d pr=1. (3.7)
a=0

Our purpose is to describe the algebra obeyed by G;, G Land E;. These are defined by
2 .
Gi=8 [H sin((r)] e 3N2X,,
r=0

2
r=0
E; = Xi(\).

By slight abusing the notations, we also call this algebra 4-CB (conformal braiding) algebra.
Due to the inversion relation, eq. (1.22) we have the relation,

GGl =1, (3.9)
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The phase in eq. (3.8) is arbitrary and is set to simplify the 4-CB algebra. We have also
the braiding relation,

GiGz‘-',-lGi = Gz’+1Gz’Gi+17 GiGj = GjGi if ’Z — j| > 2. (3.10)

We already know that E; obeys the Temperley-Lieb algebra, eqs. (1.26)—(1.27),

2 .
sin(A + ¢;)
E,E;E; = E;, FE? = bE; where b= | | - 3.11

The next relations are,
G;E; = E;G; = l_lEi, (3.12)

which follow by taking the ansatz eqs. (1.20)—(1.21) for G; and using the projection rela-
tions, eq. (1.18), PAP? = PY?P® = §,0P?. The value of [ is,

[ = jeiBN2+Co+C1+C2) (3.13)
We can calculate,
G2 = _675i(0721‘(172iC2Pi0 _ o—iCo—2i glez(QPil _ o—iC0t2iC1-2iC P2 67iCo+2iC1+2iC2Pi3'
(3.14)

We can substitute the expressions for P? from G;, G; ' and Ej, egs. (3.4)—(3.6). We then
find the relation expressing G?,

G2 = jem 311G (1 _ Q26 4 e2i<1+2i<2) Gy + i~ 3i0+iGi—ie Gl
e—21C0—2iC1—2iC2 (621'(1 _ 1) (1 + eZiC0+2iC1+2iC2) (GQiCz _ 1) s
(e2iC0+2iC2 — 1) i

_ pmilo=2iCs (1 _ o2 4 e2iC1+2iC2) ' (3.15)

+

We define the coefficients «, 5, v and § by writing this equation as
G? = a+ BE; +1Gi + 6G; . (3.16)

This is the skein relation.
From the skein relation, eq. (3.16), we find the relation,

Gi+1GiEit1 = E;Gi1Gy, (3.17)

which follows by expressing E; = (G? —a—~G; —3G; ') /3 from the skein relation eq. (3.16)
and inserting it into eq. (3.10).

The additional relations areconjectural, but hold in all examples we have checked.
These relations assume the same form as the Birman-Murakami-Wenzl (BMW) algebra [6,
7] and are summarized below.

Gi+1GiFix1 = EiEix1, Git1FiGix = G Ei G,
Gis1EiEix1 = G 'Eix1, FEix1EGiy1 = Ei1G) Y, (3.18)
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The last relation follows from the Yang Baxter equation, see section 1. It is

g(i,i+1,4) = g(i+1,i,i + 1), (3.19)
where
g=aip4+a131+as1+ iq= o0/ GG (@134 4+ as24+ as31)
+ig TR (ag 50 + agpa +ass) (3.20)
C1+¢2
. q _
TE e o (qCO/zam,l T4 40/2%172) T 20434,
where
q*CO*QQ*?Q (qQCl _ 1)((]242 _ 1)
= 2¢0+2¢2—1
q (3.21)

% (2q2C0+2C2 4 2g20H201+20  AG+201+4G 1)_

We denoted by a;;i(r,s,t) the element of the algebra a;[r|a;[s|ai[t] where a;[r] is
G, G Y B, or 1,, if i = 1,2, 3, 4, respectively.

This summarizes all the relations of the 4-CB algebra. As we will show below, these
are all the relations that follow from the YBE and are equivalent to it. We checked these
relations for the model SU(2) fused 3 x 3 as described in ref. [3]. We also checked these
relations for the Go model described in section 5 for ¢ = 0.7. We find a complete agreement
with the 4-CB algebra. In section 5 we will prove this algebra for Gs.

3.1 n =4 YBE and relations (3.11)—(3.21)

Our goal now is to verify that all the relations (3.11)—(3.21), represent a certain solution of
the YBE, if(f) the parameters are fixed in appropriate way. The idea of the check is rather
simple and follows closely the analogous consideration for 3-blocks case, described in the
previous section.

Denoting sg = €0, g1 = €1 g9 = €12, we get the projectors

po— 3% (S% B 1) (S% — 1) E.

P(s31) (35t 1) (s3s3 1)

1 2323:1)’ 1 Z'\/75251
P mEr @Y T @

so (s1—1) (s3 - 1) (sgsis3 +1) . (55— 1) st 1, (3.22)
Fr) (D) (FE-D)(EF3-0) " )50 0
5 i4/505152 ' 15182 —1
T VR B
50 (3% — 1) (32 — 1) (333%3% +1 B+ (8182 + 1) i

(57 = 1) (st +1) (53 - 1) (s3+1) (st +1) (s5+1)

where (3.7) is used in order to eliminate P?. Note that the skein relation (3.16) allows also
to use other choices of any three independent parameters.
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Taking into account the explicit form of the conjectured trigonometric solution
egs. (1.20)—(1.21), the Yang Baxter equation (1.5) can be written in the form

YBE = Y CYXPFqigs =0, (3.23)

78

where ¢; = €%, go = €', the integers r,s are in the region [0,2n], and the coefficients
CYBE are expressed in terms of the generators E;, Gj, G;l and 1;. Hence, in order to
fulfil the YBE for generic values of the spectral parameters u, v one has to ensure that the
coefficients CY.BF = 0, for all 7 and s.

In the 4-blocks case simple counting shows that there are 37 relations, r € [0, 8] step
2, and s € [Maxz(r — 6,0), Min(r 4+ 6,8)] step 2. Taking into account the factorised form
of the coefficients f,(u) in terms of sine functions, see eq. (1.21), we note that for general
n the number of the relations is given by Hex number, i. e. by the number of partitions of
6(n — 1) into at most 3 parts, which is N(n) = 3(n — 1)n + 1, so that for lower values of n
we have 1,7,19,37,61,91,....

