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Abstract: We study the mechanism of topological mass-generation for 3d Chern-Simons
(CS) gauge theories, where the CS term can retain the gauge symmetry and make gauge
boson topologically massive. Without CS term the 3d massless gauge boson has a single
physical transverse polarization state, while adding the CS term converts it into a mas-
sive physical polarization state and conserves the total physical degrees of freedom. We
formulate the mechanism of topological mass-generation at S-matrix level. For this, we
propose and prove a Topological Equivalence Theorem (TET) which connects the N -point
scattering amplitude of the gauge boson’s physical polarization states (AaP) to that of the
transverse polarization states (AaT) under high energy expansion. We present a general 3d
power counting method on the leading energy dependence of the scattering amplitudes in
both topologically massive Yang-Mills (TMYM) and topologically massive gravity (TMG)
theories. With these, we uncover a general energy cancellation mechanism for N -gauge
boson scattering amplitudes which predicts the cancellation E4 → E4−N at tree level.
Then, we compute the 4-gauge boson amplitudes of AaP-states and AaT-states, with which
we explicitly demonstrate the TET and establish such energy cancellations for N = 4. We
further extend the double-copy approach to reconstruct the massive 4-graviton amplitude
of TMG from the massive 4-gauge boson amplitude of TMYM. With these, we uncover
striking large energy cancellations in the 4-graviton amplitude: E12 → E1, and establish its
correspondence to the leading energy cancellation E4 → E0 in the 4-gauge boson amplitude
of TMYM.
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1 Introduction

Chern-Simons gauge theories in (2+1)-dimensional (3d) spacetime play an important role
in studying modern quantum field theories for particle physics and condensed matter
physics [1–4]. Such 3d theories can always contain gauge-invariant mass terms of gauge

– 1 –



J
H
E
P
0
1
(
2
0
2
2
)
1
5
3

bosons through the topological mass-generation à la Chern-Simons (CS) [5], without in-
voking the conventional Higgs mechanism [6–10]1 in the 4d standard model (SM).

In this work, we study the dynamics of 3d topological mass-generation for the (Abelian
and non-Abelian) gauge bosons Aaµ. A spin-1 massless gauge boson in 3d contains only one
physical degree of freedom (DoF) which is the transversely polarized state AaT. Including
the gauge-invariant topological CS term converts this massless transverse polarization state
AaT into a massive physical state AaP. We formulate this 3d topological mass-generation
mechanism at S-matrix level. For this, we propose and prove a Topological Equivalence
Theorem (TET) which connects the N -point scattering amplitudes of the physical polariza-
tion states of massive gauge bosons (AaP) to the scattering amplitudes of the corresponding
transversely polarized gauge boson states (AaT) under high energy expansion. This differs
essentially from the conventional equivalence theorem (ET) (for a comprehensive review
of the 4-dimensional ET, [12]) in the 4d SM because the 3d gauge bosons acquire gauge-
invariant topological mass-term without invoking the conventional Higgs mechanism [6–10].
We note that the Kaluza-Klein ET for compactified gauge theories (KK GAET) [13–16]
was formulated for the compactified 5d Yang-Mills theories which realize a geometric Higgs
mechanism with the 5th component of 5d gauge field converted to the longitudinal com-
ponent of the corresponding 4d massive KK gauge boson. But our TET also has essential
difference from the KK GAET, because the 5d gauge symmetry is spontaneously broken
by compactification down to the 4d residual gauge symmetry of the massless zero-modes
and the induced KK gauge boson mass-term is not gauge-invariant. In contrast, the 3d CS
term for the topological mass-generation of gauge bosons can be manifestly gauge-invariant
and the 3d gauge symmetry is unchanged before and after including the CS term.

We present a general 3d power counting method to count the leading energy-power de-
pendence of the scattering amplitudes in both topologically massive Yang-Mills (TMYM)
theory and topologically massive gravity (TMG) theory. Using the TET and power count-
ing method for the 3d TMYM theory, we uncover that despite the individual diagrams in
a given N -particle scattering amplitude (N > 4) of on-shell physical gauge bosons having
leading energy dependence of E4 at tree level, they have to cancel down to E4−N in the
full tree-level amplitude. We will demonstrate that the TET provides a general theoretical
mechanism to guarantee such nontrivial energy cancellations: E4 → E4−N , without invok-
ing any conventional Higgs boson. For the massive 4-gauge boson scattering amplitudes at
tree level, we will prove explicitly the large energy cancellations of E4 → E0 under high
energy expansion.

Furthermore, using the scattering amplitude of topologically massive gauge bosons in
the 3d TMYM theory, we will reconstruct the topologically massive graviton scattering
amplitude of the 3d TMG theory, by extending the conventional double-copy method of
Bern-Carrasco-Johansson (BCJ) [17–19] for massless gauge/gravity theories to the current
3d topologically massive gauge/gravity theories. The BCJ method was inspired by the
Kawai-Lewellen-Tye (KLT) [20] relation which connects the product of open string ampli-

1The conventional Higgs mechanism [6–10] is sometimes also called Brout-Englert-Higgs (BEH) mecha-
nism or Anderson-Higgs mechanismin the literature (cf. [11], its part IV.6).
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tudes to that of the closed string at tree level. Analyzing the properties of the heterotic
string and open string amplitudes can prove and refine parts of the BCJ conjecture [21].
Many studies appeared in the literature to test the double-copy conjecture in massless
gauge/gravity field theories [19], and some recent works attempted to extend the double-
copy method to the 4d massive YM theory versus Fierz-Pauli-like massive gravity [22–25],
to the KK-inspired effective gauge theory with extra global U(1) [26], and to the compacti-
fied 5d KK gauge/gravity theories and KK string theories [27, 28]. Double-copies of three-
and two-algebra gauge theories were considered previously for the 3d supersymmetric the-
ories [29–31], and some double-copy analyses for the amplitudes with matter fields in 3d
CS gauge theory as well as the study of 3d covariant color-kinematics duality appeared
very recently [32–34].

We stress that the topological mass-generation for gauge bosons and gravitons in the
3d TMYM and TMG theories can be realized in a fully gauge-invariant way under the path
integral formulation, which is important for the successful double-copy construction in the
massive gauge/gravity theories. In this work, we will use an extended double-copy approach
to reconstruct the massive 4-graviton amplitude of the TMG theory from the corresponding
massive 4-gauge boson amplitude of the TMYM theory with properly improved kinematic
numerators. Our findings demonstrate a series of strikingly large energy cancellations,
E12 → E1, in the massive 4-graviton amplitude under high energy expansion. With these
we establish a new correspondence between the two types of leading energy cancellations in
the massive scattering amplitudes: E4 → E0 in the TMYM theory and E12 → E1 in the
TMG theory.

This paper is organized as follows. In section 2, we study the mechanism of the
topological mass-generation in the 3d CS gauge theories at the Lagrangian level via path
integral formulation. We identify the conversion of transverse polarization state AaT in
the massless theory into the massive physical polarization state AaP under the topological
mass-generation of the CS gauge theories. In section 3.1, we propose and prove the TET
which connects the N -point AaP-amplitudes to the corresponding AaT-amplitudes under high
energy expansion. Using the TET, we can formulate the mechanism of topological mass-
generation at S-matrix level. Then, in section 3.2, we present the general 3d power counting
rules on the leading energy dependence of the scattering amplitudes in both the CS gauge
theories and the TMG theory. Using the TET and the power counting rule, we prove
in section 3.3 a general energy cancellation mechanism for the N -gauge boson scattering
amplitudes which predicts the cancellation E4 → E4−N at tree level. For sections 4.1–4.2,
we first compute the 4-point matter-induced gauge boson amplitudes, and then compute
the pure 4-gauge boson amplitudes for the AaP-states and AaT-states in the Abelian and
non-Abelian CS gauge theories. These analyses explicitly demonstrate the TET for the
case of N = 4, and establish the energy cancellations E2 → E0 in the 4-point amplitudes
with just two gauge bosons (either Abelian or non-Abelian CS theories) and the energy
cancellations E4 → E0 in the 4-gauge boson amplitudes (TMYM theory). In section 4.3,
we analyze the perturbative unitarity bounds for both the TMYM theory and the TMG
theory. We demonstrate that their partial wave amplitudes can exhibit good high energy
behaviors. In section 5, we further extend the double-copy approach to reconstruct the
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massive 4-graviton amplitude of the TMG from the massive 4-gauge boson amplitude of
the TMYM. With these, we uncover strikingly large energy cancellations in the 4-graviton
amplitude: E12 → E1, and establish its correspondence to the leading energy cancellation
E4 → E0 in the massive 4-gauge boson amplitude of the TMYM. We conclude in section 6.
Finally, we provide more derivations and formulas in appendices A–E which are used for
the analyses in the main text.

2 Topological mass generation in Chern-Simons gauge theories

We consider the 3d topological massive gauge theories including the Chern-Simons (CS)
Lagrangian with Abelian or non-Abelian gauge symmetry, where the former may be de-
noted as Topologically Massive QED (TMQED) and the latter as Topologically Massive
Yang-Mills (TMYM) theory. In either case, the CS Lagrangian provides a gauge-invariant
topological mass-term for the 3d gauge bosons. The 3d TMQED and TMYM Lagrangians
have their gauge sectors take the following forms:

LTMQED = −1
4F

2
µν + 1

2m̃ε
µνρAµ∂νAρ , (2.1a)

LTMYM = −1
2trF

2
µν + m̃εµνρtr

(
Aµ∂νAρ −

i2g
3 AµAνAρ

)
, (2.1b)

where the non-Abelian gauge field Aµ = AaµT
a, and its field strength Fµν = F aµνT

a with
Fµν = ∂µAν − ∂νAµ − ig[Aµ,Aν ] and T a denotes the generator of the non-Abelian group
SU(N). The gauge coupling g has mass-dimension 1

2 . The gauge boson acquires a topolog-
ical mass m = |m̃| from the CS term, and the ratio s = m̃/m = ±1 corresponds to its spin
projection [1–3]. The mass parameter m̃ is related to the CS level n = 4πm̃/g2 ∈ Z [3, 4].
The CS terms in eq. (2.1) violate the discrete symmetries P , T and CP .

For the TMQED (2.1a), the action
∫
d3xLTMQED is gauge-invariant up to a total

derivative which vanishes at the boundary for trivial topology. For the TMYM the-
ory (2.1b), under the gauge transformation Aµ → A′µ = U−1AµU + i

gU
−1∂µU , the action

changes by

∆STMYM = 2πnw +
∫

d3x
[
im̃g−1εµνρ∂ν tr

(
∂µUU

−1Aρ
) ]

, (2.2a)

w = 1
24π2

∫
d3x

[
εµνρtr(U−1∂µUU

−1∂νUU
−1∂ρU)

]
, (2.2b)

where w is the winding number which follows from the homotopy group Π3[SU(N)] ∼= Z [4].
Hence, eq. (2.2a) will not contribute to the path integral since ei2πnw = 1, and the second
term is a total derivative (similar to the Abelian case).

With the path integral formulation, we can add the covariant gauge-fixing term and
the Faddeev-Popov ghost term:

LGF = − 1
2ξ (Fa)2, Fa = ∂µAaµ, (2.3a)

LFP = c̄a∂µ
(
δab∂µ − gCabcAcµ

)
cb, (2.3b)
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where Cabc is the gauge group structure constant and (ca, c̄a) denote the Faddeev-Popov
ghost and anti-ghost fields. Eq. (2.3) can be reduced to the Abelian case by simply setting
Cabc= 0 and Aaµ = Aµ. So, hereafter we need not to specify the Abelian case unless needed.
The quantized CS action

∫
d3x(L + LGF + LFP) is BRST-invariant (Becchi-Rouet-Stora-

Tyutin), with which we can derive the relevant BRST identities.
The equation of motion (EOM) for the massive gauge boson Aaµ can be derived from

the quadratic part of the CS action,[
ηµν∂2 + (ξ−1 − 1)∂µ∂ν + m̃εµρν∂ρ

]
Aaν = 0 , (2.4)

which describes the propagation of the free field Aaµ. For the on-shell wave solution Aaµ ∼
εµ(p)e−ip·x with pµAaµ = 0, the polarization vector should satisfy the equation

(mηµν − isεµρνpρ)εν(p) = 0, (2.5)

under the on-shell condition p2 = −m2 and with s = m̃/m = ±1. The 3d Poincaré group
ISO(2,1) contains the proper Lorentz group SO(2,1) and translations. The little group is
Z2⊗R for massless particles and SO(2) for massive particles [35]. The Poincaré algebra is
characterized by two Casimir operators (P 2,W ) = (PµPµ, PµJµ), where W is the Pauli-
Lubanski pseudoscalar and the angular momentum Jµ can be generally expressed as [36]:

Jµ = −iεµναpν
∂

∂pα
− s

pµ + ηµm

p · η −m
, (2.6)

with ηµ = (1, 0, 0). Thus, in the rest frame it gives W = P · J = −sm. We see that the
spin is a pseudoscalar and takes the values s = ±1 for gauge fields Aaµ. The polarization
state with either s = +1 or s = −1 is physically equivalent. (More discussions on the gauge
boson polarization vector are given in appendix A.)

Note that the 3d massless gauge field can be viewed as a scalar field of spin-0 with one
physical degree of freedom (DoF) [35, 36]. Including the CS term does not add any new
field, and the total physical DoF remains as one because the physical DoF of Aaµ should
be conserved [36, 37]. For the on-shell one-particle state, the 3d massless gauge boson
has a single (transverse) physical polarization state AaT = εµTA

a
µ. As the physical DoF is

conserved, the CS term could only convert the massless AaT state into a massive physical
polarization state AaP = εµPA

a
µ.

