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1 Introduction

In string theory, black holes are solutions of the low energy effective action, usually valid
only for horizon size larger than the string scale r;, > [; (and small string coupling gs).
What is the correct description of a black hole microstate when it is adiabatically shrunk to
the string scale? The black hole/string transition or the correspondence principle [2—4] is
the idea that such stringy black holes are indistinguishable from high energy stringy bound
states. In [5] a canonical ensemble version of this idea was explored (see also [6-15]). As
a thermodynamic phase of quantum gravity, the Euclidean black hole is a saddle of the
string theory thermal partition on asymptotically R? x S1.! In terms of the temperature,
this saddle is reliable for § > [,. Slightly below the Hagedorn temperature of string theory
B, Horowitz and Polchinski found [5] a new saddle, a condensate of strings winding
around the thermal S' bound by gravitational interactions. We term such a saddle a
“string star”, imagining it describes a gravitational bound state of hot strings. The black
hole and the string star saddle are reliable at different regimes of temperatures, but a
crude extrapolation to intermediate temperatures shows a qualitative agreement of their

! Assuming the asymptotic circumference of the circle can be consistently frozen at the value 3 [16].



thermodynamic properties. The black hole/string transition can now be phrased as a
precise conjecture: there exists a line of string theory backgrounds (well-defined only for
small gs) connecting the Euclidean black hole to the string star, and eventually (at the
Hagedorn temperature 8 = Bp) to thermal R? x S'. Technically, this line of saddles can
be interpreted as a line of worldsheet CFTs connecting the Euclidean black hole to R x S!
through winding condensates. In [12] an argument was presented against the existence of
such a line for d > 2 type II string theory, via a worldsheet index argument. A refined
version of the conjecture thus allows for the possibility of phase transitions along the line.

In [1] this discussion was extended to anti-de Sitter (AdS) spaces, by studying the prop-
erties of AdSy11 string stars for d > 2. An AdS string star is a thermal winding condensate
in the middle of thermal AdS;1. The saddle is reliable near the AdS Hagedorn temperature
Bey, B—PBe < Be. As the temperature increases the solution’s size grows, with a maximal size
of L ~ v/laqsls. Its amplitude and free energy decrease to zero at the Hagedorn temperature,
where it merges with thermal AdS;,;. At lower temperatures, the solution size becomes
small L ~ [, at which point a correspondence principle to Euclidean AdS black holes can
be drawn similar to flat space: a conjectured line of string theory backgrounds connecting
the Euclidean AdS black hole solution and thermal AdS at the Hagedorn temperature via
thermal winding-string condensate.? Unlike flat space, string theory on AdSg4; also has a
holographic dual in terms of d-dimensional CFT. The black hole/string transition in terms
of the holographic CFT would be a conjectured line of large N saddles in the thermal
partition function on S%!, connecting the deconfined phase to the confined phase at the
Hagedorn temperature (defined by the N = oo spectrum [17, 18]) [17, 19, 20].

In this work, we continue our study of AdS string stars. The first extension is the
study of AdSs string stars (d = 2), presented in section 2. This is an interesting test
for the correspondence principle that is inherently different from the flat space case. The
reason is that both black holes and string stars do not exist in asymptotically flat R? x Sé.
However, in AdSs black hole solutions do exist and are known by the name BTZ [21].
Similarly, string star solutions don’t exist on flat R? x Sé. But in thermal AdS3 we find that
the AdS3 curvature stabilizes the potential for the winding condensate. As a result, thermal
AdS3 allows for reliable string star solutions close to the Hagedorn temperature. This is an
interesting check that such a correspondence is possible for a more general setting and may
exist whenever black holes exist in a weakly coupled string theory. However, contrary to
higher dimensional small AdS black holes, a BTZ with small horizon radius r;, < [,4s has
very low temperature 8 > l,qs > (.. As the BTZ gets smaller, its temperature continues
to decrease further away from the Hagedorn temperature, and a simple black hole/string
transition between them is impossible.

It is still possible to conjecture a different kind of correspondence. Below temperature
Bl = 47r2l§ds /Be the BTZ solution has a tachyonic instability from strings winding the
angular circle [22-24]. This is exactly the Hagedorn instability of thermal AdSs, after
switching the two asymptotic circles. The natural candidate for a “BTZ/string transition”

2The definition of this line should be understood only in the g — 0 limit. At finite but small g, the
1-loop corrections become leading close enough to the Hagedorn temperature. As the tree level result gives
an on-shell action I ~ g5 2 (%)2, we find the solution is trustworthy only for (8 — B:)/B8c > gs.



in AdS3 would be conjectured line of saddles connecting the BTZ at . to thermal AdSs
at 8., with winding condensates at each end of the line [25, 26]. See figure 1. Notice that
unlike at higher dimensions, in AdS3 there exists a large temperature difference between
the regimes of validity of the two saddles . < (.. As a result, no qualitative match can
be extrapolated between the AdSs string star and small BTZs as a sanity check. We admit
that the evidence for such a line is much weaker compared to higher dimensions.

Another interesting feature of AdSg string stars is the possibility in AdS3 to turn on
NS-NS flux [27-31]. As the string is charged under the Kalb-Ramond field, the winding
string field x(z) is electrically charged in the effective two-dimensional description. Non-
zero flux changes the solution at leading order. We study the properties of AdSgs string stars
for mixed RR and NS-NS fluxes and for the pure NS-NS system. Denoting the fraction
of the NS-NS flux by 0 < X < 1, the size of the RR flux is proportional to v/1 — A\2. In
section 3.2 we study string star solutions for finite RR flux. We find that the solutions
are similar to those found in higher dimensions [1]. The NS-NS flux only contributes
to the effective mass of the winding mode (at leading order in '), and the size of the
solution is L ~ /Iglags - (1 — A2)~1/4. In section 4 we study solutions for small RR flux
V1 — X2 ~ ls/l,qs and for the pure NS-NS system. In this regime, the background NS-NS
flux is high enough to (almost) flatten the potential for the winding mode, similar to long
strings in AdS3 with NS-NS flux [32, 33]. As a result, the size of the solution increases to
the AdS scale L ~ [,45. Moreover, the back-reacted NS-NS flux from the winding mode
now appears at leading order, along with the metric and the dilaton.

In section 3 we also discuss winding string condensates in a family of confining back-
grounds which includes the D3 and D4 Witten models [34], the Maldacena-Nufez [35] and
the Klebanov-Strassler [36] backgrounds. These gravitational backgrounds are holographi-
cally dual to theories believed to be continuously related (at low energies) to confining field
theories on flat space RP*! (p = 2,3). The thermodynamics of these models was studied
using a semiclassical bulk analysis [37-47]. The confined phase has a “thermal” background
dual given by analytically continuing the boundary to RP x Sé. The deconfined phase has a
black-brane dual. In this work, we find a new saddle with a thermal winding string conden-
sate on top of the thermal background. The solution is homogeneous parallel to the spatial
boundary directions RP, and it is localized to the bulk IR region. We term this saddle a
‘winding-string gas’ As before, it is reliable only close to the Hagedorn temperature of
the holographic confining string 8 — 5. < B, and it is highly subdominant. We describe
the properties of the solution and find the first correction to the Hagedorn temperature in
these models due to the bulk curvature. It is possible to conjecture a black brane/string
transition for these models, connecting the black brane saddle to the winding-string gas
saddle. The phase diagram for the Witten models is similar to AdS3, discussed above. In
this case, it is also natural to conjecture that the string winding gas is continuously related
to the deconfined phase of pure 3 + 1 Yang-Mills.