In our case a few relations are written below explicitly

(r,s)=1(0,0): ai11(t,i+1,9)—a111(0+1,4,i4+1)=0,
(7’,8):(0,2): 8%8383/ a411<z—|—1,7,72+1)—3280 a’411(7'+17i77:+1
+s§sg/2a1’174(i,i+ 1,7) +slso/2a17174(i,i+ 1,7) —3130 a4 11(+1,4,0+1

—8%8383/2(117174(@ 1+ 1, Z) - 83/2(117174(1', 1+ 1,i) + 80/ a4,171(i + 1, i, 1+ 1

)

)

)

)
—isysasdar 11 (iyi+1,4) Fisysasiar 11 (i+1,4,i+1) +isysasoar 12(i,i+1,0)
—i515250a27171(i—|—1,i,i—|-1)—s%\/%au,g(i i+1, i)—i—s%sg\/;al 1,3(%,04+1,1)

—s3/50a1,1.3(1,i+1,0) +s3\/s0a3,1.1(i +1,4,i+1) —/s0a3.1,1(i+1,i,i+1)
—is152a1,1,1 (4,0 +1,4) +isysear 11 (i+1,4,5+1)+/soa1,13(4,i+1,7)
—s%83\/50a31.1(i+1,0,i+1) +s5v/s0a3,1.1 (i +1,4,i+1) =0,
(r,s) = (0,4): 25255 2ag 1 1 (i+1,i,i+1) — 5250 2ag 11 (i+1,0,0+1)  (3.24)
525 %ay 1 5(6,i+1,8) — 5o %y 130,14+ 1,7) — 5250 2agy 1 (i+ 1,4, + 1)
+53/2a371,1(i—|—1,i,i+1)+s%sg/2a1,173(i,i+1,1’)—5%3333/2@,173(2',@'—1-1,2')
—is1s958a1,1,2(i,i+1,4) Fisysasiag 1 (i+1,0,i+1) +isysasoar 1 (i,i+1,0)
—islsgsoaLLl(i—l-1,1',2'—!—1)—8%\/%(1171,4(2',1'—}—1,2')—i—s%s%\/%al?lA(i,i—f—l,i)
—53/50a1.1.4(1,i+1,0) +/50a1,1.4(1,i +1,1) + 83 \/50a4.1.1(i +1,43,i+1)
—is152a1,1,2(4,i+1,0) +isysgan 1 1(i+1,4,54+1) —/soas11(0+1,4,i+1)
—s785+/S0aa,1.1(i+1,4,i+1)+s5y/s0a41.1(i+1,4,i+1) =
(r,s)=(0,6): a112(i,i41,4) —ag11(i+1,i,i+1) =

etc.

Here we use the notation introduced just below eq. (3.21). We do not write all the relations
since their expressions are bulky in general, while the computation is rather straightforward.
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Our next task is to implement the relations (3.11)—(3.19). We perform this gradu-
ally. First, we use the “simple” parameter-free relations, like the braiding relations (3.10),
parameter-free Temperley-Lieb algebra relations (3.11), the relation (3.18), and all the re-
lations, which follow from these relations. We chose this order not to end up with some
particular solution of the YBE, obeying softer algebraic constraints, but existing only for
special choices of the parameters. The relations are

a1+ 1,4,i+1) =ar11(i,i+1,4), ag11(t+1,4,i+1) =ay 120,94+ 1,9),
ai120i+1,4,i4+1) =ag11(i,i+1,4), ase1(i+1,i,i4+1) =ai22(4,1+ 1,7),
a122(i+ 1,40+ 1) =as21(i,i+1,i), as22(i+1,i,i4+1) =az22(4,1+ 1,17),
az11(i+1,46,i+1) =a1 130, +1,4), aii3(+1,4,i+1)=az11(4,¢+1,49), (3.25)
asz1(i+1,4,i+1) =a132(i,i+1,4), asa1(i+1,4,i4+1) =ara2(4,¢+ 1,17),
a132(t+1,4,i+1) =ag31(i,i+ 1,4), aja200+1,4,i+1) =ag,1(i, i+ 1,9),
( ) ) ( ) ( ).

a27273i+1,i,z’+1 =a32.2 o(2,2+ 1,1), as3,2,2 i1+ 14,2+ 1 —a272322+12

For example, to obtain the last relation az22(i + 1,7,i + 1) = ag23(4,7 + 1,7), which is
explicitly E;11G; GZ+1 G; GZ“EZ, we multiply the equation (3.17) from both sides by
GGt +1 and then use the inversion relation (3.9).

Now we are in the position to implement the relations involving parameters (like skein
relation, etc.) and also all their derivatives. In principle, this can be done in deferent ways,
our guiding principle is to exclude all linear dependent elements, simultaneously choosing
among the linear independent elements those with the maximal numbers of 1; generators.
First set of the relations is

a123(%) = as33(x) + Bazzz(x) +ya133(x) + dazs (),
_Blaggs(x)  aazss(z) vasss(z) | aizs(e)

az21(x) = aazza(x) + fagzz(x) +vazz1(x) + dazz2(x),

Blagzs(x) aagsa(z)  vaggalz) | assi(z)
1) 1) 1) 5

which follow from the skein relation. Here x stands for either (i + 1,7,7+ 1) or (i,4+ 1,1).

az13(r) =

az12(r) = —

For example, in order to obtain the first one we use the relation G/ +11EZ~ = G;E; 1 E; from
eq. (3.18), and then the 4-blocks skein relation to exclude G? on the first place.
Similarly, we get

a371,3(z’,i+1 Z) = la434(i+1,z’,i—|—1), a37173(i—|—1,i,i+1) :la47374(z’,i—|—1,i),

aza3(i+1,4,i+1)=las34(i,i+1,7), apa3(iyi+1,9)=lagsa(i+1,4,i+1),
aza2(i+1,4,0+1)=lasz4(i,i+1,7), aga2(iyi+1,4)=lasss(i+1,i,i+1),

a3 2,3(i,i+1,1) = a473,4(z+l172,2+1)’ az23(i+1,4,i+1) :W (3.27)
a143(i+1,4,i+1) = W, aj43(t,i+1,9) = a434(0 +l1’i7i+1) :
aza(i+liitl)= W aga1(ii+1,0) = a4’374(i+l1’i7i+1).
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In particular, the first two correspond to the last equation in (3.18) and others can be
derived from it.

We also have

a17471(i + 1, i,i + 1) = aa474,4(i, 1+ 1, 7,) + 6@4’374(Z‘,i + 1, Z)
+ 7&471’4(2',2' +1, Z) + 5(1472,4(2',2' +1, i),

TER YERE
apa2(i£1,0,i+1) = a4’1’4(z’(; i) _ B la4’3’4<f5’z 4 (3.28)
_aagoa(l it 1,d)  yagaa(i it 1,0)
1) 1) ’
and
) o 1 a ol . .
+1 +tl)=—5——=—— — — +1 3.29
CL37473(1, 30,1 ) <ﬁl2 ﬁ Bl B) a4,374(7la 4 57’)7 ( )

which follow again from the skein relation, and from the relation (3.12).

And also some trivial relations involving unity operator, like

aga1(i,i+1,4) =aga1(i+1,4,7+ 1),
aja2(i,i+1,i) = 1(2 i+1,4),
aja2(i+1,4,i+ )—a241(2+1,z,2+1)
apsa(i+1,0,04+1) = agp (i3 + 1,1),
agps(i+1,4,i+1) = ags4(i,7+1,1), (3.30)
apaa(i,i+1,1) =agpa(i+1,7,i4+1),
agap(i,i+1,1) =agpa(i+1,1,i4+1),
apaa(i+1,4,1+ )—a4k4(z,z+1 i),
asar(i+1,4,1+1) =agpa(i, i+ 1,1),

which are valid for any k,s. For example, the first relation is 1;1;41 = 1;411;, which is
obviously true.

