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Thermodynamic properties and phase diagram of quark matter within
non-extensive Polyakov chiral SU (3) quark mean field model
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Abstract: In the present study, we applied Tsallis non-extensive statistics to investigate the thermodynamic proper-
ties and phase diagram of quark matter in the Polyakov chiral SU(3) quark mean field model. Within this model, the
properties of the quark matter were modified through the scalar fields 0,9, y, vector fields w,p, ¢, and Polyakov
fields @ and at finite temperature and chemical potential. Non-extensive effects were introduced through a dimen-
sionless parameter ¢, and the results were compared to those of the extensive case (¢ — 1). In the non-extensive
case, the exponential in the Fermi-Dirac (FD) function was modified to a g-exponential form. The influence of the ¢
parameter on the thermodynamic properties, pressure, energy, and entropy density, as well as trace anomaly, was in-
vestigated. The speed of sound and specific heat with non-extensive effects were also studied. Furthermore, the ef-
fect of non-extensivity on the deconfinement phase transition as well as the chiral phase transition of u,d, and s
quarks was explored. We found that the critical end point (CEP), which defines the point in the (7 —u) phase dia-
gram where the order of the phase transition changes, shifts to a lower value of temperature, Tcgp, and a higher

value of chemical potential, ucgp, as the non-extensivity is increased, that is, g > 1.
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I. INTRODUCTION

Quantum chromodynamics (QCD) is a theory of
strong interactions among the fundamental constituents of
matter: quarks and gluons. In the low energy regime
(102GeV), perturbative approaches to solve QCD be-
came obsolete, and we had to rely on non-perturbative
methods. This led to the development of two theoretical
approaches to QCD, namely, lattice quantum chromody-
namics (LQCD) and effective models of QCD. In LQCD,
numerical techniques are applied on a discretized lattice
of space and time. The discretization of space and time
allows the equations to become computationally tractable
to calculate the properties of hadrons and other QCD sys-
tems. Effective field models (EFMs) based on the effect-
ive field theory were also developed to investigate the
low-energy regime of QCD. The EFM uses a simpler set
of degrees of freedom than that of the underlying theory.
Studying the thermodynamic properties and phase trans-
ition of quark matter at finite temperatures has always
been a topic of great interest in high-energy physics.
They play an important role in exploring physics shortly

after the Big Bang [1]. They are also relevant in studying
the properties and structure of compact stars at high ba-
ryonic density and low temperature [2—6]. At low baryon-
ic density and high temperature, they are relevant to ex-
plain the quark gluon plasma (QGP) formation in relativ-
istic heavy-ion collisions [7]. Exploring the thermody-
namic properties of dense quark matter is essential to un-
derstand the nature of the phase transition in the (7 —pup)
plane. The phase diagram of QCD contains information
about the equilibrium phases of QCD and the physics of
phase transition.

Many theoretical models have been used to study the
properties of hot and dense quark matter. These include
the quark-meson coupling (QMC) model [8, 9], Polyakov
QMC (PQMC) model [10, 11], Nambu-Jona-Lasinio
(NJL) model [12, 13], Polyakov NJL (PNJL) model
[14, 15], linear sigma model (LSM) [16], Polyakov LSM
(PLSM) [17-20], chiral SU(3) quark-mean-field (CQMF)
model [21, 22], and Polyakov CQMF (PCQMF) model
[23, 24]. However, the statistical approach used in these
studies is often the standard Boltzmann-Gibbs (BG) stat-
istics. The validation of BG statistics is limited to sys-
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tems that satisfy the following conditions: short-range
type interactions, homogeneous and infinite heat bath,
weak or no correlations between elements, and smooth
boundary conditions. Violation of one or more of these
conditions questions the validation of BG statistics.

Consequently, Tsallis proposed non-extensive statist-
ics, which depict a more realistic environment in heavy
ion collision experiments. This formalism is an extension
of the BG statistics [25]. In this framework, the usual ex-
ponential function is replaced by a g—exponential function
[26, 27],

exp,(x) = [1+(1—g)x]'-, (D

where ¢ is a dimensionless parameter called the non-ex-
tensive parameter and it contains all possible effects viol-
ating the standard BG statistics. Correspondingly, the log-
arithmic function is also modified to

In,(x) = : 2
-9

Both functions return to their usual forms when
g — 1, that is, exp,(x) — exp(x), Iny(x) — In(x), and Tsal-
lis statistics returns to BG statistics. As the g parameter
enters into the relevant formulae of the specific dynamic-
al model, it enables the phenomenological examination of
the stability of the model under consideration against po-
tential departures from the BG approach. It must be em-
phasized here that Tsallis statistics is not an alternative
but a generalization of BG statistics.

