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A known limitation of time-dependent mean-field approaches is a lack of quantum tunneling for 
collective motions such as in sub-barrier fusion reactions. As a first step toward a solution, a time-
dependent model is considered using a superposition of Gaussian wave packets, to describe the relative 
motion between two colliding nuclei, which may be simplified to a problem for one particle in one 
dimension. In this article, how the model describes the potential-barrier transmission is investigated by 
paying attention to the time evolution of the phase space distribution, which in particular reveals that 
the behavior of the free propagation of the incoming state is not trivial, depending on the number of 
superposed wave packets. Passage over the barrier can occur due to the high-momentum components 
in the incoming state corresponding to energies above the barrier height, which is, however, of classical 
nature and needs to be distinguished from the true quantum tunneling. Although a transmitted wave 
packet in some case may end up with an energy lower than the barrier, a difficulty is noticed in 
guaranteeing the energy conservation when the energies of different exit channels, e.g. of transmission 
and reflection, are individually measured. To overcome these issues for a description of quantum 
tunneling is still a challenging problem. This article mainly treats the same system with the same model 
as in the paper Hasegawa, Hagino and Tanimura (2020) [1]. However, we reach different conclusions.

© 2022 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.
1. Introduction

It is a long-standing problem to describe many-particle quan-
tum tunneling in time-dependent mean-field approaches [1–4], 
such as for sub-barrier fusion of colliding nuclei [5]. To predict 
emergence of multiple reaction channels, e.g. of fusion and scat-
tering, is a general desire in time-dependent approaches for many-
body systems. In some cases, stochastic extension of a model can 
allow channels to emerge as a consequence of time evolution, such 
as in transport models for heavy-ion collisions [6–13]. Tunneling 
further requires true quantum description for the translational mo-
tion of a nucleus, which is often not straightforward because the 
center-of-mass wave function is enforced to be localized in space, 
like a wave packet, when the nucleus is described in a mean-field 
model.

In this situation, a possible idea to go beyond is to use a coher-
ent superposition of Slater determinants

|�〉 =
∑

a

fa|�(za)〉, (1)
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where each Slater determinant |�(za)〉 is specified by a set of 
parameters za . It was suggested by Ref. [1] to determine the 
time dependence of these parameter sets {za(t)} and the coeffi-
cients { fa(t)} by the time-dependent variational principle, to do 
a simulation starting with a given initial condition. This formal-
ism was called a time-dependent generator coordinate method 
(TDGCM). Among the models which may be called by the same 
name [14–21], the model used in Ref. [1] is unique in that both 
{za(t)} and { fa(t)} are simultaneously determined.

For the Slater determinants |�(za)〉 in TDGCM, we use in this 
article the wave functions of antisymmetrized molecular dynamics 
(AMD) [22,23], i.e., Slater determinants of Gaussian wave pack-
ets of a fixed width. One of the benefits of using an AMD wave 
function for |�(za)〉 is that the center-of-mass motions of compos-
ite particles are separated from their internal degrees of freedom. 
Therefore, e.g. for a collision of 4He + 4He, the many-body state 
can be rewritten as

� =A[
ψ(x)�α(ξ1)�α(ξ2)

]
�c.m.(Xc.m.), (2)

when the internal excitations of each nucleus are ignored. Here the 
center-of-mass wave function �(Xc.m.) and the internal wave func-
tions of individual 4He nuclei, �α(ξ1) and �α(ξ2), are all written 
le under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by 
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with Gaussian functions in AMD. Then, in this simplified example, 
only the time evolution of the wave function for the relative coor-
dinate x between the two nuclei

ψ(x, t) =
∑

a

fa(t) e
−νr

(
x− za(t)√

νr

)2

(3)

needs to be considered in the many-body state of Eq. (2). The 
Gaussian centers za(t) take complex values. It should be noted 
that za(t) do not always have direct physical meaning when non-
orthogonal wave packets are coherently superposed. The width pa-
rameter for the relative motion is νr = 2ν in this example, where 
ν is that of single-particle wave packets.