Finally, we use
[ = zq +CH—C2
a=—q 0% (_q2C2 4 @2t 1) ’
5 g~ 20202 (ngl _ ;) (q2<2 _ 1) (q2<o+2<1+2<2 + 1)7
q2Co+2¢z —
v = Z'q—%o—é"l—@ <_q241 + q241+2C2 + 1) 7

§ = iq—%Co-l—ﬁ—Cz’

(3.31)
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or in terms of s1, s9, s3,

5/2

[ =isy "s159,

s2s2 —s3+1

8083
o (=D (F-1) (shsh+ 1)
73 (A1) (3.32)

? (s%s% — st + 1)

fy =
V805152
iSl
0= —7—.
3/2
80 S9

Substituting the relations (3.14)—(3.21) into 37 relations obtained from the YBE,
eq. (3.24), we find that some of the YBE relations become fulfilled, and we are left with
19 relations. For these remaining relations we find that they are compatible if and only if
the relation g(i,i + 1,7) = g(i + 1,4,i 4+ 1), egs. (3.19)—(3.20), is imposed.

4 Three parameter link invariant

Let BMW!/ be the 4-CB algebra described in section 3 with generators 1, Gy, ..., Gy,—1 and
also B, 1 =1,2,...,n— 1. Let b be as in eq. (3.11) and [ as in eq. (3.13). We conjecture
the existence of a unique trace function

m:|JBMW, - C,
which satisfies the following properties
1) 7(a+b) = 7(a) + 7(b).
2) 7(ab) = 7(ba).
3) 7(1) =1 and 7(E;) = 0.
4) 7(w- Gyp) = 1"17r(w), and 7(w - G;;1) = IT(w), where w € BMW),.

The existence of such trace will allow us to define a link invariant extending the results
of ref. [3]. We do it in the following way. We assign E; and G; to diagrams, as in figure 1.
Given a composite diagram, we assign it an expression in terms of F; and G; in the expected
way, and apply 7 to the result. We denote by L(D) the result of this assignment, performed
on a diagram D.

From the properties of 7 and the relations of BMW,, one can show that L has the
following properties:

1) L(O) = b,

2) L(S,) = I"'L(S) and L(S;) = IL(S),
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Figure 1. The isomorphism between 4-CB and the tangle algebra.

Type I Type II Type II1

o el

Figure 2. Reidemeister moves.

3) L is unchanged by Reidemeister moves II,III, which are described in figure 2.

Here O is the standard diagram for the unknot, S is a strand and S, (respectively
S;) is the same strand with a right handed curl (respectively left handed) as in type I
Reidemeister move. The third property follows from the relations of the 4-CB algebra.
We correct L to form a Markov trace by putting

v(K) = 1B LK), (4.1)

where K is link, v(K) is the link invariant, w(K) is the writhe of the link defined as the
number of left crossings minus the number of right crossings. By properties 2),3) above we
see that v is a link invariant.

If the conjecture is correct then the resulting link invariant belongs to a three parameter
family of invariants, where the parameters are the (;s. In section 5, we will show that the
link invariant and the 4-CB algebra follow for the case of Ga.

5 G5 IRF model

We wish to check our conjecture for the IRF Boltzmann weights, egs. (1.20)—(1.21), for
the G2 IRF model. The explicit Boltzmann weights of this model were given by Kuniba
et al. [16]. We wish to check our general ansatz, egs. (1.20)—(1.21), specialized to the G
case. The model is defined by taking for the RCFT O the WZW model based on the Lie
algebra Go at level k. For the field h = v we substitute the fundamental representation
[7], which is the 7 dimensional representation. Thus the model is IRF(G2, [7],[7]). In the
fusion product of [h] and [v], eq. (1.11), we encounter four representations,

(7] x [7) = [1] + [14] + [27] + [7]. (5.1)

Thus, the G2 theory is a four blocks theory. Note that we chose this order for the fields
appearing in the product, g = [1], ¥ = [14], ¥2 = [27] and 13 = [7], to be consistent with
the Boltzmann weights of Kuniba et al.
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The dimensions of the fields in a WZW theory are given by

_A0+2) 52)

AT 2kt g)

where A is the highest weight of the representation, p is half the sum of positive roots, and
g is the dual Coxeter number.

We can now compute the crossing parameters (;, using eq. (1.19). We find for the
dimensions of the fields 1,

12 14 6
Ao — — Ay = —— 5.3
L 47 2 3 ) ( )

A = A =
0=0, 1 P d’ r

where A; is the dimension of the field ;.
The crossing parameters are given, by eq. (1.19), §; = (A1 — 4;)/2,

6 T 47

o e G1 e G2 1

(5.4)

Note that we inverted the signs of the crossing parameters. This is always allowed since in
the ansatz, eqs. (1.20)—(1.21), we can invert the signs of the crossing parameters along with
the sign of u and the resulting Boltzmann weight is not changed (up to a possible sign).

To calculate the Boltzmann weight X;(u) we need to know the braiding matrices of
the RCFT O. Unfortunately, this has never been calculated directly. So our idea is to
extract the braiding matrices from the solution of Kuniba et al., and then to compare that
Xi(u), as given by egs. (1.20)—(1.21) agrees with the Boltzmann weights of Kuniba et al.
This will assure that our conjecture is correct for this theory.

We extract the projection operators P? from the above egs. (3.4)—(3.6) and insert them
into our ansatz of the Boltzmann weights, eqs. (1.20)—(1.21). Now we are in a position to
compare our Boltzmann weights with those of Kuniba et al. We preform this calculation
numerically by choosing ¢ = ¢/ +4) = 0.7. We compare all the Boltzmann weights for
an arbitrary spectral parameter, u. We find a complete agreement. This illustrates that
our ansatz is correct for G theory.

5.1 Kuperberg’s G2 link invariant

In ref. [8], Kuperberg introduced a tangle algebra for the Gy link invariant. Our claim
is that this link invariant is identical, for the special case of G9, to our link invariant in
section 4. This proves the link invariant for this case, as well as the algebraic structure we
find, namely the 4-CB algebra, for this case.

Recall from eq. (5.4) that the crossing multipliers for G2 have the form

6m T 4

O Thrr Sy

We find it convenient to define
q = e/ ), (5.5)

— 20 —



Thus we find from egs. (3.11)—(3.12) that the parameters of the algebra are given by

[12][7][2]
[6][4][1] °

l=iq 12, b= — (5.6)

where we defined,
[zl =q¢"—q " (5.7)

To make contact with Kuperberg’s work we also rescale G,Lil — iilG?ﬂ and F;, —» —F;.
Also, his ¢ is our ¢?. We then find from eqs. (3.15)—(3.16),

Gl =—(—"+¢" "+ "+ P Ei+ (¢ +¢" - ") - (1-q >+ °)Gi+¢'G; . (5.8)

Now, in Kalfagianni’s work [9], the algebraic relations which follow from Kuperberg’s
tangle algebra were derived. This author finds exactly the 4-CB algebra that we conjec-
tured for the case of Go, with exactly the parameters [, b, «, 8,7, that we calculated from
our general ansatz. This proves the 4-CB algebra for the case of Go. It also shows the
consistency of the link invariant, described in section 4, for this special case.

