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While the QED photon amplitudes at full momentum so far have been calculated only up to the six-photon
level, in the low-energy limit there are explicit formulas for all helicity components even at the N-photon level,
obtained by Martin et al. in 2002. Here we use the worldline formalism to extend that result to the N-photon
amplitudes in a generic constant field. For both scalar and spinor QED, we obtain compact representations for
the low-energy limits of these amplitudes involving only simple algebra and a single global proper-time integral
with trigonometric integrand.

1. Introduction

Although the QED photon amplitudes are prototypical for all gauge-
boson correlators and have been studied for almost a century [1-9] (for
reviews, see [10-12]), for arbitrary momenta results exist only up to
the six-point level [13]. Only in the low-energy limit, where all photon
energies are small compared to the electron mass, has it been feasible
to derive explicit expressions for all helicity components even at the
N -photon level [14]. In the present letter, we generalize these formu-
las to the inclusion of a generic constant external field. While in [14]
these amplitudes were derived from the Euler-Heisenberg Lagrangian
[2] and its scalar QED analogue, the Weisskopf Lagrangian [3], for the
purpose of the constant-field generalization we find it more convenient
to proceed along the lines of a later rederivation [15] based on a direct
amplitude calculation using the worldline formalism [16-23]. We will
thus start with a short review of the calculation of general photon am-
plitudes in that formalism, first in vacuum and then in the constant-field
background. We then proceed to the calculation of their low-energy lim-
its, first for scalar and then for spinor QED.

2. Worldline representation of the QED N - photon amplitudes

We start with a short summary of the computation of photon am-
plitudes in the worldline formalism (for details, see [22,24]). In scalar
QED, the formalism leads to the following path-integral representation
of the one-loop N - photon amplitude [20],
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Here m is the mass of the loop scalar, the path integral runs over all
closed loops of periodicity T in (euclidean) spacetime, and each of the
photons is represented by a vertex operator
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where the polarisation vector £# need not necessarily obey on-shell con-
ditions. A formal gaussian integration of the path integral in (1) leads
to the following master formula for this amplitude [18-20]:
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Here we have abbreviated G;; = G(;, 7;) etc., where G is the “bosonic

worldline Green’s function” defined by
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The exponential must still be expanded and only the terms be retained
that contain each polarisation vector ¢; linearly:
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The generalization to the spinor-loop case in the modern ap-
proach is done through the addition of a Grassmann path integral,
to be evaluated with the “fermionic worldline Green’s function”
Gp(r,7") =sgn(r — 7’) [25,18-20]. Moreover, these spin-induced terms
can be conveniently generated by the following “Bern-Kosower loop-
replacement” rule: after removing all second derivatives G, ; from the
polynomial Py by suitable partial integrations, the integrand for the
spinor loop case can be obtained by simultaneously replacing ev-
ery “z-cycle” G, 1'2G1213 --G,n, , by the corresponding “super r-cycle”
G,],ZG,ZI3 . G,n,1 GFi,i,Griyiy - Gy, (and multiplying the whole
amplitude by a factor of —2 for the difference in statistics and number
of degrees of freedom).

Subsequently, it emerged that this whole procedure can be general-
ized to the inclusion of a constant external field in a very economical
way, namely by a modification of the path-integral determinant [21]
and the introduction of generalized worldline Green’s functions Gz, G
that take the external field into account [29,30]

T Z  —iZCGa) | impi I\

Gp(r,7 "= 27 <sinZ e +iZG(z,7) 1) s )
—-iZG(r,7))

Gr(r,7") =G(z, T)—, ®

0sZ

where Z,, =eF,, T, F,, = const is the external field, and the subscripts
B and F stand for “bosonic” and “fermionic” respectively. These expres-
sions for the constant-field Green’s functions should be understood as
power series in the Lorentz matrix Z. The master formula for the pho-
ton amplitudes in vacuum (3) can then be generalized to the constant
field case as follows [29,30],
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This representation has already been tested on the calculations of the
tadpole [31,32] and vacuum polarization amplitudes [33,34], as well
as on magnetic photon splitting [35,36], and found to be vastly more
efficient than the traditional methods based on second quantization.

Similar master formulas have been derived for the N - photon ampli-
tudes in plane-wave backgrounds [37] and in combined constant field
- plane-wave backgrounds [38].

