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1 Introduction

One of the most useful aspects of symmetry is that it tells us when things are impossible.
Concretely, at the level of observable quantities, the most common manifestation of sym-
metries is through selection rules, which state that the probability for certain processes
to happen is precisely zero. There are, of course, many examples where symmetries are
spontaneously broken by dynamics. In these situations, rather than becoming useless,
the utility of symmetry merely manifests differently. Instead of enforcing selection rules,
the on-shell avatars of spontaneously broken symmetries are soft theorems that relate
observables to each other in particular kinematic limits. The most famous such statement
is the Adler zero — which states that pion scattering amplitudes vanish when one of the
external pion momenta is scaled to zero [1, 2].

Soft theorems provide powerful kinematic constraints on the dynamics of systems. For
example, Weinberg’s soft photon and graviton theorems [3–9] tell us that particles can
only interact with electromagnetism in ways that conserve total charge, and that gravity
must couple democratically to all particles, respectively. Soft theorems also provide a
useful organizing principle by which to classify effective field theories from the on-shell
perspective. Field theories with enhanced symmetries lead to enhanced Adler zeroes of
scattering amplitudes [10–13], and their corresponding wavefunction coefficients satisfy
particular Ward identities [16, 17].

In the cosmological context, Maldacena’s soft theorem [18, 19] serves as a constraint
that all (attractor) models of single-clock inflation must satisfy (subject to some technical
requirements).1 As such, cosmological soft theorems serve as powerful probes of new physics,
with violations generically indicating the presence of new degrees of freedom. The promise of
cosmological soft theorems as tests of new physics has motivated numerous generalizations in
the inflationary context [20–37], and applications to observables in large-scale structure [38–
43]. Interestingly, there are known symmetry consequences at the level of the action of
inflationary perturbations that have thus far resisted a translation into observable quantities.
For example certain cubic interactions in the effective description of inflation are fixed in
terms of the sound speed of the inflaton [44]. One of our main conceptual results is to
understand how to see this relation at the level of correlation functions.

In this paper, we study the soft theorems associated with a particular kind of nonlinearly
realized symmetry: those that involve the transformation of time. These symmetries, by
their very nature, distinguish between space and time and are often associated with
symmetries of special relativity (or its cosmological analogue, de Sitter symmetry). As such,
they are ubiquitous in both cosmology and condensed matter physics. Indeed, a prime
example is provided by Lorentz boosts, which serve to mix time and space coordinates
as τ 7→ τ − ~b · ~x ; ~x 7→ ~x − ~b τ . In systems where boosts are nonlinearly realized, the
transformation of the Goldstone mode therefore involves time. Symmetries of this type,
involving shifts of time by spatial coordinates (or vice versa) are quite subtle. The conceptual
reason is that these transformations disturb the time slices on which we define Hilbert spaces

1The fact that there are technical requirements is in itself interesting — it implies that the soft theorems
can be violated, indicating that they are not vacuous.
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in canonical quantization. Deriving their consequences for observable quantities, therefore,
takes some care. We derive these soft theorems satisfied by theories with nonlinearly realized
time symmetries abstractly and apply this formalism to several examples of interest.

One motivation for the study of soft theorems for boost-like symmetries comes from
condensed matter physics. There is a sense in which gapless phases of matter can be
classified according to how they nonlinearly realize spacetime symmetries [45–56]. At
low energies, one expects much of the dynamics of these systems to be controlled by
the Goldstone modes that nonlinearly realize these symmetries. It is therefore useful to
understand how observables involving these Goldstone modes manifest symmetries in the
form of soft theorems. As a particular example, we consider the effective field theory of a
relativistic superfluid and explore how the nonlinearly realized boost symmetry constraints
(unequal time) correlation functions of the superfluid phonon. Using these relations, we are
able to reproduce relations between various operators in the effective field theory, purely
by considering the properties of correlation functions. The philosophy is more general and
can be applied to more complex condensed matter systems to derive the consequences of
symmetry. It would be interesting to understand what general properties of these systems
can be deduced from this universal soft dynamics.2

Our other motivation comes from cosmology, another context where a background
condensate spontaneously breaks boost-like symmetries. In this case, the relevant Goldstone
mode is the fluctuation of the inflaton (or the curvature perturbation on constant density
hypersurfaces), which nonlinearly realizes the symmetries of de Sitter space in the limit
where we decouple gravity. Since we only have observational access to these fluctuations
at late times via their imprint in the cosmic microwave background, it is natural to try to
reconstruct these correlation functions directly on the future boundary of de Sitter from
physical consistency [58–79]. There has recently been substantial progress in this bootstrap
approach in de Sitter space, including correlators of the inflaton itself [80–86]. One aspect
of these constructions that remains somewhat mysterious is the precise consequences of the
nonlinearly realized symmetries of the inflaton itself. Such an understanding would allow
a definition of the effective theory of inflation at the level of observables and would help
illuminate the possible parametric limits of the EFT, where certain operators dominate
the dynamics, at the level of observables. In this paper, we make progress toward such
a description. Interestingly, however, we find that the full consequences of the inflaton’s
symmetries are only visible in unequal-time correlation functions. Concretely, we find that
the relations between cubic couplings and the normalization of the inflaton’s kinetic term
can only be recovered from a soft theorem by considering correlators involving either fields
evaluated at different times, or involving conjugate momenta. In contrast, at higher points,
we can recover relations known from the EFT lagrangian from equal-time correlators. On
the cosmology side, our results will also clarify the assumptions underlying the formulation
and validity of soft theorems in non-attractor models of inflation, such as ultra-slow-roll,
derived in [32, 33].

2For example, one might imagine that the famous fluid Stokes drift effect [57] could be derived from
soft theorems in the same way that the gravitational memory effect follows from soft theorems for gravi-
ton scattering.
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Aside from the examples that we consider, there are numerous systems where either
relativistic symmetries are nonlinearly realized, or other time symmetries are present. We
expect that the general techniques developed here will be more widely applicable to these
systems and will help enable the study of these systems directly in terms of observables.

Outline. The paper is organized as follows. In section 2, we derive a general Ward identity
valid for all types of symmetries (including time symmetries). The main novel feature is
a careful accounting of boundary term contributions to the charges that generate these
symmetries. The general Ward identity is a statement involving unequal-time correlation
functions, we further discuss the requirements to recast it as a statement about equal-time
correlators. In section 3, we apply the general theorem to specific examples and verify that
it is satisfied by explicit calculation. We begin by considering two toy-model systems that
are time-dependent field theories engineered to mimic slow-roll and ultra-slow-roll models
of inflation. We then consider the EFT of an ideal superfluid, and finally the effective field
theory of inflation in the decoupling limit. We draw some lessons from these examples in
section 4. We include a number of technical appendices that are somewhat peripheral to the
main line of development. In appendix A we discuss the path-integral derivation of the soft
theorem of section 2. In appendix B, we derive an identity obeyed by two-point functions
in these theories. In appendices C and D, we provide additional information about the
superfluid and EFT of inflation examples, along with additional checks of the soft theorems
in these models, and in generalizations — in particular in C.2 we consider the symmetries
of the EFT of a superfluid driven by an external source. In appendix E we consider the
symmetries and soft theorems of ultra-slow-roll inflation with a time-dependent speed of
sound. Finally, in appendix F we briefly comment on the manifestation of spontaneously
broken boots at the level of scattering amplitudes of superfluid phonons.

Notation and conventions. We work in mostly plus metric signature and use the
curvature conventions that Rρσµν = ∂µΓρνσ + · · · and Rµν = Rρµρν . We denote the reduced
Planck mass by MPl = (8πG)−1/2. We adopt the Fourier convention

φ(~x, τ) =
∫ d3k

(2π)3 e−i~k·~x φ(~k, τ) . (1.1)

In the following, we will occasionally omit explicit time dependence of field operators,
e.g. φ(~k, τ) ≡ φ(~k), when we write equal-time correlation functions (see, e.g., eq. (3.9)
below). In unequal-time correlators, the time dependence will often be replaced by a
label, e.g., φf (~k) ≡ φ(~k, τf ) for the final time, or φi(~k) ≡ φ(~k, τi) for initial time (see,
e.g., eq. (2.15)). We use two different phi symbols: φ(~x, τ) to denote an operator-valued
quantum field and ϕ(~x) for classical field profiles. We also use two different symbols for
time in different contexts: t and τ . Their difference is only relevant for cosmology: t stands
for the proper time and τ for conformal time. Correspondingly, ˙ (overdot) denotes ∂t and ′
(prime) denotes ∂τ . For the superfluid example — which takes place in flat space—t and τ
are interchangeable though we mostly use t. Lastly, we occasionally refer to soft theorems
as consistency relations, which is a terminology inherited from the cosmology literature.
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2 Soft theorems for spacetime symmetries

Spontaneously broken symmetries leave a nontrivial imprint in correlation functions of local
operators in the guise of soft theorems obeyed by correlators involving the Nambu-Goldstone
mode associated with the broken symmetry. Here we derive a general expression for this soft
theorem as a Ward identity following [26]. The main novel ingredient is a careful accounting
of the effects of (temporal) boundary terms on the Noether charges responsible for the
Ward identities. As we will see, such boundary terms lead to important contributions to
the soft theorems.

2.1 Soft theorem derivation

We are interested in correlation functions of local operators evaluated in the interacting
vacuum of the theory, |0in〉. It is convenient to consider the correlations of operators that
are built out of some set of fundamental fields that we denote as φ(~x, τ ), where ~x is a spatial
position and τ is the time coordinate. We then consider correlation functions of operators
built out of the field φ, of the schematic form (in Fourier space)

〈0in|O(~k1, · · · , ~kN )|0in〉 , (2.1)

where O abstractly denotes any composite built out of φ. We will be mostly interested
in the case where it is a product of the field operators at some fixed time, for example,
O(~k1, · · · , ~kN ) = φ(~k1, τf ) · · ·φ(~kN , τf ), where τf is the time of interest.3 In principle the
operator O can involve products of φ’s at different times: we will consider such an example
in section 3.3.

Our goal is to understand the consequence of a nonlinearly realized symmetry for the
correlation function (2.1). A convenient starting point is to consider the action of the
charge, Q, that generates such a symmetry:4

i[Q,O] = δO . (2.2)

Evaluating this in the in-vacuum, we have

i〈0in|[Q,O]|0in〉 = 〈0in|δO|0in〉 . (2.3)

In the cases of interest, the symmetry generated by Q is nonlinearly realized, so that its
action on O can be split as

δO = δNLO + δLO , (2.4)

where δNLO denotes the part of the transformation that is nonlinear (independent of the
fields in the theory) and δLO denotes the part of the transformation that is linear in the fields.
Importantly, the contribution to the right-hand side of (2.3) coming from δNL is localized
at zero momentum and so does not contribute to connected correlation functions [26]. We
can therefore drop this part of the transformation.

3Here the label “f ” denotes the “final” time, where we evaluate the correlations. We will sometimes use
the shorthand notation φf (~k) to denote φ(~k, τf ).

4Strictly speaking, for a nonlinearly realized symmetry the charge Q is ill-defined because it is IR
divergent. Nevertheless, commutators of this charge with local operators make sense [87, 88].
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Superfluid example: To make the discussion less abstract, it is useful to have a
motivating example in mind. A particularly simple and interesting example is provided by
the effective field theory of a relativistic superfluid [89]. The effective description is rather
simple, at the lowest order in derivatives, it is given by a lagrangian of the form

S = Λ4
∫

d4xP (X) , (2.5)

where X ≡ −(∂φ)2/Λ4. The superfluid phonons, π, describe the fluctuations around the
finite-density state φ = µt+ π. This state spontaneously breaks both time translations and
the shift symmetry of φ but preserves their diagonal combination. Importantly, this state
also spontaneously breaks Lorentz boosts, which therefore act on the phonons nonlinearly.
Concretely we can write the action of infinitesimal boosts on π as

δNLπ = µ~b · ~x , δLπ = ~b · (τ ~∇+ ~x ∂τ )π , (2.6)

where we have made the same split as in (2.4) and where ~b is the parameter of the
boost transformation. As advertised, the transformation (2.6) contains both a part that
is independent of π, which generates a field profile with a constant gradient and a piece
linear in π. On the right-hand side of (2.3), only the piece linear in π will appear.

Let us now focus on the left-hand side of (2.3). We can evaluate this matrix element
by inserting a complete set of field eigenstates at some early time:

i〈0in|[Q,O]|0in〉 = i

∫
Dϕi

(
〈0in|Q|ϕi〉〈ϕi|O|0in〉 − 〈0in|O|ϕi〉〈ϕi|Q|0in〉

)
. (2.7)

Here the |ϕi〉 are eigenstates of the Heisenberg-picture field operator: φ(~k, τi)|ϕi〉 = ϕi(~k)|ϕi〉,
where ϕi(~k) is a (spatial) field profile.5 The label “i ” denotes the “initial” time, meaning
the far past. An implicit — and critical — assumption is that Q is time independent, so
that it can equally well be used to effect the transformation of O (which is evaluated at time
τf ), or to transform the initial wave function 〈ϕi|0in〉. (This is a reasonable assumption
because the charge is conserved in time.) Said another way, the point is that 〈ϕi|Q|0in〉 is
relatively straightforward to compute because in the far past the in-vacuum approaches the
free vacuum.

In order to evaluate the matrix elements in (2.7), we need to parameterize the form of
the charge Q. We envision that it arises from integrating a Noether current and that we
can write it schematically as

Q =
∫

d3x j0 =
∫

d3x
[
α(~x, τi)φ(~x, τi) + β(~x, τi)Πφ(~x, τi) + · · ·

]
, (2.8)

where α and β are arbitrary functions of space and time, and Πφ is the canonical momentum
conjugate to φ (which is just proportional to φ̇ in perturbation theory). The ellipsis represents
terms that are either φ independent or which are quadratic or higher order in φ, which can

5Note that the state |ϕi〉 implicitly depends on time by virtue of its definition as an eigenstate of a
Heisenberg operator at time τi.
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be ignored in the asymptotic past.6 The term involving the canonical momentum Πφ is
expected, it is this term that effects the transformation of φ when we commute Q with φ,
as a consequence of the canonical commutation relation between the field and its conjugate
momentum. Since we are focusing on the parts of the charge linear in φ, it is easy to
see that the relevant β is field-independent. That is, it is just the nonlinear part of the
field transformation:

β(~x, τ) = δNLφ(~x, τ) . (2.9)

The term linear in φ involving α is perhaps less familiar, but we can trace its origin to
boundary terms in the Noether procedure. Suppose that under the symmetry transformation
of interest, the lagrangian transforms as δL = ∂µK

µ, then the Noether current is

jµ = δφ
∂L

∂(∂µφ) −K
µ . (2.10)

Comparing this with (2.8), we see that the αφ contribution to j0 arises from −K0, which
comes from a boundary term in the variation of the action, associated with the time
boundary. The possible presence of these temporal boundary-term contributions was
ignored in previous discussions of cosmological soft theorems, and can be important in
certain cases.7 It can further be shown that the linear (in fields) contribution to −K0

depends on φ but not on its time derivatives. We will provide examples where α 6= 0, and
the contribution to the soft theorem must be tracked.