Several future directions are possible. The AdS3 calculation we performed was only at
leading order in the winding condensate and at leading order in o’. The worldsheet theory
in the pure NS-NS case (A = 1) is known exactly [28, 29, 48], and it is exciting to find the
string star profile exactly in o [25, 26, 49]. Of course, ultimately one would like to find



(for the pure NS-NS background) the entire line of worldsheet CFTs interpolating between
the thermal AdS3; and BTZ. At the moment it sounds improbable, as such a deformation
away from 8 — . < B, will require the entire string spectrum that couples to the winding
mode, and all the orders of their interactions. Finally, the confining backgrounds solution
gives interesting predictions on its holographic dual. It would be interesting to compare
these predictions to the weakly coupled regime.

2 General properties of the AdS; string star

2.1 Winding-string condensates in type II string theory

In this section, we will describe the low energy effective field theory (EFT) for type II string
theory Euclidean saddles with a perturbative (normalizable) winding-string condensate.
This is an extension of the EFT for the winding mode together with the metric around flat
space [5, 12, 16] to more general cases that include curved metric and (possibly) background
fluxes such as the Kalb-Ramond flux Hj # 0.

By “perturbative saddle” we mean that we start with a type II “background saddle”
without a winding-string condensate, and will consider a small deformation of it that
will include such a condensate. We will assume the undeformed metric is of the form
Mp x Xi9—p, with X19_p being a 10 — D dimensional compact space. We denote by
t ~ t+ B the compact ‘temporal” direction in Mp on which we will reduce the theory, and
the rest of the directions by z%, i = 1,...,d = D — 1. We will assume the undeformed
metric on Mp has the form

G = gu(z)dt* + g;j(z)dx'da?. (2.1)

Besides the metric, the background saddle can also include non-zero NS-NS and RR gauge
fields. All the background fields are assumed to be in a gauge where they are independent
of ¢, making ¢ translations a symmetry. We set the units such that the curvature scale of
the background fields is set to one I, = 1, while keeping the o’ explicit, and assume the
background is weakly-curved o/ < 1.

Following [16] we would like to consistently add an action for x, the string mode that
winds once around the temporal circle t. We take x(z) to be homogeneous on the compact
X10—p directions and to depend only on xz. Denoting the size of the normalizable x(x)
profile L, we will assume that it is much larger than the string scale L > [;. Assuming the
entire deformation from the saddle has L > I, higher order terms in the o’ expansion of
the action will be suppressed by derivatives. At leading order in o' the total action is

I = Isuara + 1y (2.2)

The type II supergravity (SUGRA) action (at leading order in o) is [50]

1 1 1
IsycrA = ———— /leSC\/é |:62(I> (—R —49,90"P + ‘H3’2) + —|F, ‘2:| , (2.3)
167G g 2 2""?



with Hy = dBy, Fyp1 = dCp and |Fp|* = LF,, , Frr. GY is the 10-dimensional
gravitational constant. The last term stands for the possible RR F}, fluxes, and we omitted
the possible Chern-Simons terms for brevity.

Considering the action for the winding mode, the new ingredient compared to [1] is
that here we need to describe the coupling of the winding mode to the Kalb-Ramond field.
The leading interaction comes from the electric coupling of the fundamental string to the
Kalb-Ramond field along the ¢ direction. It is convenient to define the 1-form gauge field

Ai = Bt s and F' = dA. (24)

In these conventions for A;, y is electrically charged under the U(1) winding with charge

g=3 fa, 3 Up to O(d) terms, the x d-dimensional action takes the form

= g [ vol 2 (IDx? 4 m? (R(@) I + O~ 1x1%) 26)
167G N
+ <91RD[9] + 927FijF” + mHiijZ]k> |X|2>7

with R(z) = %,/gﬂ, D; = 0; — igAj, and g1, g2, g3 are some unknown O(1) couplings.
Gy and
vol = \/9\/ G, (2.7)

are the D-dimensional gravitational constant and volume respectively. For type II string

theory the winding mode mass and the flat space Hagedorn temperature Ry = % B are
R? — R?

m*(R) = ———-4 R} /d =2. (2.8)

0/2

In these notations, we also define the effective mass for the winding mode as
m2g(z) = m?(R(z)) + g2 A; A% (2.9)

In (2.2) we added the first winding mode and the supergravity fields but neglected
the rest of the higher winding modes and the rest of the massive string spectrum. This
is consistent only when the mass of the winding mode is parametrically below the string
scale o/ mgﬁ < 1 at the support of y. In practice, we need to tune the temperature of
the background to be close to the Hagedorn temperature R — Ry < Rpg. The second
line of (2.6) includes all the o/~! terms. After fine-tuning the quadratic mass term to be
small, we still have higher order interaction terms starting at o/~!|x|*. We will neglect
these terms below by our assumption that the deformation is perturbative and the profile
of the winding mode is parametrically small |y| < 1.

3To see this, notice the worldsheet action of the configuration ¢(c,7) = £o, 2 (0, 7) = 2°(7) is

27
i

2ma’

Sp = /dTici(T)Bti(mi). (2.5)



In the third line of (2.6) we listed the first o’ terms in the action. These terms correct
the mass term by a curvature scale (which also controls the Kalb-Ramond flux) amount
Am? ~ O(1).* These terms are naively leading whenever the size of the winding mode
profile is comparable to the curvature scale. Indeed some of the solutions we will find below
will satisfy this condition. Nevertheless, we will argue that these terms are negligible for
these cases.

Imagining a general deformation of the supergravity fields, what are the leading in-
teraction terms? Expanding the total action around the background, the quadratic order
(as in any Euclidean theory) is trivial. The leading o/~! cubic interaction comes by ex-
panding the kinetic term for x to linear order around the background. Parametrizing the
deformation of the ¢t component of the metric by Gy = gtteZ‘/’(“), there is a universal cubic
interaction by expanding the mass term

T 2
m2 @)X = m(R@)x + 22D o2 1 0P ), (2.10)

where on the r.h.s. R(z) is of the (undeformed) background metric. Close to the Hagedorn
temperature R ~ [, the interaction term is of leading o/~* order. Whenever the background
solution has a non-trivial Kalb-Ramond flux around the temporal circle Fj; # 0 there is
also a leading cubic term from the A;A?[x|? term, of the schematic form 2,64;|x|? (we will
deal with this term in the next section). However, the dilaton ® cubic coupling to x is of
higher o/ order due to our assumption L > I, and is negligible.® Considering a general
deformation of the supergravity fields, the leading cubic interactions of Isygra are all with
O(1) (the curvature scale) couplings and can be neglected as well. Only the quadratic
interactions in Isygra around the saddle are leading.

It is, therefore, crucial to find out which fields couple to ¢ (and §A4;) at quadratic
order in Isygra. The Einstein-Hilbert term by itself gives only a kinetic term for ¢, but
the linear term does give a quadratic coupling to the dilaton. To see this we proceed as
follows. The overall volume in (2.3) is VG exp(p — 2®). It is therefore useful to redefine
the dilaton as

¢:<1>—%¢. (2.11)

In this form, the quadratic order of the metric + dilaton action is given by

W / dPzvV/Ge *® [~ R — 40,90+ D]
16
(2.12)

Bigud’
Dipdp — 48;00°p — 26 TITL (1)

gt

d%zvol
167TGN / oo

On the r.h.s. we integrated over the other 10 — d directions (including t) and kept only
quadratic terms in ¢, ¢. The last term gives a leading quadratic ¢0J¢ interaction, that
generically appears whenever g;; is not flat.> The dilaton however is expected to couple

4One can also write o’® terms that correct the g0|x\2 coupling, which are also subleading.
SWe assume ® = 0 for the undeformed background.
This is the reason this term is absent in [5, 12, 16].



quadratically in a similar way to any supergravity field with a non-trivial profile along the z*
directions. To find a saddle with a winding condensate, it is necessary to consider a general
deformation of the metric and the dilaton (and other fields present in the background).