The motivation for this research comes from recent
non-extensive statistics studies that showed the violation
of BG statistics in high energy physics. There is consider-
able agreement between experimental data and theoretic-
al models based on non-extensive effects. As shown in
[28, 29], BG statistics failed to reproduce the freeze-out
parameters. Tsallis statistics has also been proven to ac-
curately produce the transverse momentum distributions
that follow a power law distribution rather than an expo-
nential distribution as in BG statistics [30-34]. Ref. [35]
shows that Tsallis statistics can be used to explain the
transport behaviour of cold atoms in optical lattices. Tsal-
lis statistics also describes the behaviour of a system
where ergodicity breaks down [36, 37]. The experiment-
al data produced by the PHENIX [38], STAR [39], and
RHIC collaborations by ATLAS [40] and ALICE [41] as
well as collaborations at the LHC by the CMS [42] match
very well within the framework of Tsallis statistics. Sev-
eral authors have summarized the validation of non-ex-
tensive effects in high-energy physics as well as in astro-
physics [43-56]. More details and diverse applications of
Tsallis statistics can be found in [57].

The purpose of this study was to investigate a

strongly interacting system whose dynamics are gov-
erned by non-extensive statistics. We investigated the dif-
ference between the thermodynamic properties of quark
matter when Tsallis statistics is applied and those with
BG statistics. We also studied the phase transition of
quark matter within the realm of non-extensive statistics.
For this, we generalized the PCQMF model to its non-ex-
tensive version. We explored situations where both the
chemical potential and temperature are non zero, which
stipulate the effect of Tsallis statistics on the whole
(T —ug) plane in the phase diagram. Other models, such
as the QHD model, have also been generalized to their
non-extensive version to study the properties of nuclear
matter [58]. Non-extensive statistical effects on the prop-
erties of quark matter have also been studied within a
generalized NJL model [59]. Furthermore, a generalized
version of the MIT bag model has also been used to study
the QCD phase diagram and stellar matter properties [60].
In Ref. [61], a non-extensive linear sigma model was
used to study the chiral phase transition. Recently, the
PNJL model was also generalized to its non-extensive
version to study the thermodynamic properties and trans-
port coefficients [26], phase transition, and critical expo-
nents of QCD matter [62], and baryon number fluctu-
ations [63]. Moreover, non-extensive statistics have also
been used to study fluctuations and correlations in high-
energy nuclear collisions [44]. In Ref. [64], non-extens-
ive effects were considered to study the relativistic nucle-
ar equation of state. Ref. [65] included non-extensive ef-
fects to study the hadron to QGP transition. The bulk
properties of protoneutron stars have also been investig-
ated using the non-extensive formalism [66]. Non-extens-
ive thermodynamics of nuclear matter, as well as a black
hole, were studied in [67]. Moreover, in Ref. [68] non-ex-
tensive effects were used to study the transport properties
of hadronic matter.

The rest of this paper is organized as follows. In Sec.
II, we introduce the non-extensive version of the
Polyakov chiral SU(3) quark mean field model (g-
PCQMF). The impact of the non-extensive parameter ¢
on various thermodynamic properties of quark matter is
discussed in Sec. III.A. In Sec. II1.B, we analyze in detail
the influence of the parameter ¢ on the chiral and decon-
finement phase transition at finite quark chemical poten-
tial and finite temperature. Finally, in Sec. IV, we provide
a brief summary of our work.

II. POLYAKOV CHIRAL SU3) QUARK MEAN
FIELD MODEL

Before presenting the g-PCQMF model, let us intro-
duce the main concepts of the PCQMF model. This mod-
el uses quarks and mesons as degrees of freedom. At fi-
nite temperature and density, the interactions between
quarks in this model are described by the exchange of the
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scalar meson fields o, £, and 6 and vector meson fields w,
p, and ¢. The Polyakov fields @ and ¢ are introduced in
the model to study the features of the deconfinement
phase transition. The attractive part of the interaction is
represented by the scalar meson fields, whereas the re-
pulsive interaction is represented by the vector meson
fields. The non-strange scalar isoscalar meson field o cor-
responds to the scalar meson of mass 417 MeV [22] and
has (uit/dd) as its content. The scalar meson interacts
with the strange quark through a strange scalar isoscalar
field, £, with (s3) as its content and a mass of 1170 MeV
[22]. The scalar isovector field ¢ is introduced in the
model to study the effect of isospin asymmetry and has
(uit—dd) as its content. Furthermore, the model intro-
duces the broken scale invariance through a scalar dilaton
field, y, also known as glueball field [69—73].

The effective Lagrangian of 2 + 1 flavour and 3 col-
our PCQMF model is as follows:

Lecowr = Lgo + Lyn + Lt + Lan + L = U(DD), D), T).
(3)

In the above equation, L, = ¢iy*d,y represents the
free part of massless quarks. The interactions between
quark and meson is represented by

Ly =8 WLMyr+ M Y1) — g, (V1Y Ly +UrY'rabr) s
(4)

where ¢ = (u,d,s) and g,(g,) are vector(scalar) coupling
constants. The spin-0 scalar (X£) and pseudoscalar (IT)
mesons are expressed as [74]

8
MM =S +ill = % ;(0'“ +in%)27, )

where o“(n*) represent the scalar (pseudoscalar) meson
nonets and A° are the Gell-Mann matrices with A° =

2
\/; I. Similarly, the spin-1 vector (V,) and pseudo-

vector (A, ) mesons are expressed as [74]
1 1 <
L) = 5(VaxAy) = o ;(v; +at)A”, (6)

with vi (&) being vector (pseudovector) mesons nonets.