Actually in ref. [9] additional relations are described. As will be shown in sections 6-7,
these hold also for all 4-blocks theories.

6 H and K relations

In Kuperberg paper [8], the diagrammatic operations H and K are defined. Kalfagianni [9]
defined these algebraically. There it was shown that in the case of G2 the operators H and K
obey some far reaching algebraic relations. Our purpose here is to generalize Kalfagianni’s
algebra to all the 4-blocks lattice models. We will check these relations with the SU(2)
fused 3 x 3 lattice models, assuming that if they hold both for Gy and SU(2), they are
correct generally. We prove these relations for any four blocks model in section 7.

Our starting point are the relations, which hold for Gs,

Gi—q¢'G7 = (1 —¢ YHi+(a+q E - 1),
Gi—qG7'=(1—q)(Ki— Ei+(¢+4q7").
where ¢ = explin/(2(k + 4)], and k is the level. If we substitute the expressions fo G;
and G; ! in accordance with our ansatz eqgs. (1.20)-(1.21), we find that Hj; is proportional

to P32, the third projection operator. Our idea to generalize the operator H; by simply
equating it with this projection operator
H; = P}. (6.3)

)

To express H; in terms of Gy, G;l, FE; and 1; we simply solve the equations for them,
eqs. (3.4)—(3.6), using the relation P! =1, — P? — P? — P2, to find P?. We thus get the
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relation,

ZH, = <_ei<<o>+2i<<2> 1 CO)+2iC(1)+2i(2) 4 iC(0)+4i¢(2) €i<<o>+zi<<1>+4i<(2>) E,

+ (_621'((1)4-22‘((2) — Q2iC(0)+4iC(2) | 2iC(0)+2i(1)+4i¢(2) 62z‘<(2)) 1,
4 e CO+ICM+3C2) i, _ 3iC(O)FIC()+5iC(2) i 4 i~ 2O+ +i@) g1
_ ie%i((o)+i<(1)+3i§(2)G;1, (6.4)

where z is defined by
L= (_1 i ei<(0>+z'<(2>) (1 n ei<(0)+z‘<<2>> (_1 i e2i<(1)+2i<(2)> (1 + €2i<(2>> . (6.5)

It is convenient to define the parameters r; as the coefficients of H;,
Hi=rili+rE +r3Gi+714G; (6.6)

where H; is given by egs. (6.4)—(6.5) above. Note that H; is defined for any values of the
crossing parameters (; and thus for any four blocks theory.

We come now to the problem of defining K;. We do this by imposing Kalfagianni’s
equation which holds for Go,

Eit1EiHip = B K, (6.7)

and assuming that it holds for any theory and not just Go. We substitute H; from eq. (6.4)—
(6.5) and use the relations of the BMW algebra eq. (3.18). We find that this relation holds
if and only if K; has the expression,

K;=mr9 1Z-+T1Ei+T4Gi+T3G;1- (6.8)

Again, this relation is general for any four blocks theory.

We are now in a position to check Kalfagianni’s relations, which hold for Gs, to the
other case that we investigated which is the SU(2) fused 3 x 3 model. We do this using the
explicit Boltzmann weights which were given in ref. [3].

The crossing parameters for the SU(2) 3 x 3 model are given by [3]

where k is the level of the SU(2) model.
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We find that all of Kalfagianni relations hold also for SU(2) model. Below is a list of
the ‘simple’ relations that hold not only for G but also for SU(2).

H.E; =0, (6.10)

K,E; = BiK; = dE;, (6.11)

K:H; = HK; = cH;, (6.12)

K? = aH; + bK; + eE; + f, (6.13)

H.H; = H;H;, if |i — j| > 2, (6.14)

KiK; = KK, if i — j| > 2, (6.15)
Git1GiHix1 = HiGi1Gy, (6.16)
Gin1GiKit1 = KiGin G, (6.17)
E,H,\E;, =xF;, (6.18)
E,K,E;, =0, (6.19)
Eix1EiHip = B K, (6.20)
HinEiEip = Kin E;, (6.21)
KinEiEix = Hix B, (6.22)
EinEiKip = Eip H, (6.23)
EHiz1H; = E; K1 K, (6.24)
Hit1HiEip = Kix1KiEix, (6.25)
KiEit1Hi = Hin1 EiKix, (6.26)
HiEipHi = Kip BiKiq. (6.27)

Some of these simple relations follow directly from the definition of H; and K; and
the BMW algebra, but not all. Here a,b,c,d, e, f and x are some coefficients which can be
easily computed from the definition egs. (1.20)—(1.21).

We get now to the ‘complicated’ relations, following Kalfagianni. The relations are

H,Hi\H; =H;1HiH;j 1 —vi1(H;Ejp1Hy — Hi1EiHiqq) (6.28)
—vo(H; K1 Hy — Hi 1 KiHi 1) — v3(H; — Hiyr).
HiHinK; = KipiHiHivy — o1(Hi Kjp1 Hy — Hit1 K Hit1) (6.29)

—x2(HiEix1H; — Hip1EiHigy) — v3(H; Kix1 — KiHitr)

— 24(Kit1 B — Eip1 K;) — v5(H; Eix1 — EiHix1) — v6(H; — Hit1).
KiKinK; = Kin KKy —21(HiKin Hy — Hi K Higq) (6.30)

— 20(HiKiy1 — Hit1 K;) — z3(Ki1 Hi — KiHi1) — 24(Ki1 By — KiEiyq)

— 25(Ei K11 — Bip1KG) — 26(K; — Ki).