Given the form of the charge (2.8), we now turn to evaluate the matrix element (2.7). It
will be convenient to work in Fourier space. Anticipating that the spatial Fourier transforms
of α and β are localized at zero momentum, we define α(~q, τi) ≡ (2π)3δ(~q)α0(−~q, τi) and
β(~q, τi) ≡ (2π)3δ(~q)D−~q(τi).8 Thus, we can write the charge as

Q = lim
~q→0

(
α0 φ(~q, τi) +D~qΠφ(~q, τi) + · · ·

)
. (2.11)

From this, we can evaluate the matrix element in the field basis

〈ϕi|Q|0in〉 = lim
~q→0

(
α0〈ϕi|φ(~q, τi)|0in〉 − iD~q

δ

δϕi(~q)
〈ϕi|0in〉

)
= lim

~q→0

(
α0〈ϕi|φ(~q, τi)|0in〉+ iD~q Ei(q)〈ϕi|φ(~q, τi)|0in〉

)
,

(2.12)

6In the interaction picture, terms with several φ’s would oscillate rapidly in the far past, leading to
cancellations. See [37] for more details.

7In view of the fact that we are primarily interested in correlation functions of the fields φ themselves,
one might reasonably ask why a linear φ contribution to j0 would matter in the relevant commutator. The
point is that we will take advantage of the conservation of Q to evaluate its effect in the far past, so the
relevant commutator is then between a φ in the far past and a string of φ’s in the far future, which need
not vanish.

8In some examples, D~q can involve derivatives with respect to ~q. As a concrete example, one can
consider the superfluid (2.6), where the nonlinear part of the symmetry is β = µ~ε · ~x. In this case, we have
β(~q) = (2π)3δ(~q) iµ~ε · ~∇~q, and thus D−~q = iµ~ε · ~∇~q. Here, we are interpreting the derivatives distributionally
such that the derivative does not act on the delta function. The same understanding applies to α and α0,
though we will not encounter examples where α0 depends on ~q. Note that both α0 and D~q are in general
functions of time τi, which we mostly keep implicit.
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where we have used that Πφ = −iδ/δϕ and have assumed the initial wave function
is Gaussian:

〈ϕi|0in〉 ∝ exp
(
−1

2

∫ d3k

(2π)3Ei(k)ϕi(~k)ϕi(−~k)
)
, (2.13)

where Ei is a kernel that can be parameterized as Ei(k) = i Im Ei(k) + 1/(2Pi(k)), with Pi(k)
the initial power spectrum of φ fluctuations.9

Substituting (2.12) into (2.7) and combining the result with (2.3), we find

lim
~q→0

(
i(α0 − iD~qE∗i (q))〈0in|φ(~q, τi)O|0in〉′c − i(α0 + iD~qEi(q))〈0in|Oφ(~q, τi)|0in〉′c

)
= 〈0in|δLO|0in〉′c ,

(2.14)

where we have reduced the correlation functions to their connected parts, (that this is
possible as can be proved by induction — see [26]) and we have introduced the symbol
〈· · · 〉′c to denote a connected correlation function with the overall momentum conserving
delta function removed.10

The formula (2.14) is general — the operator O could even involve a product of φs at
different times. For the case of primary interest, we have O = φf (~k1) · · ·φf (~kN ), where we
use φf (~k1) as shorthand for φ(~k1, τf ) (and likewise we use φi(~q) as shorthand for φ(~q, τi)).
We can then write11

lim
~q→0

[
D~q

(
Ei(q)〈0in|φf (~k1) · · ·φf (~kN )φi(~q)|0in〉′c + c. c.

)
+ α0(~q)

(
−i〈0in|φf (~k1) · · ·φf (~kN )φi(~q)|0in〉′c + c. c.

) ]

=
N∑
a=1
〈0in|φf (~k1) · · · δLφf (~ka) · · ·φf (~kN )|0in〉′c ,

(2.15)

where the differential operator D~q acts on everything to its right. In the following, we will
evaluate this general formula in specific examples. We first consider in what circumstances
this identity can be phrased as a relation between equal-time correlation functions.

9Both E(k) and the power spectrum P (k) depend on the momentum only via its magnitude k ≡ |~k|. This
is a consequence of translation and rotation invariance, which we always assume to be symmetries.

10Removing the momentum-conserving delta function is not trivial, but that it can be done follows
from the hierarchical nature of the relevant symmetries. For instance, for the superfluid, the hierarchy of
symmetries includes both time translations and boosts. The former involves no momentum derivative while
the latter involves one such derivative. One finds that the delta function in the boost soft theorem can be
removed by using the time translation soft theorem. See the explicit examples in the next section and [26]
for details.

11Note that we have assumed (i) φ(~x) is Hermitian such that φ†(~k) = φ(−~k), (ii) parity invariance so
that 〈φ(−~q)φ(−~kN ) · · ·φ(−~k1)〉 = 〈φ(~q)φ(~kN ) · · ·φ(~k1)〉, and (iii) φ’s at equal time commute. In particular,
if O involves φ at different times, one must revert to the more general statement (2.14). It is also worth
noting — though we do not need it — that for real α(~x) and β(~x), their Fourier space counterparts obey
α0(~q) = α∗0(−~q) and D~q = D∗−~q.

– 7 –



J
H
E
P
0
2
(
2
0
2
3
)
1
2
3

2.2 Physical mode condition

The soft theorem (2.15) involves the insertion of a soft mode at early times. At least
observationally, we are typically concerned with correlations between operators all evaluated
at the same time. We, therefore, want to understand when and how the expression (2.15)
can be phrased as an identity involving equal-time correlators. (This same question was
considered in a similar context in [37]. Here we follow that discussion, with some emphasis
on slightly different points.)

We begin from the assumption that the soft mode has a certain time dependence g(τ)
in the long-wavelength limit:

lim
~q→0

φi(~q)|0in〉 = lim
~q→0

φf (~q)|0in〉
g(τi)
g(τf )

(
1 +O(q)

)
, (2.16)

where O(q) indicates that this formula is corrected by terms suppressed by (positive) powers
of q. This is merely a statement about the behavior of the soft mode at leading order
in perturbation theory. That is to say, the linearized φ can be decomposed into creation
and annihilation operators, and g(τ) reflects the time-dependence of the corresponding
mode function at the vanishing q — this limit picks out a dominant mode (often called the
growing mode).12 Since we are interested in the ratio of the mode function at two different
times, the mode function normalization (possibly q-dependent) does not matter.

Given (2.16), we can write a correlation function involving a single early-time mode in
terms of an equal-time correlation function with all modes at the late time as

〈0in|φf (~k1) · · ·φf (~kN )φi(~q)|0in〉′c = 〈0in|φf (~k1) · · ·φf (~kN )φf (~q)|0in〉′c
g(τi)
g(τf )

(
1 +O(q)

)
.

(2.17)
Note that in general, the unequal-time correlator on the left-hand side is complex, while
the equal-time correlator on the right-hand side is real. The difference is made up by the
correction terms, which are also in general complex. Another implication of (2.16) is that
the power spectrum at different times can be expressed as

Pi(q) = Pf (q)
(
g(τi)
g(τf )

)2 (
1 +O(q)

)
, (2.18)

where Pi and Pf are the φ power spectrum at initial and final time respectively.
The above statements apply regardless of the form of the symmetry transformation.

However, only for certain symmetries can these facts be used to phrase the soft theorems as
equal time statements. We now introduce the assumption that makes the promotion to a
final-time Ward identity possible — the physical mode condition that

D~q(τi) = D~q(τf ) g(τi)
g(τf ) . (2.19)

12One can make stronger, nonlinear, statements about the long-wavelength time dependence in certain cases.
For example, the curvature perturbation in cosmology freezes outside the horizon nonlinearly [18, 90, 91].
However, it is unclear if analogous results hold in the other examples we study in this paper, though they
are not strictly needed for the statements that we make. This is an interesting subject to explore. Since our
soft mode is a Goldstone mode, there is a sense in which the constant mode is always a solution of the fully
nonlinear equation of motion.
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In other words, the physical mode condition states that the nonlinear part of the field
transformation has the same time dependence as the dominant (growing) mode solution to
the equation of motion.13

Applying these statements to (2.15), we have

D~q(τf )
(

1
Pf (q)〈0in|φf (~k1) . . . φf (~kN )φf (~q)|0in〉′c

)

=
N∑
a=1
〈0in|φf (~k1) · · · δLφf (~ka) · · ·φf (~kN )]|0in〉′c ,

(2.20)

which is the equal-time Ward identity we were looking for.
Aside from (2.19), we had to make some additional assumptions to obtain this expression:

(1) The α0 term in (2.15) multiplies 〈0in|φf (~k1) · · ·φf (~kN )φi(~q)|0in〉′c − c.c., and the latter
vanishes by virtue of (2.17) assuming g (or the ratio thereof) is real. Note that α0 is in
principle a function of q, and it is important that the product of α0 and the corrections
in (2.17) remain subleading in powers of q. (2) The kernel Ei has an imaginary part; it is
important its product with (the imaginary part of) corrections in (2.17) is subleading in
powers of q compared to what is kept in the equal-time consistency relation (2.20). (3)
In cases where D~q(τi) or D~q(τf ) does not contain derivatives in q, there is no need to be
careful about how fast the corrections in (2.17) vanish in the q → 0 limit. However, caution
is needed in cases where D~q has derivatives. In the superfluid example, D~q for the boost
symmetry carries a ~∇~q. It is important the corrections start at order qn with n > 1 so
that they do not contaminate the boost consistency relation once it is promoted to equal
(final) time. A possible source of corrections in (2.17) comes from the mode function. It
could happen that the mode function at small ~q behaves in such a way that (2.16) has
O(q) corrections, which would imply the same in (2.17). The presence of these corrections
(once acted on by ~∇~q) would spoil the promotion of the boost consistency relation to equal
time. We will see that this is exactly what happens in the superfluid case.14 Henceforth, we
implicitly assume these additional assumptions are satisfied when we use the term physical
mode condition.

3 Applications

To demonstrate the scope of the soft theorem (2.15), in this section we discuss a variety of
models with space/time-dependent nonlinearly realized symmetries and write the explicit
form of the soft theorems satisfied by these theories. We will also compute explicit correlators
for these models, which serve as (perturbative) checks of the soft theorem.

We start by considering (in section 3.1) two simple toy examples with time-dependent
interactions that mimic features of the dynamics of perturbations in slow-roll and ultra-
slow-roll inflation in cosmology (see also ref. [37]). These models are time-dependent field

13For a discussion of how this differs from the adiabatic mode condition, relevant for soft theorems
originating from gauge symmetries, see [37].

14In cases where the consistency relations come in a hierarchy such as with time-translations and boosts
(see footnote 10), it is the same g(τ) that shows up in the physical mode condition for both.
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theories of the form
S =

∫
d3xdτf(τ)

(
e3ζ ζ ′2 − eζ(∂iζ)2

)
, (3.1)

where f(τ) is a function of (conformal) time, which can be chosen to capture different
features of cosmological models. The advantage of these toy examples, with respect to the
actual inflationary models, is that they are simple enough that they allow us to compute
explicitly all the correlation functions of interest while containing all the necessary conceptual
ingredients to illustrate and check the soft theorem (2.15).

We then discuss in section 3.2 the low-energy effective theory of a relativistic superfluid.
In particular, we derive the consequences of the spontaneously broken time translations and
Lorentz boosts. Finally, we consider cosmology and translate the general soft theorem into
the effective field theory of inflation in the decoupling limit in section 3.3. An interesting
feature of the superfluid and EFT of inflation examples is that the soft theorems are
somewhat trivial if the hard modes involved in the correlator are evaluated at the same
time, but become nontrivial statements if the hard modes are evaluated at different times.

While the initial-final soft theorem (2.15) is general and just follows from symmetry,
the existence of a soft theorem at late times is not guaranteed and requires — as discussed
in [37] and reviewed in section 2.2—the physical mode condition to hold. In the examples
presented below, we will check when this is the case, and also verify the equal-time soft
theorems whenever these can be written.

3.1 Time-dependent toy models

As a simple warm-up, we consider the action (3.1) with two different choices of f(τ) meant
to mimic slow-roll and ultra-slow-roll inflation, respectively. These are time-dependent
field theories that have symmetries — and corresponding soft theorems obeyed by their
correlation functions — but which are simple enough that computing correlators explicitly
is straightforward.

3.1.1 Slow-roll toy model

We start by considering the following action, introduced by [37] to replicate certain features
of slow-roll inflation:

S =
∫

dτ d3x
1
τ2

(
e3ζ ζ ′2 − eζ(∂iζ)2

)
, (3.2)

where τ denotes the time coordinate and ζ ′ ≡ ∂τζ.15 The scalar field ζ in (3.2) plays the
same role as φ in the previous sections. Besides spatial dilation and special conformal
symmetries, which were studied in [37], the action (3.2) is invariant under the time-dependent
symmetry transformation

δζ = 1− τ∂τζ , (3.3)

up to a boundary term δS =
∫

dτ d3x ∂τ (−τL). Applying the standard Noether procedure
by deforming the parameter of the symmetry transformation to a spacetime-depending

15This is a flat-space model designed to mimic the evolution of the curvature perturbation in slow-roll
inflation. We use τ , instead of t, to denote the time coordinate as it plays the same role as conformal time
in cosmology.
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function, we can extract the Noether current, whose temporal component is

j0 = 2
τ2 ζ

′ + . . . (3.4)

up to corrections that are higher order in the field ζ.16 In the notation of equation (2.11),
we then have

α0 = 0 , D~q = 1 , (3.5)

and the unequal-time soft theorem (2.15) reads

lim
~q→0
Ei(~q)〈ζ(~k1, τf )ζ(~k2, τf )ζ(~q,τi)〉′+c.c.=−τf

[
〈ζ ′(~k1, τf )ζ(~k2, τf )〉′+〈ζ(~k1, τf )ζ ′(~k2, τf )〉′

]
,

(3.6)
where we have suppressed the appearance of the in-vacuum.