The meson interactions are described by the term
Ly =Lss+Lyy+ Lsp. The self-interaction term for the
scalar meson in the mean field approximation can be ex-
pressed as

Lsy=- %ko/\fz (0'2+§2+52)

+k (0'2+§2+62)2+k2 <£4+6—4+3a-252+{4)
2 2
4

1
+k3y (0'2 - 62) C—kay* - f,\/‘ln)(—4
4 Xo

d , (2= (X
Sen((2) (7)) 7

where d = 6/33; 0 and ¢, correspond to the vacuum val-
ues of the ¢ and ( fields, respectively. These are ex-
pressed as oo =—f; =93 MeV and ¢ = (fr—2fx)/ V2 =
115 MeV, where f; is the pion decay constant and fx is
the kaon decay constant.

The self-interaction term for the vector meson is writ-
ten as

L _l/\/j 202 4 m20? + mid?
vv—2X(2) (mwa) m,p m¢¢)
+

ga (W' + 6070 +p* +2¢), (8)

where the density-dependence of the mass of the vector
meson can be written as [75]

2 ) m2
, and my =

2 e

The parameters m, = 673.6 MeV and density x4 = 2.34 fim?
are taken to yield m, = 1020 MeV and m,, = 783 MeV.

The masses of pseudo-scalar mesons arise owing to
the term [74, 76, 77]

Lsn= —); 2+ ( Vamifi 'fﬁf) . ao

The exact mass of the s quark is generated through £y, =
—~AmaySy, where Amg; =29 MeV and S = % (I—/lg \/§> =
diag(0,0,1).

To study the dependence of T and w;p in this model,
we investigated the grand canonical potential density,
which can be expressed in the mean field approximation
as

QPCQMF :rL(((D7 (i), T) - -[:M - (V\/'ac

—yiksT [
%5 /d3k{1nF-+1nF+}, (11)
0

(2m)?

i=u,d,s

where y; = 2 is the spin degeneracy factor, and
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F =1+e3f +30e ™t +3Pe?F (12)

Fr=1+eF +30e " +30e™F". (13)

In the above equations, E~ =(Ei(k)—v;*)/ksT and
E* = (EX(k)+v;*)/kgT, in which the effective single
particle energy of quarks is given by E;(k) = /m;> +k2.
In Eq. (11), the term V,,, is subtracted for the sake of ob-
taining zero vacuum energy. The in-medium quark chem-
ical potential v;* is linked to the chemical potential v; in
free space by

%

Vi’ = vi— g,w—gyb— 8,0, (14)

where g,, g, and g/, are the coupling constants of vector
meson fields with different quarks. The effective mass of
the quark, m;*, is given by

m;" = —gﬁ}a—g2§—g§6+mm, (15)

where g/, g, and g describe the coupling strength of
scalar fields with different quarks. The values of g, g/,
and my are determined by fitting the vacuum masses
of the constituent quarks, m,,my,m, = 313 MeV, 313
MeV, 490 MeV, respectively [75].

For the Polyakov loop effective potential, we con-
sidered the commonly used logarithmic form given by
[14, 78, 79]

U@,0,7) __ a(T) H0
T4 2

+b(Dn[1 - 600 +4(D° + D) - 3(DD)*],
(16)

with the temperature dependent coefficients [78, 80]

The corresponding parameters ay, a1, a», and b; are
presented in Table 1.

In the pure gauge sector at vanishing chemical poten-
tial, the parameter T, =270 MeV [81]. T, is rescaled
from 270 to 200 MeV when fermionic fields are included
to compare the model results with existing lattice results
[23]. Finally, the solutions of the scalar fields o, {, and 4,
the dilaton field y, the vector fields w, p, and ¢, and the
Polyakov field ® and its conjugate @ are obtained by
minimizing Q with respect to these fields, i.e.,

0Q_00_00_o0_02_02_00_o0_o0_
do O 85 Oy Odw dp dp 0D 0D
(18)

The model parameters, which are summarized in
Table 2, can be estimated using the masses of the =, K
mesons, average masses of # and 7', and vacuum masses
of the o, {, and y mesons.