In many cases, however, there is a significant simplification that can be considered
assuming the solution’s length scale is also much smaller than the curvature scale L < 1.
For those cases, we can further expand in orders of L and neglect lower derivatives or
higher powers of z. Looking back at (2.12), the kinetic terms are of order L~2 while the
interaction term is of L~! subleading order. In fact, in the gauge we will choose 4; ~ O(L),
and it is possible to show that the § B|x|? is also subleading (we will explain it for the AdS3
case below). As a result, at leading order in L the dilaton ¢ and the Kalb-Ramond field
decouple, and we can consistently consider a perturbative deformation of the winding mode
x and the temporal metric ¢ alone. The effective action in this limit will be reviewed in
section 3.1. Whenever the size of the profile reaches the curvature scale L ~ 1, this
approximation breaks. For those cases a general supergravity deformation is necessary.
We will describe such a case in section 4 below.

2.2 The mixed AdS3 background

In this section, we begin the discussion of the AdS3 string star. We work in units of l,q4s = 1.
The set of backgrounds we will consider are Euclidean 10d solutions of type IIB string
theory with both NS-NS and RR fluxes, and the geometry of (thermal) AdS3 x S3 x My,
where M, can be a four torus 7% or a K3 manifold [27, 30, 31]. The thermal AdSs3
component is given by the following background

ds? = dp® + sinh? p d¢? + cosh? p dt?,
By = ixsinh? p d¢ A dt, (2.13)
Cy =iV/1 — A2sinh? p do A dt,

with t ~ t+ B and 0 < XA < 1.7 The gauge fields B,C also have fluxes from the S>
component, which we omitted. A = 0 is the pure RR solution, for which string stars
solutions were studied in [1], and A = 1 is the pure NS-NS solution. We note that the
latter can be studied not only for type IIB but in any closed string theory, and it is also
known exactly in o/ via an SL(2, R) WZW worldsheet description [28, 29, 48]. As in [1]
is also the holographic temperature in the dual CFT on S x Sé.

In these conventions the background gauge field (2.4) is A4 = iAsinh? p and R(p) =
Ry cosh(p), with Ry = % The (background) effective mass (2.9) is given by

m2g(p) = % (R(Q) (cosh2 p — A? sinh? p) - R%I) . (2.14)

For self consistency we assumed scale separation o/ mgﬂc(p) < 1, which in this case gives
Ry— Ry < Ry for p ~ O(1). The EFT is therefore applicable only for temperatures close
to the Hagedorn temperature.

"The quantization of the fluxes (on S*) requires both A\/a’, v/I — A2/a’ to be integers. In this work, we
expand at leading order in o/, and therefore this quantization is invisible [27, 31].



Following the previous section, to write the two-dimensional EFT we need to expand
Isuycra to quadratic order around a general supergravity deformation. Assuming the
spherical symmetry of the solution, we are instructed to consider a deformation for every
field with a nontrivial background profile along the p direction. A general spherically
symmetric deformation of the AdS3 components of (2.13) has the form®

=6+ (o +1),

G = dp® + €%? cosh? p dt* + €2 sinh? p d¢?,
By = iXeS sinh? p dt A do,

Cy = iv/1 — X\2¢"sinh? p dt A dé,

(2.15)

with ¢, ¢, ¢ and n all function of p. In particular, we don’t need to consider deformations
of other RR fluxes. Similar to (2.11), we redefined ® in such a way to satisfy

VGe?® = vol e, (2.16)

with vol = cosh p sinh p the volume form of the background metric.

Following the discussion in the previous section, we assume small back-reaction
|6, ||, [¥], <], |n] < 1 and consider only its leading coupling to x. Expanding the winding
mode action (2.6) to (o/~1) cubic order, and integrating over the angular direction, gives

2n 3
= dp vol
X 167Gy / pve

"2 2 o 2R3 2 S h2 2
™+ meg(p)IXI” + —5 (cosh? p ¢ —sinh? p (¢ =) x|,
(2.17)
with G being the 3-dimensional gravitational constant, and the effective mass (2.14).
Here and below, primes are derivatives with respect to p. In particular, we find both ¢|y|?

and (¢ —1)|x|? terms of the same leading o/~! order. Substituting the deformation (2.15)
in the SUGRA action (2.3) gives to quadratic order

2
liora =~ Gﬁ(g) [ dp vol [—4<¢’>2+ () + ()
N

32 (Gtank®p (¢ +4(6+o—CP —dtanhp C(w+p—0) )
(2.18)

—(1-2?) (;tanth ()2 +4n* = 4n(p+) —2tanh p ' (Y + o — 2n))

—4¢ (tanhp ¢’ +cothp ' +A3(2p+21) — 2 —tanh p (’))].

To avoid a curvature singularity at p = 0 we need to maintain 1(0) = 0. Regularity of the
fields at p = 0 also sets x/(0) = ¢'(0) = ¢'(0) = ¢'(0) = {'(0) =7'(0) = 0. At p = o0 all
the fields should vanish for normalizability.

8We gauge fixed the field potential Ba, Cs to also depend solely on p, which fixes the allowed components.



2.3 Thermodynamics and the BTZ/string transition
The total EFT action compared to that of thermal AdSz is the sum of (2.17) and (2.18)

2
IString star — ITAng = Ié[}GRA + IX‘ (2.19)

The AdSs string star is the bound state saddle of (2.19). Being a solution of the action, it
is a Euclidean saddle of the (Euclidean) string theory partition function with asymptotic
thermal AdSs boundary condition. As a Fuclidean saddle, it has free energy of order ijl,
just like black holes. It is applicable only near the Hagedorn temperature Ry — Ry < Ry.
In d = 2 the AdS black hole solution is known by the BTZ solution [21]. It’s on-shell
action, compared to the thermal AdSs, is (in units l,gs = 1)
7r

Igtyz — ITAdS; = iGN

(Rg1 - Rg) . (2.20)
Thus, thermal AdSs is canonically dominant for low temperatures Ry > 1, while the
BTZ is dominant for high temperatures Ry < 1. Whenever the string star saddle is re-
liable R ~ Ry < 1 the dominant saddle is the BTZ. The string star saddle is therefore
non-perturbatively unstable, and exponentially subdominant canonically. As we will see
numerically in figure 7 below (and also in [1]) the string star free energy (2.19) is posi-
tive (note that the expression is not clearly positive due to the (,n kinetic terms (2.18)).
Therefore it is subdominant also compared to the thermal AdSs solution.

For higher dimensional AdS;1 d > 2 an AdS black hole/string transition was suggested
between the AdS string star saddle and AdS black holes [1]. The argument was carried
from the black hole/string transition previously suggested between the flat-space string star
saddle (or the Horowitz-Polchinski solution) and the (Euclidean) Schwarzschild saddle [5,
12]. The reason is that at the two ends of the correspondence point around Ry ~ [, both
the AdS black hole and the AdS string star are of size much smaller than the AdS scale
and can be well approximated by their asymptotically flat counterparts.

In d = 2 however asymptotically flat Schwarzschild solutions simply don’t exist, so a
similar argument can’t be drawn. Going back to AdSz11, AdS black holes exist only for
Ry < lags/ \/m For small enough horizon radius r/lags < \/? the temperature
grows as the radius shrinks, just like in flat space. This is not the case for d = 2. The
temperature of the BTZ solution always grows with the radius Ry = 1/r,. As a result,
any attempt to connect the AdSs string star to a small black hole close to the Hagedorn
temperature is impossible, because at high temperatures only large black hole solutions
exist. A clue comes when we consider the asymptotic symmetries of the question. Any
worldsheet with asymptotic Sé X Sé has two U(1) windings. The thermal AdS3 saddle
breaks the ,S’ql5 winding spontaneously, while the BTZ saddle breaks the Sé winding. The
AdS3 string star saddle on the other hand (spontaneously) breaks both winding symmetries.
To connect the AdS3 string star saddle to the BTZ we need to consider deformations of
the BTZ by S;b winding strings.