The aim of this paper is to investigate how the TDGCM model 
predicts barrier transmission in a simplified problem for one de-
gree of freedom, still keeping the source of the issue in many-body 
problems that the state usually has to be described by localized 
wave packets. To allow intuitive understanding, in Sec. 4, we pay 
attention to the time evolution of the phase-space distribution 
function which directly represents the information on the wave 
function ψ(x, t) of Eq. (3). In particular, already in the incoming 
state, we will realize important roles played by the momentum 
distribution. Considerations are made in Sec. 5 based on the phase 
space, to clarify how the barrier transmission occurs in TDGCM, 
and what problems have to be overcome to extract the informa-
tion on quantum tunneling, if any, from TDGCM simulations.

This study mainly considers the same setup of the reaction sys-
tem with the same TDGCM model as the study of Ref. [1]. In fact, 
numerical results published there are partly used here in Secs. 4
and 5. However, the consequence of the present study disagrees 
with the quick conclusion made by Ref. [1] that TDGCM could sim-
ulate quantum tunneling. Comments are made on this in Sec. 6.

2. Problem setup

Our consideration here is limited to the cases which are re-
duced to problems of one particle in one dimension, including the 
case of 4He + 4He in one dimension. We also assume that the an-
tisymmetrization A in Eq. (2) is not essential. We will use the 
terminology for one-particle problems below for simplicity. The 
translation to the case of the relative motion of two nuclei is 
straightforward.

For the potential barrier V (x), we should allow various possi-
bilities of the barrier height and width for the purpose to test the 
model. However, also for the simplicity of terminology, we assume 
that V (x) is sufficiently smooth compared to the spatial width of 
the wave packets, so we do not distinguish V (x) and its expecta-
tion value for a wave packet centered at x.

The model uses compact wave packets for the expansion 
in Eq. (3). Gaussian wave packets form an overcomplete non-
orthogonal basis, so ψ(x, t) of Eq. (3) can express the exact so-
lution of the Schrödinger equation if a sufficiently large number of 
wave packets can be superposed. On the other hand, the study in 
Ref. [1] was done when two wave packets are used for expansion 
as

ψ(x, t) = f1(t) e
−νr

(
x− z1(t)√

νr

)2

+ f2(t) e
−νr

(
x− z2(t)√

νr

)2

. (4)

A result with 10 wave packets was also reported briefly in Ref. [1]. 
It is not clear whether one should ideally superpose as many wave 
packets as possible until the result converges, or one should choose 
a suitable number of wave packets for the best prediction of quan-
tum tunneling. We will consider both cases of philosophy of the 
model.

The position and momentum centers of each Gaussian wave 
packet, denoted here by xa(t) and pa(t), are related to the param-
eter za(t) by
2

Fig. 1. The momentum distributions for the two Gaussian wave packets which were 
used in the initial state in the calculation of Ref. [1]. The gray area indicates the 
region that is relevant to quantum tunneling (E < 0.13 MeV and p > 0).

za(t) = √
νr xa(t) + i

pa(t)

2h̄
√

νr
. (5)

We choose the same width parameter νr = 1 fm−2 as Ref. [1]. As 
an example of the initial condition, we may consider the same con-
dition as in Ref. [1] by taking

x1 − x2 = 0.1 fm and p1 − p2 = 1.21 MeV/c (6)

for the two wave packets at t = 0. The coefficients are taken to be 
f1 = f2 at t = 0.

In Ref. [1], the initial momentum was chosen as 〈p〉 = 1
2 (p1 +

p2) = 19.98 MeV/c, which is much smaller than the momentum 
width, �p = h̄

√
νr = 197 MeV/c, associated with the Gaussian 

wave packet. In Fig. 1, the momentum distributions for the two 
individual components in Eq. (4) at t = 0 are shown by the blue 
dotted line (for the first term) and by the red solid line (for the 
second term). The momentum centers p1 and p2 are practically 
identical. Since the two wave packets are superposed in phase in 
Eq. (4), the distribution for the total wave function ψ(x, t = 0)

also has the same shape. An important question to be addressed 
later is whether this broad momentum width plays any role for 
the time evolution of ψ(x, t). For the choice of the potential V (x)
in Ref. [1], the gray area indicates the region of 0 < p <

√
2μV B, 

where V B = 0.13 MeV is the barrier height. The mass is μ = 1876
MeV/c2. This narrow region is the part relevant to quantum tun-
neling, where the potential barrier cannot be passed over in clas-
sical dynamics.