As was shown by Kalfagianni, these equations hold for the G2 model for some values of
the parameters v;, z;, z;. Our idea is to establish these relations for the SU(2) 3 x 3 model,
for some values of the parameters. We substituted the Boltzmann weights and solved for
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the parameters using some configurations. We found that these relations are obeyed also
for SU(2). For the parameters we find the following general relations:

vl = —T9, ro = x3 = —T1, T4 = T, (6.31)

where 71,79 is given by eq. (6.6). We also find that the coefficients z; are the same as the
coefficients x;,

21 =11, 29=23=1XT9=1=T3, 24=25=1=T4=2Tg, 26=—T5. (6.32)

For example, we give here the values of the parameters for k 4+ 2 = 12,

1
vy =—V2, v3=— o (6.33)
r1 = \/g, Irs = é (634)
L1
ry =16 =1/(V22) = 2 —- (6.35)
V2 (—1 + e?> (1 + e?) (—1 + e%)
To =3 = —T1 = —(\/3/2—{—1)1/2—{—1 (636)

To get the parameters for general k& we solved these equations for general ¢ =
exp[mi/(k + 2)] using symbolic manipulation, substituting some configurations. We find
the following expressions for v;.

v = ' +¢’+q , (6.37)
q18 + q16 + 2q14 + 3q12 + 3q10 _|_3q8 + 3q6 + 2q4 + q2 +1
11 9 7
vy = ¢ 9 +q (6.38)

_q18+q16+q14+q12+q10+q8+q6+q4+q2+1’
6 (12 10 8 6 4 2
+¢0+ P+ gt + g+ 1
vy — 1 (¢ +q g g ) (6.39)
(@ +1D) (@ +D) (B + e +q* +2+1)

For x; we find the following expressions,

10 6
q +q
T = , 6.40
PP R R (6.40)
6
. . q
x2—x3——q12+q8+q6+q4+1, (6.41)
Ty = T = s .
(@ +1)(¢*+1) (@2 +¢®+ ¢ +¢* +1)°
6 (.12 10 8 6 4 2 2
+d%+F+ S+t P+
e — ¢ (?+d+F+E P+t + P+ (6.43)

(@' =@+ 1’ (@O + "+ P2+ 1) (¢ + 0+ + ¢+ 1)

The z; are given by eq. (6.32) from z;. We find that the relations eqs. (6.28)—(6.30)
are indeed obeyed for any gq.
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Moreover, the following equations hold for the SU(2) 3 x 3 model:

6 4 14
_ ¢’ (¢" = 1) (¢" 1)
KZKZ:I:IHZ - Hz:thsz:tl - (q6 I 1)2 (qs _ 1) (qIO _ 1) (KZEz:I:I - Esz:l:l)

7T(,4 1 6 1
- (q6q+ (1(1) @ _) %I(qm >_ ) (Kix1H; — Hit1 K;)
q20 -1

+ (HiKjx1H; — Hit1 KiHiy1),

and

Ky WH;K; 1 = KiH; 1 K;+

(6.44)

+wi(HiKip1 — KBy Ky — KiHj + K By K + K Hy — Hi 1 KG)

+wo (K1 By — By K+ Hy — Hipy + Ei Ky — KiEi)

+ wS(HiKi—i-lHi — Hi+1KiHi+1) + w4(E,~ — Ei—i—l);
where
BN Ui | it
q(¢5+1)(¢®—1) (¢ 1)
. — (q4 o 1) (q4 o q8) (_q36 4 q22 _|_q14 o 1)
’ (g% + 1)*(¢® — 1)*(¢"0 — 1)° ’
q22 -1
W3 = —F 55 1>
q(¢*° —1)
2 3
wy = =D (6P 1) (@ - 1) (% - 1)
3

@3 (¢ — 1) (¢5 +1)°(¢® — 1)*(¢20 — 1)*

7 H and K relations for the general four blocks models
We write s; = eV~16, i € {0,1,2,3}. Let

_3
Gi = 25, 2 sin((p) sin(¢1) sin(C2) X;
I U M Uik N V=ls15P} \/—151Pl-2‘
\/%‘9182 30%8182 \/% \/%'92

Then
VoIVsP —1 p?
G;l = _ﬂ — —1\/58152Pi1 =+ \/—7150%5152Pi0 + @’
518592 s1
G2 = — Pl s*P? si’s’P) P
! 80812822 80822 S0 805812822‘
Let
2.2 2.2 2
—1 —1 +1
Ei — X’L(CO) — (80 S1 ) (80 52 ) (80 )on
(512 —1) (522 — 1) s¢®
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The skein relation is ), P = 1. That is,

Ez' (802312822 + 1) (312 — 1) (822 — 1)
2

G? =
7
(802822 — 1) 80281282

4 vV —1GZ‘ (812822 — 812 + 1) (812822 — 822 + 1) 4 \/—131G;1
_ 3 .

/505152 50522 50289

We also have

S0 (812822 - 812 + 1) _ (802812822 + 1) (812 — 1) (822 — 1) 802

v 812 (802822 — 1) 812 !
vV —1\/% (812822 — 822 + 1) G_l RV4 _1SO%S2G'
5182 ‘ s1 "

As in section 6, we let H; = PZ-?’ =ril; +roFE; +1r3G; + 7“4Gi_1 and K; = roF; +1r1; +
ryG; + TgGi_l. Then

(812 — 1) 822

"= (512592 — 1) (822 + 1)’
py— (812 — 1) (522 — 1) S089°2
(802822 — 1) (812822 — 1) (822 + 1)7
— V—1,/505152°
ST (512892 — 1) (822 + 1)’
ry— V—1s159

(812822 — 1) (822 + 1) \/%

We express G; and G;l in terms of 1;, E;, H;, and K; and obtain

G = Ej (rira —ror)  (rirs — rory) Hirs — Kiry
(rg? —r4?) (rs?> —ra?)  (rs® —r4?)  (rs® —74?)
B V—=Ts02s2 (12 1) n V—1E;\/s0s2 (512 — 1)
(s02s22 — 1) s1 (02822 — 1) 81
V—1H; (312522 — 1) (322 + 1) 80352 V—1K; (512522 — 1) (522 + 1) NED
+ (s02s2% — 1) 51 B (s02s2% — 1) s189 ’
-1 _ (nra—mrors)  Ei(rirs—rery)  Hiry Kirs
' (rg? —r4?) (rg? —r4?) (rs? —=r4%)  (rs® —r4?)
B \/—71\/532 (512 — 1) \/leiSO%SQ (812 — 1)
(802892 — 1) 81 (802822 — 1) 51
N V—-1K; (812822 — 1) (322 + 1) SO%SQ V—1H; (312322 - 1) (322 + 1) V50
(so2s9? — 1) 51 (s02s9? — 1) s189 '
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We express X;(u) in terms of 1;, E;, H;, K, eV=1% and obtain Xi(u) = prA+p A=t +
p3A73 + py A3, where A = eV=1u and

oy = FE; (812 — 1) S0 (802524 + 592 + 1) B (812 — 1) (502524 + 502892 + 1)
(802822 — 1) (802822 — 1)
H; (812822 — 1) (822 + 1) (802822 + 502 + 1)
(502821 — 1)
K; (512322 — 1) (522 + 1) EN) (802822 + 592 + 1)
(s02s2% — 1) ’
Dy = (512 — 1) 502 (802824 + 592 + 1) B FE; (512 — 1) S0 (502324 + 502522 + 1)
(802892 — 1) (802892 — 1)
Hi (812822 — 1) (822 + 1) 802 (802822 + 822 + 1)
(s02s2% — 1)
K (s1%52% — 1) (s22 + 1) s0 (s0?s2% + so® + 1)
(s02s2% — 1) ’
Dy = E; (312 — 1) 503592 B K; (812822 - 1) (822 + 1) 503
(s0%s2% — 1) (s0%s2? — 1)
B (812 — 1) so*se? H; (812522 — 1) (822 + 1) s0%s92
(802822 — 1) (802824 — 1)
i = (812 — 1) S92 B H; (512522 — 1) (322 + 1)
(s0%s2% — 1) (s0%s2% — 1)
E; (312 — 1) spse? K; (812822 — 1) (822 + 1) S089°
(so2s9?2 — 1) (soZset — 1) '