It is straightforward to check that the relation (3.6) is satisfied by plugging in the explicit
expressions for the correlators (at tree level). The two-point function and wavefunction
kernel are

〈ζ(~k, τf )ζ(−~k, τf )〉′ = 1
4k3 (1 + k2τ2

f ) , Ei(q) = 2q2M2

iH2τi(1− iqτi)
, (3.7)

while the unequal-time three-point function in the soft limit is given by

lim
~q→0
Ei(q)〈ζ(~k, τf )ζ(−~k − ~q, τf )ζ(~q, τi)〉′ + c.c. = −

τ2
f

2k . (3.8)

In addition, one can check that the physical mode condition is satisfied for the toy model (3.2)
(see also [37]). This allows us to promote the initial-final soft theorem (3.6) to late times as
follows:

lim
~q→0

〈ζ(~k)ζ(−~k − ~q)ζ(~q)〉′
〈ζ(~q)ζ(−~q)〉′ = −τ∂τ 〈ζ(~k)ζ(−~k)〉′ , (3.9)

where we have suppressed the time-dependence of ζ, assuming that all the fields are evaluated
at the same (late) time τ . A perturbative computation of the relevant correlators also
confirms this equal-time version of the soft theorem.

3.1.2 Ultra-slow-roll toy model

Let’s now consider a similar-looking scalar theory but with a different time-dependent
factor designed to mimic the time evolution of the curvature perturbation in ultra-slow-roll
inflation [92, 93]:

S =
∫

dτ d3x τ4
(
e3ζ ζ ′2 − eζ(∂iζ)2

)
. (3.10)

The action (3.10) is invariant under the following nonlinearly realized symmetry:

δζ = 1
τ3 + 1

2τ2 ζ
′ . (3.11)

16To read off the terms in j0 that are linear in the field, it is sufficient to focus on the nonlinear part of
the symmetry and work out δS for the quadratic part of the action.
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We see that the nonlinear part of the transformation is given by δNLζ = 1/τ3 and the linear
part is δLζ = (1/2τ2)ζ ′. We can again extract the time component of the conserved Noether
current jµ associated with (3.11) in the usual way

j0 = 2 + 6ζ + 2τζ ′ + · · · = 2 + 6ζ + 1
τ3 Πζ + · · · , (3.12)

where the ellipsis represents terms involving two or more ζs.17 Translating into the notation
of section 2, we have

α0 = 6 , D~q = 1
τ3 , (3.13)

and, using δLζf = (1/2τ2
f )ζ ′f , we arrive at the following unequal-time soft theorem relating

the three and two-point functions:

lim
~q→0

(
1
τ3
i

Ei(~q)− 6i
)
〈ζ(~k1, τf )ζ(~k2, τf )ζ(~q, τi)〉′ + c.c. = 1

2τ2
f

d
dτf
〈ζ(~k1, τf )ζ(~k2, τf )〉′ .

(3.14)
This relation can be explicitly checked using the expression for the two-point function

〈ζ(~k, τf )ζ(−~k, τf )〉′ =
1 + k2τ2

f

4k3τ6
f

, Ei(q) = i

(
6τ3
i −

2τ5
i q

2

1− iqτi

)
, (3.15)

along with the following limits of the three-point function

lim
~q→0

1
τ3
i

Ei(q)〈ζ(~k, τf )ζ(−~k − ~q, τf )ζ(~q, τi)〉′ + c.c. = 0 , (3.16)

−6i lim
~q→0
〈ζ(~k, τf )ζ(−~k − ~q, τf )ζ(~q, τi)〉′ + c.c. = −

3 + 2k2τ2
f

4k3τ9
f

. (3.17)

It is furthermore straightforward to check that the physical mode condition holds for
the model (3.10), which allows us to promote the initial-final soft theorem (3.14) to late
times, where we obtain

lim
~q→0

〈ζ(~k)ζ(−~k − ~q)ζ(~q)〉′

〈ζ(~q)ζ(−~q)〉′
= τ

2
d
dτ 〈ζ(~k)ζ(−~k)〉′ . (3.18)

This equal-time consistency relation can also be verified by explicit computation of the
relevant correlators.

An interesting fact about this model is that

lim
~q→0

i

τ3
i

Im E i(~q) = 6i . (3.19)

In other words, only the real part of the combination (Ei(~q)/τ3
i − 6i) survives in the soft

limit, which implies a relation between the boundary term α and the imaginary part of the
wave function. In some circumstances, this observation generalizes to other examples (see
appendix B for a discussion).

17The constant part of j0 gives rise to a divergent contribution to the charge Q =
∫

d3x j0, but it can be
ignored because it gets canceled in the commutator combination (2.3).
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A point worth stressing is that the crucial difference between the case discussed here
and the one in section 3.1.1 is the presence of a non-vanishing term linear in the field ζ

in the Noether current (3.12), i.e., α 6= 0 (as defined in (3.13)). Such a nonzero α follows
from (temporal) boundary terms in the symmetry variation of the action (see (2.10)), and
is required in order for (2.2) with O ≡ Πζ to hold. In fact, one can directly compute the
commutator of the Noether charge Q =

∫
d3x j0(~x) with the conjugate momentum Πζ as

i [Q, Πζ(~y)] = i

∫
d3x [6ζ(~x) + · · · , Πζ(~y)] = −6 + · · · , (3.20)

where the ellipsis denotes linear and higher order terms in the field ζ. It is easy to check
that (3.20) is consistent with the variation of Πζ under the symmetry (3.11):

δΠζ = δ
(
2τ4e3ζζ ′

)
= 2τ4∂τ (δNLζ) + · · · = −6 + · · · . (3.21)

In cases where δΠζ does not contain any field-independent piece (like in the example of
section 3.1.1 where δΠζ ∝ δNLζ

′ = 0), then α = 0 and the generalized soft theorem (2.14)
(as well as its late-time version, if the physical mode condition is satisfied) reduces to the
previous results of, e.g., [26, 37].

3.2 Superfluid

The next example we consider is the effective field theory of a relativistic superfluid. We
can take as the starting point the action [89]

S =
∫

d4xΛ4P (X) , (3.22)

where P is a generic function of X, defined by

X ≡ − 1
Λ4∂µφ∂

µφ . (3.23)

The superfluid ground state φ̄ = µt (where µ is the chemical potential) spontaneously breaks
time translations and boosts. Expanding the action in perturbations around this state:

φ(~x, t) = µt+ π(~x, t) , (3.24)

we have a theory of the low-energy dynamics of an ideal superfluid at zero temperature and
finite density (or finite chemical potential µ), where the function P (µ) is the equation of
state of the superfluid, giving the pressure as a function of chemical potential [47, 48, 89, 94]
(see also appendix C below for more details).

The field fluctuations π are the (derivatively coupled) Goldstone bosons that parametrize
the phonon excitations in the superfluid. In addition to constant shifts (π 7→ π+c), the field
π also nonlinearly realizes time translations and Lorentz boosts, which are spontaneously
broken by the time-dependent background φ̄. (There is, however, a diagonal combination of
a shift of π and a time translation that remains linearly realized.) Our goal in this section is
to derive the soft theorems that result from the spontaneous breaking of these symmetries
at the level of in-in correlation functions of π. (We will comment briefly on soft theorems
for scattering amplitudes in appendix F, but see [95] for an extensive discussion.)
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By expanding the action (3.22) around the background (3.24), one can find the la-
grangian for π at all orders, which depends on the functional form of P (X). For instance,
the quadratic action for π is

S(2) =
∫

d4x
P ′(µ2)
c2
s

(
π̇2 − c2

s(∂iπ)2
)
, (3.25)

where P ′ ≡ dP/dX, π̇ ≡ ∂tπ, and the sound speed (squared) is defined by

c2
s ≡

P ′(µ2)
P ′(µ2) + 2µ2P ′′(µ2) . (3.26)

The expressions for the cubic and quartic lagrangians, which we will need later on for
the explicit checks of the soft theorems, are reported in (C.2) in appendix C. As it is
clear from (3.25) and (C.2), the effective couplings are (constant) functions of P and its
derivatives, computed on the background φ̄.18 Note that, at any fixed order in perturbation
theory, there are some operators whose couplings are fixed in terms of lower-order couplings.
This is the case, for instance, for the operators π̇(∂iπ)2 and (∂iπ)4 (see eqs. (C.2)), whose
coefficients, apart from a common overall normalization factor, are functions of the sound
speed cs only. This is a result of the specific symmetry breaking pattern realized in the
system: the Poincaré group is broken down to spatial translations and rotation. As we will
show, this pattern gets reflected at the level of soft theorems.

3.2.1 Spontaneously broken time translations

Let us start by considering time translations. Time translations act nonlinearly on π as

δπ = µ+ π̇ . (3.27)

The corresponding Noether current is

j0 = 2µP ′(µ2)
c2
s

π̇ + · · · = µΠπ + · · · . (3.28)

Thus, we have, in the language of section 2

α0 = 0 , D~q = µ . (3.29)

Recalling that δLπ(tf ) = π̇(tf ), we conclude that the consistency condition (2.15) takes
the form

lim
~q→0

µEi(q)〈π(~k1, tf )π(~k2, tf )π(~q, ti)〉′ + c.c. = 〈π̇(~k1, tf )π(~k2, tf )〉′ + 〈π(~k1, tf )π̇(~k2, tf )〉′ .
(3.30)

From the action for the field π (see (C.2)) one can compute explicitly the correlators
in (3.30) and check in fact that (3.30) is satisfied, but in a trivial way, namely, both sides
of the equation are zero. Essentially this is a consequence of the shift symmetry of π, which

18The fact that the couplings in the low-energy effective theory for the Goldstone π are time-independent
is a consequence of the existence of the diagonal combination of time translations and constant shifts that is
linearly realized on φ [94].
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implies that the left-hand side of (3.30) must vanish.19 Instead of time translations, we
could have instead considered this soft theorem associated with the shift symmetry. The
difference between this soft theorem and (3.30) is the Ward identity for the linearly realized
time translations.

Note that the physical mode condition is satisfied for the symmetry (3.27). In fact,
the mode function for π, which is just a plane wave, is constant at leading order in the
soft limit,

lim
~q→0

e−icsqt ' 1− icsqt+ · · · , (3.31)

like the nonlinear part of the transformation (3.27). As a result, the soft theorem (3.30)
can be promoted to late times, as can be explicitly checked.

3.2.2 Soft theorems from spontaneously broken boosts

In addition to time translations, Lorentz boosts are also spontaneously broken by the
superfluid ground state. The action of such a boost on π is

δπ = bj
[
µxj + (t∂j + xj∂t)π

]
, (3.32)

where ~b is an infinitesimal constant vector. It is straightforward to derive the corresponding
Noether current and extract

j0 = bj
2µP ′(µ2)

c2
s

xj π̇ + · · · = bjµx
jΠπ + · · · . (3.33)

Translating this into the notation of section 2, we find

α0 = 0 , D~q = −iεjµ∂qj , (3.34)

with the understanding that the action of the operator D~q also involves sending ~q → 0.20

With these ingredients, we can adapt the formula (2.15) to this model. We first consider
the soft theorem that relates the three and two-point functions:

lim
~q→0

µ∂qj
(
Ei(q)〈π(~k1, tf )π(~k2, tf )π(~q, ti)〉′ + c.c.

)
= ∂tf∂kj1

〈πf (~k1, tf )πf (−~k1, tf )〉′ (3.35)

If one starts from the version of (2.15) before the momentum-conserving delta function
removal, to arrive at the above expression requires being careful about how to treat
momentum derivatives under the delta function constraint. This will be discussed below.

The identity (3.35) is indeed satisfied by correlation functions of a superfluid, but in a
somewhat trivial way — both sides vanish identically, similar to the soft theorem (3.30)
for time translations considered above. However, we can consider a slightly more general
situation where the identity is nontrivial. That is, we consider the case where the operators

19The fact that π has a shift symmetry can be thought of as a consequence of the fact that the background
for φ is linear in time [32, 96, 97]. In appendix C.2 we comment on a slight deformation of (3.22) that is
still shift symmetric but that admits a background solution for φ that is not linear in time. We will see in
that case, the left-hand side of the soft theorem (C.23) does not vanish.

20The fact that the soft mode generated by a symmetry transformation is localized around ~q = 0 follows
from the Fourier transform

∫
d3xxj e−i~q·~x = i(2π)3∂qj δ(~q).
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carrying the hard momenta are inserted at different times. Effectively this will lead to a
soft theorem involving operators at three different times.

Let us go back to the original formulation (2.14) and choose O = π(~k1, t1)π(~k2, t2),
where t1 and t2 are two different times. Moreover, let us start from the formulation before
delta function removal. We thus have:

lim
~q→0

µ∂qj
(
Ei(q)

[
〈π~k1

(t1)π~k2
(t2)π~q(ti)〉+ 〈π~q(ti)π~k1

(t1)π~k2
(t2)〉

])
=
(
∂
kj1
∂t1 + ∂

kj2
∂t2 + t1k

j
1 + t2k

j
2

)
〈π~k1

(t1)π~k2
(t2)〉 .

(3.36)

Notice that the t∂jπ part of the boost symmetry now acts nontrivially on the two-point
function on the right-hand side of this relation, since we have separated the final times.
Removing the momentum-conserving delta function from this expression is rather subtle,
commuting the ∂k derivatives past the delta function eventually leads to the identity

lim
q→0

µ

2 ∂qj
(
〈π~k1

(t1)π~k2
(t2)π~q(ti)〉′ + 〈π~q(ti)π~k1

(t1)π~k2
(t2)〉′

〈π−~q(ti)π~q(ti)〉′

)
(3.37)

=
(
∂t1∂kj1

+ kj1(t1 − t2)
)
〈π~k1

(t1)π−~k1
(t2)〉′ ,

which we derive explicitly in the following inset.