For the on-shell gauge boson in the rest frame with momentum pµ = (m, 0, 0) ≡ p̄µ,
the physical polarization vector εµP(p̄) can be solved from eq. (2.5):

εµP(p̄) = 1√
2

(0, 1,−is), (2.7)

in agreement with [37, 38]. Then, by making a Lorentz boost we can express εµP(p) in the
moving frame:

εµP(p) = 1√
2

( ip1 + sp2
m

, i + p1(ip1 + sp2)
m(m− p0) , s + p2(ip1 + sp2)

m(m− p0)

)
, (2.8)
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which agrees with [38] up to an overall factor i. The on-shell physical polarization vector
εµP(p) obeys the conditions εµPε∗Pµ = 1 and pµεµP = 0. We can express the general momentum
pµ in a familiar form pµ = E(1, βsθ, βcθ), where the notations p0 = −p0 = E, (sθ, cθ) =
(sin θ, cos θ), β =

√
1−m2/E2, and θ denotes the angle between the moving direction and

y-axis. With these, we can rewrite the polarization vector (2.8) as follows:

εµP(p) = 1√
2

(Ēβ, Ēsθ + iscθ, Ēcθ − issθ), (2.9)

where Ē = E/m and we have removed an irrelevant overall phase factor. Inspecting
the structure of the physical polarization vector (2.9), we derive the following general
decomposition:

εµP = 1√
2

(εµT + εµL) , (2.10)

which contains the transverse and longitudinal polarization vectors (εµT, ε
µ
L) of the massive

gauge boson Aaµ,
εµT = (0, iscθ,−issθ), εµL = Ē(β, sθ, cθ). (2.11)

Thus, we have the relation for the on-shell polarization states of Aaµ:

AaP = 1√
2

(AaT +AaL) , (2.12)

where (AaP, AaT, AaL) = (εµP, ε
µ
T, ε

µ
L)Aaµ. The gauge boson Aaµ also has an unphysical scalar

polarization state AaS = εµSA
a
µ with εµS = pµ/m. It is important to note that the polarization

vectors (εµP, ε
µ
L, ε

µ
S) are all enhanced by energy and scale as O(E/m) under the high energy

expansion. The 3d gauge boson Aaµ has 3 possible polarization states in total, including
1 physical polarization and 2 unphysical polarizations. In the massless case (m = 0), Aaµ
contains 1 physical transverse polarization state AaT = εµTA

a
µ and 2 unphysical (longitudi-

nal,scalar) polarization states (AaL, AaS) = (εµLAaµ, ε
µ
SA

a
µ) with εµL + εµS ∝ pµ; while for the

massive case with CS term (m 6= 0), Aaµ includes 1 physical polarization state AaP as in
eq. (2.12) and 2 orthogonal unphysical polarization states

AaX = εµXA
a
µ = 1√

2
(AaT −AaL) , (2.13a)

AaS = εµSA
a
µ, (2.13b)

where εµX = (εµT − ε
µ
L)/
√

2 and εµS = pµ/m which obey the orthogonal conditions εP · ε∗X =
εP · ε∗S = εX · ε∗S = 0. We see that adding the CS term for gauge boson Aaµ dynamically
generates a new physical polarization state AaP of spin-1 (which has massm and is composed
of AaT +AaL), and converts its orthogonal combination AaX ∝ (AaT−AaL) into the unphysical
state, while the scalar-polarization state AaS = εµSA

a
µ (with εµS ∝ pµ) remains unphysical as

constrained by the gauge-fixing function Fa = −ipµAaµ in eq. (2.3a).
The above mechanism of 3d topological mass-generation might be called a “topo-

logical Higgs mechanism” to resemble the dynamical conversion of (AaT + AaL) into the
massive physical state AaP of the gauge field Aaµ, while making the orthogonal combination
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AaX ∝ (AaT − AaL) be an unphysical “Goldstone boson” state. However, we stress that this
mechanism of topological mass-generation of gauge bosons differs from the conventional
Higgs mechanism [6–10] in essential ways: (i)topological CS mass-term automatically holds
the exact gauge symmetry in the path integral formulation, without invoking any sponta-
neous gauge symmetry breaking by the vacuum of Higgs potential; (ii)before including the
CS term, the transverse AaT is the physical polarization state and is exactly massless as
ensured by the gauge symmetry; while after including the CS term, AaT combines with AaL
to form the massive physical state AaP and makes its orthogonal combination AaX become
unphysical; hence there is no spontaneous symmetry breaking invoked to generate massless
Goldstone boson, nor is there any extra physical Higgs boson component; (iii)the massive
physical gauge boson state AaP is converted from the massless transverse polarization state
AaT combined with the longitudinal polarization state AaL via eqs. (2.12) and (2.13a). The
single physical degree of freedom of Aaµ is conserved before and after adding the CS term,
through the topological conversion AaT → AaP. Taking the massless limit m → 0, we see
that the massive state AaP disappears and the massless state AaT is released to be the
physical transverse polarization, while the longitudinal state AaL becomes fully unphysical
again. As we will demonstrate shortly, in the high energy limit the scattering amplitudes of
the physical polarization states (AaP) equal the corresponding amplitudes of the transverse
polarization states (AaT), which means that the AaP state remembers its origin of AaT state
under the limit m/E → 0.

3 Topological equivalence theorem for Chern-Simons gauge theories

As shown above, for the 3d topological gauge theories (2.1), the Chern-Simons (CS) La-
grangian generates a topological mass for gauge boson Aaµ by converting the massless
transverse polarization state AaT (combined with the longitudinal polarization state AaL)
into the massive physical polarization state AaP. We will formulate this mechanism of
topological mass-generation at the S-matrix level by proposing a Topological Equivalence
Theorem (TET), which quantitatively connects the scattering amplitudes of AaP’s to the
corresponding amplitudes of the AaT’s in the high energy limit m/E → 0.

3.1 Topological equivalence theorem for topological mass generation

Inspecting the quantized CS Lagrangians (2.1) and (2.3) and following the method in
refs. [12, 39, 40], we can derive the following Slavnov-Taylor-type identity in momen-
tum space:

〈0|Fa1(p1)Fa2(p2) · · · FaN (pN )Φ|0〉 = 0, (3.1)

which is based on the 3d gauge symmetry, where Fa is the gauge-fixing function defined
in eq. (2.3a), and the symbol Φ denotes any other on-shell physical fields after the LSZ
(Lehmann-Symanzik-Zimmermann) amputation. Since the function Fa contains only a
single gauge field Aaµ having no mixing with any other field, it is straightforward to am-
putate each external Fa line by the LSZ reduction. We impose the on-shell condition
p2
j = −m2 for each external momentum. In the momentum space, we can express the
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gauge-fixing function Fa = −ipµAaµ = −imAaS. We also deduce vµ ≡ εµL − ε
µ
S = O(m/E).

With eq. (2.10), we can express the scalar polarization vector εµS as

εµS =
√

2εµP − (εµT + vµ). (3.2)

Thus, we derive the following formula for the gauge-fixing function:

Fa = −i
√

2m(AaP − Ωa), (3.3a)

Ωa = 1√
2

(AaT + va), (3.3b)

where (AaP, AaT) = (εµP, ε
µ
T)Aaµ and va = vµAaµ with vµ = εµL − ε

µ
S = O(m/E). With these

and eq. (3.1) after the LSZ reduction, we can derive the following TET identity:

T [Aa1
P , · · · , A

aN
P ,Φ] = T [Ωa1 , · · · ,ΩaN ,Φ], (3.4)

where we have made use of the fact that an amplitude including one or more external F
lines plus any other external on-shell physical fields (such as AaP and/or Φ) must vanish
due to the identity (3.1). Thus, we can expand the TET identity as follows:

T [Aa1
P , · · · , A

aN
P ,Φ] = T [Ãa1

T , · · · , Ã
aN
T ,Φ] + Tv, (3.5a)

Tv =
N∑
j=1
T [ṽa1 , · · · , ṽaj , Ãaj+1

T , · · · , ÃaNT ,Φ], (3.5b)

where for convenience we have adopted the notations ÃaT = 1√
2A

a
T and ṽa = 1√

2v
a. Under

the high energy expansion, the residual term behaves as Tv = O(m/E) � 1 due to the
suppression factor vµ. Thus, we can derive the Topological Equivalence Theorem (TET):

T [Aa1
P , · · · , A

aN
P ,Φ] = T [Ãa1

T , · · · , Ã
aN
T ,Φ] +O

(
m

E

)
, (3.6)

which states that the AaP-amplitude equals the corresponding AaT-amplitude in the high
energy limit. We note that different from the conventional equivalence theorem (ET) [39–
41]2 for the case of the SM Higgs mechanism, the right-hand-side (r.h.s.) of eq. (3.5) or
eq. (3.6) receives no multiplicative modification factor at loop level. This is because in the
present case both AaP and AaT belong to the same gauge field Aaµ and the LSZ reduction on
the left-hand-side (l.h.s.) of eq. (3.1) becomes much simpler.

Finally, we note that our present formulation of the TET (3.6) in the 3d CS gauge
theories differs essentially from the conventional ET [12] in the 4d SM because the 3d gauge
bosons acquire gauge-invariant topological mass-term without invoking the conventional
Higgs mechanism [6–10]. We also note that the KK GAET [13–16] for the compactified
5d Yang-Mills theories formulates the geometric Higgs mechanism at S-matrix level where
the 5th component of 5d gauge field is converted to the longitudinal component of the

2The 4d ET in the presence of the Higgs-gravity interactions was established in refs. [42, 43] which can be
applied to studying cosmological models (such as the Higgs inflation [42–49]) or to testing self-interactions
of weak gauge bosons and Higgs bosons [42, 43, 50].
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corresponding 4d massive KK gauge boson. But our TET has essential difference from
the KK GAET because the 5d gauge symmetry is spontaneously broken down to the 4d
residual gauge symmetry of zero-modes by the boundary conditions of compactification and
the induced KK gauge boson mass-term is not gauge-invariant. On the contrary, the 3d CS
term for the topological mass-generation of gauge bosons can be manifestly gauge-invariant,
and the inclusion of CS term does not change the 3d gauge symmetry of the theory.

3.2 Power counting method for 3d Chern-Simons theories

In this subsection, we derive new energy power counting rules on the scattering amplitudes
in the 3d topologically massive gauge and gravity theories. We also present a general
energy power counting rule on the d-dimensional scattering amplitudes in appendix B.

We note that Weinberg proposed a power counting method for the 4d ungauged non-
linear σ-model as an effective theory of low energy QCD [51]. The extensions of Weinberg’s
power counting method to the compactified 5d Kaluza-Klein (KK) gauge theories and 5d
KK gravity theory were recently given in ref. [27].3 Weinberg’s power counting method
includes the following key points: (i).For an S-matrix element S, its total mass-dimension
DS is determined by the number of external states (E) and the number of spacetime di-
mensions, DS = 4 − E , in the 4d field theories. (ii).Consider the scattering amplitude S
having scattering energy E much larger than all the masses of the internal propagators as
well as the masses of the external states. Thus, for the E-independent coupling constants
contained in the amplitude S, their total mass-dimension DC can be counted directly ac-
cording to the type of vertices therein. Based on these, the total energy-power dependence
DE of the amplitude S is given by DE = DS −DC . We note that for our following deriva-
tion in 3d spacetime (or the general derivation in d-dimensional spacetime in appendix B),
we should modify the formula of DS in point(i) accordingly. As for the point(ii), it should
hold for any high energy scattering with energy E much larger than the involved particle
masses. The nontrivial energy-dependence from the polarization vectors (tensors) of the
gauge bosons (gravitons) can be taken into account accordingly. With these in mind, we
can construct the new power counting rules for the 3d topologically massive gauge and
gravity theories.

Consider a scattering S-matrix element S having E external states and L loops (L > 0)
in the (2+1)d spacetime. Thus, we can deduce that the amplitude S has a mass-dimension:

DS = 3− 1
2E , (3.7)

where the number of external states E = EB+EF , with EB(EF ) being the number of external
bosonic (fermionic) states. We note that the above eq. (3.7) agrees to the d = 3 case of our
general formula (B.1) in appendix B. For the fermions, we only consider the SM fermions
whose masses are much smaller than the scattering energy E. We denote the number of
vertices of type-j as Vj . Each vertex of type-j contains dj derivatives, bj bosonic lines,

3Weinberg’s power counting rule was also extended previously [12, 52] to the 4d gauge theories including
the SM, the SM effective theory (SMEFT), and the electroweak chiral Lagrangian.
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and fj fermionic lines. Then, the energy-independent effective coupling constant in the
amplitude S has its total mass-dimension given by

DC =
∑
j

Vj
(

3− dj −
1
2bj − fj

)
. (3.8)

For each Feynman diagram in the scattering amplitude S, we denote the number of the
internal lines as I = IB + IF with IB (IF ) being the number of the internal bosonic
(fermionic) lines. Thus, we have the following general relations:

L = 1 + I − V ,
∑
j

Vjbj = 2IB + EB,
∑
j

Vjfj = 2IF + EF , (3.9)

where V =
∑
j Vj is the total number of vertices in a given Feynman diagram. With these,

we can derive the following leading energy dependence DE = DS−DC from eqs. (3.7)–(3.9):

DE = 2(1− V) + L+
∑
j

Vj
(
dj + 1

2fj
)
. (3.10)

Furthermore, we have the following relations:∑
j

Vjdj = Vd,
∑
j

Vjfj = 2VF , V =
∑
j

Vj = V3 + V4, V3 = Vd + VF + V3, (3.11)

where Vd denotes the number of all cubic vertices including one partial derivative and V3
denotes the number of bosonic cubic vertices having no partial derivative.

Then, we consider the topologically massive CS gauge theories. In such gauge theories,
we have the relation 2I + E = 3V3 + 4V4. With these, we can derive the following power
counting rule on the leading energy-power dependence:

DE = (EAP
− Ev) + (4− E − V3)− L, (3.12)

where EAP
is the number of external gauge boson states with physical polarizations

(AaP = εµPA
a
µ), and Ev denotes the number of external gauge bosons va = vµA

aµ. In
eq. (3.12), the terms (EAP

− Ev) arise from the high energy behaviors εµP = O(E/m) and
vµ = εµL − ε

µ
S = O(m/E).

