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Augmenting the improved chiral effective potential of the on-shell renormalized 2þ 1 flavor quark-
meson (RQM) model with the Polyakov-loop potential that accounts for the deconfinement transition, we
get the quantum chromodynamics (QCD)-like framework of the renormalized Polyakov quark-meson
(RPQM) model. When the divergent quark one-loop vacuum term is included in the effective potential of
the quark-meson (QM) model, its tree-level parameters, or the parameters fixed by the use of meson
curvature masses, become inconsistent as the curvature masses involve the self-energy evaluations at zero
momentum. Using the modified minimal subtraction method, the consistent chiral effective potential for the
RQM model has been calculated after relating the counterterms in the on-shell scheme to those in the MS
scheme and finding the relations between the renormalized parameters of both the schemes where the
physical (pole) masses of the π,K, η, and η0 pseudoscalar mesons and the scalar σ meson, the pion and kaon
decay constants, have been put into the relation of the running couplings and mass parameter. Using the
RPQM model and the PQM model with different forms for the Polyakov-loop potentials in the presence or
the absence of the quark backreaction, we have computed and compared the effect of the consistent quark
one-loop correction and the quark backreaction on the scaled chiral order parameter, the QCD phase
diagrams, and the different thermodynamic quantities. The results have been compared with the 2þ 1

flavor lattice QCD data from the Wuppertal-Budapest Collaboration [J. High Energy Phys. 09 (2010) 73,
Phys. Lett. B 730, 99 (2014)] and the HotQCD Collaboration [Phys. Rev. D 90, 094503 (2014)].
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I. INTRODUCTION

The hadronic matter under the extreme conditions of high
temperatures and/or densities gets dissolved into its quark
and gluon constituents, and the quark gluon plasma (QGP)
[1–5] is formed as predicted by the strong interaction theory
quantum chromodynamics (QCD). The QCD phase dia-
gram [1] and the general properties of QGP are subject
matter of intensive investigation for the ultrarelativistic
heavy ion collision experiments like the RHIC (BNL),
LHC (CERN), and the upcoming CBM experiments at the
FAIR facility (GSI-Darmstadt). The first-principle lattice
QCD simulations [6–15] give us important information and
insights for the QCD phase transition that occurs on the
temperature axis, but when the baryon density is nonzero,
these calculations get severely hampered as the QCD action
becomes complex due to the fermion sign problem [8].

The QCD-like effective theory models [16–22] built upon
the symmetries of the QCD give us the much needed
framework in which the QCD phase structure and its
thermodynamics can be explored in great details.
The QCD Lagrangian has the global SULþRð3Þ ×

SUL−Rð3Þ symmetry for the three massless quarks. The
chiral (axial A ¼ L − R) symmetry gets spontaneously
broken in the low energy vacuum of the QCD, and one
gets the nonstrange and the strange chiral condensates as the
order parameters with eight massless pseudoscalar bosons
as Goldstone modes. Since the small masses of the u and d
quarks cause a small explicit breaking while a relatively
large mass of the s quark generates a larger explicit breaking
of the chiral symmetry, the three pions are light while the
four kaons and one eta are heavier in nature. Due to the
instanton effects, the UAð1Þ axial symmetry also gets
explicitly broken to the ZAðNfÞ at the quantum level [23].
The η0 meson does not remain a massless Goldstone boson
even when the quarks are massless as it acquires a mass of
about 1 GeV due to the UAð1Þ axial anomaly. Coupling
the nine scalar and nine pseudoscalar mesons of the three
flavor linear sigma model [24] with the two light quarks
u, d and the one heavier s quark, one gets the effective
theory framework of the 2þ 1 flavor quark-meson (QM)
model [25].
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Several investigations of the QCD phase structure have
already been done in the chiral models [24,26–39], two and
three flavor QM model [25,40–43]. When the effect of the
Dirac sea gets neglected in the standard mean field
approximation (s-MFA), the QM model studies look incon-
sistent because in the chiral limit, the chiral phase transition
at zero baryon density turns first order which is ruled out by
the general theoretical arguments [44,45]. The inclusion of
the quark one-loop vacuum fluctuation in the QM model
[46] removes the above inconsistency. Investigations of
the impact of fermionic vacuum fluctuations on the phase
diagram of hot and dense QCD have a long history [46–53].
It was shown [49] that the phase diagram of the Polyakov-
loop enhanced QM model is strongly affected by the
fermionic vacuum contribution when the external magnetic
field is present. The influence of the fermionic vacuum
corrections (full two-loop results) have also been reported
earlier in the context of finite temperature and density
Yukawa theory [54–56]. Different QCD phase structure
studies in the QM model with the quark one-loop vacuum
term [52,53,57–68] showed that the fermionic vacuum
fluctuations strongly influence the chiral phase transition,
QCD phase diagram, and thermodynamics. In most of these
studies, meson masses are defined by taking the double
derivatives of the effective potential with respect to the
different fields at its minimum. Such a definition known as
the curvature mass is equivalent to defining the meson mass
by using the self-energy that has been evaluated at zero
momentum because the effective potential is the generator
of the n-point functions of the theory at vanishing external
momenta. The correct way of defining the meson mass in
the hot gauge theories has a long history [69–73]. It has
been emphasized [74,75] that the pole definition of the
meson mass is the physical and gauge invariant one. The
importance of determining the parameters in the Lagrangian
in a consistent manner has been pointed out in Refs. [70–72]
because if different definitions of masses are used or if tree-
level relations are applied at the loop level, one cannot
compare different model predictions quantitatively.
The tree-level relations between the physical quantities

and the parameters of the Lagrangian are changed by the
radiative corrections to the physical quantities. Hence, the
use of the tree-level parameters in the effective potential
become inconsistent. The running parameters in the MS
scheme have the renormalization scale Λ dependence
while the on-shell parameters have their tree-level values.
Following the correct renormalization prescription, when
the counterterms calculated in the MS scheme are put into
the relations of the counterterms in the on-shell scheme,
one finds the relations between the different renormalized
parameters of the two schemes. The relations between the
on-shell parameters (physical quantities) and the running
MS parameters are used as input when the effective
potential is calculated using the modified minimal sub-
traction procedure [70]. Adhikari and collaborators

[70,76–78] implemented the above on-shell parameter
fixing in the two flavor QM model which uses the Oð4Þ
sigma model with the σ and π⃗ mesons. In our recent works,
we have calculated the consistent chiral effective potential
for the on-shell renormalized two flavor [79] and 2þ 1
flavor [80] quark-meson (RQM) model where the two and
three flavor of quarks are, respectively, coupled to the
eight and sixteen mesons of the corresponding SULð2Þ ×
SURð2Þ and SULð3Þ × SURð3Þ linear sigma model. We
compared the results of the on-shell versus curvature mass
parameter fixing schemes extensively when the quark one-
loop vacuum correction is present in the two and three
flavor quark-meson model and found that the effective
potentials, order parameters, and phase diagrams which
show nontrivial and significant σ mass dependent (i.e.,
mσ ¼ 400–700 MeV) differences are the same and coinci-
dent only for the mσ ¼ 616 MeV in the two flavor [79]
and mσ ¼ 648–658 MeV for the three flavor case [80]. In
contrast to the curvature mass parameter fixed quark-meson
model with the vacuum term (QMVT) where the explicit
symmetry breaking strengths hx and hy do not change, the
strength hx is reduced by a small amount while the strength
hy gets reduced by a relatively large amount in the 2þ 1

flavor on-shell parameter fixed RQM model because the
pion curvature mass mπ;c ¼ 135.95 MeV is 2.05 MeV
smaller than its physical mass mπ ¼ 138.0 MeV, and the
kaon curvature mass mK;c ¼ 467.99 MeV is 28.01 MeV
smaller than its pole mass mK ¼ 496.0 MeV. Significant
increase of the ’t Hooft coupling c has also been found in the
RQM model. On account of the above-mentioned reasons,
the phase diagrams for the 2þ 1 flavor case in the RQM
model differ noticeably from those of the two flavor case,
and the location of the critical end point (CEP) in the 2þ 1
flavor RQM model shifts upward (toward the temperature
axis) when compared to the two flavor case. In the curvature
mass parameter fixed QMVT model, one gets an opposite
trend of what one observes in the RQM model when the
CEP for the 2þ 1 flavor case shifts noticeably down in
reference to the CEP of the two flavor case [80].
The physics of quark confinement in the hadrons is

implemented by the Polyakov loop as the QCD confinement
is mimicked in a statistical sense when the chiral models are
coupled to a constant background SUðNcÞ gauge field Aa

μ

[2,81–86]. When the free energy density from the gluons in
the form of Polyakov-loop potential [87–89] is added to the
QM model, it becomes the PQM model [90–94]. Very
recently, we [95] augmented the consistent effective poten-
tial of the two flavor RQM model with the Polyakov-loop
potential and studied the QCD thermodynamics and phase
diagrams. Though the Polyakov-loop potential does not
affect the vacuum parameters as it becomes active only at
nonzero temperatures, combining the Polyakov-loop poten-
tial with the consistent and improved chiral effective
potential of the 2þ 1 flavor RQM Model, we get the more
realistic QCD-like framework of the renormalized Polyakov
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quark-meson model (RPQM) where we can investigate the
interplay of the chiral symmetry breaking-restoration tran-
sition with the confinement-deconfinement transition. Since
the Polyakov-loop potential is known to cause the upward
shift of the CEP toward the temperature axis, it is important
to quantitatively estimate how the novel feature of the
upward shift of the CEP present in the 2þ 1 flavor RQM
model gets enhanced by the influence of the Polyakov-loop
potential. In the earlier studies of the Polyakov-loop
augmented curvature mass parameter fixed quark-meson
model (PQMVT) with the vacuum term [58–61], the effect
of fermionic vacuum correction looks overestimated as the
CEP gets located in the far right corner of the phase diagram
(closer to the chemical potential axis).
We have considered different parametrizations for the

Polyakov-loop potentials along with the recent improve-
ment in the form of the Polyakov-loop potential from a pure
gauge potential to a unquenched glue potential in which the
quark backreaction effects are included [96–99]. It is
important to explore how the QCD phase structure com-
puted in the present RPQMmodel framework gets modified
by the unquenching of the Polyakov-loop potential because
it leads to the linkage of the chiral and deconfinement phase
transitions also at small temperatures and large chemical
potentials [99]. The above feature is also noticed in the
studies having the functional renormalization (FRG)
improvement of the PQM model when the Yang-Mills
Polyakov-loop potential is used [65,100]. In order to know
the effect of the consistent quark one-loop vacuum correc-
tion, we have calculated the QCD phase diagrams and the
QCD thermodynamics in the RPQM model and compared
the results with that of the PQM model. Taking different
forms of the Polyakov-loop potentials with and without
quark backreaction, we have computed and compared how
the phase structure gets influenced by the different imple-
mentations of the confinement-deconfinement physics in
the RPQMmodel. The QCD thermodynamics has also been
calculated in the curvature mass based parametrizon of the
PQMVT model where quark backreaction is present, and
the results obtained for different thermodynamic quantities
have been compared with the corresponding calculations in
the on-shell parametrized RRPQM model.
The organization of the paper is as follows. Section II

presents a brief formulation of the SULð3Þ × SURð3Þ PQM
model. The different forms of the Polyakov-loop potentials
are described in Sec. II A, while Sec. II B gives the
thermodynamic grand potential in the PQM model,
and the parameters of the PQM model are determined
in Sec. II C. Section III presents the effective potential of
the on-shell renormalized Polyakov quark-meson model.
Results and discussion are presented in Sec. IV. The
comparisons of the thermodynamic quantities with the
lattice QCD data have been discussed in Sec. IVA, and
Sec. IV B illustrates and compares the phase diagrams and
their CEP position in different model scenarios. Section V

provides the summary and conclusion. Appendix A con-
tains the important integrals and factors. The on-shell
method of parameter fixing and derivation of the RQM
model effective potential is presented in Appendix B.

II. MODEL FORMULATION

In the model [91–94], three flavor of quarks are coupled
to the SUVð3Þ × SUAð3Þ symmetric mesonic fields
together with the temporal component of the gauge field
represented by the Polyakov-loop potential. The thermal
expectation value of color trace of the Wilson loop in the
temporal direction defines the Polyakov-loop field Φ as

Φðx⃗Þ ¼ 1

Nc
hTrcLðx⃗Þi; Φ̄ðx⃗Þ ¼ 1

Nc
hTrcL†ðx⃗Þi; ð1Þ

where Lðx⃗Þ is a matrix in the fundamental representation of
the SUcð3Þ color gauge group,

Lðx⃗Þ ¼ P exp

�
i
Z

β

0

dτA0ðx⃗; τÞ
�
: ð2Þ

Here, P is path ordering, A0 is the temporal component of
vector field, and β ¼ T−1 [81]. As in the Refs. [87,88], the
homogeneous Polyakov-loop fields Φðx⃗Þ ¼ Φ ¼ constant
and Φ̄ðx⃗Þ ¼ Φ̄ ¼ constant.
The Polyakov quark-meson (PQM) model Lagrangian is

written in terms of the quarks, mesons, their couplings, and
the Polyakov-loop potential UðΦ; Φ̄; TÞ as

LPQM ¼ LQM − UðΦ; Φ̄; TÞ; ð3Þ

LQM ¼ ψ̄ ½iγμDμ − gTaðσa þ iγ5πaÞ�ψ þ LðMÞ: ð4Þ

Here, ψ is a four-component Dirac spinor, a flavor triplet,
and a color Nc-plet quark field,

ψ ¼
0
@ u

d

s

1
A: ð5Þ

The three flavor of quarks are coupled to the nine scalar
(σa; JP ¼ 0þ) and nine pseudoscalar (πa; JP ¼ 0−) mesons
by the flavor blind Yukawa coupling g. Quarks couple with
the uniform temporal background gauge field as the
following Dμ ¼ ∂μ − iAμ and Aμ ¼ δμ0A0 (Polyakov
gauge), where Aμ ¼ gsAa

μλ
a=2 with vector potential Aa

μ

for color gauge field. gs is the SUcð3Þ gauge coupling.
The Lagrangian for the meson fields is written as

[25,26,94]
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LðMÞ ¼ Trð∂μM†
∂
μM −m2ðM†MÞÞ

− λ1½TrðM†MÞ�2 − λ2TrðM†MÞ2
þ c½detMþ detM†� þ Tr½HðMþM†Þ�; ð6Þ

where the fieldM is a 3 × 3 complex matrix containing the
nine scalars σa and the nine pseudoscalar πa mesons,

M ¼ Taξa ¼ Taðσa þ iπaÞ: ð7Þ

The Ta in the above are nine generators of Uð3Þ with Ta ¼
λa
2
where a ¼ 0; 1;…; 8. The λa are standard Gell-Mann

matrices with λ0 ¼
ffiffi
2
3

q
I3×3. The generators follow the Uð3Þ

algebra ½Ta; Tb� ¼ ifabcTc and fTa; Tbg ¼ dabcTc where
fabc and dabc are the standard antisymmetric and symmetric
structure constants, respectively, with fab0 ¼ 0 and dab0 ¼ffiffi

2
3

q
δab, and matrices are normalized as TrðTaTbÞ ¼ δab

2
. The

SULð3Þ × SURð3Þ chiral symmetry is explicitly broken by
the following term:

H ¼ Taha; ð8Þ

where H is a 3 × 3 matrix with nine parameters. Due to the
spontaneous chiral symmetry breaking, the field ξ takes
the nonzero vacuum expectation value, ξ̄. Since ξ̄must have
the quantum numbers of the vacuum, only three nonzero
parameters h0, h3, and h8 can cause the explicit breakdown
of the chiral symmetry. Neglecting isospin symmetry
breaking, we have taken h0, h8 ≠ 0. One gets the 2þ 1
flavor symmetry breaking scenario having the two nonzero
condensates σ0 and σ8. In addition to the h0 and h8, the five
other parameters of the model at tree level are the quartic
coupling constants λ1 and λ2, squared mass parameter m2,
a Yukawa coupling g, and the coefficient of the ’t Hooft
determinant term c that models the UAð1Þ axial anomaly of
the QCD vacuum.