Commuting through the delta function: Here we describe how to get from (3.36)
to (3.37). Let us consider the first two terms on the right-hand side of the relation (3.36).
First, we separate the contributions where the momentum derivative acts on the delta
function. Introducing the primed correlator with a delta function removed, i.e.,

〈π~k1
(t1)π~k2

(t2)〉 ≡ δ(~k1 + ~k2)〈π~k1
(t1)π~k2

(t2)〉′ , (3.38)

we can write(
∂
kj1
δ(~k1 + ~k2)

)
〈π̇~k1

(t1)π~k2
(t2)〉′ +

(
∂
kj2
δ(~k1 + ~k2)

)
〈π~k1

(t1)π̇~k2
(t2)〉′

=
[(
∂
kj1
δ(~k1 + ~k2)

)
〈π̇~k1

(t1)π−~k1
(t2)〉′ +

(
∂
kj1
δ(~k1 + ~k2)

)
〈π~k1

(t1)π̇−~k1
(t2)〉′

]
− δ(~k1 + ~k2)〈(∂

kj1
π̇~k1

(t1))π−~k1
(t2)〉′ − δ(~k1 + ~k2)〈(∂

kj1
π~k1

(t1))π̇−~k1
(t2)〉′ ,

(3.39)

where we have used the distributional identities

f(~k1,~k2)δ(~k1 + ~k2) = f(~k1,−~k1)δ(~k1 + ~k2) , (3.40)

f(~k1,~k2)∂
kj1
δ(~k1 + ~k2) = f(~k1,−~k1)∂

kj1
δ(~k1 + ~k2)−

(
∂
kj1
f(~k1, ~k2)

)∣∣∣
~k2=−~k1

δ(~k1 + ~k2) .

Of the terms on the right hand side of (3.39), the ones where the delta function comes
with a derivative will cancel analgous terms on the left hand side of (3.36), making use
of the (lower order) time translation soft theorem (essentially (3.30) but with unequal
times on the hard modes). The remaining terms on the right hand side of (3.39) can be
combined with analogous terms on the right hand side of (3.36) — those without delta
function derivative — to obtain (3.37). Note that the two-point function is overall time
translation invariant and is thus a function of t1 − t2.
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We now would like to verify that the identity (3.37) is satisfied in a nontrivial way. We
can compute the relevant correlators explicitly using the lagrangian (C.2). The two-point
function is given by

〈π~k1
(t1)π−~k1

(t2)〉′ = cs
4P ′(µ2)k1

e−icsk1(t1−t2) , (3.41)

while the soft limit of the three-point function is

lim
~q→0

µ

2 ∂qj
(
〈π~k1

(t1)π~k2
(t2)π~q(ti)〉′ + 〈π~q(ti)π~k1

(t1)π~k2
(t2)〉′

〈π−~q(ti)π~q(ti)〉′

)

= cs(1− c2
s)k

j
1

4P ′(µ2)k1
(t1 − t2) e−icsk1(t1−t2) .

(3.42)

Using these expressions, it is straightforward to check that the relation (3.37) is
indeed satisfied.

Constraints on the action. We can think of the identity (3.37) as the manifestation
of the spontaneously broken boost symmetry of a relativistic superfluid at the level of
observables. In order to make this more explicit, it is useful to take a slightly different
perspective. Consider the cubic action for a superfluid (C.2), but allow the couplings to
be arbitrary:

S =
∫

d4x
P ′(µ2)
c2
s

(
π̇2 − c2

s(∂iπ)2 + c33π̇
3 + c31π̇(∂iπ)2

)
. (3.43)

In the actual superfluid EFT c33 and c31 are known and are given by

c33 = (1− c2
s)(3c2

s + 2c3)
3c2
sµ

, c31 = −(1− c2
s)

µ
. (3.44)

However, we can think of them as free parameters and ask how they are constrained by the
soft theorem (3.37). If one computes the correlators following from the action (3.43) and
then enforces (3.37) as a constraint, this uniquely fixes c31 to take the value (3.44), while
c33 is unconstrained. This is not in itself surprising, because we know that the form of the
coupling c31 is fixed by the spontaneously broken Lorentz symmetries, as can be checked
directly — the action (3.43) is only invariant under (3.32) when c31 is given by (3.44).

If one considers the boost soft theorem that relates the three and two-point functions,
and where the two hard modes are evaluated at the same time, the identity is satisfied in a
trivial way — both sides are zero. This is perhaps slightly puzzling because we know that the
boost symmetry of the action relates some of the cubic interactions to the quadratic action:
where has this information gone? The nontrivial feature is that to recover this information
at the level of observables we need to consider the hard modes at unequal times.21

21A philosophically similar situation arises in the subleading consistency condition for the large scale
structure bispectrum [38–41], and for the EFT of inflation, as we will describe.
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Four points. The previous discussion can be straightforwardly extended to higher-point
correlation functions. We can, for instance, consider the four-point function. The quartic
Hamiltonian in the interaction picture can be written generically as

H(4) = c44π̇
4 + c42π̇

2(∂iπ)2 + c40(∂iπ)4 , (3.45)

for some (known) constants c44, c42 and c40. The unequal-time soft theorem relating the
four and three-point functions is given by

lim
~q→0

µ∂qj
(
Ei(q) 〈π~k1

(tf )π~k2
(tf )π~k3

(tf )π~q(ti)〉′
)

+ c.c.

=
(
∂t1∂kj1

+ ∂t2∂kj2

)
〈π~k1

(t1)π~k2
(t2)π~k3

(t3)〉′ ,
(3.46)

where all the fields on the right-hand side should be evaluated at tf after taking the
derivatives.

Using (3.45), the left-hand side of (3.46) can be evaluated as22

lim
~q→0

µ∂qj

(
Ei(q) 〈π~k1

(tf )π~k2
(tf )π~k3

(tf )π~q(ti)〉′
)

+ c.c.

= c2
sµk

j
1(k1 − k3)(c2

sc42k2 − 2c40(k1 + k3))
8P ′3(µ)k1k2k3(k1 + k2 + k3)

+ c2
sµk

j
2(k2 − k3)(c2

sc42k1 − 2c40(k2 + k3))
8P ′3(µ)k1k2k3(k1 + k2 + k3) ,

(3.47)

while the right-hand side of (3.46) is(
∂t1∂k1j + ∂t2∂k2j

)
〈π~k1

(t1)π~k2
(t2)π−~k1−~k2

(t3)〉′
∣∣∣
tf

= c4
sk
j
1(k1 − k3)(c31(k1 − 2k2 + k3)− 3c2

sc33k2)
16P ′3(µ)k1k2k3(k1 + k2 + k3)

+ c4
sk
j
2(k2 − k3)(c31(k2 − 2k1 + k3)− 3c2

sc33k1)
16P ′3(µ)k1k2k3(k1 + k2 + k3) ,

(3.48)

where k3 =
√
k2

1 + k2
2 + 2(~k1 · ~k2). We can then equate the coefficients of the different

independent combinations of momenta to obtain the following constraints on the coefficients
appearing in (3.45):

c4
sc31 + 4c2

sµc40 = 0 , 2c31 + 3c2
sc33 + 2µc42 = 0 . (3.49)

It is straightforward to check that the relations (3.49) are indeed satisfied by the explicit
expressions for the couplings c44, c42 and c40 given in (C.8) and summarized here:

c44 = −(1− c2
s)[c2

s(c2
s + 4c3 + 2c4)− (1− c2

s)(3c2
s + 2c3)2]P ′(µ2)

4c6
sµ

2 ,

c42 = (1− c2
s)(−2 + 3c2

s + 2c3)P ′(µ2)
2c2
sµ

2 , c40 = −(1− c2
s)P ′(µ2)
4µ2 .

(3.50)

22Note that exchange diagrams do not contribute in the soft limit.
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It is worth stressing the result (3.49) follows simply from knowing that boosts are nonlinearly
realized in the theory. Note also that the soft theorem relating the four and three-point
functions is satisfied nontrivially even when all of the hard modes are evaluated at the same
time, in contrast to the three-point case.

The relation (3.46) cannot be promoted to equal time for all (soft and hard) modes. As
we stressed in section 2.2, it is important for subleading identities like the boost one that
the mode functions do not contain a linear in q piece with a different time dependence from
the symmetry. However, in the limit of small q, the mode function for the superfluid phonon
becomes e−icsqt ' 1− icsqt+ · · · . Note that the nonlinear part of the boost symmetry is
constant in time, while the O(q) part of the mode function is linear in time, so the physical
mode condition is not satisfied. Consequently, the equal-time consistency relation is not
satisfied, as can be verified by an explicit check.

3.2.3 Identities involving correlators of π̇

We have seen that the identities lead to a nontrivial statement when all πs are evaluated
at different times in a correlator. One may still wonder if there exist nontrivial state-
ments associated with correlators with all late-time operators evaluated at the same time.
Heuristically, πk(t2) can be expressed in terms of expansions around πk(t1) by

πk(t2) = πk(t1) + (t2 − t1)π̇(t1) +O
(
(t2 − t1)2

)
, (3.51)

therefore, one expects that a non-trivial soft theorem involving the squeezed limit of the
correlator 〈π(t1)π̇(t1)π(ti)〉.23 Explicitly, the corresponding identity is

lim
~q→0

µ∂qj
(
Ei(q)

[〈
π~k1

(t)π̇~k2
(t)π~q(ti)

〉
+
〈
π~q(ti)π~k1

(t)π̇~k2
(t)
〉])

= tkj1
〈
π~k1

(t)π̇~k2
(t)
〉

+ ∂
kj1

〈
π̇~k1

(t)π̇~k2
(t)
〉

+ kj2
〈
π~k1

(t)π~k2
(t)
〉

+ tkj2
〈
π~k1

(t)π̇~k2
(t)
〉

+ ∂
kj2

〈
π̇~k1

(t)π̈~k2
(t)
〉
,

where the second line on the right hand side comes from

δπ̇ = bj(∂jπ + t∂j π̇ + xj π̈). (3.52)

After carefully removing the momentum conserving delta functions, it reads

lim
~q→0

µ∂qj
(
Ei(q)

[〈
π~k1

(t)π̇~k2
(t)π~q(ti)

〉′ + 〈
π~q(ti)π~k1

(t)π̇~k2
(t)
〉′])

= 1
2∂kj1

〈
π̇~k1

(t)π̇−~k1
(t)
〉′ − kj1〈π~k1

(t)π−~k1
(t)
〉′ − 1

2∂kj1
〈
π~k1

(t)π̈−~k1
(t)
〉′

= ∂
kj1

〈
π̇~k1

(t)π̇−~k1
(t)
〉′ − kj1〈π~k1

(t)π−~k1
(t)
〉′
,

(3.53)

where in the last line we have used the fact that correlators are time-translation invariant.
Another way to obtain this identity is to take derivative of t2 on (3.37) and then setting

23We thank Enrico Pajer for raising this point.
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t2 = t1. From an explicit computation, both sides of the identity are evaluated to be24

− cs(1− c2
s)

4P ′(µ2)
kj1
k1
. (3.54)

Notice that this is the same as what one would get by taking ∂t2 of either the right or left-
hand side of the unequal-time identity involving only π and then setting t2 = t1. Therefore,
this is a non-trivial identity where all the late time operators are at equal time. In other
words, like the all un-equal time π correlators, correlators involving π̇ (or more formally,
the canonical momentum conjugate to π) also have information about the relation between
the coefficient of c31π̇(∂iπ)2 and the quadratic action. However, it should be stressed that
the soft mode still has to be at the initial time, different from the time of the hard modes,
because the physical mode condition is not satisfied for boost in superfluid.

3.3 Effective field theory of inflation

As a final example, we consider symmetries in the effective field theory of inflation [44, 98].
This effective field theory describes adiabatic perturbations around a homogeneous and
isotropic background driven by a single degree of freedom acting like a clock.25

To leading order in the derivative expansion, in unitary gauge, the EFT takes the form

S =
∫

dt d3x
√
−g

M2
Pl

2 R−M2
Pl

(
3H2 + 2Ḣ

)
+M2

PlḢδg
00 +

∑
n≥2

M4
n

n! (δg00)n + · · ·

 ,
(3.55)

where δgµν ≡ gµν − ḡµν , with ḡµν = diag(−1, a2(t), a2(t), a2(t)), denotes the perturbation of
the metric, H ≡ ȧ/a is the Hubble function, and Mn are generic time-dependent couplings.
Under the assumption that these do not vary significantly in one Hubble time, the action
inherits an approximate time-translational invariance. After reintroducing the Goldstone
via the Stückelberg trick i.e., t 7→ t + π, we can take the decoupling limit where Ḣ → 0
and MPl →∞, with their product held fixed. In this limit, we isolate the dynamics of the
Goldstone mode π in an exact de Sitter background. The action for π up to the fourth
order in the field is [44]

Sπ =
∫

dt d3x a3
(
L(2) + L(3) + L(4)

)
, (3.56)

where

L(2) = −M
2
PlḢ

c2
s

(
π̇2 − c2

s

a2 (∂iπ)2
)
,

L(3) = M2
PlḢ

(
1− 1

c2
s

)(
π̇3 − π̇ (∂iπ)2

a2

)
− 4

3M
4
3 π̇

3 ,

L(4) =
(
M4

2
2 − 2M4

3 + 2
3M

4
4

)
π̇4 −

(
M4

2 − 2M4
3

)
π̇2 (∂iπ)2

a2 + M4
2

2
((∂iπ)2)2

a4 ,

(3.57)

24In the computation of correlators associated with π̇, say
〈
π~k1

(t)π̇~k2
(t)π~q(ti)

〉
, one has to carefully use

the interaction picture field π̇I since π̇ = U†(π̇I − i[π̇I , HI ])U .
25As such, its domain of applicability is somewhat broader than just inflation, applying to any single-clock

FLRW cosmology [44, 96, 98, 99].
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with the sound speed defined by

c−2
s = 1− 2M4

2
M2

PlḢ
. (3.58)

The action (3.56) is invariant under the following set of global symmetries (in addition to
the obvious spatial translation and rotation symmetries):

• Shifts of the Goldstone field, δπ = 1. We can think of this as an accidental symmetry
that is a consequence of the near time-translation invariance of the background, which
becomes exact in the decoupling limit.