For the sake of later applications, we consider the 3d topologically massive gravity
(TMG) and derive the energy power counting rule for the graviton scattering amplitudes.
The graviton self-interaction vertices from the gravitational CS term (5.1) (cf. section 5)
always contain 3 partial derivatives and contribute to the leading energy dependence of the
graviton scattering amplitudes, which correspond to dj = 3 and fj = 0 in eq. (3.10). Thus,
we have

∑
j Vjdj = 3Vd3 and V = Vd3 in such leading diagrams, where Vd3 denotes the

number of vertices containing 3 partial derivatives. Hence, the leading energy dependence
of the pure graviton scattering amplitudes in (2+1)d arise from the Feynman diagrams
containing the CS graviton vertices with 3 derivatives, and can be derived as follows:

DE = 2EhP + (2 + Vd3 + L), (3.13)
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where EhP
denotes the number of external graviton states with physical polarizations (hP =

εµνP hµν) and the physical graviton polarization tensor scales as εµνP = O(E2/m2). For the
leading tree-level diagrams composed of the cubic CS vertices with dj = 3, we derive
a relation EhP

= 2 + Vd3. Hence, using eq. (3.13), we can deduce the leading energy
dependence of such tree-level diagrams:

D0
E = 3EhP . (3.14)

For instance, the leading 4-graviton scattering amplitudes of the TMG theory contain
individual leading energy terms of E12 at the tree level. We will analyze these further in
section 5.

3.3 Energy cancellations for topological scattering amplitudes

In this subsection, we will apply our power counting rule (3.12) to analyze the leading en-
ergy dependence of the pure gauge boson scattering amplitudes in the 3d topological mas-
sive CS gauge theory. We also note that because the 3d CS theory is super-renormalizable,
the leading energy dependence of a given amplitude is always given by the diagrams having
L = 0 (tree level) and V3 = 0. Thus, given the external states of an amplitude, its maximal
energy dependence is realized at tree level:

Dmax
E = (EAP

− Ev) + (4− E), (3.15)

with L = 0 and V3 = 0.
According to eq. (3.15), the scattering amplitudes of pure gauge bosons (AaP) with

the number of external states E = EAP
= N and Ev = 0 can receive leading individual

contributions of O(E4) at the tree level. For the pure AaT-amplitudes with E = EAT
= N

and EAP
= Ev = 0, its individual leading contributions scale like O(E4−N ) at the tree level.

With these, we find that our TET identity (3.5a) guarantees the energy cancellation in the
N -gauge boson (AaP) scattering amplitude on its l.h.s.:

E4 → E4−N . (3.16)

This is because on the r.h.s. of eq. (3.5a) the corresponding pure N -gauge boson (AaT)
amplitude scales as O(E4−N ) and the residual term Tv (with Ev > 1) scales no more than
O(E3−N ). We can readily generalize this result to up to L-loop level and deduce the
following energy cancellations based on eq. (3.5a) and eq. (3.12):

∆DE = DE [NAaP]−DE [NAaT] = N. (3.17)

Hence, the TET identity (3.5) [or the TET (3.6)] provides a general mechanism which
guarantees the nontrivial energy cancellations in eq. (3.16) or eq. (3.17).

Before concluding the current section 3, we discuss further the conversion of physical
degrees of freedom during the 3d topological mass-generation, in comparison with that
realized during the 5d geometric mass-generation under the Kaluza-Klein (KK) compact-
ification. For the 3d gauge theories, before including the CS term, the massless gauge
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boson Aaµ has only 1 physical transverse polarization state AaT; while after including the
CS term, the gauge boson acquires a topological mass and generates a single physical polar-
ization state AaP (by absorbing the massless state AaT combined with the longitudinal state
AaL), without invoking the conventional spontaneous gauge symmetry breaking. Hence,
this topological mass-generation mechanism leads to the conversion of the physical states:
AaT → AaP, which conserves the physical degree of freedom: 1 = 1, as we explained earlier.
In consequence, we observe that both the Lagrangians (2.1a)–(2.1b) and the gauge boson
propagator (A.11a) indeed have a smooth massless limit m → 0, which is similar to the
massive KK gauge theories [13–16]. Based upon this mechanism of the topological mass-
generation, we have newly established the TET (3.6) which connects a given AaP-amplitude
to the corresponding AaT-amplitude under the high energy expansion.

In comparison, we note that the 5d geometric mass-generation for the KK gauge bosons
Aaµn is realized by absorbing (“eating”) the corresponding 5th components Aa5

n of the 5d
gauge fields ÂaM at each KK level-n [13–15]. The 5th components Aa5

n may be regarded
as a kind of “geometric Goldstone bosons” due to the KK compactification, although
they do not arise from a separate scalar Higgs potential and differs essentially from the
conventional Higgs mechanism [6–10]. The 5d massless gauge boson ÂaM has 3 physical
transverse polarizations and after KK compactification each 4d massive KK gauge boson
Aaµn has 2 transverse polarizations plus 1 longitudinal polarization (from absorbing Aa5

n ).
So, the physical degrees of freedom are conserved before and after the KK mass generation:
3 = 2 + 1; and this corresponds to the conversion of one physical degree of freedom at each
KK level-n: Aan5 → AanL . This geometric mass generation of KK gauge bosons leads to the
KK Equivalence Theorem for compactified gauge theories(KK GAET) which connects the
high-energy scattering amplitudes of the longitudinal KK gauge bosons AanL to that of the
corresponding KK Goldstone bosons Aa5

n [13, 16].4

4 Topological scattering amplitudes and energy cancellations

In this section, we present explicit calculations of the 4-particle scattering amplitudes in the
topologically massive gauge theories including the Abelian QED (2.1a) and the non-Abelian
TMYM theory (2.1b). With these, we demonstrate explicitly the energy cancellation of
E2 → E0 for the AP-amplitudes in the TMQED and the energy cancellation of E4 → E0

for the pure AaP-amplitudes in the TMYM theory, under high energy expansion. Then, we
verify the TET (3.6) for both the Abelian and non-Abelian CS gauge theories.

4.1 Topologically massive QED and scattering amplitudes

In this subsection, we consider two realizations of the topologically massive QED, namely,
the topologically massive scalar QED (TMSQED) and the topologically massive spinor

4Besides, the study of the geometric mass-generation of 5d KK gravitons and its gravitational equivalence
theorem (GRET) were presented recently in ref. [27], where the KK graviton field hµνn becomes massive by
absorbing the scalar-component h55

n and vector-component hµ5
n from compactification of the 5d graviton

field ĥMN . Note that before compactification the massless 5d graviton ĥMN has 5 physical degrees of
freedom and after compactification the massive KK graviton hµνn contains the physical states with helicities
λ = ±2,±1, 0. We see that the physical degrees of freedom are conserved before and after the KK graviton
mass-generation: 5 = 2 + 2 + 1.
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(a) (b) (c)

(d) (e) (f)

Figure 1. Feynman diagrams for the scattering processes φ−φ+ → APAP (φ−φ+ → ATAT) and
φ−AP → φ−AP (φ−AT → φ−AT) in 3d topological massive scalar QED.

QED (TMQED). We will compute the scattering amplitudes in these two models and
uncover the nontrivial energy cancellations in these amplitudes. Then, we will demonstrate
explicitly that the TET (3.6) holds in each model.

4.1.1 Scattering amplitudes of topologically massive scalar QED

We first consider the TMSQED, which is composed by the scalar QED plus the Chern-
Simons term (2.1a). The Lagrangian contains a scalar sector:

LS = −(Dµφ)∗(Dµφ)−m2
φ |φ|2 − λ|φ|4, (4.1)

where we choose the metric tensor ηµν = ηµν = diag(−1, 1, 1) and denotes the com-
plex scalar field by φ. The covariant derivative is defined as Dµ = ∂µ + ieAµ. In the
charge eigenstates, we have (φ−, φ+) = (φ, φ∗), with φ−(φ+) denoting the scalar electron
(scalar positron).

In the following, we compute and analyze two types of scattering processes φ−φ+ →
APAP (φ−φ+ → ATAT) and φ−AP → φ−AP (φ−AT → φ−AT) at tree level, where the
relevant Feynman diagrams are shown in figure 1.

For the annihilation processes φ−φ+ → APAP and φ−φ+ → ATAT, we find that under
the high energy expansion and by using the power counting rule (3.12), the scattering
amplitude T [φ−φ+ → APAP] scales as E2, while the scattering amplitude T [φ−φ+ →
ATAT] scales as E0. Thus, we can make high energy expansions for both amplitudes
as follows:

T [φ−φ+ → APAP] = T (2)
PP Ē

2 + T (1)
PP Ē

1 + T (0)
PP Ē

0 +O(Ē−1), (4.2a)

T [φ−φ+ → ATAT] = T (0)
TT Ē

0 +O(Ē−1), (4.2b)

where Ē = E/m and E denotes the energy of the scalar electron (positron). For simplicity,
we set the scalar mass mφ ' 0. The amplitude T [φ−φ+ → APAP] contains the contribu-
tions of the Feynman diagrams (a)-(c) of figure 1. According to eq. (4.2a), we compute
the amplitude at each order of the high energy expansion, which is given by the sum of
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Amplitude ×Ē2 ×Ē1 Amplitude ×Ē2 ×Ē1

TPP[(a)] −e2(1 + cθ) − i2e2sθ TφP[(d)] −2e2 0
TPP[(b)] −e2(1− cθ) i2e2sθ TφP[(e)] e2(1 + cθ) i2e2sθ

TPP[(c)] 2e2 0 TφP[(f)] e2(1− cθ) − i2e2sθ

Sum 0 0 Sum 0 0

Table 1. Energy cancellations in the scattering amplitudes of 3d topologically massive scalar QED,
T [φ−φ+ → AaPA

a
P] = TPP[(a)] + TPP[(b)] + TPP[(c)] and T [φ−AaP → φ−AaP] = TφP[(d)] + TφP[(e)] +

TφP[(f)], where Ē = E/m and (sθ, cθ) = (sin θ, cos θ) with θ being the scattering angle. Each full
amplitude equals the sum of individual diagrams (a) + (b) + (c) and (c) + (d) + (e), respectively, as
shown in figure 1.

the three diagrams (a)-(c). As shown in table 1, we demonstrate explicitly that the sum
of diagrams (a)-(c) vanishes at the O(Ē2) and O(Ē1):

T (2)
PP [(a) + (b) + (c)] = 0, (4.3a)

T (1)
PP [(a) + (b) + (c)] = 0. (4.3b)

Furthermore, we compute both amplitudes T [φ−φ+ → APAP] and T [φ−φ+ → ATAT] at
the O(Ē0) and obtain:

T (0)
PP [φ−φ+ → APAP] = 1

2T
(0)

TT [φ−φ+ → ATAT] = e2. (4.4)

Without losing generality, we set the spin s = m̃/m = +1 in the above calculations and
afterwards.

Similarly, we compute the Compton scattering amplitudes T [φ−AP → φ−AP] and
T [φ−AT → φ−AT]. Then, we make the following high energy expansions for both
amplitudes:

T [φ−AP → φ−AP] = T (2)
φP Ē

2 + T (1)
φP Ē

1 + T (0)
φP Ē

0 +O(Ē−1), (4.5a)

T [φ−AT → φ−AT] = T (0)
φT Ē

0 +O(Ē−1). (4.5b)

As shown in table 1, we demonstrate explicitly that the sum of the three diagrams (d)-(f)
of figure 1 vanishes at the O(Ē2) and O(Ē1):

T (2)
φP [(d) + (e) + (f)] = 0, (4.6a)

T (1)
φP [(d) + (e) + (f)] = 0. (4.6b)

Moreover, we find that both amplitudes T [φ−AP → φ−AP] and T [φ−AT → φ−AT] are
nonzero and equal at the O(Ē0):

T (0)
φP [φ−AP → φ−AP] = 1

2T
(0)
φT [φ−AT → φ−AT] = −e2. (4.7)

Finally, from eqs. (4.3) and (4.6) together with eqs. (4.4) and (4.7), we derive

T [φ−φ+ → APAP] = 1
2T [φ−φ+ → ATAT] +O

(
m

E

)
, (4.8a)

T [φ−AP → φ−AP] = 1
2T [φ−AT → φ−AT] +O

(
m

E

)
, (4.8b)

which explicitly verify the TET (3.6) for the topologically massive scalar QED.
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(a) (b) (c) (d)

Figure 2. Scattering processes e+e− → APAP (e+e− → ATAT) via Feynman diagrams (a)-(b)
and e−AP → e−AP (e−AT → e−AT) via Feynman diagrams (c)-(d) in 3d topologically massive
spinor QED.

4.1.2 Scattering amplitudes of topologically massive spinor QED

In this subsection, we consider the topologically massive QED (TMQED) which includes
the gauge sector Lagrangian (2.1a) (with Chern-Simons term) and the following matter
Lagrangian,

Lf = ψ̄(γµDµ −mf )ψ, (4.9)

where the covariant derivative is defined as Dµ = ∂µ + ieAµ and the gamma matrices are
given by (γ0, γ1, γ2) = (iσ2, σ1, σ3). We define the 3d Dirac spinors and solve the 3d Dirac
equation in appendix C.