A. Polyakov-loop potentials

Different forms of the Polyakov-loop effective potential
UðΦ; Φ̄; TÞ, have been used in the literature to study the
deconfinement phase transition. One constructs its simplest
form by finding a potential which respects all the given
symmetries and accounts for the spontaneously broken
Zð3Þ symmetry for the system in the deconfined phase
[2,82,83]. The following polynomial form gives the min-
imal content of the Polyakov-loop potential:

UPoly

T4
¼ −

b2ðTÞ
2

ΦΦ̄ −
b3
6
ðΦ3 þ Φ̄3Þ þ b4

4
ðΦΦ̄Þ2; ð9Þ

where the coefficients of Eq. (9) are given by

b2ðTÞ ¼ a0 þ a1

�
T0

T

�
þ a2

�
T0

T

�
2

þ a3

�
T0

T

�
3

; ð10Þ

where a0 ¼ 6.75, a1 ¼ −1.95, a2 ¼ 2.625, a3 ¼ −7.44,
b3 ¼ 0.75, and b4 ¼ 7.5.
The Polyakov-loop potential in the above is improved by

adding the contribution coming from the integration of the
SUð3Þ group volume in the generating functional for the
Euclidean action. The Haar measure is used to perform this
integration which takes the form of a Jacobian determinant.
Its logarithm is added as an effective potential to the action
in the generating functional. The positive coefficient of the
logarithm term bounds the potential from below for largeΦ
and Φ̄, and the logarithmic form of the Polyakov-loop
potential is written as [85,88]

ULog

T4
¼ bðTÞ ln½1 − 6ΦΦ̄þ 4ðΦ3 þ Φ̄3Þ − 3ðΦΦ̄Þ2�

−
1

2
aðTÞΦΦ̄: ð11Þ

The parameters of the polynomial and log form of the
Polyakov-loop potential were determined [87,88] by fitting
the lattice data for pressure and entropy density as well as
energy density and the evolution of Polyakov loop hΦi on
the lattice in pure gauge theory. The coefficients of Eq. (11)
are the following [88]:

aðTÞ ¼ a0 þ a1

�
T0

T

�
þ a2

�
T0

T

�
2

; ð12Þ

bðTÞ ¼ b3

�
T0

T

�
3

; ð13Þ

where a0 ¼ 3.51, a1 ¼ −2.47, a2 ¼ 15.2, b3 ¼ −1.75.
One should note that the log potential has qualitative
consistency with the leading order result of the strong-
coupling expansion [15]. Also, because the potential
diverges for Φ, Φ̄ → 1, the Polyakov loop always remains
smaller than 1 and approaches this value asymptotically
as T → ∞.
Accounting for the Polyakov-loop fluctuations, the new

Polyakov-loop effective potential was constructed in
Ref. [97] where the parameters get so adjusted that in
addition to the other existing lattice data the longitudinal as
well as the transverse susceptibilities are also reproduced.
After the addition of the logarithmic term to the polynomial
form of the Polyakov-loop potential, the new expression of
the PolyLog Polyakov-loop potential in the above work has
been found as the following:
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UPolyLog

T4
¼ bðTÞ ln½1− 6ΦΦ̄þ 4ðΦ3þ Φ̄3Þ− 3ðΦΦ̄Þ2�
þa2ðTÞΦΦ̄þa3ðTÞðΦ3þ Φ̄3Þþa4ðTÞðΦΦ̄Þ2:

ð14Þ

The coefficients of Eq. (14) PolyLog parametrization are
defined as

aiðTÞ ¼
aðiÞ0 þ aðiÞ1

�
T0

T

�
þ aðiÞ2

�
T0

T

�
2

1þ aðiÞ3
�
T0

T

�
þ aðiÞ4

�
T0

T

�
2

ð15Þ

bðTÞ ¼ b0

�
T0

T

�
b1 ½1 − eb2ð

T0
T Þ

b3 �: ð16Þ

The parameters are summarized in Table I.
For the pure gauge Yang-Mills theory, the deconfinement

phase transition is first order, and TYM
c ¼ T0 ¼ 270 MeV.

When the dynamical quarks are present, the first order
transition becomes a crossover. The parameter T0 depends
on the number of quark flavors and chemical potential in
the full dynamical QCD [67,90,96,99,100] as it is linked
to the mass-scaleΛQCD which gets modified by the effect of
the fermionic matter fields. The number of flavors and the
chemical potential dependence of T0 → T0ðNf; μÞ are
written as

T0ðNf; μÞ ¼ T̂e−1=ðα0bðNf;μÞÞ; ð17Þ

with

bðNf; μÞ ¼
1

6π
ð11Nc − 2NfÞ − bμ

μ2

ðγ̂ T̂Þ2 ; ð18Þ

where the parameter T̂ is fixed at the scale τ, T̂ ¼
Tτ ¼ 1.77 GeV, and α0 ¼ αðΛÞ at a UV scale Λ. The
T0ðNf ¼ 0Þ ¼ 270 MeV gives α0 ¼ 0.304 and bμ ≃ 16

π Nf.
The parameter γ̂ governs the curvature of T0ðμÞ with the
systematic error estimation range 0.7≲ γ̂ ≲ 1 [90,100].

Massive flavors lead to suppression factors of the order
T2
0=ðT2

0 þm2Þ in the β function. For 2þ 1 flavors and a
current strange quark mass ms ∼ 150 MeV, one obtains
T0ð2þ 1Þ ¼ 187 MeV [90,100].
When the backreaction of the quarks is accounted for, in

the full QCD with dynamical quarks, the Polyakov-loop
potential gets replaced by the QCD glue potential.
Reference [96] applied the FRG equations to the QCD
and compared the pure gauge potential UYM to the “glue”
potential Uglue where quark polarization was included in the
gluon propagator, and they found significant differences
between the two potentials. However, it was observed that
the two potentials are of the same shape, and they can be
mapped into each other by relating the temperatures of the
two systems, TYM and Tglue. Denoting the previous equa-
tions of the Polyakov-loop potential by UYM, the improved
Polyakov-loop potential Uglue can be constructed as [96]

Uglue

T4
glue

ðΦ; Φ̄; TglueÞ ¼
UYM

T4
YM

ðΦ; Φ̄; TYMÞ; ð19Þ

where the temperature Tglue is related to TYM as

TYM − TYM
c

TYM
c

¼ 0.57
Tglue − Tglue

c

Tglue
c

: ð20Þ

The transition temperature for the unquenched case is the
Tglue
c . The coefficient 0.57 comes from the comparison of

the two effective potentials. Tglue
c lies within a range

Tglue
c ∈ ½180; 270�. In practice, one uses the replacement

T → TYM
c ð1þ 0.57ð T

Tglue
c

− 1ÞÞ in the right-hand side of the

Polyakov-loop potentials where T0 means TYM
c and

(T ∼ TYM) on the left side of the arrow while (T ∼ Tglue)

on the right side. In our calculations, we have taken Tglue
c

and T0 both fixed at 187 MeV for the 2þ 1 quark flavor as
in Refs. [90,96].

B. Grand potential in the mean field approach

We have the spatially uniform system that is in the
thermal equilibrium at temperature T and quark chemical
potential μfðf ¼ u; d; sÞ. The partition function is calcu-
lated by performing the path integral over the quark/
antiquark and meson fields [25,94],

Z ¼ Tr exp

�
−β
�
Ĥ −

X
f¼u;d;s

μfN̂ f

��

¼
Z Y

a

DσaDπa

Z
DψDψ̄ exp

�
−
Z

β

0

dτ
Z
V
d3x

×

�
LE
QM þ

X
f¼u;d;s

μfψ̄fγ
0ψf

��
: ð21Þ

TABLE I. Parameters of the PolyLog Polyakov-loop potential
have been taken from Ref. [97].

PolyLog að2Þ0 að2Þ1 að2Þ2 að2Þ3 að2Þ4

22.07 −75.7 45.03385 2.77173 3.56403

að3Þ0 að3Þ1 að3Þ2 að3Þ3 að3Þ4

−25.39805 57.019 −44.7298 3.08718 6.72812

að4Þ0 að4Þ1 að4Þ2 að4Þ3 að4Þ4

27.0885 −56.0859 71.2225 2.9715 6.61433
b0 b1 b2 b3

−0.32665 5.8559 −82.9823 3.0

PHASE STRUCTURE OF THE ON-SHELL PARAMETRIZED 2þ 1 … PHYS. REV. D 109, 034025 (2024)

034025-5



Here, β ¼ 1
T, and the volume of the system in the three

dimension is V. There will be three chemical potentials for
the three flavor of quarks, and the SUVð2Þ symmetry is
assumed to be preserved as the small difference in the mass
of u and d quark gets neglected. Hence, the quark chemical
potential for the u and d quarks is equal μu ¼ μd, and the
strange quark chemical potential is μs.
In the standard mean-field approximation [25,40,94], the

partition function is calculated by replacing the meson
fields with their vacuum expectation values hMi ¼ T0σ0 þ
T8σ8 and neglecting the thermal as well as quantum
fluctuations of the meson fields while retaining the quarks
and antiquarks as quantum fields. Now, following the
standard procedure as given in Refs. [91–94,101], one
can obtain the expression of grand potential as the sum of
pure gauge field contribution UðΦ; Φ̄; TÞ, meson contri-
bution, and quark/antiquark contribution evaluated in the
presence of a Polyakov loop,

ΩMFðT; μÞ ¼ Uðσ0; σ8Þ þΩqq̄ðT; μ; σ0; σ8;Φ; Φ̄Þ
þ UðT;Φ; Φ̄Þ: ð22Þ

The 2þ 1 flavor case can be explored after implementing
the basis transformation of the condensates and the external
fields from the original singlet octet (0, 8) basis to the
nonstrange strange basis (σ̄x, σ̄y),

σ̄x ¼
ffiffiffi
2

3

r
σ̄0 þ

1ffiffiffi
3

p σ̄8; ð23Þ

σ̄y ¼
1ffiffiffi
3

p σ̄0 −
ffiffiffi
2

3

r
σ̄8: ð24Þ

The grand potential is written in σ̄x, σ̄y basis as

ΩMFðT; μÞ ¼ Uðσ̄x; σ̄yÞ þ UðT;Φ; Φ̄Þ
þ Ωqq̄ðT; μ; σ̄x; σ̄y;Φ; Φ̄Þ: ð25Þ

The external fields (hx, hy) can be written in terms of the
(h0, h8) by similar expressions. Since the nonstrange and
strange quark/antiquark decouple, the quark masses are
written as

mu ¼ g
σ̄x
2
; ms ¼ g

σ̄yffiffiffi
2

p : ð26Þ

One writes the tree-level effective potential in the non-
strange-strange basis as the following:

Uðσ̄x; σ̄yÞ ¼
m2

2
ðσ̄2x þ σ̄2yÞ− hxσ̄x − hyσ̄y −

c

2
ffiffiffi
2

p σ̄2xσ̄y

þ λ1
2
σ̄2xσ̄

2
y þ

1

8
ð2λ1 þ λ2Þσ̄4x þ

1

8
ð2λ1 þ 2λ2Þσ̄4y:

ð27Þ

Applying the stationarity conditions ∂Uðσ̄x;σ̄yÞ
∂σ̄x

¼ 0 ¼
∂Uðσ̄x;σ̄yÞ

∂σ̄y
to the effective potential (27), one gets

hx ¼ σ̄xm2
π; ð28Þ

hy ¼
	 ffiffiffi

2
p

2
ðm2

K −m2
πÞσ̄x þm2

K σ̄y



: ð29Þ

The tree-level curvature masses of the pions, kaons, and
other mesons in the QM model are given by the mass
matrix ðmα;abÞ2 evaluated in Refs. [24,25]. Here, α ¼ s, p;
“s” stands for the scalar, “p” stands for the pseudoscalar
mesons, and a; b ¼ 0; 1; 2;…; 8. In the scalar sector, the
a0 meson mass is given by the 11 elements (degenerate
with the 22 and 33 elements), and the κ meson mass is
given by the 44 elements (degenerate with the 55, 66,
and 77 elements). The σ and f0 meson masses are found
by diagonalizing the (00)-(88) sector of the scalar mass
matrix. In an exactly analogous manner for the pseudo-
scalar sector, m2

p;11 ¼ m2
p;22 ¼ m2

p;33 ≡m2
π and m2

p;44 ¼
m2

p;55 ¼ m2
p;66 ¼ m2

p;77 ≡m2
K . Diagonalization of the pseu-

doscalar (00)-(88) sector of the mass matrix gives us the
masses of the physical η and η0 mesons. Table II contains
masses of all the mesons.
The quark/antiquark contribution is given by

Ωqq̄ðT; μ; σ̄x; σ̄y;Φ; Φ̄Þ ¼ Ωvac
qq̄ þΩT;μ

qq̄ ; ð30Þ

Ωvac
qq̄ ¼ −2Nc

X
f

Z
d3p
ð2πÞ3 EfθðΛ2

c − p⃗2Þ; ð31Þ

ΩT;μ
qq̄ ¼ −2

X
f

Z
d3p
ð2πÞ3 T½ln g

þ
f þ ln g−f �: ð32Þ

The first term of Eq. (30) is the contribution of the
fermion vacuum fluctuation, where Λc is the ultraviolet
cutoff. In the presence of the Polyakov-loop potential, gþf
and g−f are specified by the trace in the color space,

gþf ¼ ½1þ 3Φe−E
þ
f =T þ 3Φ̄e−2E

þ
f =T þ e−3E

þ
f =T �; ð33Þ

g−f ¼ ½1þ 3Φ̄e−E
−
f =T þ 3Φe−2E

−
f =T þ e−3E

−
f =T �: ð34Þ

E�
f ¼ Ef ∓ μf and Ef ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þmf

2
q

is the flavor depen-

dent single particle energy of the quark/antiquark, mu ¼
md ¼ gσ̄x

2
is the mass of the light quarks u, d, and strange

quark mass is ms ¼ gσ̄yffiffi
2

p . For the present work, it is assumed

that μu ¼ μd ¼ μs ¼ μ.
The quark one-loop vacuum term of Eq. (30) is neglected

in the standard mean-field approximation (s-MFA), and the
grand potential of the PQM model is written as
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ΩPQMðT;μ; σ̄x; σ̄y;Φ; Φ̄Þ ¼Uðσ̄x; σ̄yÞ þUðT;Φ; Φ̄Þ
þΩqq̄ðT;μ; σ̄x; σ̄y;Φ; Φ̄Þ: ð35Þ

The grand minima of the thermodynamic potential given by
Eq. (35) gives σ̄x, σ̄y, Φ, and Φ̄ by

∂ΩPQM

∂σ̄x
¼ ∂ΩPQM

∂σ̄y
¼ ∂ΩPQM

∂Φ
¼ ∂ΩPQM

∂Φ̄
¼ 0: ð36Þ

C. Parameters of the QM model

The experimental values of the pion and kaon mass, the
average squared mass of the pseudoscalars η and η0 mesons
(m2