3. Dual view on energy and momentum

To avoid confusions, let us clearly distinguish two possible 
viewpoints on the interpretation of the state described by the wave 
function ψ(x, t), or equivalently by the parameters such as xa(t), 
pa(t) and fa(t). Of course, in the usual sense of quantum mechan-
ics, we can extract any physical information from ψ(x, t) using the 
standard recipes. Let us call this way “View A” in this article. In 
the other viewpoint, which we call “View B” here, one ignores 
the momentum width of individual wave packets, so that a wave 
packet is regarded as having a definite momentum pa . More gen-
erally, the state represented by ψ(x, t) might be assumed to have 
a definite momentum calculated as 〈ψ |p|ψ〉/〈ψ |ψ〉. A clear dif-
ference between the two views can be identified by considering 
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Fig. 2. Wigner and Husimi functions for a free particle motion, at different times from t = −10 fm/c to 25 fm/c. The Wigner function is shown by the contour lines 
drawn for f = 0.2, 0.4, 0.6, . . ., while the Husimi function is represented by the color scale. The initial condition for the Wigner function was chosen as fW(x, p, t = 0) =
2 exp(−2νr x2 − p2/2h̄2νr) which is very similar to the Wigner function of the initial state ψ(x, t = 0) of the TDGCM calculation in Ref. [1].
the value of kinetic energy. In View A, the expectation value is 
〈p2/2μ〉 = p2

a/2μ + T0, where the constant term

T0 = h̄2νr/2μ (7)

originates from the momentum width of the wave packet. On the 
other hand, in View B, the wave packet has a definite kinetic en-
ergy Ea = p2

a/2μ. The difference between the two views is not 
negligible; T0 = 10.38 MeV in our example.

When nuclear reactions are simulated, View B has been taken 
widely in time-dependent approaches, such as TDHF and trans-
port models including AMD, for the center-of-mass motions of 
nuclei. This view is convenient because the reaction with a fixed 
beam energy can be simulated by choosing the initial value pa =√

2μEbeam and also because an emitted nucleus can be regarded 
as having a definite energy Ea = p2

a/2μ. Although View B violates 
rules of quantum mechanics (e.g. Heisenberg’s uncertainty princi-
ple), it works in many cases without causing serious inconsisten-
cies, mainly because T0 is just a constant term in the Hamiltonian, 
so it affects neither the equation of motion nor the energy conser-
vation. However, to the best of the author’s knowledge, the models 
that take View B have not been extended successfully to treat 
coherent superposition of wave packets, though stochastic branch-
ing of wave packets or many-body states is typically considered 
in transport models [6–13]. It is therefore an important question 
whether View B can be taken in the TDGCM model, which will be 
addressed later in detail.

We are relatively safe in View A, though a drawback is that the 
initial state cannot be prepared as a momentum eigenstate.

The lack of quantum tunneling in the models with a single 
wave packet (i.e. a single Slater determinant) can be understood 
in either view. In View B, the classical Hamiltonian without the 
T0 term can simply explain that the barrier cannot be passed 
over when pa <

√
2μV B (a = 1). View A should be based on 

the initial momentum distribution f (p) associated with the wave 
packet. When pa <

√
2μV B, a tail of f (p) may be still extending 

to the high-momentum region (p >
√

2μV B) where barrier pas-
sage would be possible. However, the probability in f (p) is larger 
in the part of p <

√
2μV B where barrier passage is less proba-

ble even if quantum tunneling is allowed. Since the model does 
not allow the wave packet to split into two parts, the dynamics 
can only choose the major branch so the wave packet will be to-
tally reflected. On the other hand, when pa >

√
2μV B, the wave 

packet will be totally transmitted for the same but inverted reason. 
In this case, some tail component of f (p) may still exist in the 
low-momentum region, and therefore one could in principle ar-
gue that transmission always occurred even when there was some 
probability of p2/2μ < V B. However, this is customarily not called 
quantum tunneling.

4. Incoming state

A freely propagating state is used at the initial stage of the sim-
ulation. Free propagation is trivial in many models, but it may not 
3

be so in a newly invented model, so we should carefully consider 
it in TDGCM. In fact, we will realize that the incoming state in the 
TDGCM simulation has special features.

