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We revisit the 4, model for leptons in light of the new result of NuFIT 3.2. We introduce a
new flavon 5 transforming as an A4 singlet 1’ or 1”, which couples to both charged leptons
and neutrinos in next-to-leading-order operators. The model consists of five parameters: the
lightest neutrino mass m,, the vacuum expectation value of 7, and three CP-violating phases
after inputting the experimental values of Am?_ and Am? . The model with the 1” singlet flavon

atm sol*

gives the prediction of sin® 6, around the best fit of NuFIT 3.2 while staying near the maximal
mixing of 6,;. Inputting the experimental mixing angles with the 1 o error-bar, the Dirac CP-
violating phase is clearly predicted to be |5cp| = 50—120°, which will be tested by the precise
observed value in the future. In order to get the best-fit value sin” 6,3 = 0.538, the sum of three
neutrino masses is predicted to be larger than 90 meV. The cosmological observation for the sum
of the neutrino masses will also provide a crucial test of our predictions. It is remarked that the
model is consistent with the experimental data only for the normal hierarchy of neutrino masses.

Subject Index B40, B52, B54

1. Introduction

The origin of the quark/lepton flavor is still unknown in spite of the remarkable success of the
standard model (SM). To reveal the underlying physics of flavors is challenging work. The recent
developments in neutrino oscillation experiments have provided us with important clues to investigate
flavor physics. Indeed, the neutrino oscillation experiments have determined precisely two neutrino
mass-squared differences and three neutrino mixing angles. In particular, the recent data from both
the T2K [1,2] and NOvA [3,4] experiments show us that the atmospheric neutrino mixing angle
623 is favored near the maximal angle 45°. The global analysis by NuFIT 3.2 presents the best-fit
623 = 47.2° for the normal hierarchy (NH) of neutrino masses [5]. The closer the observed 63 is to
the maximal mixing, the more likely we are to believe in some flavor symmetry behind it. In addition
to the precise measurements of the mixing angles, the T2K and NOvA results strongly indicate the
presence of CP violation in the neutrino oscillation [2,4]. Thus, we are in the era of the development
of the flavor structure of the lepton mass matrices with a focus on the leptonic flavor mixing angles
and CP-violating phase.

Before the reactor experiments measured a non-zero value for 813 in 2012 [6,7], the paradigm of
the tri-bimaximal (TBM) mixing [8,9], a highly symmetric mixing pattern for leptons, had attracted
much attention. It is well known that this mixing pattern is derived in the framework of the A4 flavor
symmetry [10—13]. Therefore, non-Abelian discrete groups have become the center of attention in
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the flavor symmetry [14—17]. In order to obtain non-vanishing 0;3, two of the authors improved the
A4 model by a minimal modification by introducing another flavon that transforms as 1’(”) of 44
and couples only to the neutrino sector [18]. Then, the predicted values of 613 are consistent with the
experimental data. This pattern is essentially the trimaximal mixing TM; [19-21], which leads to
sin 9 12 > 1/3. However, the predicted sin? 015 is outside the 2 o interval of the experimental data in
the NuFIT 3.2 result [5]. Therefore, the A4 model should be reconsidered in light of the implications
of the new data from T2K and NOvA.

In this work, we introduce a new flavon transforming as an A4 singlet, n (1’ or 1”), which couples
to both charged leptons and neutrinos in next-to-leading-order operators. The model consists of five
parameters: the lightest neutrino mass m, the vacuum expectation value (VEV) of 7, and three
CP-violating phases after inputting the observed values of Amgtm and Amgol. The model with a 1”
singlet flavon gives the prediction of sin’ 015 around the best fit of NuFIT 3.2 while staying near
the maximal mixing of 653. The non-vanishing 613 is derived from both charged lepton and neutrino
sectors. Inputting the observed mixing angles with the 1 o error-bar, the CP-violating Dirac phase
is clearly predicted to be [§cp| = 50—120°. Therefore, the observation of the CP-violating phase is
essential for testing the model in the future.

It is remarked that the model is consistent with the experimental data only for NH of neutrino
masses. The inverted hierarchy (IH) of neutrino masses is not allowed in the recent experimental
data. This situation comes from the singlet 1’ or 1” flavon coupling to leptons in the next-to-leading
order. It is in contrast with the model in Ref. [18] where both NH and IH are allowed.

We present our framework for the 44 model in Sect. 2 where lepton mass matrices and VEVs of
scalars are discussed. The numerical results are shown in Sect. 3. Section 4 is devoted to the summary.
Appendix A shows the lepton mixing matrix and CP-violating measures that are used in this work.
The relevant multiplication rules of A4 are represented in Appendix B. The derivation of the lepton
mixing matrix is given in Appendix C. Appendix D presents the distributions of our parameters that
are used in our numerical calculations.

2. Our framework for the 4, model

We discuss our 44 model in the framework of supersymmetry (SUSY). In the non-Abelian finite
group A4, there are four irreducible representations: 1, 1’, 1”7, and 3. The left-handed leptons / and
right-handed charged leptons e¢, €, T¢ are assigned to the triplet and singlets, respectively, as seen
in Table 1. The two Higgs doublets (4,, /) are assigned to the A4 singlets, and their VEVs are
denoted as (v,, v¢) as usual. We introduce several flavons as listed in Table 1. The flavons ¢7 and ¢g
are A4 triplets while & and & are the same A4 singlet 1. In addition, n and 7 are the same non-trivial
singlet 1” or 1’. The A4 flavor symmetry is spontaneously broken by VEVs of gauge singlet flavons,
b7, bs, £, and n, whereas £ (1) and 77 (17, 1') are defined to have vanishing VEVs through the linear
combinations of £ and & and 7 and 7, respectively, as discussed in Ref. [13]. In the original model
proposed by Altarelli and Feruglio [12,13], ¢7, ¢s, and & were introduced, and then the specific
vacuum alignments of the triplet flavons led to the tri-bimaximal mixing where the lepton mixing
angle 613 vanishes. In 2011, two of the authors minimally modified the model by introducing an
extra flavon n (1”) on top of those flavons to generate non-vanishing 613 [18]. This modification
of the model leads to the trimaximal mixing of neutrino flavors, so-called TM,, which predicts
sin? 012 > 1/3 [19-21]. Unfortunately, this prediction for 61, is inconsistent with the data at the 2 o
confidence level (C.L.) given in the NuFIT 3.2 result [5]. In this work, we force the flavon n (1” or 1)

2/20



PTEP 2018, 083B01 S. K. Kang et al.