A. ¢-PCQMF model

The PCQMF model assumes the additivity of some
thermodynamical quantities such as entropy. For systems
where long-range correlations and fluctuations are im-
portant, for example, under phase transition, this is a very
strong approximation. One way to take the nonadditivity
of interacting systems into account is to consider a micro-
canonical ensemble of Hamiltonian systems [82, 83]. An
alternative approach is to make use of Tsallis statistics
[25]. As discussed in Sec. I, a promising possibility con-
sists of resigning from the assumption of additivity and
describing the theoretical models based on the non-ex-
tensive approach. In this spirit, we have extended the
PCQMF model to its non-extensive version by using
Tsallis statistics instead of BG statistics, which implies
the replacements described in Eq. (1) and (2). However,
we have taken the following simplifications. First, the

5 3 Table 1. Parameters in the Polyakov effective potential.
To To Ty
a(T)=a0+al<?) +a2(? , b(T)=Db3 ? . (17) aop ay a b3
1.81 -2.47 15.2 -1.75
Table 2. List of parameters used in the present work.
ko ky ko k3 ky 8s gy g4 h hy
4.94 2.12 -10.16 -5.38 —0.06 4.76 10.92 37.5 0 0
oo/MeV Zo/MeV Xo/MeV my/MeV fx/MeV mg/MeV fx/MeV mg,/MeV my/MeV my/MeV
-93 -96.87 254.6 139 93 496 115 783 1020 783
g gd ol 8 & 8 8 g 8 po/fim’*
3.36 3.36 0 0 0 4.76 3.36 -3.36 0 0.15
g gl g 85 g5 85 & g 7 d
3.86 3.86 0 0 0 5.46 3.86 -3.86 0 0.18
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Polyakov loop potential experiences non-extensive ef-
fects only implicitly and hence remains unchanged.
Second, similar to the case of finite-size effects where the
volume V is treated on the same footing as 7 and u [24],
the usual parameters of the PCQMF model are left undis-
turbed, and the ¢ parameter is treated on the same foot-
ing as 7 and u.

Hence, within the ¢g-PCQMF model, the thermody-
namic potential density becomes

Qq Z(Ll(q), (i), T) - -£M - (Vvac

—yiksT [
(Vzn; /0 Er{IngF, +IngFr ), (19)

i=u,d,s

where
F; =1+¢/(=3E7) +30e,(~E7) +3De,(-2E7),  (20)

F; =1+¢,(-3E") +3De,(-E") +3De,(-2E*).  (21)

The coupled equations obtained by minimizing €, in
Eq. (19) are given in the appendix. The ¢ versions of vec-
tor density, p;, and scalar density, p; ;, of quarks are writ-
ten as

&’k _
pi=tNe [ S5 (0= ), 22)

and

&k m _
Gy g B+ Fu). @3)

0; = Vi,

respectively, where f,;(k) and Foik) are the g-modified
Fermi-distribution functions for the quark and anti-quark
at finite temperature and are given by

Ded(~E7) +2Del(~2E7) +€d(~3E")

T = (T 30e () + 30e, (<26 ) + ) BE )V

24)

Deld(—E*) +2Del(—2E%) + €4(-3E")
[1+3®e,(—E*)+3De,(—2E*) +e,(-3E+)]4

foik) = (25)

It is important to note that, in the limit ¢ — 1, the
standard Fermi-distribution functions are recovered, and
hence, we return to the standard (extensive) PCQMF
model.

The following restriction must hold for e,(x) to al-
ways be a non-negative real function:

[1+(1-¢g)x]>0. (26)

In this study, we consider only g > 1. This is because

it was discovered that the typical value of the non-extens-

ivity parameter ¢ for high-energy collisions is 1 < ¢ < 1.2

[31, 32, 84, 85]. Furthermore, for ¢ > 1, ¢—1 describes

intrinsic fluctuations of temperature in the system [47,

49], whereas the interpretation of ¢—1 for ¢ < 1 is incon-

sistent [86, 87]. To comply with Eq. (26), for ¢> 1, we
can use the following Tsallis cutoff prescription [88]:

L

[1+(1-¢g)x]-2, for x<O0,

e,(x) = (27)

e
[1+(g-1Dx]et, for x>0.

In addition, let us observe that, as T — 0, as long as
qg>1, Q, — Q and the non-extensive effects vanish. This
means that in studies where in the nuclear scale 7 = 0 (in
the interior of neutron stars) we expect no non-extensive
signature. However, when 7 is in MeVs, (heavy-ion colli-
sion experiments), one expects the non-extensive effects
to play an important role in the thermodynamic quantit-
ies. To study such effects, we applied the modified ther-
modynamic potential density Eq. (19) in Eq. (18) to cal-
culate the in-medium g-value of the vector and scalar
fields. The isospin asymmetry can be incorporated

(pd _pu)

o +pu)/3 .
density is given by pgz(([/f)i+pd +p5)/3. The various

chemical potentials are defined through pp = 3(u, +p4)/2,
pr = (= pa)/2, and ps = (uy +pa —2445)/2, corresponding
to the baryon, isospin, and strangeness chemical poten-
tials, respectively.

through the definition 5 = . The total baryon

III. RESULTS AND DISCUSSIONS

In this section, we present various results on the ther-
modynamical properties of quark matter within the g—ex-
tended Polyakov chiral SU(3) quark mean-field model (g-
PCQMF) presented in Sec. II.A. In the g-PCQMF model,
the effect of the g parameter comes into the picture
through the thermodynamic potential density, Q,, which
depends upon the g—dependent scalar density p; and vec-
tor density p; of the constituent quarks, which in turn de-
pend upon the scalar fields (o, ¢, J, y), vector fields (w, p,
@), and Polyakov loop fields, (D, @). As stated before,
these fields are calculated by solving the coupled system
of non-linear equations. In Sec. II.A, the in-medium
properties of the scalar and Polyakov loop fields are dis-
cussed. These fields will be used as input to understand
the effect of ¢ on different thermodynamic properties of
quark matter. We will discuss the behaviour of the sus-
ceptibility of these fields and study the (7 —u) phase dia-
gram and the influence of the ¢ parameter on these quant-
ities in Sec. IIL.B.
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A. In-medium fields and thermodynamic properties

