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The entanglement generated for a uniformly accelerated two-atom system in vacuum during its evolution may

increase with acceleration, while that for a static one in a thermal bath always decreases monotonically with
temperature. This phenomenon is named as the anti-Unruh effect in terms of the entanglement generated. In this
paper, we study the effects of the interatomic interaction induced by the electromagnetic vacuum fluctuations on
the entanglement dynamics of two uniformly accelerated atoms. We show that the anti-Unruh phenomenon may
exist or disappear depending critically on the configuration of the orientation of the atomic polarization and the
directions of the uniform acceleration and the interatomic separation. This is in sharp contrast to the scalar-field
case, in which the anti-Unruh phenomenon is always lost when the environment-induced interatomic interaction

is considered.

1. Introduction

In quantum field theory, the vacuum state of a quantum field is ob-
server dependent. A well-known example is that the Minkowski vacuum
defined by inertial observers is perceived as a thermal bath of Rindler
particles by uniformly accelerated observers, i.e. the well-known Unruh
effect [1-4]. As a result, a uniformly accelerated atom would spon-
taneously get excited in the Minkowski vacuum [5-7]. Moreover, in
contrast to the fact that the excitation rate of static atoms immersed in
a thermal bath increases monotonically with the bath temperature, it
may decrease with acceleration for accelerated atoms in certain cases,
which is named as the anti-Unruh effect [8,9] in terms of the transition
rate.

The situation is more intriguing when two atoms are involved, since
there may exist quantum entanglement, which is regarded as one of
the most striking features in quantum physics. Recently, a lot of effort
has been made to investigate the behaviors of entanglement dynam-
ics [10-19] and entanglement harvesting [20-33] in noninertial frames
and in curved spacetimes. In particular, it is of interest to study how the
entanglement dynamics of a uniformly accelerated two-atom system is
affected by acceleration, and compare the result with that of a static one
immersed in a thermal bath at the Unruh temperature. At this point, we
note that, in general, the entanglement dynamics of uniformly accel-
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erated atoms shows distinctive features compared with that of static
ones in a thermal bath. Remarkably, the maximal concurrence gener-
ated for a uniformly accelerated two-atom system during its evolution
may increase with acceleration, while that for a static one in a ther-
mal bath always decreases monotonically with temperature [14-16].
This phenomenon is dubbed as the anti-Unruh effect in terms of the
entanglement generated in Ref. [16]. Note that this is different from
the anti-Unruh effect for two entangled atoms in terms of the collective
transition rate investigated in Refs. [34,35]. The Unruh and anti-Unruh
effects in terms of the entanglement generated show a unique feature
of the vacuum fluctuations viewed by two accelerated observers on the
one hand, and suggest in principle a possibility for experimental veri-
fication of the acceleration-induced quantum effects by observing the
entanglement dynamics of accelerated atoms on the other hand.

For a two-atom system, there are two kinds of environment-induced
effects. The first one is the decoherence and dissipation, and the sec-
ond one is the environment-induced energy shift, including the Lamb
shifts of the individual atoms, and an environment-induced interatomic
interaction. However, in the works mentioned above concerning the
anti-Unruh effect in terms of the entanglement generated [14-16], only
the effects of decoherence and dissipation are considered, while the ef-
fects of environment-induced interatomic interaction on entanglement
dynamics are neglected. In a recent work [36], we examined the en-
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tanglement dynamics of two uniformly accelerated atoms, and found
that the anti-Unruh effect in terms of the entanglement generated is
lost when the environment-induced interatomic interaction is taken
into account. In Ref. [36], the environment is modeled as a fluctuat-
ing scalar field in the Minkowski vacuum. A realistic model would be
two uniformly accelerated atoms coupled with fluctuating vacuum elec-
tromagnetic fields. Since the electromagnetic vacuum fluctuations are
anisotropic as seen by accelerated atoms, the entanglement behaviors
for atoms polarizable along different directions may be significantly
different. In the present paper, we plan to study the entanglement
dynamics of two uniformly accelerated atoms coupled with electromag-
netic vacuum fluctuations when the environment-induced interatomic
interaction is taken into account. As will be shown in detail, in the
electromagnetic-field case, the entanglement generation is crucially de-
pendent on the polarization of the atoms. Remarkably, in sharp contrast
to the scalar-field case [36], the anti-Unruh phenomenon can survive
the environment-induced interatomic interaction.