4.1. Exact solution and superposition of many wave packets

The well known exact solution for a free motion is displayed in 
Fig. 2, in which the Wigner function fW(x, p, t) [24] is shown from 
t = −10 to 25 fm/c, by solid contour lines. The figure was drawn in 
the boosted frame in which 〈p〉 = 0 and 〈x〉 = 0. Importantly, the 
correlation between x and p (p–x correlation) develops strongly 
as the time progresses, which indicates that different momentum 
components are resolved by the time evolution, resulting in differ-
ent spatial positions. As a reference for comparison, we will use 
later the Husimi function [25] defined by

fH(x, p, t) =
∫∫

dx′dp′

2π h̄
e
− (x−x′)2

2�x2 − (p−p′)2

2�p2 fW(x′, p′, t) (8)

with �x = 1/(2
√

νr) and �p = h̄
√

νr . It is shown in Fig. 2 by the 
color scale.

The equation for the time evolution of fW(x, p, t), derived 
from the Schrödinger equation, can be viewed as an extension 
of the Liouville equation with quantum terms in general (see e.g. 
Refs. [26–28]). However, in the particular cases of the potential of 
the form V (x) = ax2 +bx +c including the case of free propagation, 
the equation is exactly identical to the classical Liouville equa-
tion. Therefore, the evolution of the distribution function can be 
easily understood based on the classical trajectories in the phase 
space.

If a sufficiently large number of wave packets are superposed as 
in Eq. (3) in a suitable way, the free propagation can be described 
precisely by TDGCM in principle. For example, wave packet centers, 
all of which are prepared almost at the same point in the phase 
space, will move to reproduce the exact solution e.g. by aligning 
along the principal axis of the deformed distribution, with suitable 
changes of weight factors.

4.2. Superposition of two wave packets

Next, let us investigate the free propagation when only two 
wave packets are superposed in TDGCM. We can easily know the 
trajectories of the wave packet centers from the energy contours, 
as shown in Fig. 3. The energy expectation value is

E = 〈H〉 = T0 + 1

N

∑
a

∑
b

p2
ab

2μ
f ∗
a fb Nab (9)

N =
∑

a

∑
b

f ∗
a fb Nab (10)

for a TDGCM state, with pab = ih̄
√

νr(z∗
a − zb) and the overlap ma-

trix Nab = e− 1
2 (z∗

a−zb)2
. For a free motion, the condition of f1 = f2
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Fig. 3. Contour plot for the energy E of a free particle when the wave function is 
approximated by a superposition of two Gaussian wave packets, centered at (x̃, ̃p)

and (−x̃, −p̃), with equal coefficients that are in phase. Contour lines are drawn 
for E = h̄2νr/2μ + k × 0.5 MeV for integers k. The thick contour line is for E =
h̄2νr/2μ = 10.38 MeV. The energy takes the minimum E = 4.60 MeV at (x̃, ̃p) =
(±0.80 fm, 0), shown by the crosses. The open circle indicates the initial condition 
chosen in Ref. [1], (x̃, ̃p) = (0.05 fm, 0.61 MeV/c). The dashed contour line is for 
E = 10.33 MeV corresponding to this initial condition. The width parameter of the 
Gaussian wave packets and the mass are chosen to be νr = 1 fm−2 and μ = 1876
MeV.

is preserved and the wave packet centers can be expressed as 
(x1, p1) = (x̃, p̃) and (x2, p2) = (−x̃, −p̃) at any time t in the 
boosted frame. The thick contour line in Fig. 3 is for E = T0. With 
this line as a separatrix, there are two kinds of trajectories of 
(x̃, p̃). If |p̃| is sufficiently large, |x̃| will increase, resulting even-
tually in non-interfering two wave packets. On the other hand, in 
the region surrounded by the separatrix, cyclic trajectories exist. 
They move around the energy minima shown by the crosses in 
Fig. 3. The energy at the minimum configuration is E = 4.60 MeV, 
which is significantly lower than T0 = 10.38 MeV, suggesting that 
two wave packets can form a rigid pair by effectively constructing 
a single wave packet with a narrow momentum width and a broad 
spatial width.

The point of (x̃, p̃) of the initial condition Eq. (6) is indicated in 
Fig. 3 by the open circle. It was chosen inside the domain of cyclic 
trajectories, but it is very close to the separatrix. Under this initial 
condition, the point of (x̃, p̃) should move cyclically on an energy 
contour shown by the red dashed line in Fig. 3. This is consistent 
with the trajectories in Fig. 2 of Ref. [1]. Here we are only looking 
at the wave packet centers, as in View B (see Sec. 3). The physical 
meaning of a cyclic motion for free propagation seems difficult to 
understand in this view.