+

_l’_

Assume that G;, G 1 E;,1; satisfy the following relations (which are BMW relations
and the new skein relation):

GGj = G;Gi, EGj =GB, li—j|>2,
GiG;G; = GGGy, |i—jl=1,
EiEinE; = L,
G,E; = E;G; = — \éjl E;
5025159
E,GE; = V=1s0% 5159 E;, i —j| =1,
2 (50?512 — 1) (s0%s2% — 1) (s0® + 1) B
g (512 —1) (822 — 1) s0® !
EiGix1Gi = Git1GiEit1 = EiEiy,
Git1EiEiy1 = G B,
EiEinG; = E;G,
G\ EG| = GiEin G,
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and

Ei (802812822 + 1) (312 — 1) (822 — 1) i vV —1Gi (812822 - 812 + 1)

G = (802892 — 1) 802512892 /505152
B (812822 — 822 + 1) 1+ MSlG;1
5082° ‘ 50%52 ’
G2 %0 (51252 —s12 + 1) L (s0%s1259% +1) (512 = 1) (522 — 1) SOQEA
i 512 ? (502322 —1) 512 v
~ VLso (1782 — 52”4 1) a1 \/?180382G<
s152 ' s1 "

By expression H;, K; in terms of 1;, G;, G 1 E; and use the above relations, it is easy
to check that the following relations hold.

(802812 — 1) (802822 — 1) (802 + 1)

E2 = E;
Z (512 = 1) (522 = 1) 50° )
H? = H;
K? = v K; + voH; + w3l + vy B, (7.1)

H,E; = E;H; =0,
K,E; = E;K; = @ E;,
KiH; = H;K; = q2H;,
EiK;11E; =0,
EiEip1Hi = EiKig,
EiEin1 K = EiHig,
HiEinEi = K1 B,
KiEin By = Hin B, (7.2)
EHinE; = q E;,
EiHipHi = @FE Ky = B K K,
HiHi1Ei = K By = K K11 B,
KiEip1Hi = Hip1 EiKig,
HiEip Hi = Kin1 Ei K,
EiHip1K; — By HiKi1 = Eij(viHip + v K1 +v3Eip1 +valy)
+ Eip1(—viH; — voK; — v3E; — v41),
KiHi1 B — Kiy1HiBipy = (viHig1 + v K1 + 03B +vil)E;
+ (—viH; — vl — v3E; — vgly) By, (7.3)
HiKip1Ei — Ein KiHip = Kig B — Ein K,
EiHix1 K; — KiHit1 By = Ej(viHiz1 + v2Kit1 + v3Eix)
— (v Hix1 +vo K1 +v3Bi1) By
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where

_ (502812522 — 1) (—806526 + 804522 + 802824 — 1)
@ = (802822 — 1) (812822 — 1) (824 — 1) 803 ’
(812 - 802822) (802 — 1) 822
80 82 — 1) (51 82 — 1) (822 + 1) S0
(51 — 1) (*804526 — 50289% + 502522 + 1)

Q2=(

U= (502822 — 1) (812822 — 1) (822 + 1) 50
vy = (802822 + 1) (812 - 802822)
(512522 — 1) (522 + 1) 502
vy = (302524 — 1)2 (504812524 — 802514522 — 502322 + 512)
(502522 — 1)% (512592 — 1)% (592 + 1) 502 ’
oy = (80282 + 1) (so g9t — 1) (30 512892 — 1) (312 — 1)

(502592 — 1) (512592 — 1)% (592 — 1) (522 + 1)%503

The equations in (7.3) follow from the equations in (7.1) and (7.2).

We expand the Yang-Baxter equation

Xi(u)Xi_H(u + U)Xi(v) = Xi+1(U)X¢(U + U)Xi_;,_l(u)

using X;(u) = p1A 4+ po A~ + p3A~3 + pyA3 and obtain 37 equations in terms of 1;, H;,
K;, E;. Assume that H;, K;, E; satisfy (7.1), (7.2), (7.3). We simplify the 37 equations
using (7.1), (7.2), (7.3) and obtain 37 equations which involve terms of the form H;H; 1 H;,
KK 1 Hy, KKK, KiHi1H;, Kiv1H;K;+1. We combine the 37 equations and solve
the equations for H;H;+1H;, K; K1 H;, Kip1 KK, KiHiw1H;, K1 H;K; 11 and obtain

the following:

H;H; 1 H;

K;K;+1H;

KKK =

K;H;+1H;

=H; 1 HiHip1 +a1(Hi — Hiy1) (7.4)

+ax(KiEBin Ky — Kiy EiKi) +as(HiKiy1Hy — Hi 1 KGHig),

=Hi 1 KiKit1 + a1 (EiKip1 — K Eij1q) (7.5)

+ag(Hip1 K — Kit1 H;) + a3(H; K1 H; — Hip1 KiHitq),

KK K + b (Ei K1 — KB + K By — B K;) (7.6)
+bo(—Hi1 K + Kin Hy + Hi K1 — KiHiqq)

+b3(HiKi 1 H; — Hiy 1 KiHiy 1) + ba(— K + Kig 1),

= Hi11H; K+ (7.7)

+b01(KiBix1 — EiKix1 — Hi + Hix1)

+by(— K1 Hy + Hi1 Ki + KiEj 1 Ky — K1 EiKit1)
+b3(—H;Kj11H; + Hix1 K;Hit)

+ by (Hiz1 By — Eip1 Hy),

— 29 —



Ky WHKiW = KiH; 1 K; (7.8)
+o(—HiKip1 + KiEBi Ky + KiHip — K B K — K Hy + Hi 1 KG)
+ea(—Kin B + B Ky — Hy + Hiy1 — Ei K1 + KiEiyq)
+e3(HiKip1Hi — Hip1 KiHig 1) + ca(—Ei + Eiy),

where

(802824 — 1)(812 — 1)822

ay =
(502592 — 1)(512892 — 1) (892 + 1)’
0y — (512 —1)(522 — 1)s0522
(80 82 — 1)(81 82 — 1)(822 + 1)’
a5 — (s2% — 1)803227
502598 — 1
b (80 59t —1)(512 — 502892 (51% — 1)s92
(502522 — 1)(s12592 — 1)% (592 4+ 1)%s
by = — (512 — 1)s92
(517827 — 1)(s2? + 1)
b3 _ _(822 _ ?02824)
(s02s28 — 1) 7
by — (s02s9* — 1)2(512 - 1)2522
(502522 — 1)% (512592 — 1)% (592 + 1)’
o = (sots9% — 1)( 12-1)
(802822 — 1)(s12522 — 1)(s822 + 1)s0’
y— (512 — 502522) (512 — 1)(—50%5210 + 50%525 + 59259% — 1)
(502522 — 1)% (512592 — 1)% (592 + 1) 502 ’
sotse® — 1
@ 503828 — 50’

_ (502524 — 1)3(30482 — 1)(80 51282 — 1)(512 — 1)2
(SO SQ — 1) (81 SQ — 1) (SQ — 1)(82 +1)3803

On the other hand, we verified that the equations (7.1)—(7.8) imply the Yang-Baxter
equation

X,-(u)XZ-H(u + ’U)XZ‘(’U) = Xi+1(1))Xi(U + U)XZ'_H(U).