η þm2
η0 ), the scalar σ meson mass mσ , and the pion and

kaon decay constants fπ and fK are used as the input
[24,25] for determining the six model parameters m2, λ1,
λ2, c, hx, and hy.
The values of the condensates in the vacuum are σ̄x ¼ fπ

and σ̄y ¼ ð2fK − fπÞ=
ffiffiffi
2

p
according to the partially con-

served axial-vector current relation (PCAC). The above
values of condensates at T ¼ 0, μ ¼ 0 give the minimum of
the vacuum effective potential in Eq. (36). The parameters
λ2 and c in the vacuum are given by

λ2 ¼
2

ðσ̄2x þ 4σ̄2yÞð
ffiffiffi
2

p
σ̄y − σ̄xÞ

½ð3
ffiffiffi
2

p
σ̄yÞm2

K

− ð
ffiffiffi
2

p
σ̄y þ 2σ̄xÞm2

π − ð
ffiffiffi
2

p
σ̄y − σ̄xÞðm2

η þm2
η0 Þ�; ð37Þ

c ¼ 2ðm2
K −m2

πÞ
ð ffiffiffi

2
p

σ̄y − σ̄xÞ
−

ffiffiffi
2

p
σ̄yλ2: ð38Þ

The mass parameter m2 gets canceled in the difference
of the σ and π mass squares ðm2

σ −m2
πÞ. The difference

ðm2
σ −m2

πÞ depends on the parameters λ1, λ2, and c. When
the λ2 and c calculated from the above equations are put
into the expression of ðm2

σ −m2
πÞ with σ̄x ¼ fπ and

σ̄y ¼ ð2fK − fπÞ=
ffiffiffi
2

p
, one gets the vacuum value of the

parameter λ1. The mass parameter m2 can be obtained
from the expression of the m2

π as the following:

m2 ¼ m2
π − λ1ðσ̄2x þ σ̄2yÞ −

λ2
2
σ̄2x þ

cffiffiffi
2

p σ̄y: ð39Þ

Putting the vacuum values of m2
π, λ1, λ2, c, σ̄x, and σ̄y in

Eq. (39), one gets the value of the mass parameter m2.
Putting the σ̄x and σ̄y values in Eq. (28), one finds

hx ¼ fπm2
π and hy ¼

ffiffiffi
2

p
fKm2

K −
1ffiffiffi
2

p fπm2
π: ð40Þ

The Yukawa coupling gets fixed from the nonstrange
constituent quark mass as g ¼ 2mu

fπ
. For fπ ¼ 92.4 MeV

and the mu ∼ 300.3 MeV, one gets g ∼ 6.5. The strange
quark constituent mass becomes ms ∼ 334.34 MeV. The
experimental value is mη ¼ 547.5 MeV and mη0 ¼
957.78 MeV. In Ref. [25], the parameter λ2 is determined
by taking mη ¼ 539 MeV and mη0 ¼ 963 MeV as input
because the sum of the squared masses m2

η þm2
η0 ¼

ð539Þ2 þ ð963Þ2 is almost equal to ð547.5Þ2þð957.78Þ2,
and the calculated parameters reproduce mη ¼ 539 MeV
and mη0 ¼ 963 MeV in the output.

III. RENORMALIZED POLYAKOV
QUARK-MESON MODEL

Several of the recent QM/PQMmodel investigations with
quark one-loop vacuum correction [52,53,57–68] have fixed
the model parameters by the use of the curvature (or
screening) masses of the π; K; η; η0, and σ mesons where
the pion decay constant has been identified as the vacuum
expectation value of nonstrange condensate, and the vacuum
strange condensate gets related to the pion and kaon decay

TABLE II. Meson masses calculated from the second derivative of the grand potential at its minimum as given in Refs. [25,31].

Scalar meson masses Pseudoscalar meson masses

ðma0Þ2 m2 þ λ1ðσ̄2x þ σ̄2yÞ þ 3λ2
2
σ̄2x þ

ffiffi
2

p
c

2
σ̄y ðmπÞ2 m2 þ λ1ðσ̄2x þ σ̄2yÞ þ λ2

2
σ̄2x −

ffiffi
2

p
c

2
σ̄y

ðmκÞ2 m2 þ λ1ðσ̄2x þ σ̄2yÞ þ λ2
2
ðσ̄2x þ

ffiffiffi
2

p
σ̄xσ̄y þ 2σ̄2yÞ þ c

2
σ̄x ðmKÞ2 m2 þ λ1ðσ̄2x þ σ̄2yÞ þ λ2

2
ðσ̄2x −

ffiffiffi
2

p
σ̄xσ̄y þ 2σ̄2yÞ − c

2
σ̄x

ðms;00Þ2 m2 þ λ1
3
ð7σ̄2x þ 4

ffiffiffi
2

p
σ̄xσ̄y þ 5σ̄2yÞ þ λ2ðσ̄2x þ σ̄2yÞ −

ffiffi
2

p
c

3
ð ffiffiffi

2
p

σ̄x þ σ̄yÞ ðmp;00Þ2 m2 þ λ1ðσ̄2x þ σ̄2yÞ þ λ2
3
ðσ̄2x þ σ̄2yÞ þ c

3
ð2σ̄x þ

ffiffiffi
2

p
σ̄yÞ

ðms;88Þ2 m2 þ λ1
3
ð5σ̄2x − 4

ffiffiffi
2

p
σ̄xσ̄y þ 7σ̄2yÞ þ λ2ðσ̄

2
x
2
þ 2σ̄2yÞ þ

ffiffi
2

p
c

3
ð ffiffiffi

2
p

σ̄x −
σ̄y
2
Þ ðmp;88Þ2 m2 þ λ1ðσ̄2x þ σ̄2yÞ þ λ2

6
ðσ̄2x þ 4σ̄2yÞ − c

6
ð4σ̄x −

ffiffiffi
2

p
σ̄yÞ

ðms;08Þ2 2λ1
3
ð ffiffiffi

2
p

σ̄2x − σ̄xσ̄y −
ffiffiffi
2

p
σ̄2yÞ þ

ffiffiffi
2

p
λ2ðσ̄

2
x
2
− σ̄2yÞ þ c

3
ffiffi
2

p ðσ̄x −
ffiffiffi
2

p
σ̄yÞ ðmp;08Þ2

ffiffi
2

p
λ2
6

ðσ̄2x − 2σ̄2yÞ − c
6
ð ffiffiffi

2
p

σ̄x − 2σ̄yÞ
ðms;xxÞ2 m2 þ 3ðλ1 þ λ2

2
Þσ̄2x þ λ1σ̄

2
y − cffiffi

2
p σ̄y ðmp;xxÞ2 m2 þ ðλ1 þ λ2

2
Þσ̄2x þ λ1σ̄

2
y þ cffiffi

2
p σ̄y

ðms;yyÞ2 m2 þ λ1σ̄
2
x þ 3ðλ1 þ λ2Þσ̄2y ðmp;yyÞ2 m2 þ λ1σ̄

2
x þ ðλ1 þ λ2Þσ̄2y

ðms;xyÞ2 2λ1σ̄xσ̄y − cffiffi
2

p σ̄x ðmp;xyÞ2 cffiffi
2

p σ̄x

m2
σ 1

2
ðm2

s;00 þm2
s;88Þ − 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðm2

s;00 −m2
s;88Þ2 þ 4m4

s;00

q
m2

η 1
2
ðm2

p;00 þm2
p;88Þ − 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðm2

p;00 −m2
p;88Þ2 þ 4m4

p;00

q
m2

f0
1
2
ðm2

s;00 þm2
s;88Þ þ 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðm2

s;00 −m2
s;88Þ2 þ 4m4

s;00

q
m2

η0 1
2
ðm2

p;00 þm2
p;88Þ þ 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðm2

p;00 −m2
p;88Þ2 þ 4m4

p;00

q
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constant. However, it is well known that the physical masses
are given by the poles of the meson propagators, and the
residue of the pion propagator at its pole gets related to the
pion decay constant [71–73]. Furthermore, the definition of
the curvature mass of the meson involves the evaluation of
its self-energy at the zero momentum [69,70,76,77] as one
knows that the effective potential is the generator of the
n-point functions of the theory at zero external momenta.
Also one notes that the pole definition is the physical and
gauge invariant one [74,75]. In the absence of the Dirac sea
contributions, the pole mass becomes equivalent to the
curvature mass for the model parameter fixing, but when the
quark one-loop vacuum correction is present, the pole
masses of the mesons become different from their screening
masses [71,72]. In view of the above considerations, it
becomes important to use the exact on-shell parameter
fixing method for the renormalized Polyakov enhanced

quark-meson (RPQM) model where the physical (pole)
masses of the mesons, the pion, and kaon decay constants
are put into the relation of the running mass parameter and
couplings by using the on-shell and the minimal subtraction
renormalization prescriptions [76,78,79]. In a very recent
work [80], one of us has calculated the consistent effective
potential and the on-shell renormalized parameters for the
2þ 1 flavor quark-meson (QM) model where the quark
one-loop vacuum fluctuation is properly renormalized. The
calculation of the exact effective potential and the on-shell
renormalization of the six parametersm2; λ1; λ2; c; hx; hy for
the 2þ 1 flavor RQM model are presented and reproduced
in Appendix B.
Combining the RQM model vacuum effective potential

with the thermal contributions of quarks-antiquarks and the
Polyakov-loop potential, we write the grand thermody-
namic potential of the RPQM model as the following:

ΩRPQMðΔx;Δy;Φ; Φ̄; T; μÞ ¼ ðm2 þm2
FINÞ

2

	
f2π

�
Δ2

x

m2
u

�
þ ð2fK − fπÞ2

2

�
Δ2

y

m2
s

�

− ðhx þ hxFINÞfπ

�
Δx

mu

�

− ðhy þ hyFINÞ
ð2fK − fπÞffiffiffi

2
p

�
Δy

ms

�
−
ðcþ cFINTOTÞ

4
f2πð2fK − fπÞ

�
Δ2

x

m2
u

��
Δy

ms

�

þ ðλ1 þ λ1FINÞ
4

f2πð2fK − fπÞ2
�
Δ2

x

m2
u

��
Δ2

y

m2
s

�
þ f2ðλ1 þ λ1FINÞ þ ðλ2 þ λ2FINÞg

8
f4π

�
Δ4

x

m4
u

�

þ fðλ1 þ λ1FINÞ þ ðλ2 þ λ2FINÞg
16

ð2fK − fπÞ4
�
Δ4

y

m4
s

�
þ 2NcΔ4

x

ð4πÞ2
�
3

2
− ln

�
Δ2

x

m2
u

�
− Cðm2

πÞ

−m2
πC0ðm2

πÞ
�
þ NcΔ4

y

ð4πÞ2
�
3

2
− ln

�
Δ2

y

m2
u

�
− Cðm2

πÞ −m2
πC0ðm2

πÞ
�
þ UðT;Φ; Φ̄Þ

þ Ωqq̄ðT; μ;Δx;Δy;Φ; Φ̄Þ: ð41Þ

The expression Ωqq̄ðT; μ;Δx;Δy;Φ; Φ̄Þ is same as the
ΩT;μ

qq̄ in Eq. (32) where σ̄x and σ̄y have been replaced by

Δx ¼ gσ̄x
2
and Δy ¼ gσ̄yffiffi

2
p . One gets the nonstrange constituent

quark mass parameter Δx, strange constituent quark mass
parameter Δy, Φ, and Φ̄ in the RPQM model by searching
the global minimum of the grand potential in Eq. (41) for a
given value of temperature T and chemical potential μ,

∂ΩRPQM

∂Δx
¼ ∂ΩRPQM

∂Δy
¼ ∂ΩRPQM

∂Φ
¼ ∂ΩRPQM

∂Φ̄
¼ 0: ð42Þ

In our calculations, we have used mπ ¼ 138.0 MeV,
mK ¼ 496 MeV. Here, in the RQMmodel, fixing them2

η þ
m2

η0 ¼ ð547.5Þ2 þ ð957.78Þ2 and then taking the η mass as
527.58 MeV, one gets the η0 mass equal to 968.89 MeV.
The pole masses mη ¼ 527.58 MeV and mη0 ¼
968.89 MeV have been used for calculating the self-energy
corrections (for η; η0) and fixing of the parameters in the

on-shell scheme because it has been checked that when the
masses are calculated with the new set of renormalized
parameters and respective self-energy corrections are
added, the same pole masses are reproduced.

IV. RESULTS AND DISCUSSION

The nonstrange and strange direction chiral crossover
transition and the confinement-deconfinement transition
occurring on the temperature axis at μ ¼ 0 are being
explored here in detail. The pseudocritical temperature
for the nonstrange, the strange chiral crossover transition,
Tχ
c, Ts

c, and the confinement-deconfinement transition, TΦ
c ,

are obtained by identifying the peaks in the respective
temperature direction variation of the temperature deriva-

tive ∂ðσ̄x=σ̄x0Þ
∂T , ∂ðσ̄y=σ̄y0Þ

∂T , and ∂Φ
∂T .

Figures 1(a) and 1(b) show the respective temperature
variations of the normalized nonstrange and strange chiral
condensate at μ ¼ 0 MeV and mσ ¼ 500 MeV for the

SURAJ KUMAR RAI and VIVEK KUMAR TIWARI PHYS. REV. D 109, 034025 (2024)

034025-8



PQM and RPQMmodels with the Log and the PolyLog-glue
forms of the Polyakov-loop potential. The term glue stands
for the unquenching of the Polyakov-loop potential in the
presence of the quark backreaction at μ ¼ 0. Though
the temperature variation of the nonstrange condensate in
the PolyLog-glue PQMmodel in Fig. 1(a) shifts early on the
temperature scale due to the quark backreaction, it is sharper
than that of the Log PQMmodel because the early occurring
weaker deconfinement transition at TΦ

c ¼ 138.8 MeV (from
the Table IV) in the PolyLog-glue PQM model does not
influence its chiral transition (at Tχ

c ¼ 155.2 MeV) that
much while the Log PQM model relatively stronger decon-
finement transition which occurs at TΦ

c ¼ 149.9 MeV
influences the chiral transition at Tχ

c ¼ 159.3 MeV. The
above behavior can be inferred from the temperature

variation of ∂ðσ̄x=σ̄x0Þ
∂T and ∂Φ

∂T in the Log and the PolyLog-
glue PQM models in Fig. 2(a). The temperature variation of

the nonstrange condensate becomes significantly smoother
due to the quark one-loop vacuum correction in the Log
RPQMmodel as shown Fig. 1(a), and it also gets influenced
by Log form of the Polyakov-loop potential which causes a
stronger deconfinement transition. The sharper temperature
variation of ∂Φ

∂T and its peak at TΦ
c ¼ 148.1 MeV have a

strong influence on the chiral transition because the ∂ðσ̄x=σ̄x0Þ
∂T

temperature variation peaks at the adjacent Tχ
c ¼

148.9 MeV and develops a small very slowly decreasing
shoulder-like structure thereafter (falling short of developing
the second peak) in Fig. 2(b). Therefore, the finding of Tχ

c

has an in-built ambiguity of ∼þ 9.0 MeV. Due to the
combined effect of the quark one-loop vacuum correction
and the quark backreaction, one gets most smooth temper-
ature variation of the nonstrange condensate in Fig. 1(a) for
the PolyLog-glue RPQM model. The temperature variation
of ∂Φ

∂T is very smooth and well separated from the quite

(a) (b)

FIG. 1. Temperature variation of the σ̄x=σ̄x0 and the σ̄y=σ̄y0 for mσ ¼ 500 MeV at μ ¼ 0; σ̄x0 ¼ fπ and σ̄y0 ¼ 2fK−fπffiffi
2

p . (a) Normalized
nonstrange chiral condensate. (b) Normalized strange chiral condensate.