Denoting the AdS; Hagedorn temperature by R, the BTZ solution has a known insta-
bility at R, = 1/R.. [22-24]. This instability is exactly the tachyon instability of the thermal
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Figure 1. A conjectured phase diagram for AdSj (for l,qs > I5). The Euclidean action as a function
of the inverse temperature Ry is sketched. The gray and black lines describe the thermal AdS3; and
the BTZ respectively. The string star saddle is the blue line close to the Hagedorn temperature
R.. Tts dual, a BTZ winding condensate, is the blue line connected to the BTZ saddle at R.. A
BTZ/string transition in AdSs would be a hypothetical line of saddles connecting the two (dashed
blue line). We note that the sketch should be understood in the limit gs — 0. At finite but small g;
the string star saddle can’t be trusted arbitrarily close to R, whenever the 1-loop effect is leading.

AdS3 at the AdS Hagedorn temperature after we switch the roles of the two asymptotic
circles (Rp — 1/Ryp). In other words, below Ry > R, strings winding around the ¢-circle
are tachyonic. Considering the AdSs string star saddle after switching the circles we get
a new saddle that describes a normalizable ¢-winding condensate in the BTZ background.
This saddle also breaks both winding symmetries spontaneously, but it is connected (in
its regime of validity R, — Ry < R.) to the BTZ instead of the thermal AdSs. In terms
of global symmetries pattern, it is therefore natural to speculate these two branches meet
around Ry ~ 1.° This phase diagram for AdS3 was also suggested in [26]. A schematic
plot of this suggested picture is drawn in figure 1.

3 Sub-AdS solutions and confining strings

3.1 General discussion

This section studies general properties of holographic thermal confining theories, in cases
where the “IR wall” is geometrically realized by a contractible (non-thermal) cycle. Ther-
mal AdSg,; is one such example [1], in which an S?! closes in the IR region. We start
by showing that around such a background there exists a saddle of thermal winding string

9By ‘meet’ we mean through a line of string theory backgrounds labeled by the asymptotic temperature
B =27mRy.

~10 -



condensate that depends (to leading order) only on the curvature scale at the IR point
at which the cycle closes. The reason would be that for this background, the size of the
solution would be much smaller than the characteristic curvature scale. In terms of AdS 41
these solutions satisfy L < l,4s and were reviewed in [1]. The analysis allows us to find
the characteristic behavior of the solution and the leading correction to the Hagedorn
temperature in the dual holographic theory.

The topology of the geometries we will study is Sé x R% x M. 5}3 asymptotes to the
thermal cycle of the holographic theory, R? is made of a radial direction r and a shrinking
S9=1 and M is some (perhaps non-compact) manifold. We further assume the solution
preserves SO(2) x SO(d) symmetry. The string metric close to the shrinking point r = 0

of the S%~1 sphere is, to subleading order in 72,
2 2 r? 2 2 702 2
ds*=dr -+ |1+ 7] dt 4+ r=dQy_, + dsy (3.1)

The Euclidean time direction satisfies t ~ t+27 Ry. Higher orders of the metric are assumed
to be down by higher orders of 72/I? with [ being the curvature scale of the (IR) geometry.
As a result, we implicitly assume r <« [ and I3 < [. On general grounds the parameter
Ry is related linearly to the holographic theory temperature 5. We also assume that for
r < | the internal space geometry ds?vl is independent of r. In this geometry, and for
temperatures close to the Hagedorn temperature, we look for non-trivial winding solutions
that are homogeneous both on M and on the closing S¢! sphere. In cases that M is
non-compact these solutions are dual (in the holographic theory) to a gas of interacting
(confining) strings, and so we term them “winding-string gas” solutions.

In section 2.1 we explained that whenever the winding mode profile size is parametri-
cally smaller than the curvature scale L < [ we can expand the EFT in orders of L/l and
consider only the winding mode x and the temporal metric deformation . In practice, we
take only the highest number of derivatives (within the O(a’) action) and fewer powers of
7. Assuming both x(r), ¢(r) depend only on 7, the leading O(12/L?) terms in (2.2) are

I _ BVa d-14 2 ) 2 2 LR% 2 3.9
Lt = et [ [+ W mian® + e (32)

with V;_; the volume of a unit ¢! sphere. At leading order for small r it is enough to
expand the effective mass to quadratic order in r. Assuming no Kalb-Ramond flux in the
t direction the effective mass (2.9) is

1 R%r?
m2g(r) = o2 (Rg — R%, + l02 ) . (3.3)

Notice that the only [ dependence in the action (3.2) is through (3.3). Whenever a (non-
singular) Kalb-Ramond flux exists it only corrects the 72 term and can be swallowed into
a redefinition of [. Naively the second term is subleading for L < [, but for temperatures
close enough to the Hagedorn temperature (R% — R%)/R% ~ L?/I? it is of the same order

- 11 -



and should be added (while higher orders in r are still subleading). The resulting equations
for x(r), ¢(r) are

, d—1 , 2

These equations are of the same form found in the near-Hagedorn limit at [1].

The winding EFT regime of validity for the winding EFT is (R3 — R%)/R% < 1. In
this section, we further restrict ourselves to (R% — R%)/R%, ~ ls/l. We will denote this
regime of temperatures as “near-Hagedorn” and parameterize it explicitly by defining

Rg_R%,Jr&l;. (3.5)
We can further reparameterize
X(r) = R0/0), ey = " olr/D), (36)
with L% = I, to get (x = /L)
il (64207 +4¢) % =0,
r (3.7)

R i)
x
with / denote an z derivative. These equations were studied numerically in [1]. Be-
cause (3.7) is dimensionless we find |x|,|¢| ~ ls/l and solution’s size L ~ +/Isl. Be-
cause (for the original metric to be weakly curved) I/l < 1 the solutions for (3.7) are
all self-consistent. Specifically note that Iy < L < [, justifying the approximation (3.2).
Numerically it was found that the solution’s size increases with the temperature [1].

The Hagedorn temperature of the theory is defined as the temperature where the
linearized equations have a normalizable solution, giving rise to a normalizable zero mode
in the partition function. At the order we work with, this is given by 6. = —v/2d, and the
corresponding normalizable mode is x(r) = exp(—r2/(v/2L?)). In other words, the leading
curvature correction to the Hagedorn value for Ry is

d 1
R? =24/ (1 — 57 + 0(13/12)) : (3.8)
However, Ry is not directly related to the holographic theory temperature 5. In the ex-
amples below the geometry is given by an analytic continuation from a Lorentzian manifold

with a boundary of RP'! for some p. The Lorentzian solutions take the general form

ds® = dr? + f(r) (—(d:co)2 + i(d:ﬁ) +(...), (3.9)

i=1

where r is again the radial bulk direction, z°,... 2P are parallel to the boundary RP:!,
and in the bracket we ignored the rest of the coordinates. The Euclidean solution is then
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taken by analytically continuing xo = it, with the same ¢ ~ ¢t + § as in (3.1). Comparing
to (3.1) gives f(r = 0) = 472R3/3? at r = 0. The confining string tension Ty is given by
calculating the bulk worldsheet action in the ¢,z° IR plane (r = 0) measured in units of
the holographic boundary lengths given by j3:

1 f(0)  27R3
Ts = m\/ itYzx ’T:(): ol = a’ﬂQ .