Then, we analyze the amplitudes of the annihilation process e+e− → APAP (e+e− →
ATAT) and the Compton scattering e−AP → e−AP (e−AT → e−AT). The relevant Feyn-
man diagrams at tree level are shown in figure 2. Using the power counting rule (3.12),
we find that the scattering amplitudes T [e+e− → APAP] and T [e−AP → e−AP] have
leading contributions scale as E2, while the scattering amplitudes T [e+e− → ATAT] and
T [e−AT → e−AT] have leading contributions scale as E0. Thus, we can make the following
high energy expansions:

T [e−e+ → APAP] = T (2)
PP Ē

2 + T (1)
PP Ē

1 + T (0)
PP Ē

0 +O(Ē−1), (4.10a)

T [e−e+ → ATAT] = T (0)
TT Ē

0 +O(Ē−1), (4.10b)

T [e−AP → e−AP] = T (2)
eP Ē2 + T (1)

eP Ē1 + T (0)
eP Ē0 +O(Ē−1), (4.10c)

T [e−AT → e−AT] = T (0)
eT Ē0 +O(Ē−1), (4.10d)

where Ē = E/m and E denotes the energy of the incoming electron (positron). For
simplicity, we set the electron mass me ' 0.

Then, we explicitly compute the above scattering amplitudes. We find that all the
O(E2) and O(E1) terms cancel exactly in each amplitude and the final results actually
behave as O(E0). We present these cancellations explicitly in table 2. Hence, we have

T (2)
PP [(a) + (b)] = 0, T (1)

PP [(a) + (b)] = 0; (4.11a)

T (2)
eP [(c) + (d)] = 0, T (1)

eP [(c) + (d)] = 0. (4.11b)
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Amplitude ×Ē2 ×Ē1 Amplitude ×Ē2 ×Ē1

TPP[(a)] ie2sθ 2e2cθ TeP[(c)] i2e2(1+cθ)(1+sθ)1/2

1+c
θ

+s
θ

− 2e2sθ(1+sθ)1/2

1+c
θ

+s
θ

TPP[(b)] −ie2sθ −2e2cθ TeP[(d)] − i2e2(1+cθ)(1+sθ)1/2

1+c
θ

+s
θ

2e2sθ(1+sθ)1/2

1+c
θ

+s
θ

Sum 0 0 Sum 0 0

Table 2. Energy cancellations in the scattering amplitudes of 3d topologically massive spinor QED,
T [e+e− → APAP] = TPP[(a)] + TPP[(b)] and T [e−AP → e−AP] = TeP[(c)] + TeP[(d)], where the
notations are defined as Ē = E/m and (sθ, cθ) = (sin θ, cos θ) with θ denoting the scattering angle.
Each full amplitude equals the sum of individual diagrams (a) + (b) and (c) + (d), respectively, as
shown in figure 2.

Finally, we derive the remaining amplitudes of O(E0) as follows:

T (0)
PP [e−e+ → APAP] = 1

2T
(0)

TT [e−e+ → ATAT] = ie2 cotθ, (4.12a)

T (0)
eP [e−AP → e−AP] = 1

2T
(0)
eT [e−AT → e−AT] = ie2 (3 + cθ)(1 + cθ + sθ)

4(1 + cθ)(1 + sθ)
1
2
. (4.12b)

For completeness, we also summarize in appendix D the full tree-level amplitudes (without
high energy expansion) for the scattering processes discussed above and in sections 4.1
and 4.2.1. These exact formulas can provide self-consistency checks for the correspond-
ing expanded scattering amplitudes given in the main text and will also be useful for
future studies.

From the above eqs. (4.12a)–(4.12b), we deduce the following relations under the high
energy expansion:

T [e−e+ → APAP] = 1
2T [e−e+ → ATAT] +O

(
m

E

)
, (4.13a)

T [e−AP → e−AP] = 1
2T [e−AT → e−AT] +O

(
m

E

)
. (4.13b)

These verify explicitly that the TET (3.6) does hold, as expected from our general for-
mulation of the TET in section 3.1. We observe that the TET identity (3.5) [or the
TET (3.6)] provides a general mechanism which guarantees the exact energy cancellations
of the O(E2) and O(E1) contributions in the AaP-amplitude and matches the corresponding
AaT-amplitude of O(E0).

Before concluding this subsection, we further present an exact verification of the TET
identity (3.4) or (3.5a) without taking the high energy limit and by considering the simplest
case of N = 1. For the scattering process e−e+ → APAP, we apply the TET identity (3.5)
to just one external state of AP:

T [e−e+ → APAP] = T [e−e+ → ÃTAP] + T [e−e+ → ṽAP], (4.14)

where ÃT = 1√
2AT and ṽ = 1√

2v = 1√
2v

µAµ. Using the basic relation of polarization
vectors in eq. (3.2), we can rewrite the above TET identy (4.14) as follows:

T [e−e+ → ASAP] = 0, (4.15)
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where AS = εµSAµ is the unphysical scalar polarization state of the photon. As we explained
above eq. (3.2), the gauge-fixing function in momentum space can be expressed as F =
−imAS. Thus, the above TET identity (4.15) is equivalent to

T [e−e+ → FAP] = 0, (4.16)

which is just the simplest N = 1 case of the Slavnov-Taylor-type identity (3.1). Hence, to
verify the TET identity (3.5) in the case of N = 1, we only need to prove explicitly that
the identity (4.15) holds at the tree level.

The tree-level scattering process e−e+ → ASAP contains the same type of diagrams
(a)-(b) via (t, u)-channels, as shown in figure 2. Then, we compute directly the contributions
of the (t, u)-channels as follows:

Tt[e−e+ → ASAP] = −Tu[e−e+ → ASAP] =
√

2e2
(
iĒ2sθ + Ēcθ

)
, (4.17)

which ensures that the full amplitude vanishes:

T [e−e+ → ASAP] = Tt + Tu = 0. (4.18)

This explicitly verifies the TET identity (4.15) [and thus the TET identity (4.14)] for the
case of N = 1, without taking the high energy limit.

4.2 Topologically massive QCD and scattering amplitudes

In this subsection, we study scattering amplitudes in the 3d topologically massive QCD
(TMQCD) with non-Abelian gauge group SU(N). This is also called the topologically
massive YM (TMYM) theory in section 2 for the pure gauge sector without matter fields.
We will not discriminate these two terminologies hereafter. The Lagrangian of the TMQCD
can be written as follows:

L = −1
4(F aµν)2 +m

2 ε
µνρAaµ∂νA

a
ρ+ gm

6 CabcεµνρAaµA
b
νA

c
ρ+

N∑
i,j=1

ψ̄i(γµD
µ
ij−mqδij)ψj , (4.19)

where Dµ
ij = δij∂

µ − igAaµT aij and (i, j) denote the color indices of the quarks. We will
compute the scattering amplitudes of the quark-antiquark annihilation and the pure gauge
boson scattering, from which uncover the nontrivial energy cancellations. Then, we will
demonstrate explicitly that the TET (3.6) holds for the non-Abelian TMQCD.

4.2.1 Scattering amplitudes of quark-antiquark annihilation

In this subsection, we analyze the scattering amplitudes of quark-antiquark annihilation
processes qq̄ → AaPA

b
P and qq̄ → AaTA

b
T, which include three Feynman diagrams as shown in

figure 3. The non-Abelian cubic gluon vertex generates the s-channel diagram of figure 3(a)
which is absent in the e−e+ annihilation process of the TMQED as shown figure 2(a)-(b).

Applying the power counting rule (3.12), we find that the high-energy scattering
amplitude T [qiq̄j → AaPA

b
P] has leading contributions scale as E2, while the amplitude
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(a) (b) (c)

Figure 3. Scattering processes of quark-antiquark annihilation into two gluons, qiq̄j → AaPA
b
P

(qiq̄j → AaTA
b
T) in the 3d topologically massive QCD.

T [qiq̄j → AaTA
b
T] scales as E0. Thus, we can make the following high energy expansions:

T [qiq̄j → AaPA
b
P] = T (2)

PP Ē
2 + T (1)

PP Ē
1 + T (0)

PP Ē
0 +O(Ē−1), (4.20a)

T [qiq̄j → AaTA
b
T] = T (0)

TT Ē
0 +O(Ē−1), (4.20b)

where Ē = E/m and E denotes the energy of the incoming quark (anti-quark). For
simplicity, we set the quark mass mq ' 0. Then, we explicitly compute these scattering
amplitudes, and find that summed contributions in each amplitude cancel exactly at O(E2)
and O(E1), respectively. The final net results could only behave as O(E0). We present
these cancellations explicitly in table 3. From these, we deduce

T (2)
PP [(a) + (b) + (c)] = 0, (4.21a)

T (1)
PP [(a) + (b) + (c)] = 0, (4.21b)

where we have applied the commutation relation [T a, T b] = iCabcT c to the sum of the
diagrams (b) + (c), which further cancels the contribution of the diagram (a) at O(E2) and
O(E1) respectively.

Next, we compute the remaining qq̄ annihilation amplitudes at O(E0) and derive the
following results:

T (0)
PP [qiq̄j → AaPA

b
P] = 1

2T
(0)

TT [qiq̄j → AaTA
b
T] = ig2

4

[
s2θ

1 + cθ

(
T ajkT

b
ki

)
+ s2θ

1− cθ

(
T bjkT

a
ki

) ]
.

(4.22)
We may further define the color-singlet states of the SU(N) gauge group:

|0〉q = 1√
N

N∑
j=1
|qj q̄j〉,

|0〉AP
= 1√

2(N2 − 1)

N2−1∑
a=1
|AaPAaP〉, (4.23)

|0〉AT
= 1√

2(N2 − 1)

N2−1∑
a=1
|AaTAaT〉.

Then, we compute the qq̄ annihilation amplitudes of the color-singlet states at O(E0):

T (0)
PP [ |0〉q → |0〉AP

] = 1
2T

(0)
TT [ |0〉q → |0〉AT

] = ig2f(N) cotθ, (4.24)

– 18 –



J
H
E
P
0
1
(
2
0
2
2
)
1
5
3

Amplitude TPP[(a)] TPP[(b)] TPP[(c)] Sum

×Ē2 g2sθC
abcT c ig2sθT

aT b −ig2sθT
bT a 0

×Ē1 −i2g2cθC
abcT c 2g2cθT

aT b −2g2cθT
bT a 0

Table 3. Energy cancellations in the scattering amplitude T [qiq̄j → AaPA
b
P] = TPP[(a)]+TPP[(b)]+

TPP[(c)] of 3d topologically massive QCD, where the relevant Feynman diagrams (a)-(c) are shown
in figure 3.

where we have defined the function f(N) = 1
2
√

2

√
(N2 − 1)/N . We note that for the color-

singlet initial and final states, the s-channel contribution vanishes due to Caac = 0, and
the sum of the (t, u)-channel contributions just differs from the Abelian case of TMQED
by an overall factor (g2/e2)f(N). This relation holds even without making the high energy
expansion, namely,

TPP[ |0〉q → |0〉AP
] = g2

e2 f(N)T [e−e+ → APAP], (4.25a)

TTT[ |0〉q → |0〉AT
] = g2

e2 f(N)T [e−e+ → ATAT]. (4.25b)

After the high energy expansion, only the O(E0) amplitudes survive for the TMQCD and
TMQED, as shown in eq. (4.24) and eq. (4.12a) which obey the above relations (4.25).

Finally, from eqs. (4.20)(4.21) and eqs. (4.22)(4.24), we derive the following equivalence
relation under the high energy expansion:

T [qiq̄j → AaPA
b
P] = 1

2T [qiq̄j → AaTA
b
T] +O

(
m

E

)
, (4.26)

which demonstrates explicitly the TET (3.6).

4.2.2 Pure gauge boson scattering amplitudes

In this subsection, we study the 4-particle amplitudes of the pure gauge boson scattering
processes AaPAbP → AcPA

d
P and AaTAbT → AcTA

d
T in the 3d non-Abelian topologically massive

YM (TMYM) theory, where the gauge field Aaµ belongs to the adjoint representation of the
SU(N) gauge group. The relevant Feynman diagrams are shown in figure 4.

We see that the 4-gauge boson scattering amplitudes T [AaPAbP → AcPA
d
P] ≡ T [4AaP]

and T [AaTAbT → AcTA
d
T] ≡ T [4AaT] receive contributions from the contact diagram and the

pole diagrams via (s, t, u)-channels. The kinematics of such 4-particle elastic scattering
processes is defined in appendix A. Using the power counting rule (3.12), we find that
for the scattering amplitude T [4AaP] the leading contributions of each diagram in figure 4
scale as E4, while for the scattering amplitude T [4AaT] the individual leading contributions
scale as E0. Hence, using the TET identity (3.5) [or the TET (3.6)], we predict that
the AaP-amplitude should contain exact energy cancellations at the O(E4), O(E3), O(E2),
and O(E1) respectively, because the leading energy-dependence of the AaP-amplitude must
match that of the corresponding AaT-amplitude of O(E0) on the r.h.s. of the TET iden-
tity (3.5) [or the TET (3.6)].
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Figure 4. Feynman diagrams of the four-gauge boson scattering processes AaPA
b
P → AcPA

d
P

and AaTA
b
T → AcTA

d
T via the contact interaction and (s, t, u)-channels in 3d topologically mas-

sive YM theory.

Then, we compute explicitly the full scattering amplitude of AaP’s at tree level and
present it in a compact form:

T [4AaP] = g2
( CsNs
s−m2 + CtNt

t−m2 + CuNu
u−m2

)
, (4.27)

where the color factors are defined as usual (Cs, Ct, Cu) = (CabeCcde, CadeCbce, CaceCdbe)
with Cabc denoting the structure constants of the gauge group. The numerators
(Ns,Nt,Nu) take the following form:

Ns = 4m2 − s
16m3s

1
2

[
4ms

1
2 (5m2 + 4s)cθ + i(4m4 + 29m2s+ 3s2)sθ

]
, (4.28a)

Nt = −
cθ/2

16m3

(
s

1
2 + i2m tan θ2

)2
(4.28b)

×
{

4m[13m2 − 3s+ (8m2 − s)cθ]cθ/2 + is
1
2 [22m2 − 3s+ (20m2 − 3s)cθ]sθ/2

}
,

Nu =
sθ/2

16m3

(
s

1
2 − i2m cot θ2

)2
(4.28c)

×
{

4m[13m2 − 3s− (8m2 − s)cθ]sθ/2 − is
1
2 [22m2 − 3s− (20m2 − 3s)cθ]cθ/2

}
.

