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1 Introduction

The recent success of finding an all-order e-expansion for the single off-shell scalar box
integral in terms of single-valued polylogarithms [1] raised the question whether a similar
result can be obtained in the case of more than one end point off the light cone. Here,
€ is the dimensional regularization parameter, with d = 4 — 2¢ the number of space-time
dimensions. In this paper, we show that a direct generalization of the method proposed
in ref. [1] to two particles off the light cone is indeed possible if they are on non-adjacent
corners of the box. This results in a hypergeometric representation which allows for an
explicit splitting of real and imaginary parts, as well as an all-order e-expansion. So far,
the expansion was only available up to order €” in the literature [2-5].

For adjacent particles off the light cone a similar straightforward generalization does
not seem feasible. Also in this case, results up to order " have been known in the literature
for some time [2-4]. To calculate higher orders in the e-expansion for the adjacent case,
as well as for more general kinematics, additional techniques will need to be employed.
The methods of differential equations [6] or Mellin-Barnes integrals [7], which are highly
successful in multi-loop calculations, could be considered. A different approach towards
the massless box integral via negative dimensions is outlined in ref. [8]. Yet another possi-
bility are recurrence relations with respect to d, which were employed in ref. [9] to obtain a
hypergeometric representation of the box integral for general kinematics and masses. Re-
markably, a one-fold integral representation is presented there in eq. (96). Using a wider set
of functional equations, the box integral with massless propagators and arbitrary external
masses in terms of Appell functions F; and Gauss hypergeometric functions oF1 was deter-
mined in ref. [5] (see egs. (4.29) and (4.61) of that reference). Comparing eqs. (4.29) and
(4.32) of ref. [5] furthermore suggests that the adjacent double off-shell box integral is of
the same complexity as the general case. The method of functional equations has recently
been generalized to arbitrary internal masses [10]. These results might be suitable starting
points for generalizing the program of the present paper towards an all-order e-expansion
with explicit real and imaginary parts for kinematics beyond the scope of the present work.
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Figure 1. The scalar box diagram with two off-shell external particles diagonally opposite from
each other carrying momenta py and py. It is p? = p3 = 0 and p3 = p3 # 0. All external momenta
are taken to be incoming. Drawn with TikZ-Feynman [11].

Since the calculation for two non-adjacent particles off the light cone is very much
analogous to the one presented in ref. [1] for the single off-shell case, we kept the presenta-
tion more concise and refer the reader to our previous paper for further details. This work
is organized as follows. In section 2, we show that we can keep two non-adjacent particles
off the light cone in the calculation of the box integral while closely following the steps
of our previous work. We obtain a representation in terms of four Gauss hypergeometric
functions oF1, one more compared to the single off-shell case. This procedure introduces
spurious branch cuts. Since the occurring oF; functions are exactly of the kind present in
the single-massive case, we can use their expansion known from ref. [1] for the all-order
e-expansion. In section 3, we establish the all-order e-expansion of the non-adjacent double
off-shell box integral, with real and imaginary parts made explicit. The result is free of
spurious branch cuts due to the use of single-valued polylogarithms.

2 Calculating the non-adjacent double off-shell scalar box integral

The general scalar box integral with massless internal lines is given by

b, = " / a4 1
07 ind2 12 +10] [(1 + p2)? +10] (1 + p2 + p3)2 +10] [(1 — p1)2 + 0]

(2.1)

where the external momenta are labelled as indicated in the Feynman diagram depicted in
figure 1. We work in dimensional regularization with d = 4 — 2¢. While the starting point
is the same as eq. (2.1) of our recent paper [1], here we consider the possibility of more
than one external particle off the light cone. We have again explicitly kept the causal 4i0
in the propagators, which is necessary to determine the physical side of the branch cuts
that appear in the final result.