In Fig. 1, the variations of the scalar fields ¢ and { as
well as the Polyakov fields ® and @ are shown as a func-
tion of temperature, 7, for ¢ =1, 1.05, and 1.10 at the ba-
ryon chemical potential pp =400 MeV, isospin chemical
potential y; =40 MeV, and strangeness chemical poten-
tial us = 125 MeV. We observe that the magnitudes of ¢
and { decrease with an increase in temperature. The tem-
perature at which the magnitude of the scalar fields be-
gins to decrease rapidly is referred to as pseudo-critical
temperature, 7,. This decrease in the magnitude of the
scalar fields may represent the restoration of chiral sym-
metry at high temperatures. Here, we can see that as ¢ in-
creases, the value of T, decreases. As the temperature is
increased, the Fermi distribution function in Egs. (24) and
(25) decreases resulting in a decrease in the magnitude of
the scalar fields. At higher values of g, there is a consid-
erable decrease in the magnitude of the fields, even at
lower temperatures. This may signify that the transition
temperature is shifted towards a lower temperature value.

In the mean-field approximation, the order paramet-
ers to study the deconfinement are the Polyakov loop
fields, ® and @. The variation in the magnitude of ® and
@ provides information about the deconfinement phase
transition. As can be observed in Fig. 1 (c¢) and (d), at
lower temperatures, the value of both ® and @ is approx-
imately zero, indicating confined quarks within hadrons.
With an increase in temperature, ® and @increase and
reach a critical temperature, where it jumps to a non-zero
value, indicating the deconfinement phase transition.
Similar to the scalar fields, we find that, as non-extensiv-
ity increases (higher values of ¢g), this increase in @ and

o(MeV)
((MeV)

0.8 | (©) =
o
0.6 e a 0.6
> 7 >
L) / // L
=04} /) =
= [/ =
!/
02t /)
7z
0.0 == : : } : : :
100 150 200 250 300 100 150 200 250 300
T (MeV) T (MeV)
|[—g=1-—- g=105 — g=1.10 |
Fig. 1.  (color online) Scalar fields ¢ and ¢ and Polyakov

fields ® and plotted as a function of temperature T, for ¢ =
1, 1.05, and 1.10 at up =400 MeV, u; =40 MeV, and us = 125
MeV.

® occurs earlier. This may indicate a decrease in the de-
confinement temperature for g > 1.

One can calculate various thermodynamic properties
such as energy density, pressure density, entropy density,
and trace anomaly of quark matter with the help of the
thermodynamics potential density, Q,, in Eq. (19). The
pressure is given by

The entropy density and energy density are given by

0Q,(T)
or

5y(T) = = (T)=Qu(T)+ > vi'pi+Ts,(T),

i=u,d,s

29

respectively.

Figure 2 shows the behaviour of €,/T*, p,/T*, s,/T°,
and (¢,—3p,)/T* at uz =400 MeV, p; =40 MeV, and
s =125 MeV for g = 1,1.05, and 1.10. All these quantit-
ies show smooth behaviour implying a crossover phase
transition. We see a sharp increase in the value of these
quantities near the transition temperature. It is interesting
to note that when ¢ =1, these thermodynamic quantities
all tend to their Stefan Boltzmann (SB) limit at higher
temperatures. However, with an increase in ¢, they in-
crease rapidly and exceed their corresponding SB limit.
For €,/T* at T =300 MeV, the value at ¢=1 is 14.39
(very close to the SB limit, 15.627) but as ¢ is increased
to 1.1, its value increases by 75% to 25.24. For s,/T° and
pq/T*, these values are 80% and 105%, respectively. This
is the anticipated result in the g—PCQMF model, be-
cause of the usage of Tsallis statistics instead of BG stat-
istics. In Tsallis statistics, ¢ —1 is interpreted as a devi-
ation from the BG statistics [47, 89]. The higher the value
of g—1, the greater the deviation from the BG statistics,
and correspondingly, the higher the value of the SB limit
for quark matter. This is because when 7' — oo, the modi-
fied thermodynamic potential density does not return to
its normal value, that is, Q, # Q. This means that, for a
system whose dynamics are described by Tsallis statist-
ics, the high-temperature limit of various thermodynamic
quantities is no longer the SB limit but a g-dependent
Tsallis limit. This is similar to the results obtained from
the ¢-NJL model [26].