Let us then take View A by looking directly at the information 
in the TDGCM wave function ψ(x, t) of Eq. (4). Eight points are 
chosen on the red dashed contour in Fig. 3, and the Husimi func-
tion fH(x, p) is calculated for each point and displayed in Fig. 4. 
In each panel, the location of the superposed two wave packets, 
±(x̃, p̃), are shown by open circles. The Husimi function is defined 
by Eq. (8) with the Winger function

fW(x, p) =
∫

ds e−ips/h̄ ψ∗(x − 1
2 s)ψ(x + 1

2 s) (11)

= 1

N

∑
a

∑
b

2 e−2νr(x−xab)2−(p−pab)2/2h̄2νr f ∗
a fb Nab, (12)

with xab = (z∗
a + z∗

b)/(2
√

νr) and pab = ih̄
√

νr(z∗
a − zb). The Wigner 

function is, however, not displayed in the figure; it sometimes 
shows violent oscillatory behavior and it takes negative values in 
some regions.

The panels in Fig. 4 have been arranged so that they are sim-
ilar to those for the exact solution in Fig. 2, at least for the left 
five panels. In fact, the evolution in panels from (b) to (d), is quite 
similar to the exact evolution from t = −5 to 5 fm/c. The states 
4

in (a) and (e) may also be acceptable approximations at t ≈ −10
and 10 fm/c. In this time interval, the evolution is consistent with 
the correct development of the p–x correlation. However, after the 
state of (e), the TDGCM solution largely deviates from the exact 
solution. The distribution is unphysically separated into two parts 
in (f), (g) and (h). The shape of each part is almost frozen, and 
the evolution of the p–x correlation is now pathological. In panel 
(f), for example, the front part (x > 0) of the distribution still has 
a weak tendency to have positive momentum 〈p〉 on average, but 
this part has to unphysically lose 〈p〉, in order to move to the for-
ward direction, stalling at the state of (g). The TDGCM solution 
further evolves to (h) and then to (a), closing a cycle of the trajec-
tory. In Fig. 2 of Ref. [1], the period of a cycle is found to be about 
150 fm/c, which is much longer than the time from panel (a) to 
(e) in Fig. 4. Namely, the pathological motion, from (e) through (g) 
to (a), is very slow.

Coming back to View B, let us look at the momentum pa and 
the energy Ea = p2

a/2μ (a = 1 or 2) for this free propagation. The 
consequence of the model is that both pa and Ea are changing in 
time, which sounds quite unrealistic as a free motion. The amount 
of the change is of the order of 100 MeV/c in pa , which is similar 
to the momentum width for the wave function. This implies that 
the origin of the change of pa and Ea is the momentum width, or 
the evolution of the p–x correlation induced by it. The effect of 
coherent superposition is not easy to understand in View B.

The state studied here is used as the incoming state of a 
TDGCM simulation. If one takes View B, it is at least inconvenient 
that the energy is changing so much before the potential plays 
any role. In View A, the state has a momentum distribution f (p)

which has to be taken care of in some way, but a good feature 
is that the time dependence of f (p) during the free propagation 
is small because the mean and the variance of the distribution are 
exactly conserved by the model. However, the evolution of the p–x
correlation is pathological, as in Fig. 4.

5. Considerations on barrier passage

The incident particle is described as in the previous section by 
a time-dependent state in TDGCM, and it now arrives at the po-
tential barrier. We have to carefully consider how the behavior of 
the incoming state may affect the barrier passage.

5.1. Superposition of many wave packets

First, let us consider the case in which a large number of wave 
packets are superposed. In View A, the evolution in the incom-
ing stage will be similar to the exact free propagation in Fig. 2. 
Note that the initial state has some momentum distribution f (p). 
The potential barrier is first encountered by the leading front part 
of the phase space distribution which has a relatively high mo-
mentum as a consequence of the developed p–x correlation. This 
leading part can pass over the barrier if it has energy higher than 
the barrier V B, and the part arriving later will tend to be reflected 
if the energy is lower than V B. Similar consideration is possible in 
View B for the passage and reflection of individual wave packets, 
which have been aligned to represent the developed p–x correla-
tion during the free propagation.