2. The master equation

We consider an open quantum system composed of two uniformly
accelerated atoms coupled with a fluctuating electromagnetic field in
the Minkowski vacuum. The Hamiltonian takes the form

H=Hg+Hp+H,. @
Here H g is the Hamiltonian of the two-atom system,

®
o
where 6,.(1) =0;®0), 6,” =0y ® 0;, with ¢; (i =1,2,3) being the Pauli
matrices, o, the 2 X 2 unit matrix, and w the energy-level spacing be-
tween the ground state |g) and the excited state |e). In Eq. (1), Hf is
the Hamiltonian of the electromagnetic fields, and H; is the interaction
Hamiltonian describing the dipole interaction between the atoms and
the electromagnetic field, which takes the form

w _(2)

+20'3 s

Hg= 2

2
i

H; =-DY(2) - E[xV(2)] =D (1) - E[xP(1)]. 3

Here D@(z) (a = 1,2) is the electric-dipole moment of the ath atom,
and E[x(¥(7)] is the electric-field strength.

In the limit of weak coupling, the Markovian master equation of
the two-atom system takes the Gorini-Kossakowski-Lindblad-Sudarshan
(GKLS) form [37,38],

ap(r)

Zw (03", p(0)] +i Z (0, ® 0}, p(7)]

i,j=1
+ Z Z 1267 p6® — 6@ o — po 6P, )

a p=11i,j=1

Here
i;,tz

@y =0 = - [K(0) = K (~w)], ®)

describes a renormalized energy-level spacing. The coefficient matrices
Qijl.z) and Cl.(/‘."ﬂ ) can be written respectively as follows,

ng) =A“2)(5ij — 63,63)), (6)
" = A5 — 1B 5y~ AP6y,5y), @
where

402 = [IC“Z)(a;)+IC(12)( o), (€©)]
AP = ﬂT [6“P (@) + GV (-w)], ©

2
B = £ (¢ (@) - ¢ (o). (10)
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In the equations above,

3

KD (@)= Y dPdP* KD (o), 11
m.n=1
3
¢Pwy= Y d0dP* D (w), 12)
m.n=1

where d,(,’,’ ) = (ngf,‘f) |e) is the transition matrix element of the ath atom,
and

it clen
P Cmn (@) )
e gy = —/d 13
i r w_l 13)
[so]
GP(2) = / dare?rGb(aq), aw

are the Hilbert transform and the Fourier transform of the electro-
magnetic field correlation function G(“ﬁ )(A ) =(E,(t,x,)E, (7', x/,)>
respectively, with P denoting the principal value. Note that the cor-
relation function is invariant under temporal translations, i.e., they
dependent on At =7 — 7/ only.

We assume that the two atoms are accelerating with the same accel-
eration perpendicular to the separation, so the trajectories of the two
atoms can be written as,

t(r)= % sinh(az), x,(7) = % cosh(ar), y;(r)=0, z(r) =0,

(7)) = % sinh(at), x,(r)= é cosh(az), y,(7)=0, z,(r)=1L, (15)

respectively. The Wightman function of the electromagnetic fields in
the Minkowski vacuum takes the form

1
<Em(x)En(x,)> = E(aod(l)‘smn - ama;)

1
X ,
=X +@-yP+(z-2P - -1t —ie)?
where 9 denotes 9/0x"#, and € —> 0,
the correlation functions are

(16)

. In the proper frame of the atoms,

1

GV (x,x) =GP (x,x) = — ————
1677 smh4(£ —i€)
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and

a 1
GP(x,x") = —

672 [ . . 272
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3

x{ (8, + aLeégp3(Lyk, — 1,k,,)] sinh? %

a*1?

+ [(5 —21,1,)cosh? “g’ + (5,

. .2 aAt
I, —2k,,k,)sinh? T] },

18

for a # B, where kM =(0,1,0,0), and IM =(0,0,0,1).

We assume for simplicity that the magnitudes of the electric dipoles
of the atoms are the same, i.e., |d(l)| = |d(2)| = |d|, but the directions
may be different. Then, we obtain

CyV=CE = 4,6, — iB ey — A8y, (19)
12 21 .