(a) (b)

FIG. 2. Temperature variation of ∂σ̄x=σ̄x0
∂T and ∂Φ

∂T formσ ¼ 500 MeV at μ ¼ 0. (a) Results for the Log and PolyLog-glue PQMmodel. (b)
Results for the Log and PolyLog-glue RPQM model.
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smooth temperature variation of ∂ðσ̄x=σ̄x0Þ
∂T in Fig. 2(b), and the

deconfinement transition occurs early as ∂Φ
∂T temperature

variation peaks at TΦ
c ¼ 136.6 MeV while the temperature

variation of ∂ðσ̄x=σ̄x0Þ
∂T peaks later giving Tχ

c ¼ 157.3 MeV.
Strange condensate temperature variations for both the

Log and PolyLog-glue PQMmodels have a small and sharp
kink-like structure near the nonstrange chiral transition
temperature Tχ

c in Fig. 1(b). The above kink-like structure
gets smoothed out and hence disappears due to effect of
quark one-loop vacuum correction in the RPQMmodel. The
quark backreaction present in the PolyLog-glue PQM
model causes a noticeable decrease in the strange con-
densate in the temperature range 120 to 165 MeV. After
T > 165 MeV, the strange condensate temperature varia-
tion for the PolyLog-glue PQM model becomes degenerate
with that of the Log PQM model. Note that the strange
direction explicit symmetry breaking strength hy (see
Table III) becomes weaker by a relatively large amount
(in comparison to hx) as the kaon curvature mass mK;c ¼
467.99 MeV becomes smaller than its pole mass mK ¼
496 MeV after renormalization of the parameters in the
RPQMmodel. Hence, the melting of the strange condensate
gets significantly enhanced due to the effect of quark one-
loop vacuum correction in the RPQM model. For the
temperature ranging from 110 to 185 MeV in the vicinity
of the nonstrange chiral crossover transition temperature
(Tχ

c), the melting of the strange condensate in the Log
RPQM model differs significantly from its largest melting
noticed in the PolyLog-glue RPQM model in Fig. 1(b). The
strange condensate temperature variation for the Log and

PolyLog-glue RPQM models merge with each other for
T > 180 MeV. The earliest chiral transition in the strange
direction occurs in the Log RPQM model at Ts

c ¼
225.6 MeV while the strange direction chiral transition
for the Log PQM model occurs at the Ts

c ¼ 252.1 MeV.
Table IV summarizes the μ ¼ 0 transition pseudocritical
temperatures Tχ

c, Ts
c, and TΦ

c for mσ ¼ 400, 500, and
600 MeV in the PQM and RPQM models with the Log
and PolyLog-glue forms of the Polyakov-loop potential.
The lattice data cannot be directly compared with the

temperature variations of the nonstrange and strange con-
densate, hσ̄xi and hσ̄yi. A suitable combination of the light
and strange quark condensates is calculated to eliminate the
quadratic divergences in the linear quark mass dependent
correction to the chiral condensate. The above quantity is
further normalized by the corresponding combination of
condensates calculated at T ¼ 0 MeV [14]. Thus, one finds
the chiral symmetry breaking order parameter called the
subtracted chiral condensate Δl;sðTÞ as given below,

Δl;sðTÞ ¼
hσ̄xiðTÞ − ðhxhyÞhσ̄yiðTÞ
hσ̄xið0Þ − ðhxhyÞhσ̄yið0Þ

: ð43Þ

The subtracted chiral condensate temperature variations
(at μ ¼ 0) have been calculated for the PQM and RPQM
models with the Log and PolyLog-glue forms of the
Polyakov-loop potential and compared with the Wuppertal-
Budapest Collaboration lattice QCD (WBLQCD-I) data of
Δls [102] in Fig. 3(a). We find that the calculation of the Δls
temperature variation in our PolyLog-glue RPQM model
gives the closest fit to the WBLQCD-I data. Figure 3(b)

TABLE III. Parameters of the different model scenarios. The RQM model parameters are obtained by putting
Λ ¼ Λ0 in Eqs. (B80)–(B85).

Model mσ (MeV) λ2 cðMeV2Þ λ1 m2ðMeV2Þ hxðMeV3Þ hyðMeV3Þ
QM 400 46.43 4801.82 −5.89 ð494.549Þ2 ð120.73Þ3 ð336.43Þ3

500 46.43 4801.82 −2.69 ð434.305Þ2 ð120.73Þ3 ð336.43Þ3
600 46.43 4801.82 1.141 ð342.139Þ2 ð120.73Þ3 ð336.43Þ3

RQM 400 34.88 7269.20 1.45 ð442.447Þ2 ð119.53Þ3 ð323.32Þ3
500 34.88 7269.20 3.676 ð396.075Þ2 ð119.53Þ3 ð323.32Þ3
600 34.88 7269.20 8.890 ð256.506Þ2 ð119.53Þ3 ð323.32Þ3

TABLE IV. Pseudocritical temperatures at μ ¼ 0.

mσ ¼ 400 MeV mσ ¼ 500 MeV mσ ¼ 600 MeV

Polyakov loop Models Tχ
c (MeV) Ts

c (MeV) TΦ
c (MeV) Tχ

c (MeV) Ts
c (MeV) TΦ

c (MeV) Tχ
c (MeV) Ts

c (MeV) TΦ
c (MeV)

Log PQM 149.5 244.3 149.5 159.3 252.1 149.9 171.9 261.7 150.5
RPQM 146.4 222.8 146.0 148.9 225.6 148.1 181.1 233.8 150.1

PolyLog-glue PQM 142.5 245.1 142.4 155.2 252.3 138.8 169.5 261.2 129.1
RPQM 145.6 225.6 133.6 157.3 227.8 136.6 179.6 235.3 138.6
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presents the comparison of the WBLQCD-I Collaboration
data [102] for the reduced temperature scale variation of
the Polyakov loop with the temperature variation of the
Polyakov-loop condensate obtained in the PQM and RPQM
model calculations having the Log and PolyLog-glue forms
for the Polyakov-loop potential. The WBLQCD-I [102] data
for the Polyakov loop lie significantly below the temperature
variation of the Polyakov-loop condensate that one finds in
the all model calculations.

A. Comparison of thermodynamic quantities
with the lattice QCD data

We compare the thermodynamic quantities pressure,
entropy density, energy density, specific heat, and speed
of sound in the PQM model and the RPQM model with
the Log and PolyLog-glue forms of the Polyakov-loop
potential. It is well documented in the literature
[58–61,79,80,95] that the curvature mass based parameter
fixing of the model in the presence of the quark one-loop
vacuum fluctuation gives rise to an excessively soft and
smooth chiral transition. Therefore, in order to make
quantitative comparisons with the results obtained from
the on-shell renormalized RPQM model, we have pre-
sented the plots of the thermodynamic quantities also for
the Polyakov-loop augmented quark-meson model with
vacuum term (PQMVT) where the model parameters are
fixed by the use of curvature masses, and the PolyLog-
glue form of the Polyakov-loop potential has been taken.
The effective potential (for the chiral part) given in
Refs. [64,80] for the PQMVT model has been used to
calculate the thermodynamic quantities. It is to be noted
that the effective potential of the curvature mass para-
metrized PQMVT model differs from the on-shell RPQM
model, only in the vacuum part (T ¼ 0, μ ¼ 0) that
represents the physics of chiral symmetry.

The QCD phase transition has a strong influence on
these thermodynamic quantities. The pressure of a QCD
system can be defined as negative of the grand potential,

PðT; μÞ ¼ −ΩðT; μÞ; ð44Þ

and the pressure is normalized to zero in the vacuum,
i.e., Pð0; 0Þ ¼ 0.
The reduced temperature scale variation of the pressure

for the PolyLog-glue RPQM model (where the quark
backreaction and the quark one-loop vacuum correction,
both are present) in Fig. 4 stands close to the lattice QCD
data of the pressure that have been reported by the
WBLQCD-II [103] and HotQCD-I [104] Collaborations.
The pressure variation in the PolyLog-glue PQMVT model
is significantly different from that of the RPQM model
result. Here, it is worthwhile to mention that the μ ¼ 0 axis

(a) (b)

FIG. 3. Temperature variation of Δls and Φ for mσ ¼ 500 MeV at μ ¼ 0. The lattice data of WBLQCD-I for Δls and Φ have been
taken from Ref. [102] in the continuum limit. (a) Subtracted chiral condensate Δls. (b) The Polyakov-loop order parameter Φ.

FIG. 4. Temperature variation of the pressure for mσ ¼
500 MeV at μ ¼ 0. The lattice data of the pressure, in the
continuum limit of HotQCD-I and WBLQCD-II, have been taken
from Refs. [104,103], respectively.
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chiral crossover transition temperature Tχ
c ¼ 177.8 MeV

for the PQMVT model while Tχ
c ¼ 157.3 MeV for the

RPQM model.
In order to find the thermodynamic quantities other than

pressure, one needs to take the temperature derivative of the
grand potential. The entropy density s, the energy density ϵ,
and the interaction measure Δ at the zero quark chemical
potential are defined by

s ¼ −
∂Ω
∂T

; ð45Þ

ϵ ¼ −Pþ Ts; ð46Þ

Δ ¼ ϵ − 3P: ð47Þ

The respective temperature variations of the energy
density and the entropy density in Figs. 5(a) and 5(b),
either in the PQM or RPQM models with the Log form of
the Polyakov-loop potential, increase very rapidly near Tc
and attain saturation after the temperature 1.5 Tc. The lattice
QCD data of the WBLQCD-II [103] and HotQCD-I [104]
Collaborations for the energy density (entropy density)
temperature variations in Fig. 5(a) [Fig. 5(b)], apart from
being close to the energy density (entropy density) obtained
from the PolyLog-glue RPQM model computation, show
quite a similar rising pattern on the reduced temperature
scale. The energy density and entropy density temperature
variations obtained from the PolyLog-glue PQMVT model
are significantly different from those of the RPQM model.
The interaction measure is found to have highest rising

temperature variation for the Log PQM model in Fig. 6(a).

(a) (b)

FIG. 5. Temperature variation of the energy density and entropy density for mσ ¼ 500 MeV at μ ¼ 0. The lattice data of the energy
density and entropy density, in the continuum limit of HotQCD-I and WBLQCD-II, have been taken from Refs. [104,103], respectively.
(a) Energy density. (b) Entropy density.

(a) (b)

FIG. 6. Temperature variation of the interaction measure and specific heat for mσ ¼ 500 MeV at μ ¼ 0. The lattice data of the
interaction measure and specific heat, in the continuum limit of HotQCD-I and WBLQCD-II, have been taken from Refs. [103,104],
respectively. (a) Interaction measure. (b) Specific heat.
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When the quark backreaction and the quark one-loop
vacuum correction both are present in the PolyLog-glue
RPQM model, the calculated temperature variation of the
interaction measure with a significantly reduced height
shows quite a close resemblance in its pattern with the
latest lattice data for the temperature variation of the
interaction measure (also lattice data for T > 1.5Tc has a
good match with the theoretical calculation) reported by the
WBLQCD-II [103] and HotQCD-I [104] Collaborations.
The temperature variation of the interaction measure calcu-
lated in the PQMVT model is also significantly different
from that of the RPQM model result.
The expression for the specific heat capacity at constant

volume is written as

CV ¼ ∂ϵ

∂T

����
V
¼ −T

∂
2Ω
∂T2

����
V
: ð48Þ

The specific heat (normalized with T3) variation on the
reduced temperature scale in Fig. 6(b) shows the highest
and sharpest peak near Tc in the Log PQM model which
becomes smoother in the Log RPQM model. The quark
one-loop vacuum correction in the presence of the quark
backreaction in the PolyLog-glue RPQM model gives
rise to a most smooth temperature variation of the specific
heat that has a well rounded peak structure. The above-
mentioned pattern has a close resemblance with the specific
heat temperature variation reported in the WBLQCD-II
[103] and HotQCD-I [104] lattice data. Furthermore, the
PolyLog-glue RPQMmodel calculation of the specific heat
temperature variation for the T > 1.1Tc matches very well
with the said lattice data for the specific heat. The temper-
ature variation of the specific heat computed from the
PQMVT model shows noticeable difference from that of
the RPQM model result.

In the strongly interacting medium, the speed of sound is
a very important quantity, and at fix entropy density s, the
square of the speed of sound is define by

C2
s ¼

∂P
∂ϵ

����
s
¼ ∂P

∂T

����
V
= ∂ϵ

∂T

����
V
¼ s

CV
: ð49Þ

The reduced temperature scale variations of C2
s (P=ϵ) in

Fig. 7(a) [Fig. 7(b)], for the Log PQM as well as RPQM
and PolyLog-glue RPQM as well as PQMVT models, are
compared with the WBLQCD-II [103] and HotQCD-I
[104] lattice data. The C2

s temperature variation pattern
of the PolyLog-glue RPQM model in Fig. 7(a) being
noticeably different from that of the PQMVT model result
resembles closely the rising trend of C2

s that one observes in
the lattice QCD data, and agreement between the results
become quite good after T > 1.4Tc when the lattice data
approaches the PolyLog-glue RPQM model result from
below. The lattice data for the temperature variation ofC2

s in
its lower bound matches well with the P=ϵ temperature
variation that has been calculated from the curvature mass
parametrized PolyLog-glue PQMVT model for T > 1.1Tc
while it lies just above the P=ϵ temperature variations
which have been computed in other model scenarios.

B. Illustration of the phase diagrams
and their CEP positions

The phase diagrams of the PQM and RPQM models
with the Log and PolyLog-glue forms of the Polyakov-
loop potential are presented in Figs. 8–10, respectively,
for mσ ¼ 400, 500, and 600 MeV. Table V presents a
comparison of the positions of CEP in different model
scenarios. In Fig. 8 for mσ ¼ 400 MeV and T0 ¼
187 MeV, the PQMmodel CEP position at ðTCEP; μCEPÞ ¼
ð149.0; 26.4Þ MeV fðTCEP; μCEPÞ ¼ ð138.5; 61.1Þ MeVg

(a) (b)

FIG. 7. Temperature variation of C2
s and P=ϵ formσ ¼ 500 MeV at μ ¼ 0. The lattice data of C2

s , in the continuum limit of HotQCD-I
and WBLQCD-II, have been taken from Refs. [103,104], respectively. In (b), model calculations of P=ϵ have been compared with the
lattice data of C2

s . Here, Tc ¼ Tχ
c. (a) Squared speed of sound (C2

s ). (b) Ratio of pressure with energy.
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for the Log fPolyLog-glueg Polyakov-loop potential
shifts to the position ðTCEP; μCEPÞ ¼ ð93.8; 230.5Þ MeV
fðTCEP;μCEPÞ¼ð73.6;227.6ÞMeVg in the Log fPolyLog-
glueg RPQM model due to the quark one-loop vacuum
correction. Comparing the CEP of the Log RPQM model
with that of the PolyLog-glue RPQM model, we find that
the CEP moves down in the temperature direction by
20.2 MeV due to the effect of the quark backreaction in the
PolyLog-glue RPQM model while it shifts leftward on the
chemical potential axis by a small amount (only 2.9 MeV).
In contrast to the above explained behavior, the temper-
ature down shift in the PolyLog-glue PQM model CEP
position is only 10.5 MeV when compared to the CEP of
the Log PQM model while its position in the chemical
potential direction increases (moves right) by 34.7 MeV.
Our RPQM model result shows the confirmation of
Ref. [99] observation that the quark backreaction due to
the unquenching of the Polyakov-loop potential links the
chiral and deconfinement phase transition also at small
temperature and large chemical potential. One also finds

that the curvature of the phase transition line increases due
to the above effect.
We point out that when the quark one-loop vacuum

correction is added to the effective potential of the QM
model, and the curvature masses of the mesons are used to
fix the model parameters as in Refs. [58–61], the calculated
shift in the position of the CEP is quite large and
overestimated as reported in our recent 2 and 2þ 1 flavor
renormalized quark-meson model investigations [79,80,95]
where the consistent and exact parameter fixings have been
done using the on-shell method. After including the quark
one-loop vacuum correction and fixing the model param-
eters by the use of curvature masses of the mesons, Schaefer
et al. [59], in their 2þ 1 flavor PQM model work with the
Log Polyakov-loop potential whose parameter T0 ¼
270 MeV (for the Pure Yang-Mills SUcð3Þ gauge theory),
find the CEP at ðTCEP; μCEPÞ ¼ ð90.0; 283.0Þ MeV when
mσ ¼ 400 MeV. It is worth emphasizing that if we take
the Log Polyakov-loop potential parameter T0 ¼ 270 MeV
in our on-shell parameterized 2þ 1 flavor RPQM model,
we find that in our calculation, the CEP coordinate
ðTCEP; μCEPÞ ¼ ð104.23; 237.8Þ MeV lies at quite a higher
up position in the temperature direction by 14.23 MeV,
having also a significantly robust chemical potential direc-
tion shift of 45.2 MeV toward the left in the phase diagram,
when it is compared with the corresponding phase diagram
given in Fig. 1(b) of Ref. [59].
When mσ increases from 400 to 500 MeV in Fig. 9, the

CEP moves rightward on the chemical potential axis. We
find that when mσ ¼ 500 MeV, the CEP in the PQM mo-
del at ðTCEP; μCEPÞ ¼ ð146.6; 124.7Þfð137.7; 129.6Þg MeV
for the Log fPolyLog-glueg Polyakov-loop potential
moves to the position ðTCEP; μCEPÞ ¼ ð94.6; 252.0Þfð70.9;
252.7Þg MeV in the Log fPolyLog-glueg RPQM model.
Comparing the CEP of the Log RPQM model with that of
the PolyLog-glue RPQM model, one notes that here for the
mσ ¼ 500 MeV case, the CEP moves down in temperature
by a larger amount of 23.7 MeV (compared to theFIG. 9. Phase diagrams for mσ ¼ 500 MeV.