Some other relevant quantities in relativistic heavy-
ion collision are the speed of sound squared at constant

entropy c;, and specific heat at constant volume c,,,
which are defined as
op ) s, ((96 )
2 q q q
=\7—) =—, &=\ 77) - 30
€ (aeq o, T \or/, 30)

Sq
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30 . 7 . . .
(@) b)
25 o 6f 7
e st -
20 | / /7
< / ///"* 777777 < 4 F / -
& 15 /S B S
w /7 a 3f // //’
10 |/ 2L Y
/ / / 7
5 / / 1k / //
0 == 0 ket
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/ // S / /
10 / // ~ / ///
5F / /// 3 ////
== . . == . .
100 150 200 250 300 100 150 200 250 300
T (MeV) T (MeV)
—q=1-— g=105 ——¢=1.10
Fig. 2.  (color online) Scaled energy density, /T, pressure

density, p,/T*, entropy density, s,/T>, and trace anomaly,
(e,,—3pq)/T4 as a function of temperature 7, for ¢ = 1, 1.05,
and 1.10 at ug =400 MeV, u; =40 MeV, and ps = 125 MeV.

140 . . . 0.35
120 | ® ~_~ 1 03}
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Fig. 3. (color online) Scaled specific heat, c,,/T*, and

square of the speed of sound, c%q, as a function of temperature

T, forg=1,1.05,and 1.10 at ug =400 MeV, y; =40 MeV, and
us = 125 MeV.

From Fig. 3 (a), we can observe that the value of ¢,,/T?
shows a trend similar to that of the other thermodynamic
quantities discussed above. At g =1, its value increases
with an increase in temperature, reaches a maximum near
the pseudo-critical temperature, and then tends to the usu-
al SB limit, 63.14. Moreover, for higher values of ¢, it
also reaches a new g-dependent Tsallis limit. In Fig. 3
(b), at ¢ = 1, the value of ¢, dips near the pseudo-critical
temperature but then approaches the SB value, 0.33.
However, as ¢ increases, the dip disappears and the critic-
ality vanishes. It is interesting to note that at high temper-
atures, both s,/T° and c¢,,/T° show similar growth.
Therefore, non-extensive effects such as a high-temperat-

.. . S
ure limit are not observed in ¢, = —%

=73 /%. Similar results
are obtained in Ref. [90].

B. T -y phase diagram

In this subsection, we study the T —u phase diagram
within the ¢g-PCQMF model. We analyze three phase
transitions in the present study: the chiral phase trans-
ition from the chirally broken phase to the chiral restora-
tion phase for up and down quarks, the chiral phase trans-
ition for the strange quark, and the deconfinement phase
transition. The effect of the g parameter on the nature of
these phase transitions is studied with the help of the sus-
ceptibilities, defined as

(ao—x) (ao-y)
Xo, = s XNoy = >
or ), v~ \ear/,

_ (90 o @)
X“’_(aT)ﬂ’ X“’_(aT ,j GD

where o, for the u and d quarks and o, for the s quark
are the scalar quark condensates, which can be expressed
in terms of scalar fields o, ¢,6, and y, as follows [23]:

1 (1) Smhio o), (32)

Ox = o—u,d =
Mya \Xo

o= (X) [(nin-gmin)e om

From Fig. 1, it is evident that there is a smooth trans-
ition of the order parameters (scalar fields (¢ and ¢{) and
Polyakov loop (® and @)). We do however see a change
in the behaviour of these order parameters as we increase
the temperature. This is evidence of a crossover phase
transition, and we can study the susceptibilities defined in
Eq. (31) to determine the position of the pseudo-critical
point T,. The peak values of the susceptibilities x, .o,
correspond to the pseudo-critical temperatures 77, T, for
the chiral phase transition of up/down and strange quarks,
respectively. The pseudo-critical temperature for the de-
confinement phase transition 7, is obtained through yo.
Figure 4 shows the variation of susceptibilities, y.,, for
up and down quarks, x.,, for the strange quark, and the
Polyakov loop, yo and yg at up=400,u; =40,us = 125
MeV for ¢=1,1.05, and 1.10. For ¢ = 1, x,, shows a
peak at T ~ 160 MeV, whereas y.,, has two peaks, one at
T ~ 160 MeV and another around T ~ 247 MeV. Further-
more, only a single peak, which coincides with the peak
of x,, at T~160 MeV, is observed for yo and yg at
g = 1. The peak of the susceptibility gives us the pseudo-
critical temperature. In the case of two peaks in suscept-
ibilities, the criteria for deciding the pseudo-critical tem-
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perature for chiral phase transition is given by
o,,(T =0)<1/2, and for the deconfinement phase trans-
ition is O(T)/O(T — o0) > 1/2 [91]. It is evident from Fig.
4 that the values of these pseudo-critical temperatures de-
crease with increasing ¢ for both the chiral phase trans-
ition T and the deconfinement phase transition 7. It is
also interesting to note that the chiral phase transition for
the strange quark occurs at a much higher temperature as
evidenced by the second peak at 7, ~247MeV, whereas
for lighter up and down quarks, it occurs at 7} ~ 160
MeV.