CyY =C8V = 4,6, — iBye by — Ay, (20)

Q% = D, - Déy63), (21)

where
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Fig. 1. The maximum of concurrence generated for a uniformly accelerated two-atom system during its evolution with (solid) and without (dot-dashed) the
environment-induced interatomic interaction, with @wL =3/10 (left), oL = 3 (middle), and wL = 30 (right). Both of the two atoms are polarizable along the positive

X axis.
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31d12
with I’y = % being the spontaneous emission rate for inertial atoms
in the Minkowski vacuum, and d',(.a) a unit vector defined as ai.(a) =
di(a) /1d]. See Egs. (A.1)-(A.8) in Appendix A for the explicit expressions
of fl.(jn)(a), a, L) and gE}z)(w, a,L).

We assume that the initial density matrix is of the X form, i.e.,
the nonzero elements are arranged along the diagonal and antidiag-
onal of the density matrix. To describe the dynamics of the system,
we write down the equations of motion of the density matrix ele-

ments in the coupled basis {|G) = |gg),|A) = %(leg) — |lge),|S) =

J5e) + [ge)). | E) = lee)) as,

Pl = —4(A, — B))pgg +2(A, + By — Ay — By)p s,

+2(A;+ B, + A, + By)psg,

Ppp=—4A; +B)ppp +2(A; = B = Ay + By)pay
+2(A; =B, + A, — By)psg,

Plug=—HA = A)pas +2(A) = By = Ay + By)pge
+2(A; + By — Ay — By)pgg,

Plog =—4A| + AYpss +2(A; — By + Ay — By))pgg
+2(A; + B+ Ay + By))prps

—4(A; +iD)pys. —4(A, —iD)pg 4>

ro_
Psa™=
P =441z, 23)

where p;; = (I|p|J),I.J € {G,E,A,S} and p/,, = w. Since these
equations are decoupled from other matrix elements such as p g, the X
structure will be retained in the evolution.

ro_
Pas =

Por = —4A1pGE

3. Anti-Unruh effect in terms of the entanglement generated

In this section, we investigate the entanglement generation for two
uniformly accelerated atoms coupled with fluctuating electromagnetic
fields, focusing on the effect of the interatomic interaction induced by
electromagnetic vacuum fluctuations. We measure entanglement with

concurrence [39], which is 0 for separable states, and 1 for maximally
entangled states. For X states, the concurrence can be calculated from
its general definition [39] as

Clp(1)] = max{0, K, (v), K» ()}, (24)

where

K (r)= \/[PAA(T) =255 = [p4s(®) = psA(D)? =24/ pe(D)ppp(2),
(25)

Ko@) = 219650 = /10440 + p55(OF = [p45(D) + psa(@F.  (26)

From Eq. (23), it is clear that for a two-atom system prepared in an X
state, the entanglement dynamics is not affected by the environment-
induced interatomic interaction unless p 4 ¢(0) and pg4(0) are nonzero.
Therefore, to investigate the effects of environment-induced interatomic
interaction on entanglement generation, we take the initial state of the
two-atom system as |eg), i.e., the nonzero density matrix elements in
the coupled basis are p 4 ¢(0) = pg4(0) = p44(0) = pg5(0) = %

Taking the initial state above into Eq. (23), one obtains pgg(7r) =
PEG(T) =0, and p,5(z) = pl (1) = %e“‘("‘l”l))’. Then, K,(r) <0 ac-
cording to Eq. (26), and the concurrence becomes C[p(r)] = max{0,
K, ()}, where

K(r)= \/[PAA(T) - Pss(T)]2 + Siﬂ2(4DT)ef4AIT =24/p66(D)pEE(T)-
27

So, when the environment-induced interatomic interaction is consid-
ered, there is an additional positive term sin?>(4Dr)e~#417 oscillating
in time, and the oscillation is damped during evolution. Therefore,
compared with the case when the environment-induced interatomic in-
teraction is neglected, the entanglement generation is assisted by the
environment-induced interatomic interaction. However, the asymptotic
state remains unchanged, which is always disentangled for two-atom
systems with finite separation [14,15].