(3.10)

Together with (3.8), the leading curvature correction to the holographic Hagedorn temper-
ature is

Ao s s
8=/ (1 SO )). (3.11)

3.2 AdSj3 with finite RR flux

We now go back to study the AdSs string star solutions in the background (2.13). Following
the previous section we will when small solutions L < [,4s exist. Assuming p < [,qs we can
directly expand (2.18) and (2.17) to L~2 order and see that all the fields besides ¢ decouple,
leaving us with (3.2) (at d = 2). In particular, notice that while both ¢ and ¢ couple to x at
gds < 1. Expanding
the effective mass (2.14) to leading order gives (bringing back the l,qs units)!©

the same o/~! order (2.17), the ¢ coupling is smaller by a factor of p?/I

1 1 - )\*)Rg
i) = s (18 + S ). 12

ads

This is the same form as in (3.3) only with the effective scale | = l,q5/v1 — A2. We can
follow the same steps as in the previous section and assume a small solution [y, < L < 1.
We also note that as the winding mass of order m? ~ l,q5/12, we can consistently neglect

-2
ads®

Following the previous section, for near-Hagedorn temperatures (R3 — R%)/R% ~

higher-curvature contributions to the mass which are of subleading order Am ~ [

ls/lags the AdSs string star solution has an amplitude of

ls
s lpl ~ V1= A2, (3.13)

ads

and a characteristic size
L~ /lglags (1 — X274, (3.14)

In this geometry § = 27 Ry and therefore, following (3.11), the leading correction to the
AdSs Hagedorn temperature is

l3
R? = 2o/ — 23/2\/1 — A2E O(a?/12,,). (3.15)
ads

In [1] the leading correction for the Hagedorn temperature in AdSs x S5 was matched
with an integrability analysis of N/ =4 SYM [18]. It would be interesting to find a way

10The discussion here is for A ~ O(1). We note that for small enough A ~ I /l.4s the A (and the entire
NS-NS flux) dependence is absent at leading order in o', and appears together with the suppressed higher
o terms in (2.6).
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to similarly compare (3.15) to the recent integrability results for the pure RR AdSs case
(A =0) [51-54].

The thermodynamic stability of these solutions was studied in [1]. ( is negligible in (7)
and the string star free energy can be shown to be positive. This saddle is therefore non-
perturbatively unstable compared to the thermal AdS3 saddle (and to the BTZ saddle).

This discussion is self-consistent only when the size of the solution is smaller than the
AdS curvature scale, L < lygs, or 1 — A2 > o//I2,,. Note that /1 — A2 is the magnitude
of the RR flux Fj (2.13). We, therefore, conclude that for near-Hagedorn temperatures
(R% — R%)/R3, ~ ls/l.as and large enough RR-flux 1 — A\? > o//I2. the leading behavior
of the mass around p = 0 solely controls the profile of the string star. As we lower the RR
flux the profile size is larger and the amplitude is smaller. Around 1 — A2 ~ o'/ lgds the
solution size reaches the AdS scale and the approximation we took breaks. We will discuss
this case in section 4 below.

For lower temperatures, the solution size turns shorter. Below the near-Hagedorn
regime, but for temperatures in which the EFT is still valid Is/laqs < (R3 — R%)/R% < 1
one might expect reliable solutions that are arbitrarily short (although with L > [;). This
is not the case and for a good reason. If arbitrarily small solutions would exist, they
would approximately solve the flat space equations for d = 2, and it is known that no
such solutions exist [5, 12]. Instead, whenever the solution is reliable (|x|, |¢| < 1) its size
remains comparable to L ~ /I laqs. In other words, this section describes the behavior of
AdS3 string stars whenever they exist for finite RR flux 1 — A2 > o/ /2

ads*

3.3 The D4 Witten model

Consider 4 + 1 dimensional maximally symmetric SU(/N) Yang-Mills theory (with coupling
g5) compactified on a circle of radius R with anti-periodic boundary condition for the
fermions. We denote the 4 + 1 't Hooft coupling by A5 = g2N. It is holographically dual
to the near horizon limit of N D4 branes [55], with the 9 4+ 1 (type IIA) metric

3/2 3 , Ra\3/2 [ du2
ds? = <“ > [(d:cof + 37 (dr')? + f(u)(dat)?| + ( D4> l +u2in]
Rp4 = u f(u)
Flyy = Vi e, € =gs <RD4> . Rpy=mgs NI, flu)=1- (u) ) (3.16)

The string coupling g is related to the 4 + 1 Yang-Mills coupling by 4n2gsls = g2. Here

3\ 1/2
RD“) (by demanding smooth solution where the x4 circle

x4 ~ x4 + 27 R with R = g(uA
shrinks at u = uy).

The thermodynamics of this system was studied in [44]. The thermal solution is
produced by analytically continuing the time direction to a circle of size 5, xg = it t ~ t+ 5.
On the gravity side, the analytically continued solution is the dominating solution for low
temperatures. For high temperatures, one can take the same solutions, only with the R and
B circles switched, so that now the temporal circle shrinks in the bulk. This last solution
is a Euclidean black brane solution. The phase transition between the two happens at

B =2rR [44].
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Here we are interested in winding condensate solutions around the (analytically con-
tinued) thermal saddle (3.16). The solutions extend homogeneously on the z? directions

5 \1/2
but localize around u = u,. Defining r? = % (Zf;’\“) (u—up), o = it and ¢ = %% we
have to leading order in 72
2 up \3/? 2 & \2 2 72 2 R?EM 2 2
ds® = () dt* + dz")*| + red¢” +dr* + | —— dsy. 3.17
Roe ;( ) ¢ ( " > 1 (3.17)
And at the next order in 72
3/2 _ 3/2
up 3u—up uUp 27TR
Gy=|—=— 14 = == 14+ ——— . 3.18
" <RD4> ( +2 up ) (RD4) ( * 16R?b4r (3.18)
Comparing with (3.1) we find the curvature scale [ = %%. In this model, the (confining)
3/2
string tension is given by Ty = 52 (R“—EAM) 2 32— (Rpa/R)? and the mass gap (called

the glueball mass) is of order Mgy = 1/R. Plugging inside (3.11) with d = 2 gives the
leading correction to the holographic Hagedorn temperature

4m 1 Mg, —3/2
or in terms of the dimensionless ratio \s/R:
\/73 _1/2 2771'2 _3/2
Be/R = V10873 - (A\5/R) - — + O((As/R) ). (3.20)

V2(Xs/R)

For a worldsheet derivation of (3.19), see [56].

We found that this model admits a ‘winding-string gas’ saddle for near-Hagedorn
temperatures: a normalizable condensate of winding strings around Euclidean time t that
extends homogeneously on the R3 directions (and z*). The condensate is localized in the
bulk around u = uy with a size of L ~ /sl ~ I - (Tst/Mgb)l/‘L.

The winding-string gas saddle is highly metastable, as it has free energy higher than
both the thermal solution and (because we are above the phase transition) the black brane
solution. Note that the phase diagram is very similar to that of the AdSs, due to 2rR <—
8 symmetry. Just like for the BTZ solution, the black brane solution has a tachyonic
instability below the temperature

1/3
4 R? _5\1/3
B.=—Rpa () = 2437 (TstMgb5) : (3.21)

Oé/

For temperatures slightly above it, there exists a condensate of winding z* strings homoge-
neous on R3 x Sé, obtaining by interchanging the asymptotic circles for the winding-string
gas saddle. It is possible to speculate a new kind of correspondence principle or a black
brane/string transition. The black brane with z* winding condensate and the thermal
solution with ¢-winding condensate are connected via a line of metastable saddles.
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To understand the relation to pure Yang-Mills, it is useful to write the critical tem-
peratures in terms of R and the 4 + 1 Yang-Mills coupling A5

1/3
Be/R = 1/1()537%’);'{;, Bgp/R=2m, [./R= g (HE’) . (3.22)

The semiclassical approximation is valid when [ > I, > [y or 1 < A\5/R < N. In this
regime f./R < 1 < (./R. In the opposite limit, \5/R < 1 the holographic theory at
energies below ~ 1/R is that of pure 3 + 1 Yang-Mills. In [44] the phase diagram of the
system was suggested for any A5, R. At A\5/R < 1 and for low temperatures 5 > R the
theory is described by 3+1 SYM. This theory has a first-order confinement /deconfinement
close to its Hagedorn temperature 8. > R. As a result, we also expect a phase transition
at high temperatures 8. < R. The simplest scenario suggested in [44] was a single new
dominating phase for temperatures 8. < 8 < .. In such a scenario, this phase should have
the unique property that it maps to itself when interchanging 3, R.!!