Table 1. Assignments of leptons, Higgs, flavons, and driving fields, where w = exp (2wi/3).

Ioe p 1 g or n Ul ¢s & & O ¢ Mo by &
SU(2) 2 1 1 1 2 1 1 1 1 1 1 1 1 1 1 1
A, 3 01 1 1 1 3 1ray ray 3 1 1 1 3 1an 3 1
Zs o o o o 1 1 1 1 o o o 1 1 w? o
Ulew 0 4 2 0 0 0 0 O 0 0 0 -1 0 0 0 0
U()g 1 1 1 0 0 0 0 0 0 0 0 2 2 2 2

to couple to both the charged lepton and neutrino sectors in next-to-leading operators by assigning
a Z3 charge to n appropriately.

We impose the Z3 symmetry to control Yukawa couplings in both the neutrino sector and charged
lepton sector. The third row of Table 1 shows how each chiral multiplet transforms under Z3 with its
charge w = exp(2wi/3).

In order to obtain the natural hierarchy among lepton masses m,, m,,, and m., we resort to the
Froggatt—Nielsen mechanism [22] with an additional U (1)pn symmetry under which only the right-
handed lepton sector is charged. The field ® denotes the Froggatt—Nielsen flavon in Table 1. The
U (1)pn charges are taken as (4, 2, 0) for (e, u¢, ), respectively. By assuming that ®, carrying a
negative unit charge of U (1)fN, acquires a VEYV, the relevant mass ratio is reproduced through the
Froggatt—Nielsen charges.

We also introduce a U(1)r symmetry in Table 1 to distinguish the flavons and driving fields ¢0T ,
¢g , &0, and ng, which are required to build a non-trivial scalar potential so as to realize the relevant
symmetry breaking.

In this setup, the superpotential for respecting 44 x Z3 x U(1)pN X U(1)p symmetry is written
by introducing the cutoff scale A as

w=wy + wg,
wy = wp + wy,
Wi = Ye (@711 €ha®*/A° +y, (1D nha®? /A + y (prD1r Tha/ A
+ 3, (rDpar €han®* /AS + ¥, (SrD)1ray khan® /A* + ¥, (1D 11y Than/ A2,
wy = ys(IDshyhugs /A + ye (D 1hyhé | A
+ P UD1hah($sdr)1/ A3 + V(D vhuhu(Pspr)rr /A
+ Y5 UD v (Bsdr)r /A + Yo UD3hh($sdr)s/ A
+ Y5 (ID3huhupsn/ A® + ye(IDshuhuEdr/ A> + Vo (I yanhuhun/ A3,
Wy = w§ + wg,
wh = —Majér + b drdT + A Pl
— Mnodrds + Aanoné + AsnonE + Aano€ + Asnofié,
W = 2108 psds + 2205 Bsé — g3Eodsds + gakoEE + gsEoEE + gekoE, (1)

where the subscripts 1'(1”) in (¢7/)y/17), etc. correspond to the case of 7 for 1”(1"). The Yukawa
couplings y and )’ are complex numbers of order one and M is a complex mass parameter, while g and
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A are trilinear couplings, which are also complex numbers of order one. Both leading operators and
next-to-leading ones are included in wy, which leads to the flavor structure of lepton mass matrices
including next-to-leading corrections.

On the other hand, wy only contains leading operators, where we can force £(7j) to couple with
¢g s (¢0T $7), but not £(n) with it since £ and £ (7 and ) have the same quantum numbers [13]. We
can study the vacuum structure and lepton mass matrices with these superpotentials.

2.1.  Vacuum alignments of flavons

Let us investigate the vacuum alignments of flavons. The superpotentials wg and wg in Eq. (1) are
written in terms of the components of triplet flavons:

wy = —M (6§ 1071 + dladr3 + d3612) + A (601672 + dlabr1 + Bi3b7r3) 7

+ Z?g (661 (971 — P12673) + B2 (672 — dr1973) + ¢4 (873 — r19672) ]

— Mo (pr2¢s2 + rids3 + ¢r3dst) + ranong + Asnoné + ranoii& + Asnoié,
2_% (601 (651 — Ps2¢s3) + B0 (652 — bs16s3) + b3 (083 — ds1¢s52) ]

+& (¢>€1¢s1 + oo s + ¢gg¢s2) 3
— 2360 (03] + 2¢s52s3) + gabot? + gsEoE + gekok?, 2)

S __
wy =

where wg is the same superpotential given in Ref. [13]. Note that new terms including 7 and 7 are
added in wg .
Then, the scalar potential of the F'-term is given as

2

2
=2 ‘—M¢T1 + Apran + ?g ((b%l — ¢12073)

. 28 9 ?
+2|=Mor3 + Apr1n + 3 (672 — dr1073)

. 2g 2 2
+2|=Mor2 + Apr3n + 3 (973 — d119712)

3 2
+ 2| =X (pr2ds2 + dr1953 + d13Ps1) + A2n€ + A3né + Aané + Asné|

ows 2

Vs=>_ a_Xd

281
3

+ h.c.

2
:2‘

2
2 -
+2 '% (93, — Ps1¢s3) + g2053E

(¢§1 — ¢520s53) + L2951€
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) 2
+2 ‘% (¢33 — Bs10s2) + g20528
3 2
2 |—g3 (631 + 2052653) + a8 + 2568 + 2682 3)

The vacuum alignments of ¢7, ¢s and VEVs of 1, 7, &, and € are derived from the condition of the
potential minimum, i.e., V7 = 0 and Vg = 0 in Eq. (3), as

(pr) =vr(1,0,0), (ps) =vs(L, L), () =gq, (=0, (§)=u, ()=0,
M

_ M g4 _Avrvs M [ g4
2g°

= , 4
Au AV 3g3 v @)

vr
where the VEVs of € and 7 are taken to be zero by the linear transformation of & and € (n and 7))
without loss of generality. The coefficients A; and g; are of order one since these flavons have no
FN charges. Therefore, the VEVs of n and £ are of the same order as vy and vg, respectively. In our
numerical analyses, ¢/ A is scanned around vy /A, which is fixed by the tau-lepton mass.