Let K be a field. We define a K(sg, s1, s2)-algebra A generated by H;, K;, E;, i €
{1,...,n} subject to the relations (7.1)—(7.8). We have the following theorem.

Suppose that H;, K;, E;, i € {1,...,n} satisfy (7.1)—(7.3). Then X;(u) satisfies YBE
if and only if H;, K;, F; satisfy the other defining relations in the algebra A.

When so = ¢, s1 = ¢%, s2 = ¢ (SU(2) fused 3 x 3 lattice model case), the equa-
tions (7.4)—(7.8) are (6.28), (6.44), (6.30), (6.29), and (6.45) respectively. When sq = ¢,
s1 = q 1, s = ¢* (G case), the relations (7.1)—(7.8) are the corresponding relations in

section 3 of ref. [9] after some rescaling of F;, H;, K;.
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Since we showed in section 3 that the YBE and BMW are obeyed if and only if the
relation g, egs. (3.19)—(3.21), is obeyed, it follows that this relation is equivalent to the
algebra A or to the general H and K relations.

8 Conclusions

We studied in this paper the algebraic structure underlining solvable IRF (Interaction
Round the Face) lattice models. We proposed that the algebra depends only on the number
of blocks. For two blocks we obtain the Hecke Ay algebra and the Temperley-Lieb (TL)
algebra. For three blocks, we found that it is the weak Birman-Murakami-Wenzl (BMW)
algebra. This algebra has a quotient which is the BMW algebra, which contains the TL
algebra, with a different skein relation. In fact, in all cases we checked the all the BMW
relations hold. We conjecture that this phenomenon is general. For four blocks, we found
that the algebra is a version of BMW algebra, with a different skein relation, along with
one additional relation. This algebra is new, to the best of our knowledge, and we plan to
further investigate it.

These results suggest the following general picture. The n block algebras, for n =
1,2,... form a chain of algebras, which are quotients of the universal free algebra with
generators 1, E;, G;, such that the relations which define the n+ 1th quotient contain those
of the nth quotient, except for the skein relation which is different. We find that this
picture is established for the two, three and four blocks cases.

To further investigate this chain of algebras, it behooves us to study the five blocks
algebra, and hopefully also higher blocks, with the ultimate goal of finding the general
algebra. This we intend to pursue in future work.

If the conjecture of section 4 holds, then our results will be relevant to knot theory,
since then the algebras can be used to define new link invariants. In addition, this algebraic
structure we found sheds more light into the physics of IRF models.
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A Weights of the G, model

The Boltzmann weights are taken from Kuniba and Suzuki, ref. [16].
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The Weyl vector p = (1,1) and the weights of the seven-dimensional representation

space of Uy(G2) are
€_3 = (0,1), €_92 = (1,—1),
€1 = (_1>2)7 €y = (0a0)7

and

€= —e_;.
We consider the highest weight module of U,(G2) with the highest weight
a = (a,asz).
We introduce function
Gla] = s[3a1]s[az]s[3a1 + a2]s[3a1 + 2as2]s[3a1 + 3az]s[6a; + 3az] .
Now we introduce the Boltzmann weights. First of all, for p # 0

s[1 + uls[4 + u|s[6 + u]
s[1]s[4]s[6]
slag — uls[4 + u]s[6 + u]

Bla, u, i, g, pi, ] =

Bla,u,—3,-2,-3,-2] =

slaz]s[4]s[6]
([ slaz + 1]s[ag — 1] 2 slu]s[4 + u]s[6 + u]
Bl 28,82 = (Mg ) R e

s5[3a1 + az — u)s[4 + u|s[6 + u]
s[3a1 + ag)s[4]s]6]

Bla,u,—3,—-1,-3,—-1] =

N

sluls[4 + u]s[6 + u]

Bla,u,—1,-3,-3,—1] = (s[3a1 + ag + 1]s[3a; + az — 1])

s[3ay + ag)?

3a1 + 2as — u]s[4 + u]s[6 + u]
s[3a1 + 2az)s[4]s[6]

s[3a1 + 2az + 1]s[3a; + 2a2 — 1])

s[3a1 + 2as]?
s[3a1 + az — 2 — u|s[az — u]s[6 + u]
s[3a1 + ag — 2]s[az]s[6]
slag + 3]s[3a1 + az — 1]s[3a1 + az + 2]s[3a1 + 2a2 — 2 — u]s[2]s[u]s[6 + u]
slag]s[3a1 + ag]s[3a1 + as — 2]s[3a1 + 2ag + 1]s[1]s[4]s[6]

suls[3 + u]s[6 + u]

s[1]s[4]s[6]

s[1]s[4]s[6]

Bla,u,~2,1,-2,1] = il

N

su]s[4 + u]s[6 + u]
s[1]s[4]s][6]

Bla,u,1,-2,-2,1] = <

Bla,u,—3,0,-3,0] =

_|_

Bla,u,0,-3,-3,0] =

y <8[6L2 — 1]s[aa + 2]s[3a1 + a2 — 1]s[3a1 + a2 + 2|s[3a1 + 2a2 — 1]s[3a;1 + 2a2 + 3]

slag]s[as + 1]s[3a1 + ag]s[3a1 + a2 + 1]s[3a1 + 2as + 1]?
slag + 3 + uls[u]s[6 + u] "
s[3a1 + az + 1]s[4]s[6]
y <s[3a1 + 3]s[3a1 + az — 1]s[3ay + az + 2]s[3a; + 2as — 1]3[2])é
s[3a1]s[3a1 + 2as + 1]s[as]s[az + 1]s[1]

Bla,u,—2,-1,0,-3] =
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(A1)

(A.2)

(A.3)