3. Low-energy limit of the N - photon amplitudes in vacuum

In this section, the external field F,, is temporarily turned off to re-
visit earlier results, particularly examining the multiphoton amplitude
in vacuum. This is in preparation for the next section, which will ex-
plore the presence of a constant external field. The low-energy limit of
the photon amplitudes is defined by the condition that all photon ener-
gies be small compared to the mass of the loop scalar or fermion,
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Fig. 1. Worldline Feynman diagram representing an integrated bicycle factor.

w;<m, i=1,...,N. (10)

This condition then justifies truncating all the vertex operators to their
terms linear in the momentum. Noting that the leading, momentum-
independent term in this expansion integrates to zero for a closed loop,
and adding a suitable total-derivative term, we can write the vertex
operator of a low-energy photon as

T T
VPN =1 [arxe rosw=4 [arerio] | an
0 0
where f,, = k,e, — €,k, is the photon field-strength tensor. The Wick

contraction of a product of such objects produces products of “Lorentz
cycles”
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=
with coefficients that, by suitable partial integrations, can be written as
integrals of the “z - cycles” G,I,2 G,z,3 - Gim introduced above. The re-
sult can be further simplified by observing that, in the one-dimensional
worldline theory, each of the resulting “bicycle” factors
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can be identified with the one-loop # - point Feynman diagram depicted
in Fig. 1.

Products of such factors thus in the worldline theory correspond to
disconnected diagrams, and by standard combinatorics can be reduced
to the exponential of the sum of all connected diagrams. In this way,
and with a rescaling 7; = Tu;, we arrive at
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where Z,‘:m({i] iy ...I,}) denotes the sum over all distinct Lorentz cycles

which can be formed with a given subset of indices, e.g. Zfi“({i jkl}) =
Z,(ijkl)+ Z,(ijlk)+ Z,(ikjl), and b, denotes the basic “cycle integral”

1
E/dulduQ
0

This integral can be expressed in terms of the Bernoulli numbers 5,
[30]:

-du, GGy -+ Gy (15)

_nBu
b, = 2 o n even, 16)
0 n odd.
Eq. (14) can be further simplified using the combinatorial fact that
tr[(f1+ ..+fN)"] = Y Z8 iy i), a7
all different (i1}

(n# 0). Introducing f,, = Z,}i 1 fi» using all this in (1) and eliminating
the T-integral, we arrive at the following formula for the low-energy
limit of the one-loop N-photon (N > 4) amplitude in scalar QED [15]:
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(here we have exempted the trivial case N =2 to be able to set D =4).

Further, the above-mentioned Bern-Kosower loop replacement rule
allows us to generalise this result to spinor QED simply by replacing the
cycle integral (16) by the “super - cycle integral”

1
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The only other change is a global factor of (—2) for statistics and degrees
of freedom. Therefore [15]
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Formulas equivalent to (18) and (20) were derived in [14] from the
Euler-Heisenberg Lagrangian and its scalar QED equivalent, the Weis-
skopf Lagrangian, however as already mentioned we have found the
above procedure more suitable for our present purpose of generaliza-
tion to the constant-field background.

Note that in the above derivation on-shell conditions have not yet
been used. In [14] it was further shown how to obtain explicit expres-
sions for all the helicity components of the on-shell amplitudes, using
the spinor helicity formalism. And for the special case of the “all plus”
(or “all minus”) amplitudes this calculation was carried further to the
two-loop level [15], taking advantage of the explicit expressions ob-
tained in [39] for the two-loop corrections to the Euler-Heisenberg and
Weisskopf Lagrangians in the special case of a self-dual field.

Two interesting aspects of the on-shell N-photon amplitudes in the
low-energy limit (at any loop order) have emerged in that work. First,
in the helicity basis the low-energy amplitudes obey a “double Furry
theorem”, that is, they are non-vanishing only if the number of positive
and negative helicity photons are separately even [14]. Second, in the
spinor-helicity formalism the full dependence of the low-energy ampli-
tudes on the momenta and polarizations can, for any number of photons
and any given helicity component, be absorbed into a single invariant,
effectively reducing the amplitude to a single number. This holds at any
loop order, and made it feasible to use these amplitudes for a study of
the asymptotic properties of the photon S-matrix [26-28].