We note that in the (2+1)d spacetime there is a kinematic exchange symmetry between
the scattering amplitudes of t-channel and u-channel, namely, their numerators obey the
relation Nu(π+θ) = −Nt(θ). We have verified that our numerators (4.28b)–(4.28c) indeed
satisfy this kinematic exchange symmetry.

We note that each term on the r.h.s. of eq. (4.27) scales as E3 at most because summing
up each contribution of the contact diagram with the corresponding pole diagram already
cancels O(E4) terms, as we show in table 4. For the high energy scattering with E � m,
we expand the full amplitudes in terms of 1/s̄0, where s0 = 4E2β2 and s̄0 = 4Ē2β2 with
Ē = E/m. Thus, we can explicitly demonstrate the exact energy cancellations at each
order of En (n = 4, 3, 2, 1), respectively. We summarize our findings in table 4, from which
we prove the following exact energy cancellations:

T (4)
cj + T (4)

j = 0, (4.29a)∑
j

(
T (3)
cj + T (3)

j

)
= −i24sθs̄

3
2
0 c0(Cs + Ct + Cu) = 0, (4.29b)
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Amplitude ×s̄2
0 ×s̄3/2

0 ×s̄0 ×s̄1/2
0

Tcs 8sθCs i32sθCs 64cθCs i64sθCs

Tct −(5 + 4cθ − c2θ)Ct −i8(2sθ − s2θ)Ct −32(cθ − c2θ)Ct −i16(2sθ − 5s2θ)Ct

Tcu (5− 4cθ − c2θ)Cu −i8(2sθ + s2θ)Cu −32(cθ + c2θ)Cu −i16(2sθ + 5s2θ)Cu

Ts −8sθCs −i56sθCs −192cθCs −i368sθCs

Tt (5 + 4cθ − c2θ)Ct −i8(sθ + s2θ)Ct −32(3cθ + c2θ)Ct −i16(17sθ + 5s2θ)Ct

Tu −(5− 4cθ − c2θ)Cu −i8(sθ − s2θ)Cu −32(3cθ − c2θ)Cu −i16(17sθ − 5s2θ)Cu

Sum 0 0 0 0

Table 4. Energy cancellations in the 4-gauge boson scattering amplitude of 3d non-Abelian TMYM
theory, T [AaPAbP → AcPA

d
P] = Tc+Ts+Tt+Tu, where the amplitude from contact diagram is further

decomposed into three sub-amplitudes according to their color factors, Tc = Tcs + Tct + Tcu. The
energy factor is defined as s̄0 = 4Ē2β2 and Ē = E/m. A common overall factor (g2/128) in each
amplitude is not displayed for simplicity.

∑
j

(
T (2)
cj + T (2)

j

)
= −128cθs̄0c0(Cs + Ct + Cu) = 0, (4.29c)

∑
j

(
T (1)
cj + T (1)

j

)
= −i304sθs̄

1
2
0 c0(Cs + Ct + Cu) = 0, (4.29d)

where j ∈ (s, t, u), c0 = g2/128, and the superscript (n) in the amplitudes (T (n)
cj , T (n)

j )
denotes the contributions at the O(En) with n = 1, 2, 3, 4. The amplitudes Tc (contributed
by the contact diagram) and Tj (contributed by the gauge-boson-exchange in each channel-
j) are given by the sums:

Tc =
∑
j,n

T (n)
cj , Tj =

∑
n

T (n)
j , (4.30)

where j ∈ (s, t, u) and n = 4, 3, 2, · · · . From table 4 and eq. (4.29a), the O(E4) contribu-
tions cancel exactly between the contact diagram and the pole diagrams in each channel
of j ∈ (s, t, u). Furthermore, it is striking to see that the sum of each O(En) contributions
(n = 3, 2, 1) also cancel exactly because of the Jacobi identity Cs + Ct + Cu = 0, as shown
in table 4 and eqs. (4.29b)–(4.29d).

After all these energy cancellations, we systematically derive the remaining scattering
amplitude at O(E0). We also compute the amplitude T [4ÃaT] which contains terms no more
than O(E0) by the direct power counting. Thus, we present both scattering amplitudes
expanded to O(E0) as follows:

T0[4AaP] = g2
[
Cs
(−9cθ

4

)
+ Ct

(−1− 9cθ − 4c2θ
4(1 + cθ)

)
+ Cu

(1− 9cθ + 4c2θ
4(1− cθ)

)]
, (4.31a)

T0[4ÃaT] = g2
[
Cs
(−cθ

4

)
+ Ct

( 3− cθ
4(1 + cθ)

)
+ Cu

( −3− cθ
4(1− cθ)

)]
, (4.31b)

where we have denoted ÃaT = 1√
2A

a
T as before. Comparing the two amplitudes above, we

find that they differ by an amount:

T0[4AaP]− T0[4ÃaT] = −2g2cθ(Cs + Ct + Cu) = 0, (4.32)
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which vanishes identically because of the Jacobi identity Cs+Ct+Cu = 0. This demonstrates
explicitly the TET for the 4-gauge boson scattering in the non-Abelian TMYM theory:

T [AaPAbP → AcPA
d
P] = T [AaTAbT → AcTA

d
T] +O

(
m

E

)
, (4.33)

which confirms the general TET (3.6) for the case of N = 4.
To conclude this subsection, we stress that the present study has well understood and

justified the structure of our gauge boson scattering amplitude (4.27) order by order under
the high energy expansion, including the exact energy cancellations at each O(En) with
n = 4, 3, 2, 1 and the proof of the TET relation (4.32) at O(E0).

4.3 Unitarity bounds on TMYM and TMG theories

In this subsection, we analyze the partial wave amplitudes of the 3d topologically massive
gauge boson scattering and the 3d topologically massive graviton scattering (section 5).
We will demonstrate that the partial waves for either the topologically massive gauge boson
scattering or the topologically massive graviton scattering have high energy behaviors no
larger than O(E0), so they can respect the perturbative unitarity bound.

For an SU(N) gauge theory, we define the gauge-singlet one-particle state:

|0〉AP
= 1√

2(N2 − 1)

N2−1∑
a=1
|AaPAaP〉. (4.34)

Thus, we can compute the scattering amplitude for the gauge-singlet state as follows:

T [|0〉AP
→ |0〉AP

] = g2N

2

( N ′t
t−m2 −

N ′u
u−m2

)
. (4.35)

In d-dimensions, the partial wave amplitude takes the following general form [53]:

a`(s) = sd/2−2

Cν` (1)λd

∫ π

0
dθ
[

(sin θ)d−3Cν` (cos θ)Tel
]
, (4.36)

where Cν` (x) is the Gegenbauer polynomial and

ν = 1
2(d− 3), λd = 2Γ

(1
2d− 1

)
(16π)d/2−1. (4.37)

The partial wave a` should satisfy the unitarity condition Im(a`) > |a`|2, leading to [53–55]:

|a`| 6 1, |Re(a`)| 6
1
2 , |Im(a`)| 6 1. (4.38)

For the present study, we have d = 3. Thus, we can compute the real part of the s-wave
amplitude (4.36) as follows:

Re(a0) = 1
8π
√
s

∫ π

0
dθRe(T [|0〉AP

→ |0〉AP
])

= − g2N(16m4 + 24m2s+ s2)
32
√
s(s− 4m2)2 ' − Ng2

32
√
s
. (4.39)
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The imaginary part Im(a0) has collinear divergences around θ = 0, π of the integral. After
adding an angular cut on the scattering angle (δ 6 θ 6 π − δ) to remove the collinear
divergences of the integral, we find that Im(a0) vanishes. Eq. (4.39) shows that for high
energy scattering the leading partial wave amplitude Re(a0) scales as E−1, which has good
high energy behaviors. This is expected, because the 3d TMYM theory is gauge-invariant
and has a super-renormalizable gauge coupling g with mass-dimension +1

2 . Applying the
unitarity condition (4.38) to s-wave amplitude (4.39), we derive the following perturbative
unitarity bound:

√
s >

g2N

16 , (4.40)

which puts a lower limit on the scattering energy, in addition to the requirement of high
energy expansion

√
s� m.

Next, we study the perturbative unitarity bound for the TMG theory in section 5.
Using the high-energy graviton scattering amplitude in eqs. (5.13)–(5.16), we compute the
partial wave amplitudes of its real and imaginary parts as follows:

Re(a0) ' − 15κ2m2

2048π
√
s

(3 cos δ − cos 3δ)
sin3 δ

' − 15κ2m2

1024πδ3√s
, (4.41a)

Im(a0) ' −247κ2m

49152π
(3 cos δ − cos 3δ)

sin3 δ
' − 247κ2m

24576πδ3 , (4.41b)

where we put an angular cut on the scattering angle (δ 6 θ 6 π−δ) to remove the collinear
divergences of the integral. We see that both Re(a0) and Im(a0) exhibit good high-energy
behaviors since they scale as E−1 and E0, respectively. Imposing the perturbative unitarity
condition on the s-wave amplitude (4.41), we derive the unitarity bounds on the real and
imaginary parts:

√
s >

15κ2m2

1024πδ3 , m 6
49152πδ3

247κ2 , (4.42)

where the first condition places a lower bound on the scattering energy proportional to
κ2m2. The second condition puts an upper bound on the graviton mass m, proportional
to 1/κ2 which characterizes the ultraviolet cutoff scale of the TMG gravity since the 3d
gravitational coupling κ2 = 16πG = 2/MPl has a negative mass-dimension −1, where G
and MPl denote the 3d Newton constant and Planck mass respectively.

5 Structure of topological graviton amplitude from double-copy

In this section, we will study the extended double-copy construction of the massive gravi-
ton amplitude in the 3d topologically massive gravity (TMG) from the massive gauge
boson amplitude in the 3d TMYM theory. Our focus is to analyze the structure of massive
graviton scattering amplitudes under high energy expansion and newly uncover a series of
striking energy-cancellations of the graviton amplitudes in connection to the corresponding
gauge boson amplitudes through the extended massive double-copy construction. These new
findings were not covered by any previous literature. In section 5.1, starting from the 3d
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action of the TMG we will analyze the equation of motion (EOM) of the 3d graviton field
and identify the physical polarization state of the graviton. Then, in section 5.2 we will
extend the conventional double-copy method for massless gauge/gravity theories [17–19] to
the 3d topologically massive gauge/gravity theories. For this we will improve the original
massive 4-gauge-boson scattering amplitude (4.27)–(4.28) by proper choice of the gauge
transformation on its kinematic numerators. With these we can reconstruct the correct
4-graviton scattering amplitude in the TMG theory. We stress that a key feature of the 3d
TMYM and TMG theories is that these theories can realize the topological mass-generation
of gauge bosons and gravitons in a fully gauge-invariant way under the path integral for-
mulation, which is important for the successful double-copy construction in the 3d massive
gauge/gravity theories.

5.1 3d topologically massive gravity

In this subsection, we first introduce the 3d action of the TMG. Then, we analyze the
equation of motion of the 3d graviton field and identify the physical polarization state of
the graviton. We note that even though the 3d massless Einstein gravity has no physical
content [1, 2, 56–60], including the gravitational Chern-Simons term can make the TMG
fully nontrivial. The TMG action contains the conventional Einstein-Hilbert term and the
gravitational Chern-Simons term [1, 2]:

STMG = − 2
κ2

∫
d3x

[√
−gR− 1

2m̃εµνρΓαρβ
(
∂µΓβαν + 2

3ΓβµγΓγνα
)]

, (5.1)

where the 3d gravitational coupling constant κ is connected to the Planck mass MPl via
κ = 2/

√
MPl with MPl = 1/(8πG) and G as the Newton constant. The parameter m̃

in eq. (5.1) will provide the graviton mass m = |m̃|, as shown in eq. (E.6). Under the
weak field expansion gµν = ηµν + κhµν and the linearized diffeomorphism transformation
hµν → h′µν = hµν + ∂µξν + ∂νξµ, the gravitational Chern-Simons term in eq. (5.1) changes
into a total derivative, so the action is diffeomorphism invariant.

The nonlinear EOM is derived as follows [58–60]:

Rµν −
1
2gµνR+ 1

m
Cµν = 0, (5.2)

where the Cotton tensor Cµν = ε ρσ
µ ∇ρ(Rσν − 1

4gσνR) is symmetric and traceless. In
eq. (5.2) and the discussions hereafter, we use the positive branch of the mass parameter
m̃ > 0, which corresponds to the graviton with spin s = +2 [1, 2]. Then, we can ex-
pand the metric tensor around the Minkowski metric gµν = ηµν + κhµν and impose the
transverse-traceless condition for the graviton field. With these, we obtain the linearized
EOM from eq. (5.2):[

ηµαηνβ + 1
2m(εµραηνβ + ενρβηµα)∂ρ

]
∂2hαβP = 0. (5.3)

We may denote the operator in the square brackets of eq. (5.3) as

Ôµναβ = ηµαηνβ + 1
2m(εµραηνβ + ενρβηµα)∂ρ. (5.4)
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Then, we act the operator Ôµναβ twice on the graviton field and impose the transverse-
traceless condition on the physical graviton state, which leads to(

∂2 −m2
)
∂2hµνP = 0. (5.5)

This shows that the graviton field obeys a Klein-Gordon-like equation and carries the
physical mass m.