On the other hand, the FN flavon ® is not contained in w; due to the U (1)gn invariance. The
VEV of ® can be derived from the scalar potential of the D-term by assuming gauged U (1)pN. The
Fayet-—Iliopolos term leads to the non-vanishing VEV of ® as discussed in Ref. [23]. Thus, its VEV
is determined independently of vr, vg, u, and q.

2.2. Lepton mass matrices

The explicit lepton mass matrices are derived from the superpotentials w; and wy, in Eq. (1) by use
of the multiplication rule of 44 given in Appendix B. Let us begin with writing down the charged
lepton mass matrices by imposing the vacuum alignments in Eq. (4) as:

Pt 0 Veay Pt yha,,)»z 0
My =vgoy | Viagh*  yua2 0 | forn(1"), wvgae| 0 yur? Yhay, | forn(1)),
0 J’;ﬂn)‘z Ve J’é‘)‘n)L4 0 Ve
(5)
where ay, a;, and A are defined in terms of the VEVs of ¢7, 1, and ®, respectively:
e:@:\/_r’ anzﬁzi, )\,E@. (6)
A A A A A

We note that the off-diagonal elements arise from the next-to-leading operators.

The left-handed mixing matrix of the charged lepton is derived by diagonalizing M, M g . We obtain
the mixing matrix Ug approximately for the cases of n being 1” or 1’ of A4 as (more explicitly
presented in Appendix C):

1 1 .
U/ = : o 1 Ji+aPazee | forn), (1)
I T
\/1 to \/1 M O(az) —afe™® m
n n
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where

/ /
. y . y
aye? ="La,, ale =L, (8)

" Yt 7 Yu

2
e’

In the leading-order approximation, U, depends on one real parameter o, and one phase ¢ for the

The mass eigenvalues m mi, and m% are obtained by UMM g U g as shown in Appendix C.

case of n(1”), whereas it depends on «f, oy, @, and ¢’ for the case of n(1’). The parameter o, is
expected to be much less than 1 as discussed in the next section. As seen in Eq. (7), the off-diagonal
(1,3) and (3,1) entries in U, ; are dominant for the case of n(1”) while the off-diagonal (1,2) and (2,3)
(also (2.1) and (3,2)) entries in Ug are dominant for the case of n(1’). Thus, it is expected that the
assignments of n(1”) and n(1”) give rise to different predictions of the mixing and the CP violation.
It is found that the effects of the next-to-leading terms of O(a%), @ (a%), and O(an)f‘) in the mixing

matrix U, g are negligibly small by our numerical estimation.

The neutrino mass matrix is derived from the superpotential wy, in Eq. (1) by imposing the vacuum
alignments given in Eq. (4). The next-to-leading operator y5/lh,h,¢sn can be absorbed in the leading
one ysllh,h,¢s due to the alignment of (¢g) o (1,1,1). Although the next-to-leading operators
lhy,h,¢sor and llh,h,¢ré cannot be absorbed in the leading one, their effects are expected to
be suppressed because (¢7)/A is fixed to be small. We have confirmed that the effect of these
next-to-leading operators is negligibly small in our numerical calculations.

On the other hand, the operator y/1lh,h,&n leads to a significant contribution to the neutrino mass
matrix because (n)/A could be significantly larger than (¢7)/A as discussed in Appendix D. For
n(1”), we have

1 00 1 1 1 1 00 0 1 0
My,=al0 1 0]+b]1 1 1]4+c]0 0 1]+4d|1 0 0], 9)
0 0 1 1 1 1 01 0 0 0 1
where the coefficients a, b, ¢, and d are given in terms of the Yukawa couplings and VEVs of flavons
as follows:
ysa ysa ygo Voo
a= Avvi, b=— 3AUV12¢> c=—§A§v5, =—7i nvi, (10)
with
(ps) vs (§) u
Ofv A A B Olé: A A ( )

Since the parameter d is induced from the next-to-leading operator /£ nh,h,, the magnitude of d is
expected to be much smaller than a, b, and c.
For n(1"), we get

1 00 111 1 00 0 0 1
My=alo 1 ol+bf1 1 1]4+c]o 0 1|+d|0 1 o], (12)
0 0 1 111 010 1 0 0

where the last matrix of the right-hand side is a different one compared with the case of n(1”).
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There are three complex parameters in the model since the coefficient b is given in terms of a
(a 4+ 3b = 0). We take a to be real without loss of generality and reparametrize them as follows:

a— a, c—>cei¢c, d—)dei¢d, (13)

where a, ¢, and d are real parameters and ¢., ¢4 are CP-violating phases.
For the lepton mixing matrix, Harrison—Perkins—Scott proposed a simple form of the mixing
matrix, so-called TBM mixing [8,9],

2 L 0
o
ViBM = —Tg $ ~7 | (14)
Ve V3 V2
by which M, is diagonalized in the case of d = 0. We obtain the neutrino mass matrix in the TBM
basis by rotating it with Vrpy as:
R a+ celte — %ei‘f’d ‘ 0 ' q:*/ngei¢d
M, = VigyM, Vpm = 0 ce'®e + dei®d 0 : (15)
:F*/nge"‘i’d 0 a— ce'® + %ehﬁd

where the upper (lower) sign in front of the (1,3) and (3,1) components corresponds to 1 transforming
as 1”(1’). The neutrino mass eigenvalues are explicitly given in Appendix C.