• Dilations, acting on π as

δDπ = − 1
H

(1 + π̇) + ~x · ~∇π ; (3.59)

• Special conformal transformations (SCTs), which act as

δSCTπ = − 2
H
~b · ~x+ bj

(
− 2
H
xj π̇ + 2xj~x · ~∇π − x2∂jπ + 1

a2H2∂jπ

)
, (3.60)

parametrized by the infinitesimal vector ~b.

Note that much like in the superfluid case, a linear combination of the shift and dilation
symmetries is realized linearly, causing the correlators in this theory to be scale invariant.26

The soft theorems resulting from the nonlinearly realized symmetries (3.59) and (3.60)
for the late-time cosmological correlators are well known, and have been studied in many
contexts [18–22, 24, 25, 100]. Here we wish to focus on two (related) facets. The first is
more conceptual: given recent progress in the abstract bootstrap construction of inflationary
correlators, it is natural to ask how the nonlinearly realized symmetries further constrain
these objects. Related to this, the second thing we wish to elucidate is a small puzzle
involving the three-point function in the EFT of inflation. Much like in the superfluid case,
the known equal-time soft theorems are satisfied by π correlators in a trivial way: both
sides of the relation happen to vanish. This is somewhat strange because the coefficient
of the π̇(∂π)2 interaction is completely fixed by symmetry. It is then natural to ask: how
does one recover this fact at the level of observables? We will see that — like the superfluid
— one must consider unequal-time soft theorems in order to see this relation at the level
of correlators.

In this section, we derive and check the unequal-time soft theorem that relates the
three and two-point functions in the EFT of inflation. (We additionally discuss equal-time
soft theorems for π in appendix D.)

Unequal-time soft theorem for SCTs. We want to understand the consequences of the
nonlinearly realized SCT (boost) symmetry of the EFT of inflation Goldstone mode (3.60).
As a first step, we consider the relation between the three and two-point functions implied
by this symmetry. It turns out that the soft theorems where the hard modes are evaluated

26There is, therefore, a precise sense in which the EFT of inflation in the decoupling limit is like a
superfluid in de Sitter space.
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at the same time are all trivially satisfied (in the sense that both sides are zero). This
includes the case where all of the operators (including the soft mode) are at the same
time. To obtain a nontrivial identity, we, therefore, concentrate on correlators involving
two Goldstone fields πf taken at different final times τ1 and τ2. As in the superfluid case,
removing the momentum-conserving delta function is somewhat subtle, but after doing this,
the resulting Ward identity takes the form:

lim
~q→0

1
H

∂

∂qj

[
Ei(q)

(
〈π~k1

(τ1)π~k2
(τ2)π~q(τi)〉′ + 〈π~q(τi)π~k1

(τ1)π~k2
(τ2)〉′

)]
(3.61)

= kj1
k1

(
−τ1∂k1∂τ1 + 1

2
(
4∂k1 + k1∂

2
k1 − k1(τ2

1 − τ2
2 )
))
〈π~k1

(τ1)π−~k1
(τ2)〉′ .

Note that the three-point function involves a soft mode evaluated in the initial state, along
with two hard modes evaluated at (late) times τ1 and τ2.

We can verify that the soft theorem (3.61) is satisfied in the EFT of inflation using (3.57).
We find that the unequal-time two-point function is given by

〈π~k1
(τ1)π−~k1

(τ2)〉′ = H2

4M2
Pl|Ḣ|csk3

1
(−i+ csτ1k1)(i+ csτ2k1)e−icsk1(τ1−τ2) , (3.62)

while the soft limit of the three-point function is given by

lim
~q→0

∂

∂qj

[
Ei(q)

(
〈π~k1

(τ1)π~k2
(τ2)π~q(τi)〉′ + 〈π~q(τi)π~k1

(τ1)π~k2
(τ2)〉′

)]
(3.63)

= kj1
2 (1− c2

s)(τ2
2 − τ2

1 ) 〈π~k1
(τ1)π~k2

(τ2)〉′ .

Putting these together, it is straightforward to check that (3.61) is satisfied. Note also that
both sides are nonzero, so there is a nontrivial relationship between the soft limit of the
three-point function and the unequal-time two-point function. Much as in the superfluid
case, this relation can also be seen in correlators involving π̇. And different from the
superfluid case, the initial time of the soft mode can be promoted to late times, because
for π in the EFT of inflation, the physical mode condition is satisfied for SCT (as well
as dilation).

It is somewhat interesting that we have to consider correlators beyond just equal time
correlators of π in order to recover the relation between cubic and quadratic terms in the
action that is a consequence of the nonlinearly realized SCT symmetry.27 Much as in the
superfluid case, it is only the coefficient of the π̇(∂π)2 term that is constrained by the soft
theorem; the correlator coming from the π̇3 interaction vanishes in the soft limit so its
coefficient is unconstrained. In particular, the action up to cubic order in conformal time is
schematically

S = −M
2
PlḢ

c2
s

∫
dτd3x

( 1
H2τ2

(
π′2 − c2

s(∂iπ)2
)

+ 1
Hτ

(c33π
′3 + c31π

′(∂iπ)2)
)
. (3.64)

27One way to think about why this is necessary is that the normalization of the three-point function
is degenerate with rescaling the sound speed of fluctuations. The unequal time correlator is sensitive to
the speed of propagation of fluctuations, so it provides a way of breaking this degeneracy and relating the
normalization of the three and two-point functions.
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It is only the coefficient c31 in the cubic action that is fixed entirely in terms of the speed
of sound

c31 = 1− c2
s , (3.65)

and this is precisely the physical content captured by the relation (3.61). It is also worth
pointing out that the physical mode condition is satisfied for the EFT of inflation. Thus, in
eq. (3.61), the initial time τi for the soft mode can be promoted to match τ1 or τ2 for the
hard modes, unlike its counterpart in the superfluid example.

From the perspective of bootstrapping inflationary correlators, it is somewhat interesting
that the relation between cubic couplings and the sound speed seems to be invisible at
the level of equal-time π correlation functions. At higher points, it does seem possible to
reconstruct the full set of relations following from the nonlinearly realized symmetries by
looking at equal-time correlators, as we discuss in appendix D. Typically in cosmology
we are only able to measure equal-time correlation functions, so it would be somewhat
more desirable to find a way of extracting this information on-shell from these correlators.
Perhaps the most natural approach is to consider bootstrapping correlators of the momentum
conjugate to π, which are sensitive to phases of the cosmological wavefunction. Alternatively,
perhaps these symmetry considerations should be taken as an indication that we should
consider bootstrapping unequal time correlators. In any case, it would be very interesting
to further systematize the application of symmetry constraints to the EFT of inflation at
the level of observables.

4 Conclusions

A wide variety of systems — all the way from condensed matter to cosmology — sponta-
neously break spacetime symmetries in their ground state. These spacetime symmetries
often involve transforming the time coordinate. The corresponding nonlinear realization of
these “time symmetries” is somewhat subtle because of the way that they transform the
foliation of spacetime used to quantize the system. Nevertheless, many important examples
of symmetries, for instance, Lorentz boosts, fall into this class, and so it is necessary to
understand the consequences of these symmetries for observables.

In this paper, we have derived a soft theorem satisfied by unequal-time correlation
functions (2.15) in theories with time symmetries. The primary technical difference with
previous studies is carefully tracking the effects of (temporal) boundary terms on the
charges that generate the spacetime symmetries of interest. In many cases, the unequal-time
relation (2.15) can be promoted to an equal-time soft theorem, provided that the system
satisfies the so-called physical mode condition — that the nonlinear part of the symmetry
transformation has the same time dependence as the soft limit of the growing-mode solution
to the equations of motion.

We have applied this technology to several examples in this paper. In addition to two
instructive examples provided by time-dependent field theories designed to mimic features
of inflation, we have considered the EFT of a relativistic superfluid and the EFT of inflation
in the decoupling limit. An interesting feature of the superfluid and EFT of inflation
cases is that the previously known soft theorems were unable to reproduce the relation
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between cubic couplings and the speed of sound of perturbations that is clear from the
action perspective. What we find is that these relations can be reproduced by considering a
particular unequal-time three-point function in the soft limit. Or, alternatively a three-point
function involving momentum.

One lesson that we can abstract from these studies is that it seems that for time
symmetries, unequal-time correlation functions (or ones involving canonical momenta) are
somewhat more natural observables than equal-time ones. Given recent progress in the
bootstrap construction of equal-time correlators, it is natural to consider bootstrapping these
objects. An additional intriguing feature of unequal-time objects is that they may encode
more directly consequences of causality, the imprints of which are somewhat mysterious at
the level of equal-time correlators.

We expect that the tools developed in this paper will serve useful to study the conse-
quences of symmetries for observable quantities of phases of matter and in the cosmologi-
cal setting.
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A Path integral derivation of the soft theorem

It is interesting to compare the derivation of the soft theorem of section 2—which is based
on the operator formalism in canonical quantization [26, 32, 100]—with the derivation
from the path integral [25, 27, 37, 101, 102]. In this appendix, we derive the same identity
using the path integral. There are two related ways to think about the path integral
derivation, depending on whether one treats the symmetry transformation in the active or
passive picture.

We first review the basic elements of the wavefunctional/path integral definition of
correlation functions. Following [37], let φ(~x, τa) be the field operator at position ~x and time
τa, and let |ϕa〉 be field eigenstates satisfying φ(~x, τa)|ϕa〉 = ϕa(~x)|ϕa〉. The expectation
value of a general operator O, built out of the fields ϕf (~x) = φ(~x, τf ) at some final time
τ = τf and generic spatial positions ~xa, can be computed according to the definition

〈O(~x1, . . . , ~xN )〉 =
∫
Dϕf O(~x1, . . . , ~xN ) |Ψ[ϕf , τf ]|2 , (A.1)

where |Ψ[ϕf , τf ]|2 is the normalized probability distribution for spatial field profiles at time
τf . This wavefunctional Ψ[ϕf , τf ] can be constructed via a path integral from some initial
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vacuum state, |0in〉, by inserting a complete set of field eigenstates

Ψ[ϕf , τf ] =
∫
Dϕi 〈ϕf , τf |ϕi, τi〉〈ϕi, τi|0in〉 =

∫
Dϕi

∫
ϕ(τf )=ϕf
ϕ(τi)=ϕi

Dϕ ei
∫ τf
τi

dτ
∫

d3xL[ϕ(τ)] Ψ0[ϕi, τi] ,

(A.2)
where we have written the transition amplitude 〈ϕf , τf |ϕi, τi〉 as28

〈ϕf , τf |ϕi, τi〉 =
∫

ϕ(τf )=ϕf
ϕ(τi)=ϕi

Dϕ ei
∫ τf
τi

dτ
∫

d3xL[ϕ(τ)]
. (A.3)

The path integral in (A.2) sums over all possible field configurations for φ that start from
the vacuum and which satisfy the late-time boundary condition that φ(~x, τf ) = ϕf (~x). We
have introduced the vacuum wavefunctional Ψ0[ϕi, τi] ≡ 〈ϕi, τi|0in〉, which captures the
initial conditions for the path integral. In the limit τi → −∞, we assume that it takes the
Gaussian form

Ψ0[ϕi, τi] ∝ exp
(
−1

2

∫ d3~k

(2π)3 Ei(k)ϕi(~k)ϕi(−~k)
)
. (A.4)

With these preliminaries out of the way, we would like to understand the consequences of
symmetries for the correlation function (A.1) in both the active and passive formalisms.

A.1 Active picture

We first consider the active picture. In the path integral derivation of Ward identities, it is
important that the action of a symmetry transformation on the Heisenberg eigenstate can
be expressed as

e−iQ |ϕ〉 = |ϕ+ δϕ〉 . (A.5)

Time symmetries (in the active sense) generally cannot be expressed this way (i.e., typically
the symmetries do not take an eigenstate of the field operator into another eigenstate
of the field operator), thus necessitating the operator approach taken in the main text.
Nonetheless, in cases where the above condition holds, we can meaningfully compare the
two derivations.

We start by considering (A.1) with O(~x1, · · · , ~xN ) = φ(~k1, τf ) · · ·φ(~kN , τf ). We can
change variables on the right-hand side to relabel ϕf to ϕf + δϕf . Assuming the integral
measure is invariant under this change, we conclude that to the first order in the variation,

−
∫
Dϕf ϕf (~k1) · · ·ϕf (~kN )

(
Ψ∗ [ϕf , τf ] δΨ [ϕf , τf ] + Ψ [ϕf , τf ] δΨ∗ [ϕf , τf ]

)
=
∫
Dϕf δ[ϕf (~k1) · · ·ϕf (~kN )]|Ψ [ϕf , τf ] |2 .

(A.6)

Recalling that

δΨ [ϕf , τf ] = 〈ϕf + δϕf |0in〉 − 〈ϕf |0in〉 = i〈ϕf |Q|0in〉 , (A.7)
28It is worth emphasizing that in the expression (A.3), as well as in other analogous equations, ϕ does not

denote a field operator but is merely an integration variable.
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we recognize that (A.6) is equivalent to (2.3). This makes it clear neither statement is a
statement of symmetry per se. In the path integral derivation, the statement follows from a
change of the dummy variable of integration; in the operator derivation, it follows from the
existence of an operator that can effect a certain transformation on the field.29

We next rewrite the left-hand side of (A.6) using

Ψ [ϕf , τf ] =
∫
Dϕi 〈ϕf |ϕi〉Ψ0 [ϕi, τi] , (A.8)

where Ψ0 [ϕi, τi] ≡ 〈ϕi|0in〉 is the initial wavefunctional, and

Ψ [ϕf + δϕf , τf ] =
∫
Dϕi 〈ϕf + δϕf |ϕi〉Ψ0 [ϕi, τi] . (A.9)

The trick is to again relabel the variable of integration ϕi by ϕi + δϕi, assume the measure
is invariant, and crucially, that the transition amplitude satisfies

〈ϕf + δϕf |ϕi + δϕi〉 = 〈ϕf |ϕi〉 . (A.10)

It then follows that
δΨ [ϕf , τf ] =

∫
Dϕi 〈ϕf |ϕi〉δΨ0 [ϕi, τi] , (A.11)

and the soft theorem can be derived by rewriting the left-hand side of (A.6), noting how
the initial wavefunctional transforms because it is a Gaussian.

Equation (A.10) is where the assumption of symmetry is used. The analog of this in
the operator approach is when we go from considering how the charge operator acts on the
final fields, to how it acts on the in-vacuum, assuming the charge is time-independent.