Alternatively, we can “square” the EOM of the TMYM theory (2.5) and arrive at(
ηµαηνβ −

iεµραηνβpρ

m
−

iενσβηµαpσ

m
−
εµραενσβp

ρpσ

m2

)
εαεβ

= 2
[
ηµαηνβ −

i
2m(εµραηνβ + ενρβηµα)pρ

]
εαβ = 0, (5.6)

where in the second line we have used the relations:

εµν = εµεν , pµεµ= 0 , ε µ
µ = 0 ,

εµραενσβ p
ρpσ = (ηµβηαν− ηµνηαβ)p2+ ηαβpµpν+ ηµνpαpβ− ηναpµpβ− ηµβpνpα , (5.7)

with the momentum pµ obeying the on-shell condition p2 = −m2. Thus, we see that eq. (5.6)
coincides with eq. (5.3) where the graviton field is expressed in the plane wave form
hµνP = εµνP e−ip·x, with εµνP = εµPε

ν
P. The graviton polarization tensor εµνP is the solution

of the EOM (5.6), where the subscript “P” indicates that it corresponds to the physical
polarization state of the graviton hµνP . Then, we impose the following gauge-fixing term:

LGF = 1
ξ

(Fµ)2, Fµ = ∂νh
µν − 1

2∂
µh. (5.8)

With the above and making the weak field expansion, we can derive the graviton propaga-
tor, which we present in eq. (E.6) of appendix E.

5.2 Double-copy construction of graviton amplitude and energy cancellations

In this subsection, we extend the conventional double-copy method for massless
gauge/gravity theories [17–19] and construct the massive 4-graviton scattering amplitude
in the 3d TMG theory from the 4-gauge boson amplitude in the 3d TMYM theory.

We examine the kinematic numerators {Nj} of the original massive 4-gauge-boson
scattering amplitude (4.27)–(4.28), and find that they violate the kinematic Jacobi identity
due to

∑
j Nj 6= 0. Then, we analyze the gauge boson amplitude (4.27) and find that it is

invariant under the following gauge transformation:

Nj → N ′j = Nj + ∆(sj −m2), (5.9)

where j ∈ (s, t, u) and ∆ is a coefficient. Thus, by requiring the gauge-transformed nu-
merators {N ′j} to satisfy the kinematic Jacobi identity

∑
j N ′j = 0, we can determine the

coefficient ∆ as follows:

∆ =− i cscθ
32m3

[
(16m4s−

1
2 + 8m2s

1
2 − 3s

3
2 )− (16m4s−

1
2 − 24m2s

1
2 − 3s

3
2 )c2θ + i16mss2θ

]
.

(5.10)
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Then, we apply the gauge transformation (5.9) to the numerators (4.28) and further derive
the following new kinematic numerators (N ′s,N ′t , N ′u):

N ′s = i csc θ
8ms

1
2

[
8m4 + 26m2s− 7s2 − (8m4 + 18m2s+ s2)c2θ

− ims
1
2 (20m2 + 7s)s2θ

]
, (5.11a)

N ′t =− i csc θ
32ms

1
2

[
16m4 + 52m2s− 14s2 +

(
16m4 + 104m2s− 15s2

)
cθ

− 2
(
8m4 + 18m2s+ s2

)
c2θ −

(
16m4 + 24m2s+ s2

)
c3θ

+ ims
1
2 (176m2 − 20s)sθ − ims

1
2 (40m2 + 14s)s2θ

−ims
1
2 (32m2 + 8s)s3θ

]
, (5.11b)

N ′u =− i csc θ
32ms

1
2

[
16m4 + 52m2s− 14s2 −

(
16m4 + 104m2s− 15s2

)
cθ

− 2
(
8m4 + 18m2s+ s2

)
c2θ +

(
16m4 + 24m2s+ s2

)
c3θ

− ims
1
2 (176m2 − 20s)sθ − ims

1
2 (40m2 + 14s)s2θ

+ims
1
2 (32m2 + 8s)s3θ

]
, (5.11c)

which nicely obey the kinematic Jacobi identity
∑
j N ′j = 0 by construction. With the

above, we can reexpress the gauge boson amplitude (4.27) as follows:

T [4AaP] = g2
( CsN ′s
s−m2 + CtN ′t

t−m2 + CuN ′u
u−m2

)
. (5.12)

As a consistency check, we have also verified that the gauge-transformed numera-
tors (5.11b)–(5.11c) satisfy the kinematic exchange symmetry between the t-channel and
u-channel, namely, N ′u(π + θ) = −N ′t (θ).

For the 4-particle scattering amplitudes of massive physical gravitons hP = εµνP hµν in
the 3d TMG theory, we can use the power counting rule (3.13) or (3.14) of section 3.2
to count the energy-dependence of the graviton scattering amplitudes and find that the
leading individual contributions to the tree-level amplitudes scale as E12. But, using
the extended double-copy approach for massive scattering amplitudes, we will prove that
such leading contributions of O(E12) in the 4-graviton scattering amplitudes must cancel
down to O(E1), namely, the substantial cancellations of O(E12) → O(E1) by an energy
power of E11.

For this purpose, we extend the conventional double-copy method with the color-
kinematics duality for massless gauge/gravity theories [17–19] to the 3d topologically mas-
sive gauge/gravity theories. Using our improved massive-gauge-boson amplitude (5.12) of
3d TMYM theory and the color-kinematics duality Cj → N ′j , we construct the full scatter-
ing amplitude of physical gravitons,M[hPhP → hPhP ] ≡M[4hP ], in the 3d TMG theory:

M[4hP ] = κ2

16

[
(N ′s)2

s−m2 + (N ′t )2

t−m2 + (N ′u)2

u−m2

]
, (5.13)
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where we have made the gauge-gravity coupling conversion g → κ/4. (The same conversion
factor will work for the 4d double-copy of the massless gauge/gravity theories [17, 18] if
the same normalization of color factors is adopted.) Then, substituting the improved
kinematic numerators (5.11) into eq. (5.13), we derive the following compact formula for
the 4-graviton scattering amplitude after significant simplifications:

M[4hP ] = − κ2m2(P0 + P2c2θ + P4c4θ + P6c6θ + P̄2s2θ + P̄4s4θ + P̄6s6θ) csc2 θ

4096(3 + s̄0)(4 + s̄0)3/2(2 + s̄0 − s̄0cθ)(2 + s̄0 + s̄0cθ)
, (5.14)

where (Pj , P̄j) are expressed as polynomial functions of the variable s̄0 = s0/m
2,

P0 = −4(7992s̄2
0 + 4767s̄3

0 + 692s̄4
0)(4 + s̄0)

1
2 ,

P2 = (−221184− 304128s̄0 − 114048s̄2
0 − 10928s̄3

0 + 505s̄4
0)(4 + s̄0)

1
2 ,

P4 = 4(55296 + 45312s̄0 + 13208s̄2
0 + 1563s̄3

0 + 58s̄4
0)(4 + s̄0)

1
2 ,

P6 = −(98304 + 57344s̄0 + 11264s̄2
0 + 832s̄3

0 + 17s̄4
0)(4 + s̄0)

1
2 , (5.15)

P̄2 = i(−442368− 663552s̄0 − 300672s̄2
0 − 46048s̄3

0 + 540s̄4
0 + 475s̄5

0),

P̄4 = i4(110592 + 104448s̄0 + 36880s̄2
0 + 5828s̄3

0 + 372s̄4
0 + 5s̄5

0),

P̄6 = −i(196608 + 139264s̄0 + 35328s̄2
0 + 3776s̄3

0 + 148s̄4
0 + s̄5

0).

Next, we make high energy expansion for the reconstructed graviton amplitude (5.14)–
(5.15) and derive the following leading order (LO) result:

M0[4hP ] = − iκ2

2048 ms
1
2
0 (494cθ + 19c3θ − c5θ) csc3θ. (5.16)

It is striking to see that the above LO graviton amplitude actually scales as O(mE)
under the high energy expansion. Because the direct application of our power count-
ing rule (3.14) to the double-copy graviton amplitude (5.13) gives the scaling behavior
M0[4hP ] = O(m−2E4), we can expect from eq. (5.16) the further nontrivial energy can-
cellations of E4 → E1, which we will discuss in the following paragraph.

Inspecting the expressions of (Nj ,N ′j) in eqs. (4.28) and (5.11), we find that they
contain individual leading terms scaling as (E5, E3), respectively. This shows that the
gauge transformation (5.9) leads to an energy cancellation of E5 → E3 in each of the
transformed numerators N ′j . This has an important impact on the energy dependence of
the double-copy amplitude (5.13), namely, in each channel of N ′j

2/(sj −m2), it contains a
leading energy term behaving as E4, rather than E8 from N 2

j /(sj −m2). In comparison
with the leading energy-dependence of the individual diagrams contributing to the tree-level
4-graviton amplitude which scales as E12 by the direct power counting rule (3.13)–(3.14),
our double-copy construction (5.13) demonstrates that the graviton amplitude could have
leading energy dependence of E4 in each channel. Hence, this double-copy construction
guarantees a nontrivial large energy cancellation in the original four graviton scattering
amplitude: E12 → E4, which cancels the leading energy dependence by a large power
factor of E8.
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Amplitude ×s̄2
0 ×s̄3/2

0 ×s̄0

Ms −99+28c2θ+c4θ
1−c2θ

−i14(15cθ + c3θ) csc θ −2(75+326c2θ+47c4θ)
1−c2θ

Mt
99+28c2θ+c4θ

4(1−c
θ
) i(102 + 105cθ + 70c2θ + 7c3θ + 4c4θ) csc θ

75−107cθ+326c2θ+268c3θ+47c4θ+31c5θ
1−c2θ

Mu
99+28c2θ+c4θ

4(1+c
θ
) i(−102 + 105cθ − 70c2θ + 7c3θ − 4c4θ) csc θ

75+107cθ+326c2θ−268c3θ+47c4θ−31c5θ
1−c2θ

Sum 0 0 0

Table 5. Exact energy cancellations at each order of E4, E3, and E2 in our 4-graviton scattering
amplitude (5.13) by double-copy construction. Here the notations (s0, s̄0) are defined by s̄0 = s0/m

2

and s0 = 4E2β2. A common overall factor (κ2m2/1024) in each amplitude is not displayed for
simplicity.

Furthermore, it is striking to see that our summed full amplitude (5.13) actually scales
as E1 under high energy expansion as shown in the above eq. (5.16). We can demonstrate
explicitly this large energy cancellation of E4 → E1, which includes exact cancellations
of the energy power terms at each order of E4, E3, and E2. We summarize our findings
on these exact energy cancellations of the full amplitude (5.13) into table 5. We may
understand the reason for such energy cancellations of E4 → E1 as follows. We first
note that an S-matrix element S with E external states and L loops (L > 0) in the
(2+1)d spacetime has mass-dimension DS = 3 − 1

2E as given by eq. (3.7). Thus, the 4-
graviton amplitude M[4hP ] has mass-dimension DM = 1. At tree level it contains the
gravitational coupling κ2 of mass-dimension −1. Hence, we can express the 4-graviton
amplitude M[4hP ] = κ2M[4hP ], where M[4hP ] has mass-dimension equal +2. The tree-
level amplitude M[4hP ] contains only two parameters (E,m), each of which has mass-
dimension +1. With these we can deduce the scaling behavior M[4hP ] ∝ mn1En2 with
n1 + n2 = 2, under high energy expansion. Hence, for the energy terms of En2 with
n2 = 4, 3, 2, we deduce the mass-power factor n1 = −2,−1, 0, respectively. This means
that in the massless limit m → 0, the physical graviton amplitude M[4hP ] would go to
infinity (for n2 > 3) or remain constant (for n2 = 2). But, in the m → 0 limit, the 3d
graviton field becomes unphysical and has no physical degree of freedom [58–60]; so the
amplitudeM[4hP ] should vanish because the physical graviton hP no longer exists in the
massless limit. This means that the mn1En2 terms with n1 = −2,−1, 0 should vanish, and
the physical amplitudeM[4hP ] has to start with the leading behavior of m1E1 under high
energy expansion. Thus, it is expected that the energy cancellations should hold at each
order of E4, E3, and E2, in agreement with what we first uncovered by explicit calculations
in table 5.

In summary, our double-copied graviton amplitudes in eqs. (5.13)–(5.16) and table 5
explicitly demonstrate a new type of large energy cancellations in the original 4-graviton
amplitude at tree level for the 3d TMG theory:

O(E12) −→ O(E1), (for EhP = 4 in 3d TMG). (5.17)

With this extended double-copy construction, we have established a new correspondence
between the two types of leading energy cancellations in the massive scattering amplitudes:
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E4 → E0 in the TMYM theory and E12 → E1 in the TMG theory. We also note that
in eq. (5.17) the exact energy cancellations in the 4-graviton amplitude down by a large
power of E11 are even much more severe than the energy cancellations (E10 → E2) in
the massive 4-longitudinal KK graviton scattering amplitudes of the compactified 5d KK
Einstein gravity found before by explicit calculations [61–63] and by the double-copy con-
struction [27].