In the following, we study explicitly how the maximum of con-
currence generated varies with acceleration. In particular, we focus
on whether the anti-Unruh effect found in terms of the entanglement
generated when the environment-induced interatomic interaction is ne-
glected [14,15] still exists when the environment-induced interatomic
interaction is considered. As shown in Figs. 1-3, the relation between
the maximum of concurrence and acceleration is related to the polar-
ization directions of the atoms, which we specify as follows.

(1) As shown in Fig. 1, when both of the two atoms are polarizable
along the positive x axis, i.e., the direction of acceleration, the maxi-
mum of the concurrence generated during evolution decreases mono-
tonically with acceleration for the two-atom systems with a separation
much smaller than the transition wavelength (Fig. 1 (left)), no mat-
ter the environment-induced interatomic interaction is considered or
not. However, for the two-atom systems with a separation comparable
to (Fig. 1 (middle)) or much larger than (Fig. 1 (right)) the transition
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Fig. 2. The maximum of concurrence generated for a uniformly accelerated two-atom system during its evolution with (solid) and without (dot-dashed) the
environment-induced interatomic interaction, with L =3/10 (left), oL = 3 (middle), and wL = 30 (right). Both of the two atoms are polarizable along the positive
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Fig. 3. The maximum of concurrence generated for a uniformly accelerated two-atom system during its evolution with (solid) and without (dot-dashed) the
environment-induced interatomic interaction, with wL = 3/10 (left), @ L =3 (middle), and wL = 30 (right). The two atoms are polarizable along the positive z axis

and the positive x axis respectively.

wavelength, there exist regions in which the maximum of the concur-
rence generated during evolution increases with acceleration when the
environment-induced interatomic interaction is neglected. However,
there is no such region when the environment-induced interatomic in-
teraction is considered. That is, there exists anti-Unruh phenomenon in
terms of the entanglement generated when the environment-induced
interatomic interaction is neglected. However, the anti-Unruh phe-
nomenon is lost when the environment-induced interatomic interaction
is considered. When both of the two atoms are polarizable along the
positive y axis, i.e., the direction normal to the plane determined by the
acceleration and the interatomic separation, the conclusion is essen-
tially the same. That is, when the two atoms are both polarizable along
one of the directions vertical to the interatomic separation, the anti-
Unruh phenomenon is lost when the environment-induced interatomic
interaction is considered. This agrees with the result in the scalar-field
case [36].

(2) When both of the two atoms are polarizable along the positive
z axis, i.e., the direction of interatomic separation, the maximum of
the concurrence generated during evolution decreases monotonically
with acceleration for the two-atom systems with a separation much
smaller than (Fig. 2 (left)) or comparable to (Fig. 2 (middle)) the tran-
sition wavelength, regardless of whether the environment-induced in-
teratomic interaction is considered or not. When the separation is much
larger than the transition wavelength (Fig. 2 (right)), the maximum
of the concurrence shows an oscillatory behavior with acceleration if
the environment-induced interatomic interaction is neglected, while it
increases and then decreases with acceleration when the environment-
induced interatomic interaction is considered. That is, when both of
the two atoms are polarizable along the direction of interatomic sep-
aration, the anti-Unruh phenomenon exists only when the interatomic
separation is much larger than the transition wavelength. When one of
the two atoms is polarizable along the positive z axis (the direction of
interatomic separation), while the other is polarizable along the pos-
itive x axis (the direction of acceleration) (Fig. 3), there is no such
restriction. For any given separation, the maximal concurrence gener-
ated during evolution increases with acceleration when the acceleration
is small, regardless of whether the environment-induced interatomic

interaction is considered or not. That is, when one of the two atoms
is polarizable along the direction of interatomic separation, while the
other is polarizable along the direction longitudinal to the plane de-
termined by the acceleration and the interatomic separation, the anti-
Unruh phenomenon exists when the environment-induced interatomic
interaction is considered. This is dramatically different from that in the
toy scalar-field case where the anti-Unruh phenomenon is lost when the
environment-induced interatomic interaction is considered [36].