A.2 Passive picture

We now want to consider the path integral derivation in the passive picture. It is a bit
more general than the active picture derivation since it can deal with some time symmetries
— those where time is transformed by a space-independent amount (for example time
translations). The operator approach is still more general since it even applies to cases
where the time variable shifts by a space-dependent function, such as it does for boosts.
Nonetheless, the passive picture path integral derivation provides a useful check of the
results. To be precise, it is useful to work in something of a mixed picture, where time
symmetries are treated passively, while other symmetries (including spatial symmetries) are
treated in the active picture.

Let us assume that the theory has some time-dependent symmetry, acting nonlinearly
on φ, that can be written as

φ(τ) 7→ φ̃(τ̃) = φ(τ) + a(φ, τ) , τ 7→ τ̃ = τ + b(τ) . (A.12)

In the following, we will consider infinitesimal transformations of the type (A.12), with
a(τ, ϕ) and b(τ) arbitrary functions of their arguments. In addition, a can also be a function

29That such an operator is topological (conserved) is, however, a non-trivial physical assumption.
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of space, but b is assumed to be space-independent — this last assumption is crucial for the
next step of the derivation to make sense.30 Note that in this formulation of the symmetry,
the time coordinate is allowed to transform (and in this sense the formulation is passive),
but the spatial coordinate, which is kept implicit, is not transformed (and in this sense the
formulation is active). In other words, let us express the above in its completely active form:

δϕ = ϕ+ a− b∂τϕ (A.13)

We can say a = δNLϕ+ δ̃Lϕ and δLϕ = δ̃Lϕ− b∂τϕ. That is to say, the full nonlinear part
of the field transformation is contained in a, while the full linear part of the transformation
is partly in −b∂τϕ associated with the time transformation, and partly in a (the part we
call δ̃Lϕ, which is the linear transformation that could come from a spatial coordinate
transformation). We are interested in computing

〈ϕf + af , τf + bf |ϕi + ai, τi + bi〉 ≡ 〈ϕ̃f , τ̃f |ϕ̃i, τ̃i〉 =
∫

ϕ̃(τ̃f )=ϕ̃f
ϕ̃(τ̃i)=ϕ̃i

Dϕ̃ ei
∫ τ̃f
τ̃i

dτ
∫

d3xL[ϕ̃(τ)]
. (A.14)

First, we assume that Dϕ̃ = Dϕ. Then, by the assumption that (A.12) is a symmetry of
the action,∫ τ̃f

τ̃i

dτ̃
∫

d3xL[ϕ̃(τ̃)] =
∫ τf

τi

dτ
∫

d3xL[ϕ(τ)] + δθ[ϕf , ϕi; τf , τi] , (A.15)

where δθ[ϕf , ϕi; τf , τi] ≡ θ[ϕf ; τf ]− θ[ϕi; τi] captures possible boundary terms. Thus,

〈ϕ̃f , τ̃f |ϕ̃i, τ̃i〉 = 〈ϕf , τf |ϕi, τi〉 eiδθ , (A.16)

where one should keep in mind that δθ is of the same order as the functions a and b that
define the infinitesimal transformation (A.12). From (A.2), we can write

Ψ[ϕf + af , τf + bf ] =
∫
D(ϕi + ai) 〈ϕf + af , τf + bf |ϕi + ai, τi + bi〉Ψ0[ϕi + ai, τi + bi]

=
∫
Dϕi 〈ϕf , τf |ϕi, τi〉 eiδθ Ψ0[ϕi + ai, τi + bi] .

(A.17)

Subtracting (A.2) from (A.17), and keeping only terms up to linear order in the symme-
try transformation,

bf∂τfΨ[ϕf , τf ] + Ψ[ϕf + af , τf ]−Ψ[ϕf , τf ]

=
∫
Dϕi 〈ϕf , τf |ϕi, τi〉

[
bi∂τiΨ0[ϕi, τi] + Ψ0[ϕi + ai, τi]−Ψ0[ϕi, τi] + iδθΨ0[ϕi, τi]

]
.

(A.18)
It is then straightforward to use (A.18) along with the quantum mechanics formula (A.1)
expanded to linear order in the field variation to deduce the soft theorem. It can also be
shown that θ =

∫
d3~x (K0 + bL) at both the initial and final times, where Kµ is defined by

δL = ∂µK
µ in the active picture. It can further be shown that θ can depend on ϕ but not

∂τϕ (and likewise for the linear contribution to K0).
30This is also why we utilized the operator formalism in the main text, to cover cases like boosts where

time is transformed by a space-dependent amount.
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B Transformation of the one-point function

We now wish to discuss the special case where the operator O in the soft theorem is just a
single field φ. In this case, the corresponding momentum must be soft rather than hard
in order to arrive at a non-trivial symmetry statement. The right-hand side of the soft
theorem will involve the nonlinear transformation of the fields involved. In other words,
we have

lim
~q→0

D~q(τi)
(
Ei(q)〈0in|φf (−~q)φi(~q)|0in〉′ + c.c.

)
− iα0(~q, τi)

(
〈0in|φf (−~q)φi(~q)|0in〉′ − c.c.

)
= lim

~q→0
D~q(τf ) .

(B.1)

We confine ourselves to cases where D~q does not involve derivatives with respect to ~q. The
above can then be rewritten as

lim
~q→0

D~q(τi)
( 1
Pi(q)

Re 〈0in|φf (−~q)φi(~q)|0in〉′
)

+ 2
(
α0(~q, τi)−D~q(τi) Im Ei(q)

)
Im 〈0in|φf (−~q)φi(~q)|0in〉′ = lim

~q→0
D~q(τf ) .

(B.2)

If the physical mode condition is satisfied, such that the first term on the left equals the
term on the right, up to corrections suppressed by powers of q, then we have:

lim
~q→0

(
α0(~q, τi)−D~q(τi) Im Ei(q)

)
Im 〈0in|φf (−~q)φi(~q)|0in〉′ = 0 . (B.3)

It is interesting that in the cases we have performed perturbative checks (and where the
physical mode condition holds and D~q does not contain derivatives with respect to ~q), the
way that this identity is satisfied is that α0(~q, τi) = D~q(τi) Im Ei(q) as ~q → 0.31

The observation that this relation between the imaginary part of the wavefunction kernel
and the boundary-term contribution to the Noether charge is valid non-perturbatively in ~q
is perhaps not that surprising. The quantity α0(~q, τi) is related to the temporal boundary
term that the action shifts by, K0. On the other hand, the initial wavefunctional kernel
Ei(q) is equal, up to a coefficient, to the classical on-shell action at the initial time boundary
τ = τi, and so, is also essentially a time boundary term.

C More on superfluids

Here we elaborate on the details of the EFT of superfluids that we considered as an
example in the main text. A superfluid is a system with an internal U(1) symmetry
that is spontaneously broken in a state of finite density for the associated conserved U(1)
charge [47, 89, 94]. The symmetry breaking pattern is conveniently parametrized in terms
of a scalar field φ(~x, t) with a nonzero time-dependent expectation value, φ̄ = µt, where
µ is the chemical potential. The fluctuations around this background describe phonon
excitations in the superfluid, φ(~x, t) = µt+ π(~x, t). The field fluctuation π(~x, t) nonlinearly
realizes not only the internal U(1) symmetry, which acts on π as a constant shift (π → π+ε),

31This holds, for example, in the slow-roll and ultra-slow-roll inflation toy models (sections 3.1.1 and 3.1.2),
and for the shift symmetry identity for a driven superfluid (appendix C.2).
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but also time translations and Lorentz boosts, which are spontaneously broken by φ̄. There
is a diagonal contribution of shifts and time translations that remains linearly realized [94].

At leading order in derivatives, the low-energy effective action is [89]

S =
∫

dt d3xP (X) , (C.1)

where X ≡ −∂µφ∂µφ. Expanding this action around the superfluid ground state, we find
the following interactions for the phonon π, as an expansion in powers of the field:

L(2) = P ′(µ2)
c2
s

[
π̇2 − c2

s(∂iπ)2
]
, (C.2a)

L(3) = (1− c2
s)P ′(µ2)
c2
sµ

[(
1 + 2c3

3c2
s

)
π̇3 − π̇(∂iπ)2

]
, (C.2b)

L(4) = (1− c2
s)P ′(µ2)

4c2
sµ

2

[(
1 + 4c3

c2
s

+ 2c4
c2
s

)
π̇4 − 2

(
1 + 2c3

c2
s

)
π̇2(∂iπ)2 + (∂iπ)4

]
, (C.2c)

where the speed of sound (squared) is

c2
s = P ′(µ2)

P ′(µ2) + 2µ2P ′′(µ2) , (C.3)

and where we defined the constants

c3 ≡
2c4
sµ

4P ′′′(µ2)
(1− c2

s)P ′(µ2) , c4 ≡
4c4
sµ

6P (4)(µ2)
3 (1− c2

s)P ′(µ2) , (C.4)

in terms of the function P (X) that defines the equation-of-state of the superfluid. The fact
that the sound speed (C.3) is in general 6= 1 is a consequence of the spontaneous breaking
of Lorentz symmetries. The effective couplings in the lagrangian (C.2) are all constant as a
result of the presence of an unbroken combination of time translations and constant shifts
on π [94, 96].

C.1 Symmetries

The time-dependent expectation value for φ is responsible for the spontaneous breaking of
time translations and Lorentz boosts that are symmetries of the superfluid action (C.1).
Here we briefly review how these symmetries are nonlinearly realized on π. The field
transformations (C.6) below are the main ingredients for the derivation of the soft theorems
presented in section 3.2.

Spacetime translations and Lorentz transformations are generated by the Killing vectors

Pµ = −i∂µ , Jµν = i (xµ∂ν − xν∂µ) . (C.5)

The action of these Poincaré transformations on a scalar is by the Lie derivative

δPµφ(x) = −∂µφ(x) , (C.6a)
δJµνφ(x) = (xµ∂ν − xν∂µ)φ(x) . (C.6b)
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By expanding φ = µt + π, we can obtain the action of Poincaré transformations on the
superfluid phonon. Time translations and boosts are realized nonlinearly

δP0π(x) = −µ− π̇(x) , (C.7a)
δJ0iφ(x) = −µxi − (t∂i + xi∂0)π(x) , (C.7b)

which is of course a consequence of the fact that we are expanding around a nontrivial
background for φ.

Interactions. The field’s correlators can be computed for instance using the in-in formal-
ism [103]. In order to do this, we require the interaction-picture Hamiltonian. Using (C.2),
we obtain

Hfree = P ′(µ2)
c2
s

[
π̇2
I + c2

s(∂iπI)2
]
, (C.8a)

H(3)
I = (1− c2

s)P ′(µ2)
c2
sµ

[
−
(

1 + 2c3
3c2
s

)
π̇3
I + π̇I(∂iπI)2

]
, (C.8b)

H(4)
I = (1− c2

s)P ′(µ2)
4c2
sµ

2

[(
4c2

3
(
c2
s − 1

)
c4
s

+ c3

(
12− 8

c2
s

)
+ 9c2

s + 2c4
c2
s

− 8
)
π̇4
I

+
(

6− 4
c2
s

+ 4c3
c2
s

)
π̇2
I (∂iπI)2 − (∂iπI)4

]
. (C.8c)

Recall that, as a consequence of the derivative interactions, the relation between the
interaction Hamiltonian and the interaction lagrangian is nontrivial.

Equal-time correlation functions can be computed from these interaction Hamiltonian
expressions using the in-in master formula [103]:

〈O(t)〉 = 〈0|T̄ ei
∫ t
−∞−iεHI(t′)dt′ OI(t)T e−i

∫ t
−∞+iεHI(t′)dt′ |0〉 , (C.9)

where everything is in the interaction picture and where we introduced the iε-prescription
to turn off the interactions at t = −∞. The generalization to unequal-time correlators is
straightforward and just involves time-evolving each operator separately.

C.2 Driven superfluid

It is instructive to consider a deformation of the theory (3.22), which has a slightly different
action of the symmetries. We imagine adding a term linear in φ to the action:

S =
∫

dt d3x
(
P (X) + λφ

)
, (C.10)

which can be thought of as describing a superfluid coupled to an external constant source
that provides a sort of “driving” [96, 104]. The linear potential preserves the shift symmetry,
but allows for more general, nonlinear time-dependent solutions for the background φ̄. The
interesting features can be seen already in the case where P (X) = 1

2X, so we will specialize
to this case for simplicity. The background equation of motion now admits the quadratic
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solution φ̄ = λt2/2. If we parametrize the field fluctuations as φ = φ̄+ δφ, the theory for
δφ clearly has no nontrivial interactions. Let’s instead decompose π as

φ = λ

2 (t+ π)2, (C.11)

where π plays the role of the Stueckelberg field for the spontaneously broken time translations.
The Goldstone action for π is

S = −1
2λ

2
∫

dt d3x (t+ π)2(∂µπ)2 . (C.12)

Though (C.12) now appears to have interactions, the theory is of course still a (field-redefined)
free theory. It is nevertheless instructive to check the soft theorems that result from the
nonlinearly realized symmetries on π. The action (C.12) has the following time-dependent
symmetries, which are realized nonlinearly on π:

• Shift symmetry: δπ = 1/(t+ π),

• Time translations: δπ = 1 + π̇,

• Boosts: δjπ = xj + (t∂j + xj∂t)π.

Note that this model is slightly different from a conventional superfluid in that there is no
linearly realized combination of shifts and constant time translations.32 Consequently, the
EFT couplings are time-dependent. In the following, we will analyze each of the symmetries
separately and discuss when they lead to equal-time soft theorems for the Goldstone’s
correlation functions.