4. Low-energy limit of the N - photon amplitudes in a constant
field: scalar QED

Let us now return to the scalar QED case, and show how to mod-
ify the procedure of the previous section to take an additional constant
external field F,, into account. Apart from the global determinant fac-
tor exhibited in (9), the only change is that the Wick contraction of the
N low-energy vertex operators (11) now must be performed using the
generalized Green’s function (7). One still arrives at the same represen-
tation in terms of bicycle factors (13), only that now, since the function
replacing G(r,7’),

Cp(r,7')= é (ﬁ e iZ6ET) _ 1> , (21)

is non-trivial in Lorentz space, the Lorentz and 7 - cycle factors will not
any more factorize, but rather combine to form a single Lorentz trace
Gplijiy ... i,), defined as

. . 1\ %n1+6m2 . . .
Gpliyiy...i,) = (z) te(fi, - Giyiy * fiy * OBigis =+ fi, - GBiyiy)- (22)

Thus in the presence of the constant field (14) generalizes to
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(note that n is now running over all integers, not only over the even
ones) and the challenge is to compute the generalization of the cycle
integral (15),
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0

This can be done in the following way. Restricting ourselves now to
the case of a generic constant field (both Maxwell invariants nonzero),
and choosing a Lorentz frame where both the magnetic and the electric
field point along the z axis, the (euclidean) field strength tensor takes
the form'
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Defining z, =eBT and z_ = ieET and the matrices g, g_, and r, r_
by
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For our present purpose, it is essential to note that those can be written
in terms of the single function

zG,»-
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Spij(2) = [HB(2)+HB( z)] (32)
Agy(2)== [H () - HE(-2)]. (33)
Thus, defining
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1 QOur conventions follow [22].
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with a, f# = +, we can rewrite (28) as

Cp(t;7)) = Z HP(azy)a5 . (35)
a,f=+

The function H? has the following remarkable property of reproducing
itself under folding,

T
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where now only the coincidence limit of Hl.l; (z) appears,

Hf(z) =cothz — 1 . (39)
z

Note that the product in the denominator can contain zero factors, but
those are spurious and cancelled by zeroes of the numerator (for an
example, see the limit z/ — z of the right-hand side of (36)).

Putting the pieces together, we arrive at the following generalization
of the vacuum formula (18),
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5. Low-energy limit of the N - photon amplitudes in a constant
field: spinor QED

The transition to the spinor QED case can be done by the following
adaption of the Bern-Kosower replacement rule to the constant-field
case [30],

Cgliyiy...iy) = Gplijiy...i)) = Cplijis...0,), (41)
with

1 5n1+5n2
Grliyiy...i,) = (5) t(fy, - Griyiy  fiy * GFigiy = Ji, * OFiyi)» (42)

where Gp(r,7’) was given in (8). It permits a matrix decomposition
analogous to (35),

Gr(rpt)= Y, Hl(azpgs, 43)
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now in terms of the function
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Remarkably, this function turns out to obey exactly the same multiple-
folding formula as H B eq. (37). Thus without further ado we can
generalize (38) to

I (fys ..

spin

S F)
1 1
E/dul-n/dun (Gp(12...m) = Gp(12.... m))
0 0
146
=(3)"" XY - T we

apfi=t  ap.py=%

H{ (ayz,) = Hi (2.2

(45)
o Iladzy, —azg)
which now involves only the function
Hf(z)—Hf(z):cothz—tanhz— l (46)
z

This brings us to our main result, the spinor QED generalization of the
master formula (40) for the low-energy limit of the N - photon ampli-
tudes in the constant field:
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6. Summary and outlook

To summarize, we have applied the worldline formalism to the cal-
culation of the low-energy limits of the N - photon amplitudes in a
generic constant field, for both scalar and spinor QED. Our final results
for these amplitudes, (40) and (47), reduce their explicit calculation to
simple algebra and a single integral of Euler-Heisenberg type, which
could be easily automatized. They are still valid off-shell.

In a separate publication [40] we apply these formulas to the study
of the on-shell four-photon amplitudes in a constant magnetic field.
Further generalization from the closed-loop to the open-line case should
be feasible along the lines of [41-43].
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