In passing, during the finalization of the present paper in this summer, we became
aware of a recent new paper [64] which directly calculated the graviton amplitude of the
3d TMG with very lengthy expressions in its eq. (C.1) where all the polarization ten-
sors (vectors) take symbolic forms. We have quantitatively compared our full graviton
amplitude (5.13) (by double-copy construction) with their eq. (C.1) and find agreement
after substituting explicitly all the polarization formulas into eq. (C.1) and making sub-
stantial simplifications of eq. (C.1). This comparison gives an independent verification of
our double-copy result. Our work has fully different focus from [64] and our analyses differ
from [64] in several essential ways. (i).The main part of our work (sections 2–4) is to analyze
the mechanism of topological mass-generation of gauge bosons and uncover nontrivial en-
ergy cancellations in the gauge boson scattering amplitudes. These were not studied by [64].
(ii).For this purpose, we newly formulated the 3d topological mass-generation mechanism
at S-matrix level, and newly proposed and proved the TET for N -point gauge boson am-
plitudes in section 3. We further verified the TET explicitly by computing the four-point
scattering amplitudes of various high-energy processes for both Abelian and non-Abelian
gauge theories (with and without matter fields) in sections 4.1–4.2. These were not consid-
ered by [64]. (iii).Our whole study on the gauge boson amplitudes and the double-copied
graviton amplitudes has focused on the structure of the scattering amplitudes under high
energy expansion and on the mechanism of nontrivial large energy cancellations as sum-
marized in tables 1–5 and eq. (5.17). For this, we newly constructed the general 3d power
counting method in section 3.2, and used it together with the TET to prove the nontrivial
energy cancellations for N -point gauge boson amplitudes in section 3.3. These were not
covered by [64]. (iv).We also note that eq. (C.2) of [64] further gave more compact for-
mula of the 4-graviton amplitude in a very different Briet coordinate system and cannot be
directly compared to our double-copied graviton amplitude (5.14)–(5.15). Their 4-gauge
boson amplitude in eq. (C.3) was also given in the Briet coordinate system and cannot be
directly compared to our eq. (5.11)–(5.12). The eqs. (4.12)–(4.13) of [64] gave 4-gauge boson
amplitude with all polarization vectors in symbolic forms. We have further confirmed with
the authors of [64] that our gauge boson amplitude (4.27) and their eq. (4.13) are in good
agreement after substituting all the polarization formulas into their eq. (4.13) and after
taking into account the notational difference in defining the Mandelstam variables.5 We
stress that the parts of our study for the four-gauge boson amplitudes and double-copied
four-graviton amplitudes have focused on analyzing their structures of energy-dependence
and on uncovering the striking large energy cancellations in these amplitudes as well as

5After posting this paper to arXiv:2110.05399, we had helpful discussions with the authors of ref. [64].
We thank them for the comparison between their eq. (4.13) and our eq. (4.28) which confirms the good
agreement between the independent analyses on both sides.
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the mechanism of such energy cancellations. These new findings were not covered by [64]
whose independent study had fully different focus. We also note that the structures of our
non-Abelian gauge boson amplitudes (4.27) and (5.12) are well understood and justified
by nontrivial self-consistency checks as we explained at the end of section 4.2.2 and showed
in tables 4–5.

6 Conclusions

Understanding the mechanism of topological mass-generation and the structure of the
scattering amplitude in the 3d Chern-Simons (CS) gauge and gravity theories is important
for applying the modern quantum field theories to particle physics and condensed mat-
ter physics [1–4]. In 3d spacetime the existence of the CS actions for gauge bosons and
gravitons is theoretically unavoidable and compelling. This generates gauge-invariant topo-
logical mass-terms for gauge bosons and gravitons without invoking the conventional Higgs
mechanism [6–10] and leads to good high energy behaviors for the scattering amplitudes
of topologically massive gauge bosons and gravitons.

In this work, we systematically studied the mechanism of the topological mass-
generations in 3d CS gauge theories and formulated it at the S-matrix level. For this,
we proposed and proved a new Topological Equivalence Theorem (TET) for understanding
the structure of the scattering amplitudes of physical gauge bosons (AaP) in the topologi-
cally massive gauge theories. We newly uncovered the nontrivial large energy cancellations
in the N -point gauge boson scattering amplitudes for both the Abelian and non-Abelian CS
gauge theories. We further used an extended double-copy approach to analyze the structure
of the graviton scattering amplitudes in the 3d topologically massive gravity (TMG) theory,
with which we reconstructed the physical graviton scattering amplitudes from that of the
corresponding physical gauge bosons. From these, we newly uncovered a series of striking
large energy cancellations in the four-point physical graviton scattering amplitudes, which
ensure such massive scattering amplitudes to have good high energy behaviors and obey
the perturbative unitarity bounds. We summarize these findings more explicitly as follows.

In section 2, we analyzed the dynamics of topological mass-generation in the 3d CS
gauge theories. In such dynamics, including the CS term (2.1) automatically converts
the gauge boson’s transverse polarization state AaT (combined with its longitudinal polar-
ization state AaL) into the massive physical polarization state AaP ∝ (AaT + AaL) as given
in eq. (2.12), while making its orthogonal combination AaX ∝ (AaT − AaL) in eq. (2.13a)
become an unphysical state. This topological mass-generation mechanism has essential
difference from the conventional Higgs mechanism [6–10], because the CS term generates
gauge-invariant mass term of Aaµ and no spontaneous gauge symmetry breaking and Higgs
boson are invoked.

In section 3, we newly proposed and proved the TET to formulate the topological
mass-generation of gauge bosons at the S-matrix level, which quantitatively connects the
N -point scattering amplitudes of physical gauge bosons AaP to the amplitudes of the corre-
sponding transverse gauge boson states AaT in the high energy limit. For this, we established
the general TET identity (3.5), with which we derived the TET (3.6) under high energy ex-
pansion. We presented a new energy power counting rule (3.12) to count the leading energy
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dependence of the N -point scattering amplitudes for the 3d topologically massive gauge
theories and another power counting rule (3.13) to count the leading energy dependence of
the N -point scattering amplitudes for the 3d topologically massive gravity (TMG) theory.
(A generalized power counting method in d-dimensions is given in appendix B.) With these,
we demonstrated that our TET identity (3.5) provides a general mechanism of nontrivial
energy cancellations in the N -point AaP-amplitudes because the net energy dependence of
a given N -point AaP-amplitude must match that of the leading AaT-amplitude on the r.h.s.
of eq. (3.5a). For the high-energy scattering of N -gauge bosons AaP (with N > 4), the
TET identity (3.5) [or TET (3.6)] guarantees the nontrivial large energy cancellations in
the AaP-amplitude: E4 → E4−N .

In section 4, we explicitly demonstrated the TET (3.6) for the first time by using var-
ious high-energy four-particle scattering amplitudes in both the Abelian and non-Abelian
topologically massive CS gauge theories. In sections 4.1.1–4.1.2, we computed the scat-
tering amplitudes of the annihilation processes φ−φ+ → APAP (φ−φ+ → ATAT) and
Compton scattering φ−AP → φ−AP (φ−AT → φ−AT) in the topologically massive scalar
QED (TMSQED), as shown in figure 1. In parallel, we computed the scattering ampli-
tudes of annihilation processes e−e+ → APAP (e−e+ → ATAT) and Compton scattering
e−AP → e−AP (e−AT → e−AT) in the topologically massive spinor QED (TMQED), as
shown in figure 2. From these analyses, we newly uncovered the nontrivial energy cancel-
lations of E2 → E0 in each AP-amplitude, which are summarized in tables 1–2 and in
eqs. (4.3)(4.6) and eqs. (4.11a)–(4.11b). We further computed the remaining nonzero scat-
tering amplitudes of O(E0) and proved explicitly the validity of the TET as in eqs. (4.8)
and (4.13).

Next, in section 4.2 we studied the structure of scattering amplitudes in the non-
Abelian topologically massive QCD (TMQCD). In section 4.2.1, we computed the quark-
antiquark annihilation processes qiq̄j → AaPA

b
P (qiq̄j → AaTA

b
T) for the TMQCD, which are

shown in figure 3 and contain additional s-channel diagram induced by the non-Abelian cu-
bic vertex. We uncovered nontrivial energy cancellations of E2 → E0 in the AaP-amplitude
as summarized by table 3 and eq. (4.21). We further computed the remaining nonzero AaP-
amplitude and AaT-amplitude of O(E0), and proved explicitly that the TET holds for the
TMQCD as in eq. (4.26). Then, in section 4.2.2, we systematically analyzed the 4-gauge
boson scattering amplitudes of AaPAbP → AcPA

d
P and AaTA

b
T → AcTA

d
T in the TMQCD,

which are shown in figure 4. We newly uncovered the nontrivial large energy cancellations
of E4 → E0 in the AaP-amplitude, at each order of (E4, E3, E2, E1) respectively, which
are summarized in table 4 and eqs. (4.29a)–(4.29d). We further computed the remaining
nonzero AaP-amplitude and AaT-amplitude at O(E0) as given in eqs. (4.31a)–(4.31b). With
these and the Jacobi identity, we proved explicitly that the TET indeed holds for the
4-gauge boson scattering amplitudes of the TMQCD, as shown in eq. (4.33). Finally, in
section 4.3, we analyzed the perturbative unitarity of the TMYM and TMG theories. We
found that the partial wave amplitudes (4.39) and (4.41) exhibit good high energy behav-
iors as they scale as E−1 or E0 in the high energy limit. This is expected for the 3d TMYM
theory since its gauge coupling has mass-dimension +1

2 and thus is super-renormalizable.
This issue becomes much more nontrivial for the 3d TMG theory since its Newton constant
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G ∝ κ2 has mass-dimension −1. But we should expect this theory to exhibit good high
energy behavior because the massive physical graviton scattering amplitudes in the TMG
theory can be reconstructed from the corresponding massive gauge boson amplitudes in
the TMYM theory via extended double-copy approach, as shown in section 5.

In section 5, we extended the conventional double-copy approach to reconstruct the
massive 4-graviton scattering amplitude of the 3d TMG theory by using the massive 4-gauge
boson amplitude of the 3d TMYM theory. We found that the reconstructed tree-level 4-
graviton scattering amplitude scales as E1 under high energy expansion. We made the
gauge transformation (5.9) on the kinematic numerators Nj of eq. (4.28) in the 4-gauge
boson scattering amplitude (4.27) such that the new numerators N ′j in eq. (5.11) obey the
Jacobi identity. The gauge transformation of Nj → N ′j leads to the energy cancellations
of E5 → E3 in each kinematic numerator. This determines the individual leading energy
dependence of the reconstructed graviton amplitude (5.13) to be no more than O(E4). By
explicit computations, we further uncovered new energy cancellations of E4 → E1 in the
graviton scattering amplitude (5.13) as summarized in table 5. Then, we computed the
remaining nonzero graviton amplitude as in eq. (5.16) which scales as O(E1). In contrast,
applying the power counting rule (3.14) we found that the individual contributions to the
4-graviton amplitude have leading energy dependence behave as E12. From these together,
we demonstrated a new type of striking energy cancellations in the 4-graviton scattering
amplitude as in eq. (5.17), O(E12) → O(E1), for the 3d TMG theory. Furthermore, with
the extended double-copy construction, we established a new correspondence between the
two types of leading energy cancellations in the massive scattering amplitudes: E4 → E0

in the TMYM theory and E12 → E1 in the TMG theory.
Our present findings are highly nontrivial and encouraging. We already generally

proved our TET for the N -point gauge boson scattering amplitudes (section 3.1) and
uncovered the mechanism of large energy cancellations for these N -point amplitudes by
using the TET and the general energy power counting method in 3d (sections 3.2-3.3). It
would be also interesting to extend our current explicit calculations and analyses to the
N -point scattering amplitudes of gauge bosons (gravitons) in the TMYM (TMG) theories
with more external states (such as N = 5 and N = 6). Since the 3d topologically massive
CS gauge theories are super-renormalizable and have good high energy behaviors, it would
be desirable to extend the present tree-level analyses up to loop levels. We will pursue such
extended studies in future works.
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A Kinematics and Feynman rules of 3d CS gauge theories

In this appendix, we present definitions of relevant kinematic variables for the 4-particle
scattering process and the Feynman rules for the 3d topologically massive Chern-Simons
gauge theories.

For the present analysis, we choose the following metric signature and the rank-3
anti-symmetric tensor:

ηµν = ηµν = diag(−1, 1, 1), ε012 = −ε012 = 1. (A.1)

Thus, we have the momentum on-shell condition p2 = −m2.
For the 2→ 2 elastic scattering process, the momenta in the center-of-mass frame can

be defined as follows:

pµ1 = E(1, 0, β), pµ2 = E(1, 0,−β),
pµ3 = E(1, βsθ, βcθ), pµ4 = E(1,−βsθ,−βcθ), (A.2)

where we have defined β =
√

1−m2/E2. Thus, we further define the Mandelstam
variables:

s = − (p1 + p2)2 = 4E2,

t = − (p1 − p4)2 = −1
2 sβ

2(1 + cθ), (A.3)

u = − (p1 − p3)2 = −1
2 sβ

2(1− cθ).

For convenience of our analysis, we can use the relation E2 = E2β2 +m2 to define another
set of Mandelstam variables (s0, t0, u0):

s0 = 4E2β2, t0 = −1
2s0(1 + cθ), u0 = −1

2s0(1− cθ). (A.4)

The summations of (s, t, u) and (s0, t0, u0) obey the conditions:

s+ t+ u = 4m2, s0 + t0 + u0 = 0. (A.5)

In the rest frame with 3-momentum pµ = (m, 0, 0) ≡ p̄µ, we can solve eq. (2.5) and
derive the polarization vector:

εµ(p̄) = 1√
2

(0, 1,−is), (A.6)

where s = m̃/m = ±1 and m = |m̃|. We note that the in the rest frame the gauge boson
polarization vector has zero time-component and its two possible forms are not independent
due to the relation εµ2 = isεµ1 . Furthermore, by choosing the orthonormal basis ej1 = (1, 0)
and ej2 = (0, 1) in a plane, we can define a polarization basis:

ej± = 1√
2

(ej1 ± iej2) = 1√
2

(1,±i) . (A.7)
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Thus, in the rest frame the spatial part of the polarization vector εµ(p̄) can be decomposed
in terms of the basis {ej±}:

εj(p̄) = ε+e
j
+ + ε−e

j
−, (A.8)

where the coefficients (ε+, ε−) satisfy (ε+, ε−) = (0, 1) for s = +1 and (ε+, ε−) = (1, 0) for
s = −1 [38]. So, it is clear that in the 3d Chern-Simons gauge theory, the case of s = +1
(or, s = −1) only allows one physical polarization state ε− (or, ε+) of the gauge boson,
as expected.