Going back to the gravity limit 1 < As/R < N. If indeed the winding-string gas
saddle is the one that connects the two saddles between [. and f., the simplest option
would be that its continuation to the A\5/R < 1 is the dominant phase for temperatures
Bl < B < B, see figure 2. Notice that because the winding-string gas phase breaks
the winding of both circles, it is indeed invariant to switching 8, R. This picture is also
supported by the analysis of [57] which studied 2d SYM on a torus. In the weakly coupled
regime, the authors found a dominating phase with non-zero holonomies on both circles.

3.4 The D3 Witten model

It is possible to repeat the previous construction also for D3s compactified on a circle [34,
58, 59]. The holographic theory is now 3+1 N = 4 SU(N) Yang-Mills on R? x S! with anti-
periodic boundary conditions on the fermions. The gravity dual is the near-Horizon limit
of N D3 branes on S'. After analytically continuing z° = it we find the thermal solution

ds® /124 = f(w)dr® + 7Y (u)du® + u?

2
dt* + Z(d;ﬁ')?] + dQZ,
i=1 (3.23)
4

fu) =u? - %, Fy = 16nNo/ws,

with 124, = VAngsNo/, 7 ~ 7 + 7/ug (the 7-circle closes at u = up) and the length of the
asymptotic circle is R = 1/(2ug). There is a non-zero RR flux through the S°, [¢s ws = 7°.

Close to u = ug the radial coordinate is r = R((u — ug)/ug)'/? and

2
Gy = R*u? <1 - 212— +.. > : (3.24)

ads

11n other words, the line of solutions is smooth at 8 = 27 R and the saddle there is mapped to itself
under switching the circles. In more complicated scenarios, there are further phase transitions and phases
that are mapped to each other under interchanging 3, R.
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Figure 2. The phase diagram of the D4 Witten model as suggested by the analysis of [44]. Left: the
phase diagram when the bulk geometry is weakly curved R < A5. The two black lines represent the
thermal and the black brane geometry, with a Hawking-Page transition at § = 27 R. The two red
dots represent the two critical temperatures f., 5. above (below) which the thermal (black brane)
saddle suffers from tachyonic instability. The blue line represents the ‘winding-string gas’ saddle,
which we suggest connects the two winding condensate solutions of each saddle. Right: in the regime
R > A5 the low energy behavior is that of 3 + 1 Yang-Mills, with a confinement/deconfinement
transition at 8. > R. A similar transition happens for the ‘black brane’ below some . < R. We
suggest that the dominating phase for 8. < 8 < f3. is nothing but the ‘winding-string gas’ saddle.

Comparing with (3.1) we find the curvature scale I = (2, /2 with d = 2 (shrinking S*).
Following (3.11) the leading correction to the holographic Hagedorn temperature is

Bo = \/147 (1~ (mgN) V140 ((4mguN) 172)) (3.25)

with Ts = R*u3/(2ma’). The phase diagram of this model (when the gravity approxima-
tion is valid) is similar to the D4 case. A black brane solution exists by replacing the two
Euclidean circles and dominates the canonical ensemble for high temperatures 5 > 27 R.
The black brane is tachyonic for temperatures below (at leading gs/N order)

T R

_ 4rgs N
N 23/2 ls’u,o '

™
4 Tst

Be (3.26)
The same line of argument used for the D4 suggests a similar black brane/string transi-
tion. The black brane and the thermal saddle are connected between 8. < < ., with
perturbative winding condensates being the near-critical description at each side.

3.5 The Maldacena-Nunez background

In [35] Maldacena and Nuiiez (interpreting the solutions of [60]) considered N D5 branes
on R* x §?, with a twisted normal bundle on S3. The holographic effective description is
5 + 1 maximally supersymmetric YM on R* x S? with twisting of the S? using a gauge
background for a U(1)g C SU(2)gr C SO(4) global symmetry. In terms of R* the twist
preserves A/ = 1 supersymmetry. We denote the 5+ 1 't Hooft coupling g and the radius
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of the S? by R. The near horizon 10d metric and RR flux of the D5 system is given by

3
dsgtr/a' = P <—(dm0)2 + z:(dau'i)2 + N
i=1

1 3
dp? 4 €203 + 72 (wa = AﬁD
a=1

(3.27)
Fy=N [—i(wl — AH A (w? — AY) A (w3 — A%) + iaz:jlsFa A (w® — Aa)] ,
with
e*?r = g?% =g (1 + gpQ + O(p4)> :
(3.28)

2 P’ 1

e*d = pcoth(2p) — —— — —.

peoth(20) = Py 4

here w, label 1-forms on S3, and A, is a smooth solution that asymptotes at large p to the

prescribed S? twist, and F' = dA. In this geometry, the asymptotic S? shrinks at p = 0.

This solution is weakly coupled and curved for 1 < gsN < N, or 1 < \g/R?> < N. For

A¢/R? < 1 (in which gravity is highly curved) on the other hand the four-dimensional
N =1 theory decouples at energies below 1/R [35].

The thermal ensemble is produced by analytically continuing z¢ = it/ls (t ~ t + f3).

Close to p = 0 the radial coordinate is r = (o/gsN)/?

2 4
Gu=e" =g 1+ i +0(——1]]- (3.29)
9a/gsN (a’gsN)?

At 7 = 0 the S has no twist (A; is flat), and as long as the solution’s size is smaller

p, and the temporal (string) metric
component is

than L < (o/gsN)'/? we can approximate the geometry by S; x R® x R x S (r being
the radial direction in R3). Comparing with (3.1), we find ‘winding-string gas’ saddles
x(7), ¢(r) homogeneous on R3 xS for near-Hagedorn temperatures. In terms of section 3.1
l = %(o/gsN)l/2 and d = 3 (as we have a shrinking S?), and the first correction to the
Hagedorn temperature is (3.11)

8, — ;l (1- 20.8) 2+ O(N1). (3.30)
st

with T = ﬁgs.n

Close to the Hagedorn temperature 8 — 8. < (3. there exists a reliable winding-string
gas saddle homogeneous on the R? (and the rest of the compact directions) and localize
at the IR p = 0 region with size L ~ l,(gsN)'/%. The black brane-like solution, in which
the thermal circle closes, and its thermodynamics were studied in [40-42].1% A black
brane/string transition for this model suggests the black brane (with a small horizon radius)
is connected to the winding-string gas saddle via a line of worldsheet CFTs.

12The high energy description of this model is in terms of little string theory, which has its own, different,
Hagedorn temperature [61]. The latter appear at much higher temperatures Su st = 27r(o/N)1/2 < Pe
(in the case we are considering gs N < 1).

13For the thermodynamics of other supergravity duals of 4d confining gauge theories see [37, 43, 46].
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3.6 The Klebanov-Strassler conifold background

The Klebanov-Strassler geometry is given by [36]

3
ds? = h1/? (—(dx0)2 + ;(daji)2> + ht/? (ﬁf(g)dr? + (.. .)> (3.31)

In (...) we omitted the remaining 5 dimensions of the conifold geometry. For small 7

K(r) = (2/3)Y/3 — 72 /(5 22/3 . 313y 1 O(r*)

3.32
h(r) = (gsMa/)?22/3e783 (ag — 2713374372 1 O(r4)), (332

and ag ~ 0.71805 [62]. Here M is the number of fractional D3 branes and ¢ is the
deformation parameter. The background also includes RR and NS-NS fluxes, which are
immaterial in the discussion of winding condensate.