After Feynman parametrization and evaluating the loop integral, we arrive at the
integral representation (see also eq. (7) of ref. [3])

dzidzodesdes0(1 — xy — 9 — 23 — 24)

1
_ 2
Dy = pu F(2+€)/ 3 2 2 2 :n12t+e’?
0 [—x129p3 — X132 — T1T4PT — T2T3PF — T2L4S] — T3T4P] — i0]

(2.2)

2. For convergence we

with the Mandelstam variables s; = (p1 + p2)? and sy = (p2 + p3)>.
require € < 0. In the end, the result can be analytically continued to larger e.
Using the substitution from our previous paper (see also refs. [12, 14]),

ry = mé, x2 = nm(l—-E§), x3 =10, z4=m(l-&), (2.3)

the term in the denominator becomes

— (1 = &) (1 — &) s1 — mméibase — mneér(1 — &) p3 — mmpéa(l — &) pi
— ni&(1—&)pi — mée(l—&)ps —10. (2.4)

Here, we see that the n-integrals factorize from the ¢-integrals if p? = p2 = 0. Hence, we
can generalize the calculational method put forward in the single off-shell case to the case
of two non-adjacent particles off the light cone.

We note that adjacent particles off the light cone require a different treatment. This
is because setting for example p% = p% = 0 in eq. (2.2) leads to a less symmetric Feynman
parameter integral, where x1 appears only once, xo and x4 twice, and x3 thrice. Therefore
a substitution in the style of (2.4) does not factorize the integral. Presumably, establishing
an all order e-expansion in the case of adjacent particles off the light cone is considerably
more difficult and requires additional techniques such as functional equations [5], differential
equations [6] or Mellin-Barnes integrals [7]. In the literature, it was also noted that the
adjacent integral is “hard” in comparison to the “easy” non-adjacent integral [2, 3]. For
this reason we only discuss the non-adjacent case in this work.

By evaluating the n-integrals in terms of Gamma functions and substituting & — 1—-¢&;,
we arrive at

2. L(2+ )% (—¢)
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which in the p3 — 0 limit reduces to eq. (2.11) of our previous work [1]. Note that
s3 = (p1 +p3)? = p3 + p3 — s1 — s2. Analogous to the procedure there, we factor out

_5_
(w - 10) *. This leads to

p3+pi—s1—s2

(2 r2(— 20,2 2 e € T
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where we introduced the dimensionless variables!
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and
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lines as [12(x1,z2) in the single off-shell case. As a generalization of eq. (2.22) of ref. [1]

we find

with sg = sgn( ) The integral I123(21, x2, z3) can be evaluated along the same
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with sg = sgn(1 + x3) sg. We can evaluate () in terms of a hypergeometric function and
an additional In(1 — x —i0) as in eq. (2.26) of ref. [1],

1 . .
I(x) = —=[x —i0sg] “2F1(1,—¢,1 —&;x +1i0) + In(1 — x —i0). (2.11)
g

This splitting introduces a new regulator i0 (see ref. [1] for details), independently for each
I(x). The real parts of the logarithms cancel between the first two and second two I(x).
To achieve cancellation of the imaginary parts as well, we have to choose the i0; of the four
integrals such that

0 Zin [—sgn(ﬁl) S} (xl - 1) —sgn(02) © <$2 - 1)

14 x5 14 x5

(1—301)(1—302)) +sgn(()4)@< 1 )} , (2.12)
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where ©(x) is the Heaviside step function. This leads to the conditions tabulated in table 1.
We can satisfy these by choosing

-~ 3 2.2 o _ 3 3
i0; = i0 sgn(xl ”) —iosgn(P2tPAT TS ms)) g g (93
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2 2 2 2

~ ~ 19 — 1 — X ~ — 81— S8 — ~ ~

iOgEiOSgn(W>—iOSgn (2 +p3 =51 22)2(p4 P2\ 6, = 0.
14+ x3 5182 — P5P;

pi+pi—si—s2
s182—paps
since only relative signs matter. Putting everyting together analogous to the calculation of

For brevity, the common factor can be dropped in the signum expressions,

!To keep the notation close to our previous work [1], we use z1,2,3 for the dimensionless variables. They
are not to be confused with the Feynman parameters, which only appear in eqgs. (2.2) and (2.3).