When a moderate number (e.g. 10) of wave packets are su-
perposed, the situation may be similar to the above consideration 
(see e.g. the case with 10 wave packets briefly reported in Ref. [1], 
and that in Ref. [29]). However, 10 wave packets are probably not 
enough to precisely express the free propagation for a long time 
(for 3000 fm/c in the case of Ref. [1]). Then interference among 
wave packets may have been lost, at least partly, and therefore 
the barrier passage is likely determined by independent motions 
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Fig. 4. Husimi function for the TDGCM state of Eq. (4) in a boosted frame. Each panel represents the Husimi function by the color scale, for the state specified by the 
parameters (x̃, ̃p), whose values are chosen on the dashed contour line in Fig. 3. The open circles represent the locations of the wave packet centers, ±(x̃, ̃p).
of wave packets (or e.g. of rigid pairs or groups of wave packets) 
when they encounter the barrier.

The barrier passage speculated above is of classical nature, at 
least partly, because passage occurs mainly when the energy is 
higher than V B. In View A, barrier passage occurred, simply be-
cause the initial momentum distribution f (p) had included high-
momentum components. In View B, the momenta pa(t) are chang-
ing in time during the free propagation, and the barrier passage 
may be determined by the value of p2

a(t)/2μ when each wave 
packet arrives at the barrier. However, the interpretation has to be 
more complicated if wave packets still interfere around the barrier, 
which is beyond the scope of View B.

We can still expect that some probability of true quantum tun-
neling is contained in the total probability of barrier passage. It 
is in principle possible to investigate such possibility by analyz-
ing the energy E of the transmitted particle. In View A, due to the 
distribution f (p), the energy may be E > V B in many cases but 
some probability may be found in E < V B, which can be identi-
fied as quantum tunneling. In the other View B, it is expected that 
the energies Ea = p2

a/2μ of the transmitted wave packets are usu-
ally higher than V B, which however does not deny a possibility 
that some transmitted wave packets end up with lower energies if 
wave packets are still interfering around the barrier (see an exam-
ple in Sec. 5.2). To obtain a converged result, dependence on the 
conditions needs careful investigation, such as the number of wave 
packets and the timing of arrival at the barrier.

In the approach called entangled trajectory molecular dynamics 
[30–32], where quantum effects are taken into account by coupling 
the phase space trajectories, the calculated transmission probabil-
ity is often compared with the classical result obtained from the 
same initial condition of the phase space distribution (in View A). 
This allows identification of the genuine quantum contribution to 
the barrier transmission. Similar analysis should also be performed 
for the TDGCM solution.

Another strict check for tunneling is to analyze the dependence 
on the thickness of the potential barrier V (x). If the transmission 
is quantum tunneling, its probability should decrease when the 
width of the barrier is increased. The transmission is not quantum 
tunneling if it occurs for the infinite width [e.g. V (x) = 0 for x < 0
and V (x) = V B for x > 0]. With a result of such a check, quantum 
tunneling would be clearly identified.

5.2. Superposition of two wave packets

Next, let us investigate the case in which only two wave packets 
are superposed. We stay in View A here (see Sec. 6 for the case of 
View B). The behavior of the incoming state is already nontrivial 
as discussed in the previous section, and the cyclic motion in the 
incoming state is very slow in the pathological phase [from (e) 
through (g) to (a) in Fig. 4]. Therefore, the potential barrier will 
be encountered with a large chance in the pathological phase. For 
example, if the barrier is encountered in the stage of (f), the front 
part of the distribution will pass over the barrier when the average 
momentum 〈p〉 in this part is high enough. In fact, each of the 
5

front and rear parts is similar to a Gaussian wave packet like the 
initial state in panel (c), and even a slightly larger 〈p〉 than the 
initial one may be sufficient for barrier passage (as reminded by 
Fig. 1). Such a barrier passage by a part with a frozen shape is not 
called tunneling in general. The same can occur in usual AMD and 
TDHF when 〈p〉 is high enough. This consideration on the above 
example seems to be consistent with the case shown in Fig. 2 of 
Ref. [1].

After the front part passed over the potential barrier, the two 
parts may still continue to interfere weakly in a similar way to 
the evolution from (f) to (h) in Fig. 4. Then the transmitted part 
can reduce 〈p〉 resulting in an energy lower than V B, as it should 
be in quantum tunneling. A question is whether the energy is 
guaranteed to result in a right value. In the example reported in 
Ref. [1], this transmitted component had an energy expectation 
value lower than the 4He + 4He threshold by about 2 MeV (see 
Fig. 4 of Ref. [1]), which is possible in a sense due to the attractive 
interaction between the nuclei. However, as the initial quantum 
state did not include components lower than the threshold, such 
an event with an inconsistent energy needs more investigation. 
This manifests the problem that the energy distribution, for the 
total state ψ(x, t), is not conserved in TDGCM with the restricted 
form of Eq. (4), even though the conservation of the energy expec-
tation value is guaranteed.