The mixing matrix U, is derived from the diagonalization of Z\A/[VZ\A/I,jr apart from the Majorana
phases such as

m 0 0
U, MMH Ui =10 md o] (16)
2
0 0 mg
As shown in Appendix C, we get
cos 0 0 sinfe i@
Ul = 0 1 o | (17)

—sinfe® 0  cos6

where 6 and o are given in terms of parameters in the neutrino mass matrix.
As seen in Eq. (10), the parameter d is related to ¢ as

d

c

]
Ve

ay =a, (18)

where %, and y: are coefficients of order one. On the other hand, « and ¢ are given in terms of mj,
2 and Am2,, as shown in Appendix C. Therefore, n; and o, are

sol
free parameters in addition to ¢, and ¢, in our model.

oz,”,, and the experimental data Am

It is remarkable that neutrino mass eigenvalues do not satisfy Amgol > 0 for the case of IH of
neutrino masses as discussed in Appendix C because of the relations a ~ ¢ and ¢ > d in our model.
This is understandable by considering the case of the d = 0 limit, which corresponds to the exact
TBM mixing. It is allowed only for NH of the neutrino mass spectrum.
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Finally, the Pontecorvo—Maki—Nakagawa—Sakata (PMNS) matrix [24,25] is given as
Upmns = Up Vpm U] P, (19)
where P is the diagonal matrix responsible for the Majorana phases obtained from
PU,M,UTP = diag{my, my, m3}, (20)

where m1, my, and m3 are real positive neutrino masses.
The effective mass for the neutrinoless double beta (0vB8) decay is given as follows:

2 2 2
|Mee| = ‘merl +m2Ue2 +m3Ue3 >

21

where U,; denotes each component of the PMNS matrix Upmns, which includes the Majorana phases.

From Eq. (19), we can write down the three neutrino mixing angles of Appendix A in terms of
our model parameters for the case of the 1” singlet 1, which shows how experimental results can be
accommodated in our model:

sinfjp >~ —— ’1 —ale?|,
1 +af’ V3 !
sin 613 ~ 12 sinfe 7 — Lozr cos 0e'®
~ ; ,
J14+ a;z V6 V2
sin b3 ~ '—— cos @ — L sinfe™"7 (22)
V2 V6 ’

where the next-to-leading terms are omitted. It is remarkable that sin 613 is composed of contributions
from both the charged leptons and neutrinos. On the other hand, the deviation from the trimaximal
mixing of 61, comes from the charged lepton sector, whereas the deviation from the maximal mixing
of 63 comes from the neutrino sector. Since these are given in terms of four independent parameters,
we cannot obtain the sum rules in the PMNS matrix elements. However, the tau-lepton mass helps
us to predict the allowed region of the CP-violating Dirac phase dcp and Majorana phases a1 and
o371 as discussed in the next section.

3. Numerical results

First, we present the framework of our calculations to predict the CP-violating Dirac phase dcp
and Majorana phases a»; and o3;. We explain how to get our predictions in terms of three real
parameters o', oz;, and m on top of three phases ¢, ¢., and ¢, for NH of neutrino masses. We can
put for simplicity

oy =y =a (23)

ie., [y7/vel = [V, /| = 1 since all Yukawa couplings are of order one.

The result of NuFIT 3.2 [5] is used as the input data to constrain the unknown parameters. By
taking m% — m% = Amgtm and m% — m% = Amgol with the 3 o and 1 o data given in Table 2, a, ¢, and d
are fixed in terms of my, o}, ¢¢, and 4. There is also the CP-violating phase ¢ in the charged lepton
mixing matrix. In our numerical analysis, we perform a parameter scan over these three phases and
m1 by generating random numbers. The scan ranges of the parameters are — < (¢, ¢, ¢g) < 7w and
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Table 2. The best-fit, 1 o, and 3 o ranges of neutrino oscillation param-
eters from NuFIT 3.2 for NH [5].

Observable Best fitand 1 o 3 o range
Am?, (249470030 x 1073 V2 (2.399-2.593) x 1073 eV?
Am? (7407030 x 107% eV? (6.80-8.02) x 1075 eV?
sin’ 0 0538500 0.418-0.613
sin® 6, 0.30770013 0.272-0.346

) +0.000 75
sin” 3 0.022 06590073 0.01981-0.024 36

0 < m; < 50 meV. Note that the range of m is restricted by the lower bound of the cosmological
data for the sum of the neutrino masses, 160 meV [26]. The parameter «;,, is constrained by the
tau-lepton mass:

my = |yr|agvy, (24)

which gives oy = 0.0316 and 0.010 for the minimal supersymmetric standard model (MSSM) with
tan B = 3 and SM, respectively. Here we put |y;| = 1. Since «;, is of the same order as ay as seen
in Eq. (4), we vary the parameter «;, around oy = 0.0316 (0.010) by using the I' distribution ( x?
distribution), which is presented in Appendix D.

We calculate three neutrino mixing angles in terms of the model parameters while keeping the
parameter sets leading to values allowed by the experimental data at 1 o and 3 ¢ C.L. as given in
Table 2. Then, we calculate the CP-violating phases and |m,.| with those selected parameter sets.
Accumulating enough parameter sets surviving the above procedure, we make various scatter plots
to show how the observables depend on the model parameters.

In Sect. 3.1, we show our numerical results for (1”). The numerical results for n(1") are briefly
shown in Sect. 3.2.

3.1. Caseofal” singlet n

Let us show numerical results for the case of a 1” singlet . We analyze only the case of NH of
neutrino masses since the case of IH of neutrino masses is inconsistent with the experimental data
as discussed in Appendix C.

First, we show the prediction of §cp versus sin® 023 in Fig. 1 where the blue and green dots
correspond to the input of the 30 and 1o data in Table 2, respectively. This result is similar to
the prediction of TM; since the deviation from the maximal mixing of 653 is due to the extra (1,3)
family rotation of the neutrino mass matrix in Eq. (15). In order to compare our prediction with the
TM,; result [27,28], we show its prediction by a red curve, which is obtained by taking the best-fit
data in Table 2. We see that our predicted region is inside the TM, boundary. For the maximal
mixing 63 = 7 /4, the absolute value of §cp is expected to be 60-90°. It is also predicted to be
90° < |8cp| < 110° at the best fit of sin 63 = 0.538. All values between —180° and 180° are
allowed for dcp in the case of the input data at 3 o as seen in Fig. 1. However, for the input data
at 1o, |8¢cp| is restricted to 50—120°, which is completely consistent with the present data at 1 o,
—157° < Scp S —83°, apart from its sign. Thus, the precise data of 6,3 and §cp would provide us
with a crucial test of our prediction. We note that the model has three CP-violating phases, which
are scanned as —1 < (¢, ¢, pq) < 7 in our numerical analysis. It is possible to obtain the observed
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0.45 0.50 0.55 0.60

Fig. 1. The allowed region on the sin 8,;—cp plane, where the blue and green dots correspond to the input of
the 3 0 and 1 o data in Table 2, respectively. The red curve represents the prediction of TM,.