FIG. 10. Phase diagrams for mσ ¼ 600 MeV.FIG. 8. Phase diagrams for mσ ¼ 400 MeV.
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mσ ¼ 400 MeV) due to the effect of the quark backreaction
while its rightward shift in the chemical potential direction is
negligibly small (only 0.7MeV). In contrast, the temperature
down shift in the PolyLog-glue PQMmodel CEP position is
only 8.9 MeV when compared to the CEP of the Log PQM
model while its position in the chemical potential direction
shifts rightward by 4.9 MeV. Here, also we find that the
curvature of the phase transition line increases due to the
quark backreaction as in Ref. [99].
The PQM model CEP at ðTCEP; μCEPÞ ¼ ð141.0;

189.8Þfð130.4; 193.9Þg MeV when the mσ ¼ 600
MeV in Fig. 10, for the Log fPolyLog-glueg Polyakov-
loop potential moves to the position ðTCEP; μCEPÞ ¼
ð47.7; 316.3Þfð25.7; 316.1Þg MeV in the Log fPolyLog-
glueg RPQM model. Here, for mσ ¼ 600 MeV also, the
Log RPQM model CEP shifts, vertically down on the
temperature axis by 22.0 MeV due to the unquenching of
the Polyakov-loop potential while the chemical potential is
almost the same. Here, it is relevant to emphasize that we are
getting a well placed CEP in the phase diagram of the
RPQM model even for the case of mσ ¼ 600 MeV while
the curvature mass parametrization of the PQM model with
the quark one-loop vacuum correction generates such an
excessively large soothing effect on the chiral phase tran-
sition that the CEP altogether disappears from the phase
diagram, and one gets a complete chiral crossover transition
in the entire μ − T plane as reported in Refs. [58–60].

V. SUMMARY AND CONCLUSION

The consistent and improved chiral effective potential of
the renormalized 2þ 1 flavor quark-meson model (RQM),
whose parameters are fixed on-shell after the inclusion of
quark one-loop vacuum correction, has been augmented
with the different forms of the Polyakov-loop potential with
and without quark backreaction. The resulting quantum
chromodynamics (QCD)-like framework of the 2þ 1
flavor renormalized Polykov quark-meson (RPQM) model
has been used to investigate the interplay of the chiral
symmetry restoring and the deconfinement phase transi-
tions. The results have been compared with the PQMmodel
where the fermionic vacuum fluctuations are neglected.
The temperature variation of the thermodynamics quan-
tities, pressure, entropy density, energy density, interaction

measure, specific heat, speed of sound, and the ratio P=ϵ,
have been computed at μ ¼ 0 MeV and compared with the
latest 2þ 1 flavor lattice data of the Wuppertal-Budapest
and HotQCD Collaborations [103,104]. The thermody-
namics quantities computed for the on-shell parameterized
RPQM model have been compared with the corresponding
calculations in the curvature mass parametrized PQMVT
model where the PolyLog-glue form of the Polyakov-loop
potential has been used in both the cases to account for the
quark backreaction. The PQM and RPQM model phase
diagrams for mσ ¼ 400, 500, 600 MeV have been com-
puted and compared with/without the quark backreaction in
the Polyakov-loop potential.
The most smooth temperature variation of the nonstrange

chiral condensate is observed for the PolyLog-glue RPQM
model. Since the strange direction explicit symmetry
breaking strength hy is reduced by a relatively large amount
after renormalization, the melting of the strange condensate
is significantly large in the RPQM model. The temperature
variation of the subtracted chiral condensate Δls calculated
in the PolyLog-glue RPQM model at μ ¼ 0, and mσ ¼
500 MeV shows the best agreement with the WBQCD-I
lattice data of Δls.
The recent WBLQCD-II [103] and HotQCD-I [104]

lattice data for the pressure, entropy density, and energy
density are quite close to their respective temperature
variation that we obtain in our PolyLog-glue RPQMmodel
calculation. The interaction measure peak is smallest in its
PolyLog-glue RPQM model temperature variation and
agrees well with the WBLQCD-II [103] and HotQCD-I
[104] LQCD data for T > 1.5Tc. The very smooth and
rounded peak noticed in the specific heat temperature
variation of the lattice QCD data has quite a close
resemblance with our PolyLog-glue RPQM results. The
C2
s [103,104] temperature variation calculated from the

PolyLog-glue RPQM model is quite close to the lattice
QCD data for C2

s. The temperature variations of the
thermodynamic quantities obtained using the curvature
mass-based parametrization in the PQMVT model (for the
PolyLog-glue form of the Polyakov-loop potential) differ
significantly from the corresponding temperature varia-
tions calculated by the use of the consistent on-shell
parametrization in the RPQM model. The lower bound
of the lattice QCD data for the C2

s temperature variation

TABLE V. Critical end points.

mσ ¼ 400 MeV mσ ¼ 500 MeV mσ ¼ 600 MeV

Polyakov loop Models ðTCEP; μCEPÞ MeV ðTCEP; μCEPÞ MeV ðTCEP; μCEPÞ MeV

Log PQM (149.0, 26.4) (146.6, 124.7) (141.0, 189.8)
RPQM (93.8, 230.5) (94.6, 252.0) (47.7, 316.3)

RPQM (T0 ¼ 270 MeV) (104.23, 237.8) … …

PolyLog-glue PQM (138.5, 61.1) (137.7, 129.6) (130.4, 193.9)
RPQM (73.6, 227.6) (70.9, 252.7) (25.7, 316.1)
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matches with the PolyLog-glue PQMVT model temper-
ature variation of the ratio P=ϵ for T > 1.1Tc.
The CEP of the Log RPQM model moves significantly

down (ΔTCEP ¼ 20.2–23.7 MeV) on the temperature axis
due to the presence of the quark backreaction in the
PolyLog-glue RPQM model while the shift in the chemical
potential direction is negligible. This finding confirms the
observation of Ref. [99] that unquenching of the Polyakov-
loop potential links the chiral and deconfinement phase
transitions at all temperatures and chemical potentials. We
point out that the smoothing effect of the quark one-loop
vacuum correction on the chiral transition phase boundary
is excessively large and overestimated in the earlier inves-
tigations [59,60] where the curvature masses of the mesons
have been used for fixing the model parameters while the
fπ and fK are taken as constant. In these studies, one gets
a very large crossover and a smaller first order region.
Therefore, the CEP gets located in the right-most lower
corner of the μ − T plane at smaller temperatures and very
high chemical potentials. We emphasize that the smoothing
effect of the quark one-loop vacuum correction becomes
moderate in our consistent on-shell parametrized RPQM
model studies because we find a comparatively larger first
order region in the μ − T plane of the phase diagram for
mσ ¼ 400 and 500 MeV, and therefore, the CEP moves
higher up in the phase diagram toward the temperature axis.
Note that we are getting a well placed CEP in the phase
diagram of the RPQM model even for the case of mσ ¼
600 MeVwhile the CEP altogether disappears, and one gets
a complete chiral crossover transition in the entire μ − T
plane of the phase diagram reported in the studies [59,60]
where the quark one-loop vacuum correction is included
in the PQM model but the parameters are fixed using the
curvature masses of the mesons.

APPENDIX A: INTEGRALS

The divergent loop integrals are regularized by incor-
porating dimensional regularization,

Z
p
¼
�
eγEΛ2

4π

�
ϵ Z ddp

ð2πÞd ; ðA1Þ

where d ¼ 4 − 2ϵ, γE is the Euler-Mascheroni constant,
and Λ is the renormalization scale associated with the MS
scheme,

Aðm2
fÞ ¼

Z
p

1

p2 −m2
f

¼ im2
f

ð4πÞ2
�
1

ϵ
þ 1

þ lnð4πe−γEÞ þ ln

�
Λ2

m2
f

��
:

We rewrite this after redefining Λ2 → Λ2 eγE
4π ,

Aðm2
fÞ ¼

im2
f

ð4πÞ2
�
1

ϵ
þ 1þ ln

�
Λ2

m2
f

��
; ðA2Þ

Bðp2; mfÞ ¼
Z
k

1

ðk2 −m2
fÞ½ðkþ pÞ2 −m2

fÞ�

¼ i
ð4πÞ2

�
1

ϵ
þ ln

�
Λ2

m2
f

�
þ Cðp2; mfÞ

�
; ðA3Þ

B0ðp2; mfÞ ¼
i
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Equations (A5) and (A6) are valid with the constraints (p2 < 4m2
f) and (p2 > 4m2

f), respectively,

Bðp2; mu;msÞ ¼
Z
k

1

ðk2 −m2
sÞ½ðkþ pÞ2 −m2

uÞ�
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ð4πÞ2
�
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ϵ
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�
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m2
u

�
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�
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Gðp2Þ ¼
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fðms þmuÞ2 − p2gfp2 − ðms −muÞ2g

q
; ðA9Þ

C0ðp2; mu;msÞ ¼
m2

s −m2
u

2p4
ln

�
m2

s

m2
u

�
þ p2ðm2

s þm2
uÞ − ðm2

s −m2
uÞ2

p4Gðp2Þ
�
arctan

�ðp2 −m2
s þm2

uÞ
Gðp2Þ

�

þ arctan

�ðp2 þm2
s −m2

uÞ
Gðp2Þ

��
−

1

p2
: ðA10Þ

APPENDIX B: RQM MODEL PARAMETER
FIXING AND THE EFFECTIVE POTENTIAL

The tree-level parameters of Eqs. (37)–(40) become
inconsistent after including the quark one-loop vacuum
correction unless the on-shell renormalization scheme is
used. In the on-shell scheme, one uses the dimensional
regularization to regularize the divergent loop integrals, but
the counterterms are chosen differently from the minimal
subtraction scheme. The appropriate choice of counter-
terms in the on-shell scheme gives rise to the exact
cancellation of the loop corrections with the self-energies.
The renormalized parameters become renormalization scale
independent as the couplings are evaluated on shell. The
wave functions/fields and parameters of Eq. (4) are bare
quantities.
The counterterms δZπ, δZK, δZσ , δZη, δZη0, δZψ δZσ̄x ,

and δZσ̄y for the wave functions/fields and the counterterms

δm2, δλ1, δλ2, δc, δhx, δhy, and δg2 for the parameters are
introduced in the Lagrangian (4) where the couplings and
renormalized fields are defined as

πib ¼
ffiffiffiffiffiffi
Zπ

p
πi; Kb ¼

ffiffiffiffiffiffi
ZK

p
K; ηb ¼

ffiffiffiffiffi
Zη

p
η; ðB1Þ

η0b ¼
ffiffiffiffiffiffi
Zη0

p
η0; σb ¼

ffiffiffiffiffiffi
Zσ

p
σ; m2

b ¼ Zmm2; ðB2Þ

ψb ¼
ffiffiffiffiffiffi
Zψ

p
ψ ; λ1b ¼ Zλ1λ1; λ2b ¼ Zλ2λ2; ðB3Þ

gb ¼
ffiffiffiffiffi
Zg

p
g; hxb ¼ Zhxhx; hyb ¼ Zhyhy; ðB4Þ

cb ¼ Zcc; σ̄xb ¼
ffiffiffiffiffiffiffi
Zσ̄x

p
σ̄x; σ̄yb ¼

ffiffiffiffiffiffiffi
Zσ̄y

q
σ̄y: ðB5Þ

Here, Zðπ;K;η;η0;σ;ψ ;σ̄x;σ̄yÞ ¼ 1þ δZðπ;K;η;η0;σ;ψ ;σ̄x;σ̄yÞ identifies
the field strength renormalization constants while
Zðm;λ1;λ2;g;hx;hy;cÞ ¼ 1þ δZðm;λ1;λ2;g;hx;hy;cÞ signifies the mass
and coupling renormalization constants.
One-loop corrections to the quark fields and the quark

masses are zero because in the large Nc limit the π and σ
loops that may renormalize the quark propagators are of the
order N0

c. Hence, Zψ ¼ 1, and the respective quark self-
energy corrections for the nonstrange and the strange
quarks are δmu ¼ 0 and δms ¼ 0. Since, the pion-quark
πψ̄ψ vertex is of order N0

c, the one-loop correction gets

neglected. As a result, one gets Zψ

ffiffiffiffiffiffiffiffiffiffi
Zgg2

q ffiffiffiffiffiffi
Zπ

p
≈ gð1þ

1
2
δg2

g2 þ 1
2
δZπÞ ¼ g. Thus, δg

2

g2 þ δZπ ¼ 0;. The δmu ¼ 0 and

δms ¼ 0 implies that δgσ̄x=2þ gδσ̄x=2 ¼ 0 and δgσ̄y=ffiffiffi
2

p þ gδσ̄y=
ffiffiffi
2

p ¼ 0. One gets δσ̄x=σ̄x ¼ δσ̄y=σ̄y ¼
−δg=g which can be written as

δσ̄2x
σ̄2x

¼ δσ̄2y
σ̄2y

¼ −
δg2

g2
¼ δZπ: ðB6Þ

The fixing of model parameters using the on-shell
method requires the expressions of the self-energies of
the pseudoscalar pion (π), kaon (K), eta (η), eta-prime (η0),
and scalar sigma σ meson. The Feynman diagrams and
corresponding expressions for the self-energy corrections,
tadpole contributions, and counterterms for the scalar and
pseudoscalar particles are given in detail in Ref. [80]. The
physical states (masses and self-energies) of the scalar (s)
mesons σ, f0, and the pseudoscalar (p) mesons η, η0 are
obtained by the corresponding mixing in the 00 and 88
components of the scalar and pseudoscalar particle states
(masses and self-energies).
The quark one-loop correction to the one-point function

of the nonstrange and strange components of the scalar σ
and their tadpole counterterms can be written as

δΓð1Þ
x ¼ −4NcgmuAðm2

uÞ þ iδtx; ðB7Þ

δΓð1Þ
y ¼ −2

ffiffiffi
2

p
NcgmsAðm2

sÞ þ iδty: ðB8Þ

The respective one-point functions Γð1Þ
x ¼ itx ¼ iðhx −

m2
πσ̄xÞ and Γð1Þ

y ¼ ity ¼ ifhy −
ffiffi
2

p
2
ðm2

K −m2
πÞσ̄x −m2

K σ̄yg
for the nonstrange and strange degrees of freedom become
zero, and one gets two tree-level equations of motion, tx¼0
and ty ¼ 0. Hence, the classical minimum of the effective
potential gets fixed. The first renormalization condition for
the nonstrange hσ̄xi ¼ 0 and the strange degree of freedom
hσ̄yi ¼ 0 demands that the respective one-loop corrections

δΓð1Þ
x and δΓð1Þ

y to the one-point functions become zero, and
the minimum of the effective potential does not shift.