The nature of the phase transition at a higher value of
quark chemical potential is explored using quark number
susceptibility. The chiral phase transition changes from a
crossover to a first-order phase transition at higher values
of u,, and this can be found by studying the discontinuity
in the quark number density, p,, or divergence in the cor-
responding susceptibility, x,, defined as

o= (7). (4)

In Fig. 5(a), the quark number density is plotted as a
function of quark chemical potential for different values
of temperature and zero vector interaction, at ¢ = 1. It can
be observed that, when T < Tcgp, p., shows a discontinu-
ity, which can be seen in the corresponding susceptibility,
Xu, plotted in Fig. 5 (b), indicating the presence of first-
order phase transition. When the temperature rises above
Tcep, the discontinuity in p, disappears suggesting that

0.005

0.004 f

0.003

0.002 f

Xo, (GeV?)

0.001 |

0.0

0.018
0015 |
0012 |
£0.009
0.006 |

0.003 |,

01 015 02 025 03 01 015 02 025 03

T (GeV) T (GeV)
——g=1-—-¢=105 ——g=110

Fig. 4. (color online) Susceptibilities of o, oy, ®, and § at
g =1, 1.05, and 1.10 for up =400 MeV, u; =40 MeV, and
s =125 MeV.

the order of the phase transition is a crossover. This
change in the nature of p, can be used to determine the
location of the CEP. For ¢ = 1, we observed the position
of the CEP at approximately (7,u)= (90 MeV, 286 MeV)
[23]. When the value of ¢ is increased to 1.05, the peak in
the y, is shifted towards higher x4 and lower 7, as shown

0.6 . . 16
(@) L (b)
05t
04 ¢
g 03}
= -
02t ,P,l
i ]
0.1} Al
/ /\ N
0.0 . LA
200 00 250 300 350
wMeV)
|~ T=60MeV ~~— T=70MeV —— T=80MeV — T=90MeV |
Fig. 5. (color online) Quark number density p, and suscept-

ibility x, of the up quark as a function of quark chemical po-
tential at T =70, 80, 90, and 100 MeV for g =1.
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200 250 00 250
1(MeV) p(MeV)
[ — T=60MeV —— T=70MeV —— T=80MeV — — T=90 MeV |
Fig. 6. (color online) Quark number density p, and suscept-

ibility x, of the up quark as a function of quark chemical po-
tential at T = 70, 80, 90, and 100 MeV for ¢ = 1.05.

0.6
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o 0.4
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o2 i
0.1 /«I"' ‘ \
0.0 — EEv—
200 250 00 250 300 350
mMeV) wMeV)
‘—T:()OMev --—- T=70 MeV —— T =80 MeV T=90M6V‘
Fig. 7. (color online) Quark number density p, and suscept-

ibility y, of the up quark as a function of quark chemical po-
tential at T = 70, 80, 90, and 100 MeV for ¢ = 1.10.
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in Fig. 6. For ¢ = 1.05, the position of the CEP is approx-
imately (T,u1) = (84 MeV, 290 MeV). A similar trend is
shown in Fig. 7 for g = 1.10, where we found the CEP at
approximately (T,u)=(78 MeV, 293 MeV).

Figure 8 shows the deconfinement phase transition at
s =u; =0 for different ¢ values. This deconfinement
phase transition remains a crossover over the entire range
of the quark chemical potential. As the value of ¢ in-
creases, the phase transition temperature decreases to
lower values. This means that with increasing non-ex-
tensivity, quarks can become deconfined even at lower
temperatures. For ¢ = 1, at zero chemical potential, the
value of this temperature, T,, is 164 MeV. This value de-
creases to T, = 153 MeV for ¢ = 1.05 and T, = 140 MeV
for ¢ = 1.10. However, the decrease is less significant at a
higher value of x. For example, at 4 =350 MeV, the val-
ues of T, are observed to be 116, 111, and 105 MeV.
This signifies that the impact of non-extensivity vanishes
as we move towards lower temperatures. In Fig. 9 (a), the
chiral phase transition of up and down quarks is shown
for the g-PCQMF model in the T —u plane for different
values of ¢, at us = ¢y = 0. For plotting the phase bound-
ary in the crossover region, we used the maximum of .,
for a given value of u, whereas, for the first-order trans-
ition, we used the maximum of y, for a given value of T.
With an increase in non-extensivity of the system, the re-
gime of first-order phase transition becomes smaller and
the CEP is achieved at a higher value of u and lower
value of 7. It is also clear from Fig. 9 (a) that the crossov-
er transition, which occurs at higher temperatures, is dis-
tinctly different but the first-order phase transition, which
occurs at lower temperatures is similar when g > 1. This
is again evidence of the fact that non-extensivity van-
ishes at lower temperatures, i.e., Q, = Q when T — 0.
The chiral phase transition of the s quark is shown in
Fig. 9 (b) for ¢ =1, 1.05, and 1.10. Contrary to the chiral
phase transition of the u and d quarks, this phase trans-
ition remains a crossover over the entire range of the

180 T T T T T T
150
— 120
-
(D)
= 9 :
= 60 F J
30 f k
0 50 100 150 200 250 300 350
1w(MeV)
—q=1-—-—9g=1.05 —— gq=1.10
Fig. 8.  (color online) Deconfinement phase transition of

quark matter at us = y; =0 MeV for g =1, 1.05, and 1.10.
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Fig. 9. (color online) Chiral phase transition for (a) u and d
quarks and (b) s quark, atus = p; =0 MeV for ¢ =1, 1.05, and
1.10.