T T9 T3 Condition on regulators

<l <1 >-1 OéO, i.e. no condition
<1 <1 <-1 0=-0,-0y+05+04
<1 <1 >-1 0= -0y+0s
<1 >1 <-1 0= -0;+04
>1 >1 >-1 0= -0 +0s
>1 <1 <-1 0= —0y+04
>1 <1 >-1 0=-0;—0,
>1 >1 <—-1  0=03+04

Table 1. Conditions for the regulators of the four I(x) functions in eq. (2.9) imposed by eq. (2.12)
in the various kinematic regions.

the single off-shell integral in ref. [1], we find that the non-adjacent double off-shell scalar

box integral is given by
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This generalizes eq. (2.36) of ref. [1], where the single off-shell box integral is expressed in
terms of three Gauss hypergeometric functions. Remember that s3 = p3 + p? — s1 — s2.
Taking the limit p2 — 0 or p7 — 0 trivially reduces the result to the single off-shell box
integral.? The result is explicitly symmetric under simultaneously interchanging s; <+ s
and p3 < p2, as well as under the interchange s1 <+ p3, s3 <+ p3. The branch cuts of the
individual hypergeometric functions are all spurious, i.e. they cancel in the sum.

While the hypergeometric representation of the single off-shell integral has been known
in the literature for some time [2, 13], a similar representation of the non-adjacent double
off-shell box integral in terms of four Gauss hypergeometric functions was only recently
found in ref. [5] (see egs. (4.34) and (4.66) of that reference). The main difference to our
result is that by a suitable choice of the explicit i0;, we eliminated the logarithms which
are present in eq. (4.66) of ref. [5].

2The branch cut of each hypergeometric function is the same in these limits if we restore the common

P%erifslfsz . . s
factor ==—=2—=—— in the signum expressions.
s182—p3p;



3 All order e-expansion

To get rid of the spurious branch cuts introduced by the Gauss hypergeometric functions,
we follow the strategy of section 3 of ref. [1]. We use the single-valued counterparts of oF;
introduced in eq. (3.15) of ref. [1],

i (_E)n n" |z — Ze”ﬁ (3.1)

n!

with the single-valued polylogarithms (see appendix C of ref. [1]) defined by

= =DF : G
L,(x) = Z x In" |z| Li,,_x(z) + — In""" |z|In|l — . (3.2)
= K !

The function § is defined directly by its all-order e-expansion. An alternative form useful
for kinematic regularization purposes,® which resums the In |z| terms, reads

) In |1 — z|In" ! |z|

n!

Slgx) =z +eln|l — x| — Z e” [ + Cn(:r)] . (3.3)
Near = 0, §(e; ) behaves like |z|~°. While the individual §(s; x) have a In |1 — x| term,
the divergence at x = 1 cancels between the four §(e;x) in the complete result.

Expressing the non-adjacent double off-shell scalar box integral in terms of §, we find
the representation analogous to eq. (3.26) of ref. [1],

26
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Real and imaginary parts in every kinematic region, as well as the all-order e-expansion,
can conveniently be read off in this form. Note that eq. (3.4) is free of spurious branch cuts
due to the use of single-valued polylogarithms. This representation constitutes the main
new result of this work.

4 Conclusion

We have generalized our recent result for the single off-shell scalar box integral to the
case of two non-adjacent external particles off the light cone and established an all-order

3For an example see appendix D of ref. [1].



e-expansion with explicit real and imaginary parts. The solution turns out to be even more
symmetric than the single off-shell case to which it trivially reduces in the limit of either
one particle put on the light cone. However, for most applications the adjacent double
off-shell integral would also be needed. For that integral, a result in the style found for
the non-adjacent case does not seem to be accessible by a straightforward generalization
of the method proposed in ref. [1]. This is related to the lower degree of symmetry in
its Feynman parameter representation. The results of ref. [5] found through functional
equation techniques could be a promising starting point towards a similar all-order e-
expansion of the adjacent double-off shell as well as the triple and fully off-shell cases.
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