Shift symmetry. We first consider the shift symmetry, φ → φ + const, which acts on
π as

δπ = 1
t+ π

= 1
t
− π

t2
+ · · · . (C.13)

Under this transformation, the action (C.12) changes by a total derivative:

δS = −1
2λ

2
∫

dt d3x 2π̇ . (C.14)

The Noether charge associated with the symmetry (C.13) is thus

Q = λ2
∫

d3x (tπ̇ + π + · · · ) . (C.15)

Translating this into the notation of section 2, we have

α0 = λ2 , D~q = 1
t
. (C.16)

The soft theorem (2.15) reads

lim
~q→0

( 1
ti
Ei(q)− iλ2

)
〈πf (~k)πf (−~k − ~q)πi(~q)〉

′ + c.c. = − 2
t2f
〈πf (~k)πf (−~k)〉′ . (C.17)

32There is however a linearly realized combination of shifts and time-dependent temporal diffeomor-
phisms [96].
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This expression can be checked upon using the explicit form for the two-point function

〈πf (~k)πf (−~k)〉′ = 1
2λ2kt2f

, (C.18)

along with the soft limit of the unequal time three-point function

lim
~q→0

( 1
ti
Ei(q)− iλ2

)
〈πf (~k)πf (−~k − ~q)πi(~q)〉

′ + c.c. = − 1
λ2kt4f

. (C.19)

It is also straightforward to check that the symmetry (C.13) satisfies the physical mode
condition — the nonlinear part of the transformation D~q (C.16) and the soft mode function
in this model uq ∼ 1/t− iq + · · · exhibit the same time dependence in the leading order in
soft momentum q. We can therefore extend (C.17) to late times by simply replacing the
initial soft mode πi(~q) with πf (~q). Suppressing the dependence on the final time, one finds
the following equal-time soft theorem:

lim
~q→0

〈π(~k)π(−~k − ~q)π(~q)〉′

t 〈π(~q)π(−~q)〉′
= − 2

t2
〈π(~k)π(−~k)〉′ . (C.20)

It is straightforward to compute the correlators

〈π(~k)π(−~k)〉′ = 1
2λ2kt2

, 〈π(~k)π(−~k − ~q)π(~q)〉′ = −k + |~k + ~q|+ q

4λ4t5k|~k + ~q|q
, (C.21)

and verify that the relation (C.20) is satisfied.

Time translations. Time translations are nonlinearly realized on π in the standard way:

δπ = 1 + π̇ . (C.22)

After computing the corresponding conserved current, one finds α0 = 0 and D~q = 1, leading
to the following unequal-time soft theorem for π:

lim
~q→0
Ei(q) 〈πf (~k)πf (−~k − ~q)πi(~q)〉

′ + c.c. = ∂tf 〈πf (~k)πf (−~k)〉′ . (C.23)

In contrast to (C.13), the physical mode condition associated with the nonlinearly realized
time translations is not satisfied, since the nonlinear part of the symmetry D~q is now constant
in time. One is therefore not guaranteed to be able to find equal-time soft theorems for
Goldstone’s correlation functions. Incidentally, it just so happens that the soft theorem
relating three and two-point functions at equal times, obtained by simply replacing πi with
πf in (C.23),

lim
~q→0

〈π(~k)π(−~k − ~q)π(~q)〉′

〈π(~q)π(−~q)〉′
= ∂t 〈π(~k)π(−~k)〉′ , (C.24)

is satisfied, as it can be explicitly checked upon using (C.21). One can verify that this is
however an accident of the 3-to-2 soft theorem. The analogous 4-to-3 equal-time consistency
condition from time translations is, in fact, violated.
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Boosts. Under an infinitesimal boost, the field π transforms as

δjπ = xj + (t∂j + xj∂t)π . (C.25)

Following the standard procedure, one finds the Noether current j0 = bjx
jΠπ and, therefore,

α0 = 0 and D~q = −ibj∂qj , leading to the same soft theorem as in eq. (3.35) with µ = 1.
What is different are the explicit expressions for the correlation functions, which can be
read off from (C.19). For boosts, the conditions required for promoting the identity (3.35)
to final times are also not met: similarly to the superfluid in section 3.2, the mode function
in the soft limit uq ∼ 1/t− iq + · · · contains a linear piece in q, which violates the physical
mode condition (see section 2.2).

D More on the EFT of inflation

Here we elaborate on some of the details of the effective field theory of inflation [44, 98].
We first show how to derive symmetries (3.59) and (3.60) from the de Sitter isometries, and
briefly review how they can be re-expressed in terms of the curvature perturbation ζ. We
then discuss some aspects of the soft theorems satisfied by π.

D.1 Symmetries

Let’s consider the symmetries of the EFT (3.55). For simplicity, we will work in the limit
where the couplings do not depend explicitly on time. This ensures that after a Stückelberg
transformation, the action for the scalar fluctuation π is manifestly invariant under constant
shifts [44].33 Everything we discuss here can be easily generalized, following [32, 96], to
shift-symmetric theories where the scalar clock is not a linear function of time.34 We will
discuss an example of this in appendix E.

Besides translations and rotations, de Sitter space possesses 4 additional isometries
that can be written, in their infinitesimal form, as

t 7→ t+ λ

H
, xi 7→ (1− λ)xi , (D.1)

and
t 7→ t+ 2

H
~b · ~x , xi 7→ xi + bi

(
~x2 − 1

a2H2

)
− 2xi(~b · ~x) , (D.2)

where a = eHt. The transformations (D.1) correspond to infinitesimal dilations, while (D.2)
at late times acts like a special conformal transformation on the future boundary.

In single-field inflation, in the limit in which the background metric can be approximated
by de Sitter space, the transformation laws (3.59) and (3.60) can be derived as follows.
Using an appropriate field redefinition, we can always choose to parametrize perturbations as

φ(~x, t) = t+ π(x) . (D.3)
33This is equivalent to assuming that, in the coordinate where the ‘clock’ is linear in time, there is a shift

symmetry acting on the scalar field.
34It is of course always possible to redefine time in such a way to make the background of φ linear in the

new temporal coordinate. However, in these coordinates, the field transformation is no longer a constant
shift [96].
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Using the fact that φ(~x, t) transforms as a scalar, i.e., that φ̃(x̃) = φ(x), it is straightforward
to derive that π transforms under dilations as

δDπ = − λ
H

(1 + π̇) + λ~x · ~∇π , (D.4)

while for the isometries (D.2) one finds

δSCTπ = − 2
H
~b · ~x+ bj

(
− 2
H
xj π̇ + 2xj~x · ~∇π − x2∂jπ + 1

a2H2∂jπ

)
. (D.5)

In terms of the curvature perturbation ζ, defined by gij = a2(t)e2ζδij [105, 106] the
transformation laws (D.4) and (D.5) take the form

δDζ = λ(1 + ~x · ~∇ζ) (D.6)

and

δSCTζ = 2~b · ~x+
(

bj

a2H2 + 2~b · ~xxj − ~x2bj
)
∂jζ , (D.7)

respectively. These are usually derived by searching for residual large gauge transformations
that are the zero momentum limit of physical solutions of the Einstein equations [107, 108].
Alternatively, (D.6) and (D.7) can be obtained also from (D.4) and (D.5) by taking the
variation of the nonlinear relation between ζ and π [18, 109]:

ζ = −Hπ +Hππ̇ + 1
2Ḣπ

2 + 1
4a2

(
−∂iπ∂iπ +∇−2∂i∂j(∂iπ∂jπ)

)
+O(π3) . (D.8)

It is straightforward to check that (D.6) and (D.7) are symmetries of the action for
ζ after the non-dynamical components of the metric are integrated out (see ref. [18] for
details and [20] for an explicit check in the context of slow-roll single-field inflation).35

D.2 Soft theorems

We now want to discuss the soft theorems following from the symmetries of the π action (3.57).
These soft theorems are well-studied (e.g., [20–27, 30, 37]), but for completeness we review
these results in order to put them in context with our discussion in the main text.

35Note that the piece proportional to 1/(a2H2) in (D.7) originates from a (large) time-dependent spatial
diffeomorphism ξi whose form is fixed by the requirement that the Hamiltonian constraints are solved
nontrivially in the zero momentum limit [20]. Concretely the diffeomorphism parameter that is an adiabatic
mode is

ξi = εi~x2 − 2xi(~ε · ~x) + δxi(t) , δxi(t) ≡ − εi

a2H2 . (D.9)

The form of δxi(t) in (D.9) is in agreement with the result of the integral in the general expression for ξi [28],

ξi(t) =

(
1 +

∫ t dt′

a(t′)3

∫ t′

a(t′′)dt′′∇2

)
ξ̄i ,

where one should substitute ξ̄i = εi~x2 − 2xi(~ε · ~x) and work at the leading order in the exact de Sitter limit.
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Shift symmetry. We first consider the shift symmetry of π, which acts as δπ = 1. The
corresponding unequal-time consistency condition takes the form

lim
~q→0
Ei(q) 〈π~k(τf )π−~k−~q(τf )π~q(τi)〉′ + c.c. = 0 . (D.10)

This can be explicitly checked using the expression for the soft limit of the three-point
function:

lim
~q→0
Ei(q)〈π~k(τf )π−~k−~q(τf )π~q(τi)〉′+c.c.

∣∣∣∣
τf=0

= 5H3(1−c2
s)

16c3
s|Ḣ|M2

Pl

(~k ·~q)2

k7 (D.11)

+H3(4c4
sM

4
3 +(3c4

s+5c2
s−8)|Ḣ|M2

Pl)
16c3

s|Ḣ|2M4
Pl

q2

k5 .

which indeed vanishes in the soft limit, as expected.
One can check that the physical mode condition associated with constant shifts of π in

the theory (3.55) is satisfied. This ensures that in the soft theorem (D.10) one can promote
τi to τf . The consistency condition at equal times thus reads

lim
~q→0

〈π~kπ−~k−~qπ~q〉
′

〈π~qπ−~q〉′
= 0 . (D.12)

As is well-known, the soft limit of the equal-time three-point function following from an
explicit calculation vanishes as q2 in the soft limit.

Dilation soft theorem at three points. Dilations are nonlinearly realized on π as
in (D.4). This can be used to derive the following unequal time soft theorem relating the
three and two-point functions

− lim
~q→0

1
H
Ei(q) 〈π~k(τf )π−~k−~q(τf )π~q(τi)〉′ + c.c. =

(
τf∂τf − 3− k∂k

)
〈π~k(τf )π−~k(τf )〉′ .

(D.13)
The physical mode condition for the dilation symmetry (D.4) is satisfied, which implies
that (D.13) can be promoted to final times as [20]

− lim
~q→0

1
H

〈π(~k)π(−~k − ~q)π(~q)〉′

〈π(~q)π(−~q)〉′
= (τ∂τ − 3− k∂k) 〈π(~k)π(−~k)〉′ . (D.14)

It is straightforward to check explicitly that both sides of (D.13), as well as of (D.14),
vanish identically.

SCT soft theorem at three points. Special conformal transformations act nonlinearly
on π as in (D.5). The corresponding soft theorem that relates a three-point function with
one field evaluated at the initial time to a late-time two-point function is:

lim
~q→0

1
H

∂

∂qj

(
Ei(q) 〈π~k(τf )π−~k−~q(τf )π~q(τi)〉′

)
+ c.c.

= kj
2k

(
−τf

∂2

∂k∂τf
+ 4∂k + k∂2

k

)
〈π~k(τf )π−~k(τf )〉′ .

(D.15)
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Note that, in contrast to (3.61), we are taking the final times in (D.15) to be equal,
τ1 = τ2 ≡ τf . In this limit, each side of (D.15) vanishes identically, as it can be checked
explicitly:

〈π~k(τf )π−~k(τf )〉′ = H2

4M2
Plcs|Ḣ|k3 (1 + c2

sk
2τ2
f ),

lim
~q→0

1
H

∂

∂qj

(
Ei(q) 〈π~k(τf )π−~k−~q(τf )π~q(τi)〉′

)
= 0.

(D.16)

As was mentioned in section 3.3, this means that we cannot reproduce the relation between
the cubic couplings and the normalization of the two-point function. This instead requires
the unequal-time soft theorem discussed in section 3.3.

Slow-roll inflation satisfies the physical mode condition. Using this, along with the
identity (D.14) for dilations, we can promote the soft theorem (D.15) to equal times as

lim
q→0

1
H

∂

∂qj

(
〈π~kπ−~k−~qπ~q〉

′

〈π−~qπ~q〉′

)
= kj

2k

(
−τ ∂2

∂k∂τ
+ 4∂k + k∂2

k

)
〈π~kπ−~k〉

′ . (D.17)

One can also verify by an explicit calculation that this relation is satisfied in the sense that
both sides vanish [20].

SCT soft theorem at four points: We now want to consider the consequences of
the equal-time soft theorem following from SCTs at four points. We saw above that at
three points, the corresponding SCT soft theorem is satisfied in a somewhat trivial way —
both sides vanish. As such, the three-point relation does not place any constraints on the
parameters of the EFT. At four points, the situation is more interesting.

The soft theorem was checked explicitly in [20] for the correlators derived from the
EFT of inflation. Here, we want to emphasize a slightly different viewpoint, spiritually
related to the bootstrap construction of inflationary correlators. To that end, we imagine
taking the interactions of the EFT of inflation (3.57) and allowing all the couplings to be
arbitrary, even the ones that are in reality fixed in terms of the sound speed:

S =
∫

dt d3x a3
[1

2

(
π̇2 − c2

s

a2 (∂iπ)2
)

+ α1π̇
3 + α2π̇

(∂iπ)2

a2

+ β1π̇
4 + β2π̇

2 (∂iπ)2

a2 + β3
(∂iπ)4

a4 + · · ·
]
.

(D.18)

Conceptually, we can think of (D.18) as a way of generating four-point correlators that
are consistent with locality, unitarity, etc. in de Sitter space, but one could alternatively
imagine directly bootstrapping these shapes following the approach of [84]. (We will see
that only contact four-point functions actually enter the soft theorem.) We now want to see
how the nonlinearly realized symmetries of π additionally constrain the shapes generated
by (D.18).