(3) When one of the two atoms is polarizable along the direction
normal to the plane determined by the acceleration and the interatomic
separation, while the other is polarizable longitudinally (in the xOz
plane), the environment-induced interaction vanishes. This can be seen
from the expressions of D shown in Eq. (22) and the nonzero compo-
nents of gf}z)(w, a, L) shown in Egs. (A.5)-(A.8) in Appendix A. See also
Ref. [40], in which the resonance interaction between two uniformly
accelerated atoms in an entangled state is studied. Therefore, the anti-
Unruh phenomenon in terms of the entanglement generated would not
be affected.

4. Conclusion

In this paper, we have investigated the entanglement generation
of a uniformly accelerated two-atom system coupled with electromag-
netic vacuum fluctuations. In particular, we focus on whether the anti-
Unruh effect found in terms of the entanglement generated when the
environment-induced interatomic interaction is neglected still exists
when the environment-induced interatomic interaction is considered.
When the two atoms are polarizable along the same direction vertical
to the interatomic separation, the anti-Unruh phenomenon in terms of
the entanglement generated disappears when the environment-induced
interatomic interaction is considered. However, when one of the two
atoms is polarizable along the direction of interatomic separation, while
the other is polarizable along the direction longitudinal to the plane
determined by the acceleration and the interatomic separation, there
exists anti-Unruh phenomenon when the environment-induced inter-
atomic interaction is considered. That is, the anti-Unruh phenomenon in
terms of the entanglement generated can survive the interatomic inter-
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action induced by electromagnetic vacuum fluctuations. This is dramat-
ically different from the result in the scalar-field case [36], in which the
anti-Unruh phenomenon is always lost when the environment-induced
interatomic interaction is considered.
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Appendix A. The expressions of fi(;_'ﬂ )(®,a, L) and gi‘;ﬂ )(®,a,L)
The explicit expressions of fi(]f’ﬁ )(w, a, L) and gf;.'ﬁ )(w, a,L) (a #p)
are shown as follows.

fPGa L)
= Ga L)

~ 12
MBL34+a212)5/2
X { 2AL(1 + a*L?)(4 + a*L*)' % cos (% sinh ™! %)
a
4 —422L12 + L2 = 2212 + a2 L2)]sin (27’1 sinh~! %) L (AD

197 (Aa, L)
=3"(a. L)

- 3 272 272172 24 1 al
_m[iL(2+aL)(4+aL) cos(;smh 7)
—(4—4/12L2—a2/12L4)sin(2 sinh™! %) , (A.2)
a

[y (ha,L)
=f3"(a, L)

3
BL3@4+a2L2)p/2

x4 AL(16 428212 + d* Y4 + @ L2)/2 cos (2’1 sinh™! "2L )
a
—[32 = a* A2 L0 + 442 [2(5 — @ LP)]sin ( 24 Ginh~! “2L ) } (A.3)

ﬂmwmm

f(lZ) f(21) L) _ f(21) a L)
6a 272 27241/2 (21 I aL)
=————>——>4 AL2—-a"L)4+a’L 24 np-! 2L
MBLX4+a212)5/2 ALQ2 - a"L7)(4 +a"L%) “cos ( —=sinh™ =
A+ APL2 P LA+ 2 sin (22 i~ 2R ) L (A.4)
2
a

with other components being zero.
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12
g§1 '(@.a,L)

I R
@3 L34+ a212)5/?

x4 2L + L) + > L)' sin (2 sinh™! “2L )
a

+[4— 407 L2 + 122 — 0* L2 + > L?)] cos (2—‘° sinh™! % ) }
a

(A.5)

12
g7 (@.a.L)
3

L34 +a2[2)3)2

x wL(2+‘12L2)(4+02L2)1/28in(2 sinh™! azL>
a

+(4 — 402 L2 — PP L) cos (27“’ sinh~! % ) , (A6)

12
g§3 '(@,a,L)
3

T DL+ a2 L2
al

x{wL(lé $2a82 L% + LY@ + 2 1Y) sin (2—‘” sinh™! £ )
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+[32 = d*@? LS + 4aL2(5 — 0*L?)] cos (2—“’ sinh~! %) } (A7)
a

12
g7 .a.L)

= (12)(w a,L)
62
@3 L2(4 + a2 L2)5/2

x{wL(Z — L4+ LN sin (2—“’ sinh~! %)
a

{4+ 407 L2 + P L2(4 + 0* L?)] cos (2—“’ sinh™! % ) } (A.8)
a
with other components being zero.
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