150F
100, °

5082,

ocp []

-50¢p"

—100F. 6, B

—-150¢

028 029 030 031 032 033 034
511’12012

Fig.2. The allowed region on the sin” #;,—8¢p plane. The meaning of the colors is the same as in Fig. 1. The
red curve represents the model without rotation to the neutrino mass matrix in the TBM basis.

values for the case of ¢ = +7 and ¢; = 0 in the neutrino mixing matrix. Then, we obtain the
restricted predictions as 0.46 < sin? 653 < 0.48and 30° < |8cp| < 60°. In this case, the CP violation
of leptons requires the source of the CP-violating phase ¢ in the charged lepton sector. On the other
hand, it is also possible to obtain the observed values for the case of ¢; = 0 and ¢ = 0 in the neutrino
and charged lepton mixing matrices, respectively. In this case, the CP violation of leptons requires
the source of the CP-violating phase ¢, in the neutrino sector.

Next, we show the prediction of §cp versus sin? 012 in Fig. 2. The deviation from the trimaximal
mixing of 61, is due to the (1,3) family rotation of the charged lepton sector as seen in Eq. (22).
The model without the additional rotation to the neutrino mass matrix in the TBM basis presented
a clear correlation between sin? 012 and 8cp [27,28]. We also show its prediction by a red curve,
which is obtained by taking the best-fit data in Table 2. Predicted points are scattered around the red
curve. Our predicted region is broad for the 3 o data for the mixing angles. However, the 1 o data
force the predicted region to be rather narrow. Then, |6cp| = 60—120° is predicted at the best fit of
sin? 01, = 0.307, where the maximal CP violation [scp| = 90° is still allowed.

On the other hand, we cannot find any correlation between §cp and sin® 013 since both phases o
in the neutrino mass matrix and ¢ in the charged lepton mass matrix contribute to sin® 63 as seen in
Eq. (22). We do not present the result in a figure.

In order to understand the role of the key parameter o, we show how the three neutrino mixing
angles and the CP-violating Dirac phase depend on «;, in Figs. 3—6. First, in Fig. 3, we show the
prediction of sin 613 versus «;, where the 3 o data are taken as the input except for sin 613. The red
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Fig. 3. The allowed region on the o,—sin 6,3 plane, where the 3 o data are taken except for sin 6;3. The red
lines represent the upper and lower bounds of the experimental data.

0.60f I ]

0.551

(2]
o

0.50

sin“e

0.4

0.34F
0.33F
o 032}
& 031F
j=
? 0.30F
0.29F
0.28F

0.4

150¢
100¢

dcp []
o

50}

_1007 o3 - . .

- 150} T ]
00 0.1 0.2 0.3 0.4

Fig. 6. The allowed region on the o,—8cp plane. The meaning of colors is the same as in Fig. 1.
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Fig.7. The predicted Majorana phases on the oy;—«3; plane. The meaning of colors is the same as in Fig. 1.
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Fig. 8. The prediction of |m,,| versus m,. The meaning of colors is the same as in Fig. 1.

lines denote the upper and lower bounds of the 3 o experimental data for sin 613. Note that sin ;3
depends on «;, crucially as seen in Eq. (22). As shown in Fig. 3, the observed value sin 613 is not
reproduced unless «, is larger than 0.07.

The clear dependence between o, and the predicted sin® 03 can be seen in Fig. 4. In order to
reproduce the maximal mixing of 6,3, o, should be larger than 0.12. The highly probable prediction
of sin? 63 is near 0.47-0.5 for 0.1 < ) < 0.2.

The deviation from the trimaximal mixing of sin? 6;, explicitly depends on ay as seen in Eq. (22).
We show the prediction of sin® 61, versus o, in Fig. 5. The predicted sin” 0}, is almost independent
of o, as long as a;; > 0.1.

The o, dependence on dcp gives the characteristic prediction as shown in Fig. 6. The CP conser-
vation §cp = 0 is excluded in the smaller region o, < 0.12 for the experimental data with 3 0. By
inputting the 1 o data in Table 2, we obtain the prediction of dcp as £(50-120°), which is almost
independent of «;; for ;) = 0.1-0.2.

We show the prediction of the Majorana phases «p1 and «31 in Fig. 7. While both Majorana phases
are allowed in the full region of —180-180°, there is a clear correlation between both phases.

In Fig. 8, we present the predicted |m,.|, the effective mass for the OvB8 decay, versus m;, which
is another key parameter in our model. The parameter m; should be larger than 12 meV in order to
reproduce the observed mass-squared differences, and it is smaller than 46 meV due to the cosmo-
logical constraint on the sum of neutrino masses [26]. In the hierarchical case of neutrino masses
mp < my < mg3, the predicted value |m,,| is at most 10 meV but close to 45 meV for degenerate
neutrino masses.

Next, we discuss the sum of three neutrino masses Xm; because the cosmological observation
gives us a upper bound for it. We show the predicted region of the £m;—sin” 6,3 plane in Fig. 9.

12/20



PTEP 2018, 083B01 S. K. Kang et al.

0.60F

0.551

0.45¢

0.08 0.10 0.12 0.14 0.16
Zm; [eV]

Fig.9. The Zm; dependence of the predicted sin” 6,;. The meaning of colors is the same as in Fig. 1.
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Fig.10. The Xm; dependence of the predicted dcp. The meaning of colors is the same as in Fig. 1.

The minimum of the sum of three neutrino masses Xm; is 75 meV in our model. In order to get
sin 623 > 0.5, m; should be larger than 85 meV. For the best fit of sin® 63 = 0.538, m; is
expected to be larger than 90 meV. We show the predicted region of the Xm;—Scp plane in Fig. 10.
The predicted |5cp| is smaller than 90° if Xm; is smaller than 85 meV. Thus, the cosmological
observation for the sum of neutrino masses will be a crucial test of these predictions.

We have neglected the next-to-leading terms ll¢ps 1 hy, by, and llprnhy,hy, in the neutrino mass matrix
of Eq. (9) because oy = 0.0316 (0.010) is small compared with o, > 0.1. We have confirmed that
those effects are small with our numerical calculation by inputting 1 o data. Indeed, the prediction
of sin? 623—6¢cp almost remains inside the red curve in Fig. 1.