6. Comments on Ref. [1]

Our investigations in the previous sections show that quantum 
tunneling is not yet easy to argue in the TDGCM model. This con-
clusion disagrees with that of Ref. [1] that TDGCM could simulate 
quantum tunneling.

The important role played by the momentum distribution f (p)

was overlooked by Ref. [1]. Since the barrier height V B is very 
low compared to the width of f (p) in their setup (see Fig. 1), 
the classical barrier passage is dominant, and true quantum tun-
neling from the narrow gray region in Fig. 1 can only be a minor 
fraction. Nevertheless, the whole probability of barrier passage was 
misinterpreted as ‘quantum tunneling’.

Ref. [1] took View B, abandoning interpretation of the wave 
function ψ(x, t). They chose the condition at t = 0 so that all 
p2

a(t = 0)/2μ have almost the same value E(t = 0), and the simu-
lation was regarded as corresponding to this beam energy. They 
then claimed that barrier transmission was all due to quantum 
tunneling because E(t = 0) < V B. This is however not correct. 
What one would claim depends on what time was regarded as 
the ‘initial’ time t0, because pa(t0) depend on t0 without any ef-
fect of the potential in the incoming state. It is actually impossible 
to simulate a fixed beam energy in TDGCM. There is no founda-
tion for View B with E(t = 0) regarded as the beam energy, when 
wave packets are coherently superposed. We can also expect that 
the result of a simulation depends on the timing of arrival at the 
barrier, which makes any statement questionable if it is based on 
only a single simulation.
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If E(t = 0) is still regarded as the beam energy, a strange prob-
lem is noticed in Figs. 2 and 4 of Ref. [1], for the energies of 
‘fusion’ and ‘elastic’ exit channels in a 4He + 4He collision. The en-
ergy E1(t) = p2

1(t)/2μ in the ‘elastic’ channel was much higher 
than the initial energy E(t = 0), by about 2 MeV. The same can 
be seen as the large slope of a trajectory in Fig. 2 of Ref. [1] after 
t = 4000 fm/c. Thus the result of TDGCM is in contradiction to the 
fundamental fact that the energy in the elastic channel must agree 
with the initial one. In the ‘fusion’ channel, the energy changed 
from E(t = 0) by about −2 MeV, as shown in Fig. 4 of Ref. [1]. 
Such deexcitation would be possible if something like a γ ray were 
emitted, but such an effect was not included here. Thus the en-
ergy conservation is unphysically violated, which makes it difficult 
to argue quantum tunneling.

7. Summary and conclusion

Investigations were made to evaluate the TDGCM model pro-
posed by Ref. [1] as a method for many-particle quantum tun-
neling such as fusion of colliding nuclei, in the simplest exam-
ples equivalent to one-particle problems in one dimension. It was 
found that the description of the free propagation in the incom-
ing state is nontrivial, in particular when only a few wave packets 
are superposed. This was visualized here by using the phase-space 
distribution function. Including also the ideal case of superposing 
many wave packets, one needs to consider the momentum width 
in the prepared initial wave function, to understand the behaviors 
of the incoming state, which then affect the passage of potential 
barrier. Depending on the condition of the simulation, the broad 
momentum distribution allows classical barrier passage by high-
momentum components, which must be distinguished from true 
quantum tunneling.

In some case, a transmitted wave packet can end up with an 
energy lower than the barrier height. However, to argue quantum 
tunneling, the energy must be well under control by the model. In 
particular, consistency is required for the energies of the individ-
ual exit channels (e.g. of transmission and reflection). This criterion 
is not satisfied by the TDGCM model when a few wave packets 
are superposed, which should be carefully considered in practi-
cal applications. Generally, one has to analyze the energies in the 
incoming and outgoing states, e.g. to identify any contribution of 
true quantum tunneling in the calculated solutions of the TDGCM 
model. Also the dependence on the thickness of the potential bar-
rier may be a clue to extract true information on tunneling.

Such careful analyses are left to be done. The description of 
many-particle quantum tunneling in time-dependent mean-field 
approaches still remains a challenging problem.
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