Putting δΓð1Þ
x ¼ 0 and δΓð1Þ

y ¼ 0, one gets
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δtx ¼ −4iNcgmuAðm2
uÞ; ðB9Þ

δty ¼ −2
ffiffiffi
2

p
iNcgmsAðm2

sÞ: ðB10Þ

The equations hx ¼ tx þm2
πσ̄x and hy ¼ ty þ f

ffiffi
2

p
2
ðm2

K−
m2

πÞσ̄x þm2
K σ̄yg are used to write the counterterms δhx and

δhy in terms of the corresponding tadpole counterterms δtx
and δty as the following:

δhx ¼ m2
πδσ̄x þ δm2

πσ̄x þ δtx; ðB11Þ

δhy ¼
	 ffiffiffi

2
p

2
ðm2

K −m2
πÞδσ̄x þ

ffiffiffi
2

p

2
ðδm2

K − δm2
πÞσ̄x



þm2

Kδσ̄y þ δm2
K σ̄y þ δty: ðB12Þ

Using Eq. (B6), one writes

δhx ¼
1

2
m2

πσ̄xδZπ þ δm2
πσ̄x þ δtx; ðB13Þ

δhy ¼
	 ffiffiffi

2
p

2
ðm2

K −m2
πÞσ̄x

δZπ

2
þ

ffiffiffi
2

p

2
ðδm2

K − δm2
πÞσ̄x




þm2
K σ̄y

δZπ

2
þ δm2

K σ̄y þ δty: ðB14Þ

The scalar σ and pseudoscalar η, η0, π, and K meson
inverse propagators are defined as

p2 −m2
σ;η;η0;π;K − iΣσ;η;η0;π;Kðp2Þ þ counterterms: ðB15Þ

In the Lagrangian, the renormalized mass is made equal
to the physical mass, i.e., m ¼ mpole,

1 when one imple-
ments the on-shell scheme. One writes

Σðp2 ¼ m2
σ;η;η0;π;KÞ þ counterterms ¼ 0: ðB16Þ

The propagator residue is set to 1 in the on-shell scheme,
and one gets

∂

∂p2
Σσ;η;η0;π;Kðp2Þ

����
p2¼m2

σ;η;η0 ;π;K

þ counterterms ¼ 0: ðB17Þ

Following Ref. [80], the counterterms of the two-point
functions of the scalar and pseudoscalar mesons are written
below as

Σct1
σ ðp2Þ ¼ i½δZσðp2 −m2

σÞ − δm2
σ�; ðB18Þ

Σct1
π ðp2Þ ¼ i½δZπðp2 −m2

πÞ − δm2
π�; ðB19Þ

Σct1
K ðp2Þ ¼ i½δZKðp2 −m2

KÞ − δm2
K�; ðB20Þ

Σct1
η ðp2Þ ¼ i½δZηðp2 −m2

ηÞ − δm2
η�; ðB21Þ

Σct1
η0 ðp2Þ ¼ i½δZη0 ðp2 −m2

η0 Þ − δm2
η0 �: ðB22Þ

The scalar and pseudoscalar self-energy tadpole contri-
butions have two independent terms proportional to
NcgmuAðm2

uÞ and NcgmsAðm2
sÞ, respectively, as given

in Appendix B of Ref. [80]. The tadpole counterterms
Σct2 for the scalar and pseudoscalar particles are chosen
(negative of the respective tadpole contributions to the scalar
and pseudoscalar self-energies) such that they completely
cancel the respective tadpole contributions to the self-
energies. When the self-energies and their derivatives are
evaluated in the on-shell conditions, one gets all the
renormalization constants. Combining Eqs. (B16)–(B22),
one finds the set of equations given below,

δm2
π ¼ −iΣπðm2

πÞ; δZπ ¼ i
∂

∂p2
Σπðp2Þ

����
p2¼m2

π

; ðB23Þ

δm2
K ¼ −iΣKðm2

KÞ; δZK ¼ i
∂

∂p2
ΣKðp2Þ

����
p2¼m2

K

; ðB24Þ

δm2
η ¼ −iΣηðm2

ηÞ; δZη ¼ i
∂

∂p2
Σηðp2Þ

����
p2¼m2

η

; ðB25Þ

δm2
η0 ¼ −iΣη0 ðm2

η0 Þ; δZη0 ¼ i
∂

∂p2
Ση0 ðp2Þ

����
p2¼m2

η0

; ðB26Þ

δm2
σ ¼ −iΣσðm2

σÞ; δZσ ¼ i
∂

∂p2
Σσðp2Þ

����
p2¼m2

σ

: ðB27Þ

Using the expressions of self-energies for the scalar σ
and pseudoscalar η, η0, π, and K mesons given in Ref. [80],
one gets the following equations:

δm2
π ¼ 2ig2Nc

�
Aðm2

uÞ −
1

2
m2

πBðm2
π; muÞ

�
; ðB28Þ

δm2
K ¼ ig2Nc½Aðm2

uÞ þAðm2
sÞ

− fm2
K − ðmu −msÞ2gBðm2

K;mu;msÞ�; ðB29Þ1The contributions of the imaginary parts of the self-energies
for defining the mass are neglected.
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δm2
η ¼

−i
2

�
Σp;00ðm2

ηÞ þ Σp;88ðm2
ηÞ −

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðm2

p;00 −m2
p;88Þ2 þ 4m4

p;08

q
×
n
ðΣp;00ðm2

ηÞ − Σp;88ðm2
ηÞÞðm2

p;00 −m2
p;88Þ þ 4Σp;08ðm2

ηÞm2
p;08

o�
; ðB30Þ

δm2
η ¼ ig2Nc

�	
Aðm2

uÞ þAðm2
sÞ −

1

2
m2

ηBðm2
η; muÞ −

1

2
m2

ηBðm2
η; msÞ




−
fðm2

p;00 −m2
p;88Þ þ 4

ffiffiffi
2

p
m2

p;08g
3
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðm2

p;00 −m2
p;88Þ2 þ 4m4

p;08

q 	
Aðm2

uÞ −Aðm2
sÞ −

1

2
m2

ηBðm2
η; muÞ þ

1

2
m2

ηBðm2
η; msÞ


�
; ðB31Þ

δm2
η0 ¼

−i
2

�
Σp;00ðm2

η0 Þ þ Σp;88ðm2
η0 Þ þ

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðm2

p;00 −m2
p;88Þ2 þ 4m4

p;08

q
×
n
ðΣp;00ðm2

η0 Þ − Σp;88ðm2
η0 ÞÞðm2

p;00 −m2
p;88Þ þ 4Σp;08ðm2

η0 Þm2
p;08

o�
; ðB32Þ

δm2
η0 ¼ ig2Nc

�	
Aðm2

uÞ þAðm2
sÞ −

1

2
m2

η0Bðm2
η0 ; muÞ −

1

2
m2

η0Bðm2
η0 ; msÞ




þ fðm2
p;00 −m2

p;88Þ þ 4
ffiffiffi
2

p
m2

p;08g
3
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðm2

p;00 −m2
p;88Þ2 þ 4m4

p;08

q 	
Aðm2

uÞ −Aðm2
sÞ −

1

2
m2

η0Bðm2
η0 ; muÞ þ

1

2
m2

η0Bðm2
η0 ; msÞ


�
; ðB33Þ

δm2
σ ¼

−i
2

�
Σs;00ðm2

σÞ þ Σs;88ðm2
σÞ −

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðm2

s;00 −m2
s;88Þ2 þ 4m4

s;08

q
×
n
ðΣs;00ðm2

σÞ − Σs;88ðm2
σÞÞðm2

s;00 −m2
s;88Þ þ 4Σs;08ðm2

σÞm2
s;08

o�
; ðB34Þ

δm2
σ ¼ ig2Nc

�	
Aðm2

uÞ þAðm2
sÞ−

1

2
ðm2

σ − 4m2
uÞBðm2

σ;muÞ−
1

2
ðm2

σ − 4m2
sÞBðm2

σ;msÞ



−
fðm2

s;00 −m2
s;88Þ þ 4

ffiffiffi
2

p
m2

s;08g
3
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðm2

s;00 −m2
s;88Þ2 þ 4m4

s;08

q 	
Aðm2

uÞ−Aðm2
sÞ−

ðm2
σ − 4m2

uÞ
2

Bðm2
σ;muÞ þ

ðm2
σ − 4m2

sÞ
2

Bðm2
σ;msÞ


�
; ðB35Þ

δZπ ¼ ig2Nc½Bðm2
π; muÞ þm2

πB0ðm2
π; muÞ�; ðB36Þ

δZK ¼ ig2Nc½Bðm2
K;mu;msÞ þ ðm2

K − ðmu −msÞ2ÞB0ðm2
K;mu;msÞ�; ðB37Þ

δZη ¼
ig2Nc

2

�
fBðm2

η; muÞ þ Bðm2
η; msÞ þm2

ηB0ðm2
η; muÞ þm2

ηB0ðm2
η; msÞg

þ fðm2
p;00 −m2

p;88Þ þ 4
ffiffiffi
2

p
m2

p;08g
3
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðm2

p;00 −m2
p;88Þ2 þ 4m4

p;08

q f−Bðm2
η; muÞ þ Bðm2

η; msÞ −m2
ηB0ðm2

η; muÞ þm2
ηB0ðm2

η; msÞg
�
; ðB38Þ

δZη0 ¼
ig2Nc

2

�
fBðm2

η0 ; muÞ þ Bðm2
η0 ; msÞ þm2

η0B
0ðm2

η0 ; muÞ þm2
η0B

0ðm2
η0 ; msÞg

−
fðm2

p;00 −m2
p;88Þ þ 4

ffiffiffi
2

p
m2

p;08g
3
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðm2

p;00 −m2
p;88Þ2 þ 4m4

p;08

q f−Bðm2
η0 ; muÞ þ Bðm2

η0 ; msÞ −m2
η0B

0ðm2
η0 ; muÞ þm2

η0B
0ðm2

η0 ; msÞg
�
; ðB39Þ
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δZσ ¼
ig2Nc

2

�
fBðm2

σ;muÞ þBðm2
σ;msÞ þ ðm2

σ − 4m2
uÞB0ðm2

σ;muÞ þ ðm2
σ − 4m2

sÞB0ðm2
σ;msÞg

þ fðm2
s;00 −m2

s;88Þ þ 4
ffiffiffi
2

p
m2

s;08g
3
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðm2

s;00 −m2
s;88Þ2 þ 4m4

s;08

q 	
Bðm2

σ;msÞ−Bðm2
σ;muÞ− ðm2

σ − 4m2
uÞB0ðm2

σ;muÞ þ ðm2
σ − 4m2

sÞB0ðm2
σ;msÞ


�
:

ðB40Þ

The expressions of the field renormalization constants for π, K, η, η0, and σ are given above. However, one needs to have
the simplified expression of δZπ only in the calculations below.
Following Refs. [70,76–80,95] and using Eqs. (B1)–(B5) together with Eqs. (37) and (38), δλ2 can be expressed in terms

of the above given expressions of δm2
π , δm2

K , δm
2
η, δm2

η0 , and δZπ. The δc can be expressed in terms of the expressions of

δm2
π , δm2

K , δZπ and the preceding δλ2. The δλ2 is written as the following:

δλ2 ¼ −λ2δZπ þ
2

ðσ̄2x þ 4σ̄2yÞð
ffiffiffi
2

p
σ̄y − σ̄xÞ

h
ð3

ffiffiffi
2

p
σ̄yÞδm2

K − ð
ffiffiffi
2

p
σ̄y þ 2σ̄xÞδm2

π − ð
ffiffiffi
2

p
σ̄y − σ̄xÞðδm2

η þ δm2
η0 Þ
i
: ðB41Þ

The δc is written below as

δc ¼ 2ðδm2
K − δm2

πÞ
ð ffiffiffi

2
p

σ̄y − σ̄xÞ
−

ffiffiffi
2

p
σ̄yδλ2 − ð2

ffiffiffi
2

p
σ̄yλ2 þ cÞ δZπ

2
: ðB42Þ

Knowing δλ2 and δc and using the expression of (δm2
σ − δm2

π), δλ1 can be written after some algebraic manipulations as the
following:

δλ1 ¼
δλ1NUMI

λ1DENOM
− λ1δZπ; ðB43Þ

λ1DENOM ¼
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðm2
s;00 −m2

s;88Þ2 þ 4m4
s;08

q �
ðσ̄2x þ σ̄2yÞ −

ðm2
s;00 −m2

s;88Þ
3

ðσ̄2x þ 4
ffiffiffi
2

p
σ̄xσ̄y − σ̄2yÞ

−
4m2

s;08

3
ð
ffiffiffi
2

p
σ̄2x − σ̄xσ̄y −

ffiffiffi
2

p
σ̄2yÞ; ðB44Þ

δλ1NUMI ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðm2

s;00 −m2
s;88Þ2 þ 4m4

s;08

q
ðδm2

σ − δm2
πÞ −

	
δλ2

ðσ̄2x þ 6σ̄2yÞ
4

þ δc

ffiffiffi
2

p
σ̄y
4


 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðm2

s;00 −m2
s;88Þ2 þ 4m4

s;08

q

þ
	
δλ2

ðσ̄2x − 2σ̄2yÞ
4

− δc

ffiffiffi
2

p ð4 ffiffiffi
2

p
σ̄x þ σ̄yÞ

12



ðm2

s;00 −m2
s;88Þ þ

	
δλ2

ffiffiffi
2

p
ðσ̄2x − 2σ̄2yÞ þ δc

ffiffiffi
2

p ðσ̄x −
ffiffiffi
2

p
σ̄yÞ

3



m2

s;08

− λ2δZπ

	ðσ̄2x þ 6σ̄2yÞ
4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðm2

s;00 −m2
s;88Þ2 þ 4m4

s;08

q
−
ðσ̄2x − 2σ̄2yÞ

4
ðm2

s;00 −m2
s;88Þ −

ffiffiffi
2

p
ðσ̄2x − 2σ̄2yÞm2

s;08




− c
δZπ

2

	 ffiffiffi
2

p
σ̄y
4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðm2

s;00 −m2
s;88Þ2 þ 4m4

s;08

q
þ

ffiffiffi
2

p ð4 ffiffiffi
2

p
σ̄x þ σ̄yÞ

12
ðm2

s;00 −m2
s;88Þ þ

ffiffiffi
2

p ð ffiffiffi
2

p
σ̄y − σ̄xÞ
3

m2
s;08



:

ðB45Þ

The counterterm δm2 is written in terms of δm2
π; δλ1; δλ2; δc and δZπ as

δm2 ¼ δm2
π − δλ1ðσ̄2x þ σ̄2yÞ −

ðδλ2Þσ̄2x
2

þ δcσ̄yffiffiffi
2

p − δZπ

	
λ1ðσ̄2x þ σ̄2yÞ þ

λ2σ̄
2
x

2
−

cσ̄y
2
ffiffiffi
2

p


: ðB46Þ

When we substitute the expressions of δZπ; δm2
K; δm

2
π; δm2

η, and δm2
η0 from the above in Eq. (B41), we get the expression

of δλ2 as written below,
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δλ2OS ¼
2iNcg2

ðσ̄2x þ 4σ̄2yÞð
ffiffiffi
2

p
σ̄y − σ̄xÞ

�
ð3

ffiffiffi
2

p
σ̄yÞfAðm2

uÞ þAðm2
sÞ − ðm2

K − ðms −muÞ2ÞBðm2
K;mu;msÞg

− ð
ffiffiffi
2

p
σ̄y þ 2σ̄xÞf2Aðm2

uÞ −m2
πBðm2

π; muÞg − ð
ffiffiffi
2

p
σ̄y − σ̄xÞ

	
2Aðm2

uÞ þ 2Aðm2
sÞ −

m2
η

2
fBðm2

η; muÞ

þ Bðm2
η; msÞg −

m2
η0

2
fBðm2

η0 ; muÞ þ Bðm2
η0 ; msÞg −

ðm2
p;00 −m2

p;88 þ 4
ffiffiffi
2

p
m2

p;08Þ
6

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðm2

p;00 −m2
p;88Þ2 þ 4m4

p;08

q �

× fm2
ηf−Bðm2

η; muÞ þ Bðm2
η; msÞg −m2

η0 f−Bðm2
η0 ; muÞ þ Bðm2

η0 ; msÞgg

�

: ðB47Þ

Here, a common factor SCF is defined below as

SCF ¼
�
ln

�
Λ2

m2
u

�
þ Cðm2

π; muÞ þm2
πC0ðm2

π; muÞ
�
; ðB48Þ

δλ2OS ¼ δλ2div þ λ2FIN þ λ2SCF; λ2SCF ¼
Ncg2λ2
ð4πÞ2 SCF; ðB49Þ

λ2FIN ¼ Ncg2

ð4πÞ2 ðλ2 − g2Þ ln
�
Λ2

m2
u

�
þ Ncg2

ð4πÞ2
2

ðσ̄2x þ 4σ̄2yÞ
�ð ffiffiffi

2
p

σ̄y þ 2σ̄xÞ
ð ffiffiffi

2
p

σ̄y − σ̄xÞ

	
m2

u −m2
s

	
1 − 2 ln

�
ms

mu

�


−m2
πCðm2

π; muÞ


þ 3

ffiffiffi
2

p
σ̄y

ð ffiffiffi
2

p
σ̄y − σ̄xÞ

fm2
K − ðms −muÞ2gCðm2

K;mu;msÞ −
m2

η

2

	
Cðm2

η; muÞ þ Cðm2
η; msÞ

− 2 ln

�
ms

mu

�

−
m2

η0

2

	
Cðm2

η0 ; muÞ þ Cðm2
η0 ; msÞ − 2 ln

�
ms

mu

�

þ ðm2

p;00 −m2
p;88 þ 4

ffiffiffi
2

p
m2

p;08Þ
6ð

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðm2

p;00 −m2
p;88Þ2 þ 4m4

p;08

q
Þ

×

	
m2

η

	
Cðm2

η; muÞ − Cðm2
η; msÞ þ 2 ln

�
ms

mu

�

−m2

η0

	
Cðm2

η0 ; muÞ − Cðm2
η0 ; msÞ þ 2 ln

�
ms

mu

�

�
: ðB50Þ

Substituting the expressions of δZπ; δm2
K; δm

2
π; δλ2 in Eq. (42), δc is written as

δcOS ¼
2iNcg2

ð ffiffiffi
2

p
σ̄y − σ̄xÞ

fAðm2
uÞ þAðm2

sÞ − ðm2
K − ðms −muÞ2ÞBðm2

K;mu;msÞ − 2Aðm2
uÞ þm2

πBðm2
π; muÞg

−
ffiffiffi
2

p
σ̄yδλ2OS − ð2

ffiffiffi
2

p
σ̄yλ2 þ cÞ δZπ

2
; ðB51Þ

δcOS ¼ δcdiv þ cFINTOT þ cSCF; cFINTOT ¼ −
ffiffiffi
2

p
σ̄yλ2FIN þ cFIN; ðB52Þ

cFIN ¼ Ncg2

ð4πÞ2
�
fcþ

ffiffiffi
2

p
σ̄yðλ2 − g2Þg ln

�
Λ2

m2
u

�
þ 2

ð ffiffiffi
2

p
σ̄y − σ̄xÞ

ffm2
K − ðms −muÞ2gCðm2

K;mu;msÞ −m2
πCðm2

π; muÞg

−
g2

2
ð
ffiffiffi
2

p
σ̄y þ σ̄xÞ þ

2g2σ̄2y
ð ffiffiffi

2
p

σ̄y − σ̄xÞ
ln

�
ms

mu

��
; cSCF ¼

Ncg2c
2ð4πÞ2 SCF: ðB53Þ

Using Eq. (B43) and substituting the expressions of δZπ; δm2
σ; δm2

π; δλ2, and δc in Eq. (B45), δλ1 is written as

δλ1OS ¼
λ1NUMOS

λ1DENOM
− λ1δZπ; ðB54Þ
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λ1NUMOS ¼ iNcg2
�� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðm2
s;00−m2

s;88Þ2þ 4m4
s;08

q �	
Aðm2

uÞþAðm2
sÞ−

�
m2

σ − 4m2
u

2

�
Bðm2

σ;muÞ−
�
m2

σ − 4m2
s

2

�

×Bðm2
σ;msÞ− 2Aðm2

uÞþm2
πBðm2

π;muÞ


−
�
m2

s;00−m2
s;88þ 4

ffiffiffi
2

p
m2

s;08

3

�	
Aðm2

uÞ−Aðm2
sÞ−

�
m2

σ −4m2
u

2

�

×Bðm2
σ;muÞþ

�
m2

σ − 4m2
s

2

�
Bðm2

σ;msÞ

�

þðm2
s;00−m2

s;88Þ
12

fð3σ̄2x − 6σ̄2yÞδλ2OS−
ffiffiffi
2

p
ð4

ffiffiffi
2

p
σ̄xþ σ̄yÞδcOSg

−
ffiffiffi
2

p
m2

s;08

3
fð2σ̄2y − σ̄2xÞδλ2OSþð

ffiffiffi
2

p
σ̄y− σ̄xÞδcOSg−

1

4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðm2

s;00−m2
s;88Þ2þ 4m4

s;08

q
fðσ̄2xþ 6σ̄2yÞδλ2OSþ

ffiffiffi
2

p
σ̄yδcOSg

þ δZπ

�ðm2
σ00 −m2

s;88Þ
12

	
ð3σ̄2x − 6σ̄2yÞλ2−

ffiffiffi
2

p
ð4

ffiffiffi
2

p
σ̄xþ σ̄yÞ

c
2



−

ffiffiffi
2

p
m2

s;08

3

	
ð2σ̄2y − σ̄2xÞλ2þð

ffiffiffi
2

p
σ̄y− σ̄xÞ

c
2




−
1

4

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðm2

s;00−m2
s;88Þ2þ 4m4

s;08

q �	
ðσ̄2xþ 6σ̄2yÞλ2þ

ffiffiffi
2

p
σ̄y

c
2


�
; ðB55Þ

δλ1OS ¼ δλ1divþ λ1FIN þ λ1SCF; λ1SCF ¼
Ncg2λ1
ð4πÞ2 SCF; λ1FIN ¼ λ1NUMF

λ1DENOM
; λ1NUMF ¼ λ1NUMF�I þ λ1NUMF�II: ðB56Þ

The expression of λ1DENOM is given in Eq. (B44),

λ1NUMF�I ¼
ðm2

s;00 −m2
s;88Þ

12

n
ð3σ̄2x þ 8

ffiffiffi
2

p
σ̄xσ̄y − 4σ̄2yÞλ2FIN −

ffiffiffi
2

p
ð4

ffiffiffi
2

p
σ̄x þ σ̄yÞcFIN

o
−

ffiffiffi
2

p
m2

s;08

3

n
ð
ffiffiffi
2

p
σ̄y − σ̄xÞcFIN

þ ð4σ̄2y þ
ffiffiffi
2

p
σ̄xσ̄y − 3σ̄2xÞλ2FIN

o
−
�
1

4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðm2

s;00 −m2
s;88Þ2 þ 4m4

s;08

q �n
ðσ̄2x þ 4σ̄2yÞλ2FIN þ

ffiffiffi
2

p
σ̄ycFIN

o
; ðB57Þ

λ1NUMF�II ¼
Ncg2

ð4πÞ2
�� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðm2
s;00 −m2

s;88Þ2 þ 4m4
s;08

q �	
g2

4
ðσ̄2x − 2σ̄2yÞ þ ðm2

σ −m2
π −m2

u − 3m2
sÞ ln

�
Λ2

m2
u

�

þ 2m2
s ln

�
ms

mu

�
þ ðm2

σ − 4m2
uÞ

2
Cðm2

σ; muÞ þ
ðm2

σ − 4m2
sÞ

2

�
Cðm2

σ; msÞ − 2 ln

�
ms

mu

��
−m2

πCðm2
π; muÞ




−
�ðm2

s;00 −m2
s;88Þ þ 4

ffiffiffi
2

p
m2

s;08

3

�	
g2

4
ð2σ̄2y − σ̄2xÞ

�
1þ 3 ln

�
Λ2

m2
u

��
þ ðm2

σ − 6m2
sÞ ln

�
ms

mu

�

þ ðm2
σ − 4m2

uÞ
2

Cðm2
σ; muÞ −

ðm2
σ − 4m2

sÞ
2

Cðm2
σ; msÞ


�
: ðB58Þ

Using Eq. (B46), δm2 is written as

δm2
OS ¼ iNcg2f2Aðm2

uÞ −m2
πBðm2

π; muÞg − δλ1OSðσ̄2x þ σ̄2yÞ − δλ2OS
σ̄2x
2
þ δcOSσ̄yffiffiffi

2
p − δZπ

	
λ1ðσ̄2x þ σ̄2yÞ þ λ2

σ̄2x
2
−

cσ̄y
2
ffiffiffi
2

p


;

δm2
OS ¼ δm2

div þm2
FIN; ðB59Þ

m2
FIN ¼ Ncg2

ð4πÞ2
�
−2m2

u þ ðm2
π − 2m2

uÞ ln
�
Λ2

m2
u

�
þm2

πCðm2
π; muÞ

�
−
�
λ1FINðσ̄2x þ σ̄2yÞ þ λ2FIN

σ̄2x
2
− cFINTOT

σ̄yffiffiffi
2

p
�
: ðB60Þ

Using Eqs. (B13) and (B14), δhx and δhy is written as

δhxOS ¼ −
i
2
Ncg2m2

πσ̄x½Bðm2
π; muÞ −m2

πB0ðm2
π; muÞ�; ðB61Þ

δhxOS ¼ δhxdiv þ hxFIN; ðB62Þ
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hxFIN ¼ Ncg2

2ð4πÞ2 hx
�
ln

�
Λ2

m2
u

�
þ Cðm2

π; muÞ −m2
πC0ðm2

π; muÞ
�
: ðB63Þ

δhyOS ¼ iNcg2
" ffiffiffi

2
p

2
σ̄x − σ̄y

�
fAðm2

sÞ −Aðm2
uÞg −

 ffiffiffi
2

p

2
σ̄x þ σ̄y

!
fm2

K − ðmu −msÞ2gBðm2
K;mu;msÞ

þ
 ffiffiffi

2
p

2
σ̄x þ σ̄y

!
m2

K

2
½Bðm2

π; muÞ þm2
πB0ðm2

π; muÞ� þ
ffiffiffi
2

p

4
σ̄xm2

π½Bðm2
π; muÞ −m2

πB0ðm2
π; muÞ�

#
; ðB64Þ

δhyOS ¼ δhydiv þ hyFIN; ðB65Þ

hyFIN ¼ Ncg2

ð4πÞ2
�
hy
2

	
ln

�
Λ2

m2
u

�
− Cðm2

π; muÞ −m2
πC0ðm2

π; muÞ


−

ffiffiffi
2

p
hx
2

Cðm2
π; muÞ

þ
� ffiffiffi

2
p

σ̄x
2

− σ̄y

�	
m2

u −m2
s þ 2m2

s ln

�
ms

mu

�

þ
� ffiffiffi

2
p

σ̄x
2

þ σ̄y

�
fm2

K − ðms −muÞ2gCðm2
K;mu;msÞ

�
: ðB66Þ

Using Eqs. (B6) and (B36), δZπ; δg2; δσ̄x2, and δσ̄y
2 can be written as

δZOS
π ¼ δZπ;div −

Ncg2

ð4πÞ2
�
ln
�
Λ2

m2
u

�
þ Cðm2

π; muÞ þm2
πC0ðm2

π; muÞ
�
; ðB67Þ

δg2OS ¼ −iNcg4½m2
πB0ðm2

π; muÞ þ Bðm2
π; muÞ� ¼ δg2div þ

Ncg4

ð4πÞ2
�
ln

�
Λ2

m2
u

�
þ Cðm2

π; muÞ þm2
πC0ðm2

π; muÞ
�
; ðB68Þ

δσ̄x
2
OS ¼ iNcg2σ̄2x½m2

πB0ðm2
π; muÞ þ Bðm2

π; muÞ� ¼ δσ̄x
2
div −

Ncg2σ̄2x
ð4πÞ2

�
ln

�
Λ2

m2
u

�
þ Cðm2

π; muÞ þm2
πC0ðm2

π; muÞ
�
; ðB69Þ

δσ̄y
2
OS ¼ iNcg2σ̄2y½m2

πB0ðm2
π; muÞ þ Bðm2

π; muÞ� ¼ δσ̄y
2
div −

Ncg2σ̄y2

ð4πÞ2
�
ln

�
Λ2

m2
u

�
þ Cðm2

π; muÞ þm2
πC0ðm2

π; muÞ
�
: ðB70Þ

The Aðm2
fÞ;Bðm2; mfÞ;Bðm2; mu;msÞ;B0ðm2; mfÞ, Cðm2; mfÞ, Cðm2; mu;msÞ, C0ðm2; mfÞ, and C0ðm2; mu;msÞ are

defined in Appendix A. The divergent part of the counterterms are δλ2div ¼ Ncg2

ð4πÞ2ϵ ð2λ2 − g2Þ, δcdiv ¼ 3Ncg2c
2ð4πÞ2ϵ, δλ1div ¼ 2Ncg2λ1

ð4πÞ2ϵ ,

δm2
div ¼ Ncg2m2

ð4πÞ2ϵ , δhxdiv ¼ Ncg2hx
2ð4πÞ2ϵ, δhydiv ¼

Ncg2hy
2ð4πÞ2ϵ, δg

2
div ¼ Ncg4

ð4πÞ2ϵ, δσ̄x
2
div ¼ − Ncg2σ̄2x

ð4πÞ2ϵ , δσ̄y
2
div ¼ − Ncg2σ̄2y

ð4πÞ2ϵ , δZπ;div ¼ − Ncg2

ð4πÞ2ϵ. For

both the on-shell and the MS schemes, the divergent part of the counterterms are the same, i.e., δλ1div ¼ δλ1MS,
δλ2div ¼ δλ2MS, etc.