The thermodynamics of Klebanov-Strassler was studied in [38, 39, 45, 47]. Here we
are interested only in the thermal solution, given by analytically continuing (3.31) by
20 =ilgt (t ~t+ ). At 7 =0 an S? of the conifold geometry closes, and the geometry is
approximately R* x R3 x S3. Defining the radial coordinate r = Gi/gT we find

Gue P (L 3.33

tt — 21/3(15/2 gsM + 3a3/2 gsMO/ : ( . )
In terms of (3.1) d = 3 and a curvature scale [2 = 3a3/2gsMo/. As a result, the leading
correction to the Hagedorn temperature in this background is

47'(' 31/2 —1/2 _
ﬁcZ\/TTt <1—W(95M) / +O((93M) 1) ; (3.34)
0

£4/3
24/3a(1)/27r

they with the confining string tension T = (a'gsM)7L.

4 AdS-sized solutions for AdS; with small RR flux

4.1 The effective action

In section 3.2 we concluded that the analysis for sub-AdS solutions breaks for small RR

fluxes 1 — A2 ~ o /lgds, where the solution’s size reaches the AdS scale L ~ [l,qs. For

those cases, we can’t neglect the backreaction of the winding mode on the supergravity
fields (2.15). In this section, we turn to study the behavior of AdSs string stars for small
RR fluxes, as well as the pure NS-NS case. To that end we define

O[/

1—)\25a-l2—, (4.1)

ads

Here the x; have units of length squared. When we write Gy we already multiplying by o’ to make
contact with (3.1).
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and assume 0 < a <K lgds /a5 Section 3.2 considered only near-Hagedorn temperatures
(R? — R%)/R% ~ ls/lags. For small RR flux, the important regime is the tighter (R% —

R%)/R3, ~ o /12, (which we can call the very-near-Hagedorn regime). We therefore define

2
R3 =R} +m? - 5

= R% P
ads

(4.2)

2

245/, which we

Solutions are expected to be valid as long as R3 — R?, < R%, or m? < 1
will therefore assume.
In the rest of the section, we will set the units to l,qs = 1 for brevity. In terms of the

new variables and at leading order in lg/l,qs the effective mass (2.14) is

mZg = 1m? + 2a sinh? p. (4.3)

In the limit A ~ 1 the RR flux terms in the action (2.18) are subleading and can be
neglected 7 = 0. For the rest of the fields, it is useful to redefine by (in l,qs = 1 units)

x=a'%, ¢=0d¢, p=d¢, P=a4, (=dC (4.4)
At leading order, we get the action

50/2
- F
167Gy

with, upon integrating by parts, the normalized free energy (compared to that of thermal

AdS;)

Istring star — ITAdS; = (4.5)

F = /dp Voll(zﬂ')2 + () - 4(¢)?

1 a ~ ~ ~ A -
— §tanh2p (C')2 -4+ ¢ — C)2 + 4tanhp ('(¢¥ + ¢ — ()

) ) ) (4.6)
+4¢ (tanh p ¢ + coth p ¥ — tanh p g)

)

+ X[ + m2gp [X]? + 4 (cosh? p ¢ — sinh? p (¢ = ) ) [ ]2

The equation of motion for the dilaton gives the first-order constraint (upon using the
boundary conditions for 1&)

2¢' = tanh p @+ coth p ¢ — tanhp C. (4.7)
Substituting (4.7) gives the equations of motion for the rest of the fields
' +v(p)X' = (m* + 2a sinh? p)y + 4 (cosh2 p ¢ +sinh?p (P — f)) X
¢" +v(p)¢’ = 2tanhp ¢’ + tanh® p (¢ — {) + 9 — 4(d + 9 — {) + 2cosh® p [X|?,
U +v(p)y = 2tanh p ¢ + ¢ — { + coth? p 1h — 4(p + ¢ — {) + 2sinh? p [[,
{"+u(p)' = 4cothp (&' + 1) +2(¢ — { + coth? p ) + 4 cosh® p |R]7,

(4.8)

5Notice that the quantization of the RR charge requires /1 — )\QZids/o/ = \/Elads/lS to be integers. In
our lags > ls limit it gives no restriction on the range of a.
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with
v(p) = tanh p 4+ coth p, u(p) = 3coth p — tanh p. (4.9)

a adds a potential to the linear equation for ¥ and therefore for a > 0 we expect a normaliz-
able solution with size L ~ 1. Assuming an O(1) result (for /2 ~ O(1)) gives |x|, |¢l, [¢| ~
o/ < 1 which is self-consistent with our assumptions. The reader may worry that as
the effective mass is now m2g(p) ~ O(1) (in lags units), higher curvature corrections are
now leading. In section 4.3 below we argue that the resulting mass shift is proportional to
Am? o (1—)?). For finite a this is a O(a’) correction to the mass and therefore subleading.

In the extreme case a = 0 (A = 1) we find the pure NS-NS background. In this case,
the p dependence in mgﬁ is exactly canceled between the metric and the NS-NS flux, which
results in a constant mass

. 1
m2a(p) = i = — (B — Ry), (4.10)

equals to the flat space result (2.8). This property means that very close to the Hagedorn
temperature strings winding around the thermal circle are light arbitrarily close to the
boundary p > 1, although the proper length of the thermal circle diverges exponentially.
Physically, this is due to the cancellation between the gravitational attraction (of AdS
space) and the electric repulsion (or the non-zero Hs). This is related to the well-studied
pure NS-NS AdS; long strings [32, 33]. These strings wind around the angular circle of
Lorentzian AdS3 with finite energy arbitrarily close to the boundary. Because asymptoti-
cally there is no difference between the two circles, the cancellation of the energy divergence
at large p is of the same origin. As a result, for a = 0 the potential in (4.8) is quadratic
and not exponential. Nevertheless, we expect a normalizable solution for x, ¢, ( also in
this case for high enough m?, with a generic L ~ 1. We present numerical solutions to this
equation in section 4.4 below.

4.2 The AdSs Hagedorn temperature

To find the leading correction to the AdS; Hagedorn temperature, we should look for
the maximal value of Mm? (as a function of a > 0) for which there’s a solution to the
linearized (4.8) equation for x1°

' +olp) X - (m2 + 2a sinh? p) x =0. (4.11)

Denoting this critical value by 72, the first correction to the AdS3 Hagedorn temperature
is

9 52
RN =~ + % + Ok, (4.12)
with k = [2,,/a’. For a = 0 the (smooth) linear solution can be found analytically to be

Xin(p) = P_, | sizzz (cosh(2p)), (4.13)
2

6 At the linearized order the other fields in (4.8) have no non-trivial solutions.
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Figure 3. The value of the leading correction to the Hagedorn temperature
(blue). The a > 1 behavior from section 3.2 is plotted in a black dashed line.

with P,(x) being the Legendre function [22]. For p > 1 and m? > —1 we have {y, ~
exp(—A,p) with A, = R(1 — V1 +m?2), and as in ~ pexp(—p) for m? = —1. The
solution is thus non-normalizable for any 72, but it turns delta-function normalizable at
m? = —1 (at the Breitenlohner-Freedman bound). Therefore for a = 0 the critical value is

m?2 = —1, and the first correction to the pure NS-NS AdS; Hagedorn temperature is

2 1

R\ =1)= Tt O(k™3). (4.14)

Interestingly, for the type IT pure NS-NS this is also the exact result R = 2/k — 1/k? [22,
63].17 The fact that the zero-mode (4.13) is only delta-function normalizable is similar to
flat space [16], and probably corresponds to the fact the Lorentzian spectrum, in this case,
is continuous.