All of the shapes generated by the quartic operators vanish in the soft limit and
satisfy the dilation identity trivially, so the only nontrivial constraint comes from the SCT
symmetry of π. The equal-time soft theorem following from this symmetry reads

lim
q→0

∂

∂qi

( 1
P (q)

〈
π~k1

π~k2
π~k3

π~q
〉)

= H

2 K̂
i〈π~k1

π~k2
π~k3

〉
, (D.19)
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where we have defined

K̂i ≡
3∑

a=1
K̂i
~ka
, with K̂i

~ka
= 6 ∂

∂kia
+ 2ka ∂2

∂kia∂k
a
a

− ki ∂2

∂kaa∂k
a
`

. (D.20)

Using the action (D.18), we can explicitly compute the late-time three-point function

〈
π~k1

π~k2
π~k3

〉′= 12(α1c
2
s+α2)K2

3 +α2K
6
1−3α2K

4
1K2+11α2K

3
1K3−4α2K

2
1K

2
2−4α2K1K2K3

4K3
3K

3
1c

8
s

,

(D.21)
where K2 = k1k2 + k1k3 + k2k3, K3 = k1k2k3 and K1 = ∑

i ki. The four-point function
receives contributions from both exchange and contact diagrams, but the exchange diagrams
contribute to O(q2) in the soft limit and so can be ignored.36 The relevant late-time
four-point function computed from contact diagrams is

〈
π~k1

π~k2
π~k3

π~k4

〉′
contact = 3

(
β1 −

9α2
1

2

) 1
c9
sK4K5

1
(D.22)

+ 1
2

(
2β3 − α2

2

)(~k1 · ~k2)(~k3 · ~k4)
4c13
s K

3
4K

5
1

(
12K4 + 3K3K1 +K2K

2
1 +K4

1
)

+ (β2 − 3α1α2)k
2
1k

2
2(~k3 · ~k4)

4c11
s K

3
4K

5
1

(
1 + 3k3 + k4

K1
+ 12k3k4

K2
1

)
+ 23 perms.

where we have defined the following combinations of momentum magnitudes

K1 = k1 + k2 + k3 + k4 , K2 =
∑
i<j

kikj , K3 =
∑
i<j<l

kikjkl , K4 = k1k2k3k4 .

(D.23)
For arbitrary αi and βi, the soft theorem (D.19) imposes the following relations37

β2 = 3α1
(
α2 − c5

s

)
− 2α2c

3
s , (D.24)

β3 = 1
2α2

(
α2 − c5

s

)
, (D.25)

36This can be verified by counting the number of derivatives in the external legs, see also explicit check
in [20].

37Note that the correlators in (D.19) still involve a momentum-conserving delta function. Acting with
the differential operator K̂i on the right-hand side of (D.19) is therefore slightly subtle. One can think
of two different — but in the end equivalent — ways of proceeding. One can first act with the SCT
operator K̂i on B3(k1, k2, k3) ≡

〈
π~k1

π~k2
π~k3

〉′, and only then afterward use the momentum conservation to
set ~k3 = −~k1 − ~k2:[

(K̂i~k1
+ K̂i~k2

+ K̂i~k3
)B3
]′ =

[
ki1

( 4
k1
∂k1 −

4
k3
∂k3 + ∂2

k1 − ∂
2
k3

)
B3 − ki2

( 4
k2
∂k2 −

4
k3
∂k3 + ∂2

k2 − ∂
2
k3

)
B3

]′
.

Alternatively, one can use momentum conservation first to make B′3 a function of ~k1, ~k2 only, and then write
the SCT operator K̂i acting on it as

(K̂i~k1
+ K̂i~k2

)B′3 = ki1

[ 4
k1
∂k1B3 + ∂2

k1B3 + 10
k3
∂k3B3 + ∂2

k3B3 + 2k1

k3
∂k1∂k3B3 + 2k2

k3
∂k2∂k3B3

]′
+ (1↔ 2) .

These two very different-looking expressions are not equal for arbitrary B3. However, when evaluated
explicitly on the actual three-point function computed in the EFT of inflation, they turn out to be identical.
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which fixes two of the parameters of the quartic interactions in terms of the cubic couplings
(where the coupling α2 itself is fixed in terms of the sound speed by the soft theorem (3.61).

So, we see that the nonlinearly realized symmetries of π reduce the number of free
parameters in the EFT of inflation. It would be interesting to more systematically implement
these constraints from the bootstrap point of view at higher derivative order and at
higher points.

E Ultra-slow-roll with time-dependent sound speed

In this appendix, we investigate another example of ultra-slow-roll evolution where the
time dependence of the sound speed is not negligible. Our motivation is to investigate the
physical mode condition in this context. As opposed to cases where s ≡ ċs/(Hcs)� 1, we
will show that the physical mode condition is now not satisfied. This implies that, in such a
class of models, it is not possible to extend, in a straightforward way, the soft theorem (2.15)
to late times.

(Equal-time) soft theorems in shift-symmetric ultra-slow-roll inflation were first derived
in [32, 33]. These consistency conditions have been shown to arise from a combination
of a large diffeomorphism and the internal shift symmetry [32], and have been checked
explicitly in the case of constant sound speed cs for the perturbations. (The existence
of such equal-time identities is guaranteed by the physical mode condition [37], which is
satisfied when cs = constant.)

To consider the case with a time-dependent sound speed, we start with a shift-symmetric
theory of the form L = P (X), where X ≡ −(∂µφ)2. In the unitary gauge language, this is
equivalent to

L = M2
Pl

2 R−M2
Pl

(
3H2 + 2Ḣ

)
+M2

PlḢδg
00 + M2

PlḢ

4
c2
s − 1
c2
s

(δg00)2

+ M2
PlḢ

6c2
s

[
c2
s − 1− HX̄

˙̄X
2s+ (1− c2

s)(2ε− η)
2

]
(δg00)3 + · · · ,

(E.1)

where we have defined the background quantities
˙̄X

HX̄
= −6c2

s , X̄ ≡ ˙̄φ2 , (E.2)

where φ̄ denotes the background profile of the scalar field φ. In (E.1) we introduced the
slow-roll parameters ε ≡ −Ḣ/H2 and η ≡ ε̇/(Hε).

The lagrangian (E.1) is a particular case of the general EFT (3.55), where the coefficients
are fixed by the underlying shift symmetry on φ [96]. In particular, the slow-roll parameters
satisfy the following background equations of motion:

Ḣ
[
η − 2ε+ 3(1 + c2

s)
]

= 0 . (E.3)

In the ζ-gauge, defined by δgij = a2 e2ζ δij , the quadratic action for the scalar perturbation
ζ is

S(2) = 1
2

∫
d3x dτ z2

(
ζ ′

2 − c2
s(∂iζ)2

)
, (E.4)
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where we defined
z2 ≡M2

Pl
2εa2

c2
s

(E.5)

and where the prime ′ denotes differentiation with respect to the conformal time τ . In the
following, we will assume ε, η̇/H, ṡ/H � 1, while we will allow η, cs and s to be O(1). It
can be shown that the spectrum of perturbations is scale-invariant in the two cases [110]

η + s = 0 or 6 + η − 5s = 0 . (E.6)

In the second case, i.e., s = (6 + η)/5, the background dynamics is non-attractor, as in
ultra-slow-roll.

Violation of the physical mode condition. The lagrangian (E.1) has a nonlinearly
realized symmetry on ζ of the form [32, 96]

δζ = −λ(t)
(
1 + xi∂iζ

)
− ξ0

(
H + ζ̇

)
, (E.7)

where
ξ0(t) = c

˙̄φ(t)
, λ̇(t) = −ξ0(t)Ḣ(t) , (E.8)

or equivalently, in momentum space,

δζ~k = −λ(t)− ξ0H + λ(t)
(
3 + ~k · ∂~k

)
ζ~k − ξ

0ζ̇~k . (E.9)

In the case s� 1, one can use the symmetry (E.7) to derive a soft theorem for late-time
correlators [32]. The soft theorem is guaranteed to hold thanks to the physical mode
condition, which is satisfied if s � 1 [37]. Using the explicit form of the three-point
function [110] in the case where s is instead non-negligible, in particular s = (6 + η)/5
(see eq. (E.6)), one can check that the late-time soft theorem ceases to hold. This can be
attributed to the violation of the physical mode condition.

To see this, consider the background equation of motion for the scalar field,

∂t
(
a3 ˙̄φPX

)
= 0 , (E.10)

which can be solved for ˙̄φ as
˙̄φ ∝ a3Ḣ . (E.11)

Assuming that η and s do not vary significantly during the non-attractor phase, we can
write [110]

ε = εe

(
τ

τe

)−η
, cs = cse

(
τ

τe

)−s
. (E.12)

Then, from (E.9), the nonlinear piece of the transformation (E.9) takes the form

δNLζ =
∫

dt ξ0Ḣ − ξ0H ∝
∫ dt
a3 −

H

a3Ḣ
≈ 1
a3Hε

, (E.13)

where we used the background solution (E.11). Assuming the scaling (E.12), this implies

∆ζNL ∝ τ3+η . (E.14)
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On the other hand, let us consider the linearized equations of motion for ζ — see, e.g., (E.4)—
in the limit ~q → 0,

∂τ

(
a2ε

c2
s

ζ ′~q→0

)
= 0 , (E.15)

which can be solved as

ζ~q→0 ∝
∫

dτ c
2
s

a2ε
≈ H2

∫
dτ τ

2c2
s

ε
∝ τ3+η−2s , (E.16)

where we assumed again the scaling (E.12). Comparing (E.14) and (E.16) it is clear that,
under the assumption (E.12), the physical mode condition is satisfied only for s� 1.

F Soft theorems and scattering amplitudes

In section 3.2 we derived soft theorems for the correlation functions of a superfluid phonon
that result from nonlinearly realized time translations and Lorentz boosts. These soft
theorems relate certain couplings in the EFT at the level of observables. A natural question
to ask is whether one can derive analogous soft theorems for scattering amplitudes. That
is, do the correlator soft theorems have an analogue in terms of Ward identities relating
(N + 1)-point scattering amplitudes in the soft limit to N -point scattering amplitudes?
This question was recently asked in [95] and explored in detail, so we only make some brief
comments, and refer the reader there for a more complete discussion.

It is worth recalling that, for Poincaré-invariant scalar field theories, the presence of a
shift symmetry is responsible for an Adler zero [1, 2]. This is nothing but the statement that
the scalar’s scattering amplitudes vanish in the limit where one of the external momenta is
taken to be soft, i.e., they are schematically of the form

lim
q→0
A ∼ qσ , with σ ≥ 1 , (F.1)

where we can think of theories having larger values of σ as having enhanced symmetries [10–
15]. This should be contrasted with the case of scattering amplitudes of fields with spins,
which do not vanish in the soft limit, leading to the well-known Weinberg’s theorems for
the emission of low-energy photons and gravitons [3–8]. The Adler zero for shift-symmetric,
Poincaré-invariant scalar theories can also be understood as a consequence of the fact that
there are no cubic vertices in the theory that can yield a nonzero 3-point amplitude [111].38

The story changes if (some of) the Poincaré symmetries are spontaneously broken.
In this case, there can be cubic operators that are nontrivial on shell (and thus cannot
be redefined away), resulting in nonzero 3-point amplitudes and violating the Adler zero
condition [13, 95, 111, 112]. This is precisely what happens with the superfluid. The
lagrangian for the perturbations on the Lorentz-breaking background is (see also appendix C)

L = −1
2(∂̃µπ)2 + α̃1π̇

3 − α̃2π̇(∂̃µπ)2 + β̃1π̇
4 − β̃2π̇

2(∂̃µπ)2 + β̃3(∂̃µπ)4 , (F.2)

38All cubic operators can be removed by suitable field redefinitions — the only exception is φ3, which is
forbidden by the shift symmetry.
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where we have defined

α̃1 =
(
c2
s + 2c3

3 − 1
)
α̃2 , α̃2 = 1− c2

s

2c5/2
s

√
2µ2P ′(µ2)

, (F.3)

β̃1 = c2
s

(
c2
s + 4c3 + 2c4 − 2− 4c3

c2
s

+ 1
c2
s

)
, β̃2 = 2(c2

s + 2c3 − 1)β̃3 , (F.4)

β̃3 = 1− c2
s

16c5
sµ

2P ′(µ2) , (F.5)

and where we introduced for convenience the rescaled coordinates

xµ = (t, ~x/cs) , pµ = (ω, cs~p) , (F.6)

which make the quadratic Lagrangian invariant under “fake” Lorentz transformations. To
cubic order, there are only two operators in (F.2): π̇3 and π̇(∂̃µπ)2. After straightforward
integrations by parts, the latter can be recast in the form π2�̃π̇, which vanishes on the
linearized equations of motion. As a result, only π̇3 yields a non-vanishing 3-point scattering
amplitude, which takes the form

A3(π~p1 → π~p2π~p3) = −6iα̃1ω1ω2ω3 , (F.7)

with ωk ≡ cspk. In particular, as a result of the non-vanishing amplitude (F.7), one can
check that the 2-to-2 scattering amplitude of π is nonzero in the soft limit, and factorizes
into the product of (F.7) and an overall momentum-dependent coefficient,

lim
~p4→0

A4(π~p1π~p2 → π~p3π~p4) =

 lim
~p4→0

3∑
i=1

iηi
2c2
spip4

6c3
sα̃1p

2
i p4

1− (~pi·~p4)
pip4

A3(π~p1π~p2 → π~p3) , (F.8)

where ηi = −1 for the incoming phonons 1 and 2, and ηi = +1 for the outgoing phonon 3,
consistently with standard ‘polology’ arguments for soft amplitudes [111].

The soft theorem (F.8) can be viewed as resulting from the conservation of the U(1)
current [95, 113]

jµ = δL
δ(∂µπ) = −∂µπ + 3α̃1δ

µ
0 π̇

2 − α̃2δ
µ
0 (∂νπ)2 − 2α̃2π̇∂

µπ + · · · . (F.9)

To derive (F.8) from the conservation of (F.9), one can use the Ward identity

〈∂µjµ(x)π(x1)π(x2)π(x3)〉 = − iδ(4)(x− x1) 〈π(x2)π(x3)〉
− iδ(4)(x− x2) 〈π(x1)π(x3)〉 − iδ(4)(x− x3) 〈π(x1)π(x2)〉 .

(F.10)
After plugging the first term of (F.9) into (F.10), we can take the Fourier transform with
respect to x and use LSZ reduction on the fields π(x1), π(x2), π(x3) to get the 2-to-2
scattering amplitude. Insertion of the quadratic part of the operator (F.9) in (F.10) results
in a nearly on-shell propagator that diverges in ~q → 0 limit, whereas cubic and higher
terms in jµ give subdominant contributions [9]. Taking into account that all but π̇3 vertices
vanish on shell, this logic leads to the right-hand side of (F.8).
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Similar statements to (F.8) can be obtained for higher-point amplitudes. Notably — in
contrast to the analogous statements for correlators — they are somewhat model-dependent,
in the sense that one must specify the cubic vertices present in the theory in order to write
down a soft theorem. Alternatively, one can subtract off the contributions from the cubic
vertices at tree level in order to obtain an Adler zero for the remaining contributions, as
was done in [95].
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