Itis also worthwhile commenting on the «;; distribution in our numerical results. In order to remove
the predictions for a;; > 0.3 smoothly, which is about ten times larger than oy = 0.0316, we have
used the Gamma distribution for «; given in Eq. (D3) of Appendix D. We have confirmed that
our results are not changed even if we adopt another Gamma distribution presented in Eq. (D4) of
Appendix D although the number density of dots gets lower. We have also used oy = 0.010, which
corresponds to SM in our calculations. In this case, the number density of dots gets significantly
lower, but the allowed region is almost unchanged. Moreover, we have found that the allowed region
is also unchanged even if we use a flat distribution of «;; in the region 0 < o, < 0.3. Thus, our
results are robust for any distribution of «;,.

3.2. Caseofal singletn

We show the numerical results for a 1’ singlet n briefly because the correlations of the observables
appear to be weak. We show the predicted §cp versus sin’ 653 in Fig.11. The region of |§cp| < 50° is

13/20



PTEP 2018, 083B01 S. K. Kang et al.

0.45 0.50 0.55 0.60
sin2923

Fig. 11. The allowed region on the sin 6y;—8¢p plane for n(1"). The meaning of colors is the same as in Fig. 1.
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Fig. 12. The allowed region on the sin® 6, »—8¢cp plane for n(1). The meaning of colors is the same as in Fig. 1.

almost excluded while the regions near £180° are allowed. There is no correlation between sin? 63
and Scp.

We also show the predicted §cp versus sin? 01> in Fig. 12. The predicted |cp| increases as sin? 012
decreases from the trimaximal mixing 1/3, but its correlation is rather weak.

Both results in Figs. 11 and 12 are due to mixing of the (1,2) and (2,3) families in the charged
lepton sector. Thus, the model with the 1’ singlet 7 is less attractive than that with the 1” singlet 1 in
light of the NuFIT 3.2 data.

4. Summary

The flavor symmetry of leptons can be examined precisely in light of the new data and the upcoming
experiments [29]. We study the 44 model with minimal parameters by using the results of NuFIT
3.2. We introduce the A4 singlet 1’ or 1” flavon n, which couples to both the charged lepton and
neutrino sectors in the next-to-leading order due to the relevant Z3 charge for . The model with the
1”7 (1") flavon is consistent with the experimental data of Amgol only for NH of neutrino masses. The
key parameter is o, which is derived from the VEV of the flavon 7. The parameter «;, is distributed
around oy = 0.0316 (0.010) in the Gamma distribution of the statistic. Our results are robust for
different distributions of «;,.

In the case of the singlet n(1”), o, should be larger than 0.07 in order to reproduce the observed
value of sin 8;3. The numerical prediction of §cp versus sin® 0,3 is similar to the prediction of TM,.
However, our predicted region is inside the TM; boundary. The absolute value of the predicted dcp is
60-90° for the maximal mixing 6,3 = /4. For the best fit of sin® 623 = 0.538, |5cp]| is in the region
0f90-110°. The predicted sin” 6} is also allowed around the best fit of NuFIT 3.2 while staying near
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the maximal mixing of 6,3. Inputting the data with the 1 o error-bar, we obtain a clear prediction of
the CP-violating Dirac phase of |§cp| = 50-120°. The lightest neutrino mass m is expected to be
12—-46 meV, which leads to |me.| < 45 meV. In order to get the best fit of sin® 6r3 = 0.538, the sum
of the three neutrino masses is expected to be larger than 90 meV. The cosmological observation for
the sum of the neutrino masses will also provide a crucial test of these predictions.

The model with (1) is not attractive in light of the NuFIT 3.2 result because the input data given
in Table 2 do not give a severe constraint for the predicted region of dcp.

We expect a precise measurement of the CP-violating phase to test the model in the future.
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Appendix A. Lepton mixing matrix

Supposing neutrinos to be Majorana particles, the PMNS matrix Upymns [24,25] is parametrized in
terms of the three mixing angles 0;; (i,j = 1,2,3; i < j), one CP-violating Dirac phase dcp, and two
Majorana phases o1, o3 as follows:

c12¢13 §12€13 s13e o 1 0
UpMns = | —s12¢23 — 12523513 c12¢23 — s12523513€/C §23C13 0 &7 0 |,
S12523 — C12€23813€CP  —C12803 — 512023513€°P ca3¢13 0 0 e
(AD)

where ¢;; and s;; denote cos 6;; and sin 6;;, respectively.
The rephasing invariant CP-violating measure, the Jarlskog invariant [30], is defined by the PMNS
matrix elements Uy;. It is written in terms of the mixing angles and the CP-violating phase as:

Jep = Im [Uel UnU}, UZl] = 523¢23512C12513¢73 Sin 8cp, (A2)
where U,; denotes each component of the PMNS matrix.
There are also other invariants /; and /> associated with Majorana phases [31-35]:
% ) . (021 x . (03]
[1 =Im [Uel Uez] = C12€12€13 SN (7), ]2 =Im [Uel Ue3] = C12513C13 SIn (7 — 5cp).
(A3)
We calculate dcp, az1, and «3; with these relations.

Appendix B. Multiplication rule of the 4, group

We use the multiplication rule of the 44 triplet as follows:

ai by
a| ®|b2| = (a1by +axbs +azby); @ (azbs + a1by + axby)y
as ) b3 3
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@ (axby + a1bs + azby)yr

2a1b1 — arbz — azby 1 arbs — azby
(&) g 2a3bs — a1by — arb (&) 5 arby —axb; >

2ayby — a1bs — azb azby — a1bs 3

3
1®1=1, 1 =1", 1"®1" =1, '®1"=1. (B

More details are shown in Refs. [15,16].