For a > 0 the linear equation has a potential and so we expect only discrete values of
m? for which exist normalizable solutions. We are interested in the ‘ground state’ solution,
with the largest /2. We weren’t able to find an analytical solution in this case, but it is
possible to find it numerically. In figure 3 we plotted M2 as a function of a. It can be
seen from the figure that m? decreases as a grows. This is to be expected, as when a > 1
we expect from section 3.2 to find 2 = —23/24'/2 (by translating (3.15) in terms of 1m2).
This behavior is shown in the figure by a black dashed line.

"I thank David Kutasov for pointing out that the first correction here is O(k~2), and not O(k~*/2) as
found above (3.15) and in [1]. It is his comment that led me to study the AdSs case.
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4.3 An argument against higher curvature corrections

Higher curvature corrections always appear with non-negative powers of the string scale
and therefore are naively subleading. For d = 2, two operators still contribute at zeroth
order in the string scale: Ro|x|? and g F;; F|y|?. For the mixed background (2.13) their
value is exactly a constant

Ry =-2, ¢'F;F7=—4)\% (4.15)

We can write these terms in the Lagrangian as

1 .
Lhige—curv =9g1- R2‘X’2 + g2 igttFZ]|X|2 = _2(91 + 92)‘2)|X|2a (416)

for some unknown couplings gi, g2 ~ O(1). Therefore the overall effect of these two terms
is to shift the effective mass of x by a constant Am? = —2(g1 + g2A?).!® As a result, the
effective mass for the pure NS-NS case is (k = 12,,/a/)

m2¢(p) = kK*(R: — R%) + Am? + O(1/k). (4.17)

We now turn specifically to the pure NS-NS theory A = 1, in which the worldsheet theory
on thermal AdS is known [22, 24, 63]. The mass of the particle dictates the asymptotic
behavior of its mode close to the boundary. As such, it should match the AdSs SL(2, R)
Casimir of the corresponding worldsheet vertex operator. To find the exact worldsheet
mass, we follow the discussion of [63], which uses the description of thermal AdSs as a
specific coset of SL(2,C) [64]. For a given (3, a bosonic SL(2,C) WZW primary with
winding +1 and SL(2, C) Casimir J? = s? + 1 (and hin; = 0) has dimension

o s24d k,62
h=h= 4 4.1
k—2 = 1672 (4.18)
We change variables to Ry = %, —4m? = s% + i to get
= 1 m? kR?
h=h=—-- =0 4.1
4k —2 + 4 (4.19)

To write the type II expression we shift k& — k + 2 (only for the first term, as we keep the
temperature in string units kR3 constant) and find

_ 1m? kR? 1
h=h=—-—— 4 20 _ 4.2
4 k + 4 2 (4.20)

As a result, the mass of the winding vertex operator as a function of Ry is

m? = k? (Rg - z> : (4.21)

Comparing with (4.17) we find that the higher curvature correction to the mass vanishes
Am? = 0, for A\ = 1. In other words g; = —gs, and (for any \)

Am? = —2g1(1 — \?). (4.22)

Because in this section we consider only 1 — A? ~ 1/k, this is a subleading effect.

180f course, both terms also induce a correction to the coupling of ¢, ¢ to |X|2- Whenever the constant
shift is subleading, so is the coupling.
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Figure 4. The two profiles of ¥, ¢ and f for temperature m? = 0 in the pure NS-NS theory a = 0
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Figure 5. The value of {(0), $(0) and ((0) as a function of 72, for a = 0.1 (left) and a = 0.5
(right). The horizontal dashed green line indicates the AdS Hagedorn temperature 7722

c

4.4 Numerical results

To further study the profile of the AdS-sized string star solution we used numerical analysis
to find the non-linear solutions for (4.8) of ¥, @@5 and (f as a function of a and m?. We
set the boundary condition 1&(0) = 0 to avoid curvature singularity and for a smooth and
normalizable solution

N

X(0) = ¢'(0) = ¢/(0) = ¢'(0) =0, %(00) = @(00) = h(00) = {(00) = 0. (4.23)

In practice, we chose ppin = 0.00001 and ppax = 3, and tried to satisfy (pmin) = 0 with

X,(Pmin) = Sbl(lomin) = 77/A1,(f)min) = gl(pmin) =0,

)A((pmax) = @(pmax) = ¢(pmax) = C(pmax) = 0, (424)

using the shooting method. That is, we optimized the initial values at ppi, to satisfy the
boundary condition at pmax. Notice that the variable p is already the dimensionless length
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c*

temperature m

in which the characteristic size of the solution should be O(1). Figure 4 shows the profile
of the solution at m? = 0 for the pure NS-NS system a = 0 and for a = 0.5. We found
that the near-Hagedorn solutions require higher and higher accuracy for smaller values
of a. The reason is that a controls the size of the potential for §. In the extreme case
of a = 0, the linear equation for } has a continuous normalizable spectrum above the
Hagedorn temperature. As a result, below we treat a as a regulator for the simulation and
plot @ = 0.1 instead of a = 0.

As the solutions are monotonically decreasing functions of z, the initial value at p =0
sets the amplitude of the solution. Figure 5 shows the initial values x(0) (black), ¢(0) (red)
and ¢ (0) (blue) as a function of the temperature /2. For large 112 >> 1 (lower temperatures)
the solution amplitude seems to grow linearly with m?2, or |x| ~ (R3 — R%)/R%. This is
the same scaling found for (higher dimensional) flat space solutions [12]. As in flat space,
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the solution is no longer reliable at |x| ~ (R — R%)/R%, ~ 1 or for m? ~ (2. /a’. This is

self-consistent, as we assumed m? < [2,./a’ to derive (4.8). Notice that the temperature

regime considered for finite RR flux 72 ~ luqs /ls is inside the regime of validity.

As expected, the solution merges with the trivial solution x = ¢ = 1[) = CA = 0 at the
Hagedorn temperature 2 (drawn in green dashed line). Close to 71?2 the winding mode
gets similar to the linear mode Ry, found numerically above, while |3, 1], (] < |%| are
much smaller. This behavior is similar to the one found for higher dimensional AdS string
stars [1] as well as for finite RR flux above (which is the large a > 1 limit of the simulation).

Figure 6 shows the size L of the winding mode profile (in AdS units) as a function of
the temperature. L is defined as the value of p at which the amplitude of } reaches e~1¢/(0).
The length grows with the temperature, as was found for finite RR flux (including higher
dimensions [1]). For finite 7?2 the size is at the AdS scale and bounded from above by the

2

size of the linear solution at the Hagedorn temperature m? = m?2. At lower temperatures,

m? > 1 the solution size reaches the string scale and the solutions are unreliable.

The normalized AdSs string star free energy F (4.6) is presented in figure 7 as a
function of the temperature. The free energy turns out to always be positive, which is not
immediately clear from its form (4.6). The AdS3 string star is therefore thermodynamically
disfavored compared to the thermal AdS3 solution. As we explain above, the solution is
also non-perturbatively metastable due to the dominant BTZ solution. The free energy
decreases with the temperature and goes to zero at the Hagedorn temperature when the
solution becomes trivial. General EFT arguments predict that close enough to the critical
value ] ~ (M2 — m2)Y2 (and |@],]¢],|C] ~ (M2 — m2)Y). As a result, we expect the
Euclidean action to scale as

o, ls (Ro— R.\?
IString star — ITAng ~ ?N(mQ - mg)Q ~ ij ( OR C> ) (425)
¢

where in the last line we moved back to general units for brevity.
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