)g



s[3a1 + a2 + 3 + uJsu]s[6 + u]
slag + 1]s[4]s[6]
< s[3a1 — 3]s[az — 1]s[az + 2|s[3a1 + 2as — 1]s][2] >;
s[3a1]s[3a1 + 2a2 + 1]s[3a1 + a2]s[3a1 + a2 + 1]s[1]
Bla,u,—2,—1,-2,—-1] =
~ s[3a1 —uls2 + uls[6 +u]  s[az — 2]s[3a1 + a2 + 3]s[3a1 — 2 — u)s[u]s[6 + u]
B s[3a1]s[2]s[6] slaz]s[3a1 + ag + 1]s[3a1]s[4]s[6]
s[3a1 + 3ag — u)s[2 + u]s[6 + u]
s[3a1 + 3ag)s[2]s[6]
slag + 2]s[3a1 + 2a2 + 3|s[3a1 + 3az — 2 — u|s[u]s[6 + u]
slaz]s[3a1 + 2ag + 1]s[3a1 + 3az]s[4]s[6]
s[3a1 + 2az + 3 + u|sfu|s[6 + u]
slag — 1]s[4]s[6]
( slag — 2]s[as + 1)s[3a1 + az — 1)s[3a1 + 3as — 3]s[2] )5
s[3a1 + ag + 1]s[3a1 + 3az]s[3a1 + 2a2]s[3a1 + 2az + 1]s[1]

Bla,u,—1,-2,0,-3] = —

Bla,u,—-3,1,-3,1] =

Bla,u,1,-3,0,—-2] = —

s[3a1 + 2a2 — 2 — u]s[az + u]s[6 + u]
s[3a1 + 2ag — 2]s[az]s[6]
slag — 3]s[3a1 + 2a2 — 1]s[3a1 + 2as + 2]s[3a1 + ag — 2 — u]s[2]s[u]s[6 + u]
slag]s[3a1 + 2az]s[3a1 + 2a2 — 2]s[3a; + a2 + 1]s[1]s[4]s[6]
s[3 4 u]s[6 + u]
s[1]s[4]s[6]

1
y slag — 2]s[as + 1]s[3a1 + a2 — 1]s[3a1 + az + 3]s[3a1 + 2a2 — 1]s[3a1 + 2a2 + 2])2
slag — 1]s[as]s[3a1 + a2 + 1]%s[3a1 + 2az + 1]s[3a1 + 2as]

Bla,u,—2,0,-2,0] =

Bla,u,0,-2,—2,0] = 21

s[6ay + 3ag — u)s[2 + u]s[6 + u]
s[6a1 + 3az)s[2]s[6]
s[3a1 + a2 + 2|s[3a; + 2az + 3]s[6a; + 3az — 2 — u]s[u]s[6 + u]
s[3a1 + az]s[3a1 + 2as + 1]s[6a; + 3az]s[4]s[6]
s[3a1 + az + u|s[3a1 + 2a2 — 2 — u]s[6 + u]
s[3a1 + ag)s[3a1 + 2as — 2]s[6]
s[3a1 + az — 3|s[3a1 + 2a3 — 1]s[3a1 + 2a2 + 2|s[as — 2 — u]s[2]s[u]s[6 + u]
s[3a1 + ag]s[3a1 + 2as — 2]s[3a; + 2az]s[az + 1]s[1]s[4]s[6]
s[uls[3 + u]s[6 + u]
s[1]s[4]s[6]

y <s[a2 — 1]s[ag + 3]s[3a1 + az — 2]s[3a1 + ag + 1]s[3a1 + 2as — 1]s[3a; + 2a2 + 2])é
slag + 1]%2s[3a1 + a2 — 1]s[3a1 + ag]s[3a1 + 2a2]s[3a1 + 2as + 1]
sl6ar + 4az — 1 + u]s[2 + u]s[6 + u]
s[6ay + 4az — 1]s[2]s[6]
slag — 2]s[3a1 + ag — 2]s[3a1 + 2az — 3]s[6a; + 4ag + 1 + u]s[u]s[6 + u]
slag]s[3a1 + az]s[3a1 + 2ay — 1]s[6a; + 4as — 1]s[4]s][6]
Gla + e3] s[6a1 + 4ag + 5 + u]s[u]s[2 + u]
Glal s[6ay + 4ag — 1]s[4]s[6]

Bla,u,—3,2,-3,2] =

Bla,u,—1,0,-1,0] =

Bla,u,0,-1,-1,0] =

Bla,u,3,-3,3,-3] =
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Bla,u,2,—2,2,-2] =

s[6ar + 2as — 1 + u|s[2 + u)s[6 + u]
s[6ay + 2a2 — 1]s[2]s[6]
slag + 2]s[3a1 + ag — 3]s[3a1 + 2as — 2]s[6a; + 2a + 1 + u]s[u]s[6 + u]

a slag]s[3a1 + az — 1]s[3a1 + 2as2]s[6a1 + 2a2 — 1]s[4]s][6] (4.6)
_ Gla+eg] s[6ar + 2a2 + 5 + uls[u]s[2 + u]
Gla] s[6ay + 2az — 1]s[4]s[6]
Bla,u,1,-1,1,—-1] =
s[2a2 — 1+ uls[2 + u]s[6 + u]
s[2a2 — 1]s[2]s]6]
_ slag — 3]s[3a1 + az + 2|s[3a1 + 2as — 2]s[2az + 1 + ufs[u]s[6 + u]
slag — 1]s[3a1 + az]s[3a1 + 2az]s[2a2 — 1]s[4]s[6]
_ Gla+ e1] s[2as +5 + uls[uls[2 + u]
Gla] s[2az — 1]s[4]s]6]
_ 5[6 —us[12 4+ u|s[3 +u] = s[u]s[3 + u]s[6 + u]
Bla..0.0,0.0) = s[6]s[12]s(3] 5[6]s[9]s[12]
> Gla + e,] Gla +e_,]
———" Bla,—12,0, 11,0, ] + ————" Bla, —12,0, —p, 0, —pu] AT
X§;< &ial .0, 1 &l z M) (A7)
Taking symmetries (eq. (9a) in ref. [16]) into account, we get also
Bla,u,—3,— —3| = Bla,u, —2,—3, -3, -2]
B[a,u, -3, — -3] = B[ -3,-3,—1]
Bla, QJJ,ﬂ:BmmL— —2.1]
B[ ~3,0,0, szmuo ~3,-3,0]
Bla,u,0,—-3,—2,—1] = Bla,u —1,0, 3] (A.8)
Bla,u,0,-3,—-1,—-2] = Bla, —2,0,-3]
B[a u, 0, 2,1,—3] :B[a u,l, -3,0,—2]
Bla,u, —2,0,0,—2] = Bla, u,0, —2, —2, 0]
Bla,u,—1,0,0,—1] = Bla,u,0,—1,—1,0]
Taking symmetry eq. (9b) of ref. [16] into account
Bla,u, k,n, u,v] = B[—a,u, —Kk, —n, — 1, —V] (A.9)

Notice the difference with respect to eq. (9.b) of ref. [16], where an additional factor 2p is
present in the r.h.s., —a — —a — 2p.

And also the symmetry eq. (9c)

Gla+ e;]Gla + e,
Gla]Gla + ex + €]

Bla,u, k,n, p,v] = —(—1)“”\/ Bla+ey,—6 —u, —p, k,v,—n] (A.10)
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