Appendix C. Charged lepton and neutrino mass matrices

The left-handed mixing matrix of the charged lepton is derived from the diagonalization of
UMM, g U Z in Eq. (5). The diagonalizing matrix U ZT for the charged lepton is given as follows:

1 _yiy_’roﬁ Ve

/ Y yr En y/i“"
T Yu V. yuy, "
U, ~ (y—ﬁ%)*a% 1 |§J5 ay | forn(17),
/ / /
_(Yryx Y Ve 2,3
G e 5151 ey 1
/ 7
y Ve Vu (Yunk 244
1 Y YeYu (Yu A
’ J’Man Yr )t (yr) a’?
T y d /
U, ~ _(y_Z)*“” 1 %“” for n (1'). (C1)
/o /
Y Yoy, 2 (Yryx
(J’u yr) &y (yf) &y 1

The mass eigenvalues of the charged leptons are given in a good approximation:
me = |ye|05€)¥4vd, my = |yu|aﬁ)\2vd, me = |yclogvg, (C2)

where the Yukawa couplings are of order one.
Next, we consider the neutrino mass matrix in the TBM basis. ]\A/[,,]\Alj is written as follows:

(1, 1) 0 (1,3)
MM =] 0 |cei® +de®e2 0 |, (C3)
(1,3)* 0 (3.3)

where

(1,1 = a® + % + d* + 2ac cos ¢ — cd cos(¢p. — ¢q) — ad cos ¢,
(3,3) = a* + ¢ + d* — 2accos ¢ — cd cos(¢p. — ¢g) + ad cos ¢g,
(1,3) = FV/3 [ad cos ¢4 + icd sin(p — ¢a)]. (C4)

Here, the upper (lower) sign in front of the (1,3) component corresponds to the assignment of 1” and
1’ for n, respectively. We obtain the neutrino mass eigenvalues for NH as follows:

m; = a* +c* +d* — cd cos(pc — $a)

- \/362612 sin® (e — ¢a) + 4a2(c? cos? ¢p. + d? cos? ¢pg — cd cos P cos ¢y,
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m% =d® 4+ +d* — cd cos(pe — da)

+ \/3c2d2 sin? (e — @) + 4a%(c? cos? ¢ + d? cos? ¢y — cd cos P cos ¢g),
m3 = +d? + 2cd cos(¢. — ¢y). (C5)

MVMJ is diagonalized by the (1,3) family rotation as:

md 0 0
U, MMH U =10 md o], (C6)
2
0 0 m3
where
cos 6 0 sinfe
Ul = 0 1 0 . (C7)

—sinfe'® 0 cosf

0 and o are given in terms of parameters in the neutrino mass matrix:

dy/a? cos? gy + c? sin’ (fe — pu) ang = S50 =00 (o

t. 29 = 3 ’
an V3 a(d cos g — 2ccos @) acos ¢g

The parameters a, ¢, and d are written in terms of m; and «;,. As seen in Eq. (10) , the parameter d
is related to ¢ as

d

Y1
b43

- = =), Cc9
- oy =, (C9)

where y’7 and yg are order-one coefficients. On the other hand, a and c are given in terms of m;, oz;]’,

Am%l = m% — m%, and Am%1 = m% — m% since we have the following relations in Eq. (C5):

1
Z(Amgl)z = 32d? sin (¢ — ¢g) + 4a> (¢ cos? . + d* cos? g — cd cos ¢ cos Pg),
Ams, = ¢ +d* + 2cd cos(pe — ¢q) — m7. (C10)

Then, putting Amgtm = Am%1 and Amgol = Am%l,

02 — Amgol + m% aZ — 1 Amgtm - 12C4(05;;))2 Sin2(¢c - ¢d)
L+ (@))? 4 2a) cos(¢e — ¢a)’ 16¢2 cos? ¢ + (a))? cos? g — a}) cos P cos ¢y
(C11)

where m; and o, are free parameters as well as ¢ and ¢g.
We comment on the case of IH of neutrino masses. In this case, the neutrino mass eigenvalues are
given as

m = a* +c* +d* — cd cos(p — $a)

+ \/302512 sin (¢ — Pa) + 4a2(c2 cos? ¢ + d? cos? pg — cd cos ¢ cos ¢g),
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Fig.D1. «, distribution for o, = 0.0316 (blue) and o, = 0.010 (red) in Eq. (D3) (¢ = 3/2,8 = 2,
y=1,u=0).

m; = a* +c* +d* — cd cos(¢e — pa)

— \/3ch2 sin?(¢e — Pa) + 4a2(c? cos? ¢pe + d? cos? ¢pg — cd cos P cos ¢g),
m3 = +d* + 2cd cos(pe — pa), (C12)
where m% and m% are exchanged with each other in Eq. (C5). Then, Amgol is given as

Amgol = m% — m% = 3cd cos(¢pe — Pg) — a*

— \/3czd2 sin?(¢e — ¢a) + 4a2(c? cos? ¢ + d? cos? g — cd cos P cos ¢g). (C13)

It is impossible to reproduce the observed value of Amgol since a ~ ¢ and ¢ > d in our model as
seen in Eq. (10). Indeed, d/c is expected to be 0.1-0.2 in our numerical analysis.

Appendix D. Distribution of «,

The magnitude of the parameter oy is determined by the tau-lepton mass as seen in Eq. (24). The
key parameter «,, is related to a, through the vacuum structure as discussed in Eq. (4):

Al [ g4
O[n— —

— (D1)
AV 3g3

The coefficients A1(2) and g3(4) are of order one. Then, the factor in front of ¢ in Eq. (D1) could be
O(10). We scan «;; by using Eq. (D1) after fixing oy in the statistical approach. For this purpose, we
use the Gamma distribution that is available to find the distribution of the order-one parameter:

e \V
f=&- M)("”’*l)e<Tﬂ) : (D2)

Taking y = 1 witha = 3/2, u = 0, and 8 = 2, we obtain
f=ie (D3)

which is equivalent to the x? distribution. When we take y=2witha=1,u=0,and 8 = V2,
we obtain

1.2

f=xe 2, (D4)

which damps like a Gaussian distribution at large x.
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Fig.D2. «, distribution for o, = 0.0316 (blue) and o, = 0.010 (red) in Eq. (D4) (¢ = 1,8 = V2,
y=2,u=0).

It is easy to check that / is maximal at x = 1 and f = 0 at x = 0 for both types of Gamma
distribution. We obtain the distribution of «;; by multiplying o¢ by /', which is used in our numerical
calculations. We show the distribution of «;, in Figs. D1 and D2 for aty = 0.0316 (MSSM tan 8 = 3)
and oy = 0.010 (SM) in the case of the distributions of Egs. (D3) and (D4), respectively.