(T —u) phase diagram. Moreover, this phase transition
also occurs at lower temperature values as ¢ becomes
greater than one. However, this difference in temperature
at different ¢ values disappears towards lower temperat-
ures or higher chemical potentials, indicating the vanish-
ing of non-extensive effects.

IV. SUMMARY AND CONCLUSIONS

We extended the PCQMF model to its non-extensive
version and studied the properties of quark matter at fi-
nite temperature and density. We studied the thermody-
namic properties and phase transitions with Tsallis statist-
ics and compared the results with those obtained using
the usual BG statistics. The non-extensivity was intro-
duced in our model through the thermodynamic potential
density, which modifies the form of the scalar and the
vector densities of the quark resulting in the modification
of the scalar, vector, and Polyakov loop fields. These
modified fields are then further used to calculate various
thermodynamic quantities. We found that quantities such

€ Pq 3¢ (&—3py)
as F’ F’ F’ an T
lated Tsallis limit rather than their usual SB limit at high
temperature for ¢ > 1. We found that, as ¢ increases, the
criticality of ¢,,/T° and ¢}, gradually decreases. In addi-
tion, the high-temperature limit of ¢, is unaffected by the
q parameter owing to a surprising cancellation [26]. Re-
garding the influence of the ¢ parameter on the decon-
finement phase transition, we found that this phase trans-
ition occurs at a lower value of T as the g parameter is in-
creased. However, the nature of this phase transition is
still a crossover, independent of g. Further, we studied the
influence of the ¢ parameter on the chiral phase trans-
ition for the u and d quarks as well as for the s quark. We
found that, for the u and d quarks, the nature of this phase
transition changes order from a crossover at high temper-
atures to a first-order phase transition at lower temperat-
ures. Further, as ¢ increases, the CEP is shifted towards a

all tend toward a new g-re-
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lower T and a higher u value. However, for the s quark,
the phase transition remains a crossover but is shifted to-
wards lower T values as g becomes greater than one. In
addition, we found that the non-extensivity of the system
disappears as we approach T — 0. In the future, we aim
to study the fluctuations and correlations of the con-
served charges on the nuclear and hyperonic matter in the

0Q,

d
= = koy o — 4k, (O'2+{2+62) o -2k, (0'3 +30'62) —2ksyol - §X4<

realm of non-extensivity.

APPENDIX A

The coupled equations are obtained by minimizing
the thermodynamic potential density Q, with respect to
the various fields of the g-PCQMF model and are given

as
20
2_ 52

oo
+(i>2m2f —(i)zm wz%—(i> ——Z (Al)
XO TJ T XO w ao_ X() /Jp a gu'pz
0Q, 2 2,2, 2 3 22dX4(X>{ 2 12}
— =k -4k - 0 — 67 )=+ | = -—
or == (0 + 048%) =l —kax (78 =37+ (0 )| Vamifi - it
2
) mo
B = A2
(X() Zg{pl ( )
0Q
T;:ko/\gzé—%l (P +7+6%) 62k, (63+3o-26)+2k3/\/6§+§d/\/4< ) Zg(,p, (A3)
i=u,d
0Q, 2, 2, 2 2@ %{ <X4)} 3 45 <((0'2_62)§>(X>3)
— =k (0°++6°) k3 (0°=67 )+’ |1+In| = || +@Gks —d)y’ — =dy’In| | ———= || &= +
o ox (P ++6%) =k ( ){+x a 4=d)’ = 3dy =y XO
2—)2( {m f,,0'+<\/_meK mif,,) 4 —%(mw2w2+mp2p2)=0, (A4)
Xo \/5 X0
99, X 2 3 2 i
_— = 4 — Ly =
50 X(z)mww+ g’ + 12g4wp i:zu;jgwp, 0, (AS5)
o, x* ,
T = e g’ + 128, lzu;gppl— : (A6)
0Q
ai(pq ;m¢¢+8g4¢ ;g¢p1_ 5 (A7)
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and
9, {—a(T)(D _ 6B(T)(@ 28" + 9*D) } -
od 2 1 — 60D + 4(D3 + ©3) — 3(DD)2
( —2(E; (k) —vi") )
__E:ZQTNC/md%{ €q kgT
3 _ Bl ¥ _ s oy _ ¢ oy q
e (1 ve, ( 3(E; )~ v, )) +30e, ( (E; (k) — v, )) + 3i5e, ( 2E R -, )))
kgT kgT kgT
( —(Ei (k) +vi") )
+ N ks } =0
* ® % * * * q *
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kgT kgT kgT
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