Due to the renormalization scheme independence of the
bare parameters, one can write down the relations between
the renormalized parameters in the on-shell and the MS
schemes as given below,

λ2MS ¼ λ2 þ δλ2OS − δλ2MS; ðB71Þ

cMS ¼ cþ δcOS − δcMS; ðB72Þ

λ1MS ¼ λ1 þ δλ1OS − δλ1MS; ðB73Þ

m2

MS
¼ m2 þ δm2

OS − δm2

MS
; ðB74Þ

hxMS ¼ hx þ δhxOS − δhxMS; ðB75Þ

hyMS ¼ hy þ δhyOS − δhyMS; ðB76Þ

g2
MS

¼ g2 þ δg2OS − δg2
MS

; ðB77Þ

σ̄x
2

MS
¼ σ̄2x þ δσ̄x

2
OS − δσ̄x

2

MS
; ðB78Þ

σ̄y
2

MS
¼ σ̄2y þ δσ̄y

2
OS − δσ̄y

2

MS
: ðB79Þ

The vacuum effective potential minimum lies at σ̄x ¼ fπ
and σ̄y ¼ ð2fK−fπÞffiffi

2
p . Using the above set of equations together

with Eqs. (B49), (B51), (B56), (B59), (B62), (B65), and
(B67)–(B70), one writes the scale Λ dependent running
parameters in the MS scheme as the following:
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λ2MSðΛÞ ¼ λ2 þ λ2FIN þ λ2SCF; ðB80Þ

cMSðΛÞ ¼ cþ cFINTOT þ cSCF; ðB81Þ

λ1MSðΛÞ ¼ λ1 þ λ1FIN þ λ1SCF; ðB82Þ

m2

MS
ðΛÞ ¼ m2 þm2

FIN; ðB83Þ

hxMSðΛÞ ¼ hx þ hxFIN; ðB84Þ

hyMSðΛÞ ¼ hy þ hyFIN; ðB85Þ

g2
MS

ðΛÞ ¼ g2 þ Ncg4

ð4πÞ2 SCF; ðB86Þ

σ̄x
2

MS
ðΛÞ ¼ f2π −

4Ncm2
u

ð4πÞ2 SCF; ðB87Þ

σ̄y
2

MS
ðΛÞ ¼

�
2fK − fπffiffiffi

2
p

�
2

−
2Ncm2

s

ð4πÞ2 SCF: ðB88Þ

In Eqs. (B80)–(B86), the parameters λ2, c, λ1, m2, hx, hy,
and g2, have the tree-level values of the QM model when

σ̄x ¼ fπ and σ̄y ¼ ð2fK−fπÞffiffi
2

p in the vacuum.

The parameters λ2MS, cMS, λ1MS, m
2

MS
, hxMS, hyMS, and

g2
MS

in the large Nc limit are running with the scale Λ and
satisfy the following set of simultaneous renormalization
group equations:

dλ2MSðΛÞ
d lnðΛÞ ¼ 2Nc

ð4πÞ2 ½2λ2MSg
2

MS
− g4

MS
�; ðB89Þ

dcMSðΛÞ
d lnðΛÞ ¼ 3Nc

ð4πÞ2 g
2

MS
cMS; ðB90Þ

dλ1MSðΛÞ
d lnðΛÞ ¼ 4Nc

ð4πÞ2 g
2

MS
λ1MS; ðB91Þ

dm2

MS
ðΛÞ

d lnðΛÞ ¼ 2Nc

ð4πÞ2 g
2

MS
m2

MS
; ðB92Þ

dhxMSðΛÞ
d lnðΛÞ ¼ Nc

ð4πÞ2 g
2

MS
hxMS; ðB93Þ

dhyMSðΛÞ
d lnðΛÞ ¼ Nc

ð4πÞ2 g
2

MS
hyMS; ðB94Þ

dg2
MS

d lnðΛÞ ¼
2Nc

ð4πÞ2 g
4

MS
; ðB95Þ

dσ̄x2MS

d lnðΛÞ ¼ −
2Nc

ð4πÞ2 g
2

MS
σ̄x

2

MS
; ðB96Þ

dσ̄y2MS

d lnðΛÞ ¼ −
2Nc

ð4πÞ2 g
2

MS
σ̄y

2

MS
: ðB97Þ

The differential Eqs. (B89)–(B97) have the following
solutions:

λ2MSðΛÞ ¼
λ20 −

Ncg40
ð4πÞ2 ln

�
Λ2

Λ2
0

�
�
1 − Ncg20

ð4πÞ2 ln
�
Λ2

Λ2
0

��2
; ðB98Þ

cMSðΛÞ ¼
c0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�

1 − Ncg20
ð4πÞ2 ln

�
Λ2

Λ2
0

��3s ; ðB99Þ

λ1MSðΛÞ ¼
λ10�

1 − Ncg20
ð4πÞ2 ln

�
Λ2

Λ2
0

��2
; ðB100Þ

m2

MS
ðΛÞ ¼ m2

0

1 − Ncg20
ð4πÞ2 ln

�
Λ2

Λ2
0

� ; ðB101Þ

hxMSðΛÞ ¼
hx0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 − Ncg20
ð4πÞ2 ln

�
Λ2

Λ2
0

�r ; ðB102Þ

hyMSðΛÞ ¼
hy0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 − Ncg20
ð4πÞ2 ln

�
Λ2

Λ2
0

�r ; ðB103Þ

g2
MS

ðΛÞ ¼ g20

1 − Ncg20
ð4πÞ2 ln

�
Λ2

Λ2
0

� ; ðB104Þ

σ̄2xMS ¼ f2π

�
1 −

Ncg20
ð4πÞ2 ln

�
Λ2

Λ2
0

��
; ðB105Þ

σ̄y
2

MS
¼ ð2fK − fπÞ2

2

�
1 −

Ncg20
ð4πÞ2 ln

�
Λ2

Λ2
0

��
: ðB106Þ

Here, λ10, λ20, g20, m
2
0, c0, hx0, and hy0 are the values of the

running parameters at scale Λ0. The Λ0 can be chosen such
as to satisfy the following relation:

ln

�
Λ2
0

m2
u

�
þ Cðm2

πÞ þm2
πC0ðm2

πÞ ¼ 0: ðB107Þ

The parameters of Eqs. (B80)–(B88) are obtained at the
scale Λ ¼ Λ0.
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1. Derivation of the effective potential

The values of the parameters in Eqs. (B98)–(B104) can be used to find the expression of the vacuum effective potential in
the MS scheme as the following:

Ωvac ¼ Uðσ̄xMS; σ̄yMSÞ þ Ωq;vac
MS

þ δUðσ̄xMS; σ̄yMSÞ; ðB108Þ

where

Uðσ̄xMS; σ̄yMSÞ ¼
m2

MS

2
ðσ̄x2MS

þ σ̄y
2

MS
Þ − hxMSσ̄xMS − hyMSσ̄yMS −

cMS

2
ffiffiffi
2

p σ̄x
2

MS
σ̄yMS þ

λ1MS

2
σ̄x

2

MS
σ̄y

2

MS

þ ð2λ1MS þ λ2MSÞ
8

σ̄x
4

MS
þ 2ðλ1MS þ λ2MSÞ

8
σ̄y

4

MS
; ðB109Þ

δUðσ̄xMS; σ̄yMSÞ ¼
δm2

MS

2
ðσ̄2

xMS
þ σ̄2

yMS
Þþ

m2

MS

2
ðδσ̄2

xMS
þ δσ̄2

yMS
Þ− δhxMSσ̄xMS−hxMSδσ̄xMS − δhyMSσ̄yMS −hyMSδσ̄yMS

−
δcMS

2
ffiffiffi
2

p σ̄x
2

MS
σ̄yMS −

cMS

2
ffiffiffi
2

p ðδσ̄x2MS
σ̄yMSþ σ̄x

2

MS
δσ̄yMSÞþ

δλ1MS

2
σ̄x

2

MS
σ̄y

2

MS
þ λ1MS

2
ðδσ̄x2MS

σ̄y
2

MS
þ σ̄x

2

MS
δσ̄y

2

MS
Þ

þ
�
2δλ1MSþ δλ2MS

8

�
σ̄x

4

MS
þ
�
2λ1MSþ λ2MS

8

�
δσ̄x

4

MS
þ
�
2δλ1MSþ 2δλ2MS

8

�
σ̄y

4

MS

þ
�
2λ1MSþ 2λ2MS

8

�
δσ̄y

4

MS
: ðB110Þ

Dropping the two loop terms [OðN2
cÞ], we get

δUðσ̄xMS; σ̄yMSÞ ¼ −
Ncg4MS

ðσ̄x4MS
þ 2σ̄y

4

MS
Þ

8ð4πÞ2
1

ϵ
¼ −

Ncð2Δ4
x þ Δ4

yÞ
ð4πÞ2

1

ϵ
: ðB111Þ

One writes the quark one-loop vacuum correction for the two nonstrange quark and the one strange quark flavor as

Ωq;vac
MS

¼
Ncg4MS

σ̄x
4

MS

8ð4πÞ2
"
1

ϵ
þ 3

2
þ ln

 
4Λ2

g2
MS

σ̄x
2

MS

!#
þ
Ncg4MS

2σ̄y
4

MS

8ð4πÞ2
"
1

ϵ
þ 3

2
þ ln

 
2Λ2

g2
MS

σ̄y
2

MS

!#

¼ 2NcΔ4
x

ð4πÞ2
�
1

ϵ
þ 3

2
þ ln

�
Λ2

Δ2
x

��
þ NcΔ4

y

ð4πÞ2
�
1

ϵ
þ 3

2
þ ln

�
Λ2

Δ2
y

��
: ðB112Þ

The scale Λ independent parameters Δx ¼ g
MS

σ̄xMS
2

and Δy ¼ g
MS

σ̄yMSffiffi
2

p are defined by the use of Eqs. (B86)–(B88).
Equation (B109) is written in terms of the scale independent Δx and Δy as

UðΔx;ΔyÞ ¼
m2

MS
ðΛÞ

g2
MS

ðΛÞ ð2Δ
2
x þ Δ2

yÞ − 2
hxMSðΛÞ
gMSðΛÞ

Δx −
ffiffiffi
2

p hyMSðΛÞ
gMSðΛÞ

Δy − 2
cMSðΛÞ
g3
MS

ðΛÞΔ
2
xΔy þ 4

λ1MSðΛÞ
g4
MS

ðΛÞ Δ
2
xΔ2

y

þ 2
ð2λ1MS þ λ2MSÞ

g4
MS

ðΛÞ Δ4
x þ

ðλ1MS þ λ2MSÞ
g4
MS

ðΛÞ Δ4
y; ðB113Þ

UðΔx;ΔyÞ ¼
m2

0

g20
ð2Δ2

x þ Δ2
yÞ − 2

hx0
g0

Δx −
ffiffiffi
2

p hy0
g0

Δy − 2
c0
g30

Δ2
xΔy þ 4

λ10
g40

Δ2
xΔ2

y þ 2
ð2λ10 þ λ20Þ

g40
Δ4

x þ
ðλ10 þ λ20Þ

g40
Δ4

y;

ðB114Þ
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ΩvacðΔx;ΔyÞ ¼
m2

0

g20
ð2Δ2

x þ Δ2
yÞ − 2

hx0
g0

Δx −
ffiffiffi
2

p hy0
g0

Δy − 2
c0
g30

Δ2
xΔy þ 4

λ10
g40

Δ2
xΔ2

y þ 2
ð2λ10 þ λ20Þ

g40
Δ4

x

þ ðλ10 þ λ20Þ
g40

Δ4
y þ

2NcΔ4
x

ð4πÞ2
�
3

2
þ ln

�
Λ2

Δ2
x

��
þ NcΔ4

y

ð4πÞ2
�
3

2
þ ln

�
Λ2

Δ2
y

��
: ðB115Þ

Expressing the mass parameter and the couplings in terms of the physical masses of mesons, the pion decay constant, the
kaon decay constant, and Yukawa coupling, we write

ΩvacðΔx;ΔyÞ ¼
ðm2 þm2

FINÞ
2

	
f2π

�
Δ2

x

m2
u

�
þ ð2fK − fπÞ2

2

�
Δ2

y

m2
s

�

− ðhx þ hxFINÞfπ

�
Δx

mu

�
− ðhy þ hyFINÞ

ð2fK − fπÞffiffiffi
2

p

×

�
Δy

ms

�
−
ðcþ cFINTOTÞ

4
f2πð2fK − fπÞ

�
Δ2

x

m2
u

��
Δy

ms

�
þ ðλ1 þ λ1FINÞ

4
f2πð2fK − fπÞ2

�
Δ2

x

m2
u

��
Δ2

y

m2
s

�

þ f2ðλ1 þ λ1FINÞ þ ðλ2 þ λ2FINÞg
8

f4π

�
Δ4

x

m4
u

�
þ fðλ1 þ λ1FINÞ þ ðλ2 þ λ2FINÞg

16
ð2fK − fπÞ4

�
Δ4

y

m4
s

�

þ 2NcΔ4
x

ð4πÞ2
�
3

2
− ln

�
Δ2

x

m2
u

�
− Cðm2

πÞ −m2
πC0ðm2

πÞ
�
þ NcΔ4

y

ð4πÞ2
�
3

2
− ln

�
Δ2

y

m2
u

�
− Cðm2

πÞ −m2
πC0ðm2

πÞ
�
: ðB116Þ

One notes that due to the dressing of the meson
propagator in the on-shell scheme of the RQM model,
the pion decay constant, the kaon decay constant, and
Yukawa coupling get renormalized in the vacuum. But
Eqs. (B86)–(B88) at the scale Λ0 give us gMS ¼ gren ¼ g,
σ̄xMS ¼ fπ;ren ¼ fπ, and σ̄yMS ¼ 2fK;ren−fπ;renffiffi

2
p ¼ 2fK−fπffiffi

2
p .

When the stationarity condition ∂ΩvacðΔx;ΔyÞ
∂Δx

¼ 0 is applied
to Eq. (B116) in the nonstrange direction, one gets

hx0 ¼ m2
π;cσ̄xMS ¼ m2

πf1 − Ncg2

ð4πÞ2 m
2
πC0ðm2

πÞgfπ . Hence, the
pion curvature mass m2

π;c ¼ m2
πf1 − Ncg2

ð4πÞ2 m
2
πC0ðm2

πÞg. The
implementation of the stationarity condition ∂ΩvacðΔx;ΔyÞ

∂Δy
¼0

in the strange direction gives h0y ¼ ðσ̄xMSffiffi
2

p þ σ̄yMSÞm2
K;c−

σ̄xMSffiffi
2

p m2
π;c ¼

ffiffiffi
2

p
fKm2

K;c −
fπffiffi
2

p m2
π;c. One finds the expression

of the kaon curvature mass m2
K;c as given below in

Eq. (B117) by using the expression of hyMSðΛ0Þ ¼ hy0
in Eq. (B85). It is worth emphasizing that the pion
curvature mass mπ;c (as in Ref. [72]) and the kaon
curvature mass are different from their pole masses mπ

and mK due to the consistent on-shell parameter fixing.
The minimum of the effective potential remains fixed at

σ̄xMS ¼ fπ and σ̄yMS ¼ ð2fK−fπÞffiffi
2

p ,

m2
K;c ¼ m2

K

�
1 −

Ncg2

ð4πÞ2
	
Cðm2

π; muÞ þm2
πC0ðm2

π; muÞ −
�
1 −

ðms −muÞ2
m2

K

�
Cðm2

K;mu;msÞ

þ
�
1 −

fπ
fK

�m2
u −m2

s þ 2m2
s lnðms

mu
Þ

m2
K


�
: ðB117Þ
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