References

(1]

(2]
(3]

(4]

(3]
(6]

(7]
(8]

K. Abe et al. [T2K Collaboration], Phys. Rev. D 96, 092006 (2017) [arXiv:1707.01048 [hep-ex]]
[Search INSPIRE].

T2K report (2017) (available at: http://t2k-experiment.org/2017/08/t2k-2017-cpv/).

P. Adamson et al. [NOvA Collaboration], Phys. Rev. Lett. 118, 231801 (2017) [arXiv:1703.03328
[hep-ex]] [Search INSPIRE].

A. Radovic, “Latest oscillation results from NOvVA.” Joint Experimental-Theoretical Physics Seminar,
Fermilab, USA, January 12, 2018.

NuFIT 3.2 (2018) (available at: www.nu-fit.org).

F. P. An et al. [DAYA-BAY Collaboration], Phys. Rev. Lett. 108, 171803 (2012) [arXiv:1203.1669
[hep-ex]] [Search INSPIRE].

J. K. Ahn et al. [RENO Collaboration], Phys. Rev. Lett. 108, 191802 (2012) [arXiv:1204.0626
[hep-ex]] [Search INSPIRE].

P. F. Harrison, D. H. Perkins, and W. G. Scott, Phys. Lett. B 530, 167 (2002) [arXiv:hep-ph/0202074]
[Search INSPIRE].

P. F. Harrison and W. G. Scott, Phys. Lett. B 535, 163 (2002) [arXiv:hep-ph/0203209] [Search
INSPIRE].

E. Ma and G. Rajasekaran, Phys. Rev. D 64, 113012 (2001) [arXiv:hep-ph/0106291] [Search INSPIRE].
K. S. Babu, E. Ma, and J. W. F. Valle, Phys. Lett. B 552, 207 (2003) [arXiv:hep-ph/0206292] [Search
INSPIRE].

G. Altarelli and F. Feruglio, Nucl. Phys. B 720, 64 (2005) [arXiv:hep-ph/0504165] [Search INSPIRE].
G. Altarelli and F. Feruglio, Nucl. Phys. B 741, 215 (2006) [arXiv:hep-ph/0512103] [Search INSPIRE].
G. Altarelli and F. Feruglio, Rev. Mod. Phys. 82,2701 (2010) [arXiv:1002.0211 [hep-ph]] [Search
INSPIRE].

H. Ishimori, T. Kobayashi, H. Ohki, Y. Shimizu, H. Okada, and M. Tanimoto, Prog. Theor. Phys. Suppl.
183, 1 (2010) [arXiv:1003.3552 [hep-th]] [Search INSPIRE].

H. Ishimori, T. Kobayashi, H. Ohki, H. Okada, Y. Shimizu, and M. Tanimoto, An Introduction to
Non-Abelian Discrete Symmetries for Particle Physicists (Springer, Berlin, 2012), Lecture Notes in
Physics Vol. 858, p. 1.

S. F. King, A. Merle, S. Morisi, Y. Shimizu, and M. Tanimoto, New J. Phys. 16, 045018 (2014)
[arXiv:1402.4271 [hep-ph]] [Search INSPIRE].

Y. Shimizu, M. Tanimoto, and A. Watanabe, Prog. Theor. Phys. 126, 81 (2011) [arXiv:1105.2929
[hep-ph]] [Search INSPIRE].

19/20



PTEP 2018, 083B01 S. K. Kang et al.

[19]
[20]
[21]

[22]
[23]

[24]
[25]
[26]
[27]

[28]

W. Grimus and L. Lavoura, J. High Energy Phys. 0809, 106 (2008) [arXiv:0809.0226 [hep-ph]]
[Search INSPIRE].

C. H. Albright, A. Dueck, and W. Rodejohann, Eur. Phys. J. C 70, 1099 (2010) [arXiv:1004.2798
[hep-ph]] [Search INSPIRE].

W. Rodejohann and H. Zhang, Phys. Rev. D 86, 093008 (2012) [arXiv:1207.1225 [hep-ph]] [Search
INSPIRE].

C. D. Froggatt and H. B. Nielsen, Nucl. Phys. B 147, 277 (1979).

G. Altarelli, F. Feruglio, and C. Hagedorn, J. High Energy Phys. 0803, 052 (2008) [arXiv:0802.0090
[hep-ph]] [Search INSPIRE].

Z. Maki, M. Nakagawa, and S. Sakata, Prog. Theor. Phys. 28, 870 (1962).

B. Pontecorvo, Sov. Phys. JETP 26, 984 (1968) [Zh. Eksp. Teor. Fiz. 53, 1717 (1967)].

E. Giusarma, M. Gerbino, O. Mena, S. Vagnozzi, S. Ho, and K. Freese, Phys. Rev. D

94, 083522 (2016) [arXiv:1605.04320 [astro-ph.CO]] [Search INSPIRE].

Y. Shimizu, M. Tanimoto, and K. Yamamoto, Mod. Phys. Lett. A 30, 1550002 (2015) [arXiv:1405.1521
[hep-ph]] [Search INSPIRE].

S. K. Kang and M. Tanimoto, Phys. Rev. D 91, 073010 (2015) [arXiv:1501.07428 [hep-ph]] [Search
INSPIRE].

S. T. Petcov and A. V. Titov, Phys. Rev. D 97, 115045 (2018) [arXiv:1804.00182 [hep-ph]] [Search
INSPIRE].

C. Jarlskog, Phys. Rev. Lett. 55, 1039 (1985).

S. M. Bilenky, S. Pascoli, and S. T. Petcov, Phys. Rev. D 64, 053010 (2001) [arXiv:hep-ph/0102265]
[Search INSPIRE].

J. F. Nieves and P. B. Pal, Phys. Rev. D 36, 315 (1987).

J. F. Nieves and P. B. Pal, Phys. Rev. D 64, 076005 (2001) [arXiv:hep-ph/0105305] [Search INSPIRE].
J. A. Aguilar-Saavedra and G. C. Branco, Phys. Rev. D 62, 096009 (2000) [arXiv:hep-ph/0007025]
[Search INSPIRE].

I. Girardi, S. T. Petcov, and A. V. Titov, Nucl. Phys. B 911, 754 (2016) [arXiv:1605.04172 [hep-ph]]
[Search INSPIRE].

20/20