After taking the Lorentz boost along an arbitrary direction, the gauge boson momen-
tum can be generally written as pµ = E(1, βsθ, βcθ). Thus, we can Lorentz-boost the
rest-frame polarization vector (A.6) to the following general polarization vector:

εµP(p) = 1√
2

( ip1 + sp2
m

, i + p1(ip1 + sp2)
m(m− p0) , s + p2(ip1 + sp2)

m(m− p0)

)
, (A.9)

where εµ+ = −(εµ−)∗. Thus, by substituting eq. (A.2) into eq. (A.9), we derive the following
explicit formulas of the physical polarization vectors:

εµ1 = s√
2

(Ēβ, is, Ē), εµ2 = − s√
2

(Ēβ,−is,−Ē), (A.10)

εµ3 = seisθ
√

2
(Ēβ, Ēsθ + iscθ, Ēcθ − issθ), εµ4 = −seisθ

√
2

(Ēβ,−Ēsθ − iscθ,−Ēcθ + issθ),

where we have defined Ē = E/m.
For m̃ > 0, the propagators for the Abelian and non-Abelian topological gauge theories

can be derived as follows:

Dµν(p) = −i
[ 1
p2 +m2

(
ηµν −

pµpν
p2 −

imεµνρpρ

p2

)
+ ξ

pµpν
p4

]
, (A.11a)

Dabµν(p) = δabDµν(p). (A.11b)

In eq. (A.11a), the pole p2 = 0 is unphysical, for which the EOM (2.5) becomes
m̃εµρνpρεν = 0. It can be solved as εµ = f(p)pµ, but it can be eliminated by the freedom
of gauge transformations [37]. Hence, the massless mode is a pure gauge artifact [37, 65].
Furthermore, we can derive the following Feynman rule of the cubic gauge boson vertex:

V abc
µνρ(p1, p2, p3) = gCabc [ ηµν(p1 − p2)ρ + ηνρ(p2 − p3)µ + ηρµ(p3 − p1)ν + imεµνρ ] .

(A.12)

The quartic gauge boson vertex is similar to that of the 4d QCD.

B General power counting method in d-dimensions

In this appendix, extending the 3d power counting method of section 3.2, we present a
general power counting formula for the d-dimensional spacetime.

In d-dimensions, we derive the mass-dimension of a given S-matrix element S as follows:

DS = d− d− 2
2 E , (B.1)
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where E denotes the total number of external states as before. We see that the general
formula (B.1) reduces to DS = 4 − E for d = 4 and DS = 3 − 1

2E for d = 3, respectively.
Then, we can deduce the mass-dimension of all the coupling constants in the S-matrix
element S:

DC =
∑
j

Vj
(
d− dj −

d− 2
2 bj −

d− 1
2 fj

)
, (B.2)

where Vj denotes the number of vertices of type-j, and the quantities (dj , bj , fj) denote the
numbers of (partial derivatives, bosonic fields, fermionic fields) in each vertex of type-j,
respectively. We have the following general relations for each Feynman diagram which
contributes to the amplitude S,

L = 1 + I − V , V =
∑
j

Vj ,
∑
j

Vjbj = 2IB + EB,
∑
j

Vjfj = 2IF + EF , (B.3)

where L denotes the number of loops of a given diagram, (IB, EB) denote the numbers
of (internal,external) bosonic lines in this diagram, and (IF , EF ) denote the numbers of
(internal,external) fermionic lines in the same diagram. With these, we derive the leading
energy dependence of the amplitude S:

DE = DS −DC = 2(1− V) + (d− 2)L+
∑
j

Vj
(
dj + 1

2fj
)
. (B.4)

Then, we consider the d-dimensional gauge theories (including Chern-Simons term
when allowed). By imposing the relations (3.11), we derive the leading energy dependence
of the amplitude S:

DE = (EAP − Ev) + (4− E − V3) + (d− 4)L, (B.5)

where EAP
is the total number of external states of the physical gauge bosons and Ev denotes

number of the external states of gauge bosons va = vµA
aµ with the factor vµ = εµL − ε

µ
S.

Next, we can apply the power counting formula (B.4) to the topologically massive
gravity (TMG) theory. For this, we can derive the leading energy-dependence of a pure
graviton scattering amplitude S in the TMG theory, which corresponds to setting dj = 3
and fj = 0 in eq. (B.4):

DE = 2EhP + V3 + 2 + (d− 2)L. (B.6)

where V3 denotes the number of cubic vertices from the CS term in the TMG action. For
instance, we can check that for the TMG theory of d = 3, the above eqs. (B.5) and (B.6)
just reduce to the power counting formulas (3.12) and (3.13), which we derived for the 3d
TMYM and TMG theories in section 3.2.

C Dirac spinors in (2+1)d spacetime

The anti-symmetric and symmetric commutation relations for the gamma matrices in
(2+1)d spacetime are given by

{γµ, γν} = 2ηµν , [ γµ, γν ] = 2εµναγα, (C.1)
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where we can choose the gamma matrices as the Pauli matrices [29]:

γ0 = iσ2 =
(

0 1
−1 0

)
, γ1 = σ1 =

(
0 1
1 0

)
, γ2 = σ3 =

(
1 0
0 −1

)
. (C.2)

The Dirac equation in the 3d spacetime is derived as follows [29, 66]:

(/∂ −mf )ψ = 0, (C.3)

with /∂ = γµ∂µ. Its solution takes the plane wave form ψ ∼ u(p)e−ip·x + v(p)eip·x. Thus,
the spinors (u, v) satisfy the momentum-space equations:

(/p− imf )u = 0, (/p+ imf )v = 0. (C.4)

Then, solving eq. (C.4) gives the spinor solutions for particle and anti-particle:

u = 1√
−p0 + p1

(
p2 + imf

−p0 + p1

)
, v = 1√

−p0 + p1

(
p2 − imf

−p0 + p1

)
. (C.5)

They obey the following spinor identities:

uū = −/p− imf , ūu = −i2mf , vv̄ = −/p+ imf , v̄v = i2mf , (C.6)

where ū = u†γ0 and v̄ = v†γ0.

D Topological scattering amplitudes with matter fields

In this appendix, we present the full amplitudes of the scattering processes discussed in
section 4. For the notational convenience of the following scattering amplitudes, we have
defined the parameters β± = 1± β with β =

√
1−m2/E2.

The scattering amplitudes of pair annihilation in the topologically massive scalar QED
take the following forms:

T [φ−φ+ → APAP] = −2e2[1− Ē4 + Ē2(1 + Ē2)c2θ + i2Ē3s2θ]
(1− 2Ē2)2 + 4Ē2(1− Ē2)c2

θ

, (D.1a)

T [φ−φ+ → ATAT] = − 2e2(1− 2Ē4 + 2Ē4c2θ)
(1− 2Ē2)2 + 4Ē2(1− Ē2)c2

θ

. (D.1b)

The Compton scattering amplitudes in the topologically massive scalar QED are given by

T [φ−AP → φ−AP] = e2

1− β(1 + β+)− 2β2cθ

{
(2− Ē2β2

−)β2 (D.2a)

− [1− β(1 + β+) + Ē2β2
−(1− 2β2)]cθ − i2Ēβ−β+(1− 2β)sθ

}
,

T [φ−AT → φ−AT] = 2e2[2β2 − (1− 2β − β2)cθ]
1− β(1 + β+)− 2β2cθ

. (D.2b)
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The scattering amplitudes of pair annihilation in the topologically massive spinor QED are
derived as follows:

T [e−e+ → APAP] = 2e2Ē[2(1− Ē2) + 2Ē2c2θ + iĒ(1 + Ē2)s2θ]
(1− 2Ē2)2 + 4Ē2(1− Ē2)c2

θ

, (D.3a)

T [e−e+ → ATAT] = i4e2Ē4s2θ
(1− 2Ē2)2 + 4Ē2(1− Ē2)c2

θ

. (D.3b)

The Compton scattering amplitudes in the topologically massive spinor QED:

T [e−AP → e−AP] =
ie2β(1 + tan θ

2)
2β+[1− β(1 + β+)− 2β2cθ](1 + sθ)

1
2

[
1 + Ē2 − 4ββ+

− Ē2β2(2− β2)− 4ββ+cθ − (1 + Ē2β2
−β

2
+)c2θ

−i4Ēββ−β+sθ − i2Ēβ−β+s2θ

]
, (D.4a)

T [e−AT → e−AT] = i2e2β(1− 2ββ+ − cθ)(1 + cθ + sθ)
β+[1− β(1 + β+)− 2β2cθ](1 + sθ)

1
2
. (D.4b)

The scattering amplitudes of pair annihilation via the color-singlet channel in the topo-
logically massive QCD are connected to that of the TMQED according to eq. (4.25) in
section 4.2.1:

TPP[ |0〉q → |0〉AP
] =g2

e2 f(N)T [e−e+ → APAP], (D.5a)

TTT[ |0〉q → |0〉AT
] =g2

e2 f(N)T [e−e+ → ATAT]. (D.5b)

where the function f(N) = 1
2
√

2

√
(N2 − 1)/N .

E Graviton propagator and scattering amplitude in TMG

From the action (5.1) together with the gauge-fixing term (5.8), we derive the quadratic
term of the graviton fields:

STMG =
∫

d3x
1
2h

µνD−1
µναβh

αβ , (E.1)

where the inverse of the graviton propagator D−1
µναβ takes the following form:

D−1
µναβ =

(
1− 1

2ξ

)
ηµνηαβ∂

2 − 1
2 (ηµαηνβ + ηµβηνα) ∂2 +

(1
ξ
− 1

)
(ηµν∂α∂β + ηαβ∂µ∂ν)

+ 1
2

(
1− 1

ξ

)
(ηµα∂ν∂β + ηµβ∂ν∂α + ηνα∂µ∂β + ηνβ∂µ∂α)

+ 1
2m

[
εµρα(∂ν∂β∂ρ − ηνβ∂2∂ρ) + (µ↔ ν)

]
. (E.2)

Then, transforming eq. (E.2) into momentum space and imposing the normalization
condition

D−1
µναβD

αβρσ = i
2(δρµδσν + δσµδ

ρ
ν), (E.3)
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we can derive the massive graviton propagator as follows:

Dµναβ =
i∆µναβ

2(p2 +m2) , (E.4)

where the numerator is given by

∆µναβ =− ηµνηαβ −
m2

p2 (2ηµνηαβ − ηµαηνβ − ηµβηνα)− 1
p2 (ηµνpαpβ + ηαβpµpν)

− 1
p4 pµpνpαpβ + ξ(p2 +m2)−m2

p4 (ηµαpνpβ + ηµβpνpα + ηναpµpβ + ηνβpµpα)

+ impρ

2p2 (ερµαηνβ + ερµβηνα + ερνβηµα + ερναηµβ)

− impρ

2p4 (ερµαpνpβ + ερµβpνpα + ερνβpµpα + ερναpµpβ). (E.5)

Using the notation Pµν = ηµν −
pµpν
p2 , we can further express the propagator (E.4)–(E.5)

into the following form:

Dµναβ(p) =− i
2(p2 +m2) (PµαPνβ + PµβPνα − PµνPαβ)

+ i
2p2

(
PµαPνβ + PµβPνα − 2PµνPαβ

)
− i
p4

(
ηµνpαpβ + ηαβpµpν

)
+ iξ

2p4

(
ηµαpνpβ + ηµβpνpα + ηναpµpβ + ηνβpµpα

)
− mpρ

4p2(p2 +m2)
(
ερµαPνβ + ερµβPνα + ερναPµβ + ερνβPµα

)
. (E.6)

Under the Landau gauge ξ = 0, the above propagator reduces to

Dξ=0
µναβ(p) =− i

2(p2 +m2) (PµαPνβ + PµβPνα − PµνPαβ)

+ i
2p2

(
PµαPνβ + PµβPνα − 2PµνPαβ

)
− mpρ

4p2(p2 +m2)
(
ερµαPνβ + ερµβPνα + ερναPµβ + ερνβPµα

)
− i
p4

(
ηµνpαpβ + ηαβpµpν

)
. (E.7)

If the last term above is removed by contracting with a conserved current or on-shell
physical graviton polarization, the propagator (E.7) agrees with the result of refs. [1, 2].

Next, we note that in section 5 we reconstructed the 4-graviton scattering amplitude
in eqs. (5.14)–(5.15) which is expressed in terms of the energy variable s̄0 = s0/m

2. For
the sake of comparison, we further reexpress the 4-graviton amplitude in terms of the
Mandelstam variable s̄ = s/m2, which is connected to s̄0 = s/m2 via s̄ = s̄0 + 4. Thus,
from eqs. (5.14)–(5.15), we derive the following equivalent expressions:

M[4hP ] = κ2m2(Q0 +Q2c2θ +Q4c4θ +Q6c6θ + Q̄2s2θ + Q̄4s4θ + Q̄6s6θ) csc2 θ

4096(1− s̄)s̄3/2[2− s̄− (4− s̄)cθ][2− s̄+ (4− s̄)cθ]
, (E.8)

– 38 –



J
H
E
P
0
1
(
2
0
2
2
)
1
5
3

where (Qj , Q̄j) are expressed as polynomial functions of the variable s̄ = s/m2,

Q0 = (256 + 49088s̄− 68880s̄2 + 25220s̄3 − 2768s̄4)s̄
1
2 ,

Q2 = (−768− 45568s̄+ 65568s̄2 − 19008s̄3 + 505s̄4)s̄
1
2 ,

Q4 = 4(192− 176s̄+ 20s̄2 + 635s̄3 + 58s̄4)s̄
1
2 ,

Q6 = −(256 + 2816s̄+ 2912s̄2 + 560s̄3 + 17s̄4)s̄
1
2 , (E.9)

Q̄2 = i(1280− 256s̄+ 21312s̄2 − 8960s̄3 + 475s̄4)s̄,
Q̄4 = i4(320− 544s̄+ 676s̄2 + 272s̄3 + 5s̄4)s̄,
Q̄6 = −i(1280 + 3584s̄+ 1568s̄2 + 128s̄3 + s̄4)s̄.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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