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Abstract: We investigate rare decays of tau leptons that occur via exchange of heavy on-shell
neutrinos Nj (j = 1, 2). These neutrinos can be either Dirac or Majorana, and are considered
to be almost degenerate in mass. The decays can thus be either lepton number conserving
(LNC), τ∓ → π∓Nj → π∓µ∓π±, or lepton number violating (LNV), τ∓ → π∓Nj → π∓µ±π∓.
If neutrinos are Dirac, only LNC decays are possible. If they are Majorana, both LNC
and LNV are possible. We derive the corresponding expressions for the effective decay
widths Γ(X)

eff,∓ (X=LNC, LNV) of these rare decays, where we account for N1-N2 overlap and
oscillation effects and for the finite detector length effects. We then numerically evaluate these
decay widths as well as the related CP violation asymmetry width ∆Γ(X)

CP = (Γ(X)
eff,− − Γ(X)

eff,+).
We conclude that for certain, presently allowed, ranges of the heavy-light neutrino mixing
parameters, such decays and asymmetries could be observed in Belle II experiment.
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1 Introduction

The success of the Standard Model (SM) of particle physics is not complete, as there exist
theoretical problems (many parameters, finetuning) as well as experimental evidence which is
not incorporated into it, such as Neutrino Oscillations [1, 2] and the related small nonzero
masses of (light) neutrinos (mν < 1 eV).

The models with See-Saw mechanism [3–5] can explain the nonzero masses of three
light neutrinos, and implies the existence of heavy (almost sterile) neutrinos as well as light
neutrinos, and all these neutrinos are Majorana. The heavy neutrinos Nj have strongly
suppressed mixing with the SM-like flavour neutrinos νℓ (ℓ = e, µ, τ ). Majorana neutrinos can
induce the lepton number conserving (LNC) and lepton number violating (LNV) processes,
while Dirac neutrinos can induce only LNC processes. Heavy neutrinos can be searched in
rare meson decays [6–22], at colliders [23–42], and in tau factories [43–49].

A prominent neutrino mass model is the Neutrino-Minimal-Standard-Model (νMSM) [50,
51]. It is based on a variant of See-Saw mechanism and has two almost degenerate heavy
neutrinos, with masses MN1 ≈MN2 ∼ 1GeV, that can oscillate among themselves. Another
specific model that has two almost degenerate heavy neutrinos with oscillation among
themselves is considered in ref. [42]. Those models can lead to a baryon asymmetry via
leptogenesis [52] and provides a natural Dark Matter candidate by a third heavy neutrino
with mass MN3 ∼ 1 keV. In addition, CP invariance must be broken in order to produce
baryon asymmetry [53].

Recent neutrino oscillation experiments indicate that mixing-angle θ13 is nonzero [54],
and this opens the possibility of CP violation in the light neutrino sector [55, 56]. However,
this CP-violation source is insufficient, and other sources of CP violation are required in order
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to explain the baryon asymmetry via leptogenesis ([57] and references therein). One such
source is CP violation in the sector of heavy neutrinos, with masses MN < 246GeV [52, 58].

In a previous work [12], we considered such a scenario in the rare Higgs decays, H →
νkNj → νkℓq̄q

′, where Nj (j = 1, 2) are two almost degenerate in mass heavy on-shell
neutrinos which can oscillate between themselves. In the present work, we consider such
a scenario in the rare τ decays, τ∓ → π∓Nj → π∓µπ, especially in view of the fact that
many τ ’s will be produced in various experiments in the near future. A similar study was
performed in refs. [43, 44]. We extend the latter studies in the sense that we now consider
the N1-N2 overlap effects and the related N1-N2 neutrino oscillation effects in the overlap
terms (similarly as in [12]). The suppression effects due to the finite length of the detector
are now accounted for by explicit terms in the formulas. Further, the expressions are derived
and numerical evaluations are performed for both the Majorana and the Dirac cases. On
the other hand, another difference with the work [44] is that the authors of [44] took into
account that τ leptons at Belle II experiment have a distribution of momenta in the lab
frame, which they obtained by numerical simulation. In the present work, we did not use
numerical simulations, instead used the averaged value of τ lepton momenta (i.e., the velocity
βτ = 0.9419, cf. section 5).

In section 2, we study the mentioned rare decays of τ without oscillation effects. In
section 3 the oscillation effects are now included. In section 4 we include the effects of finite
detector length in the decay width, i.e., we exclude from consideration the decays where the
heavy on-shell neutrino does not decay within the detector. In section 5, we present the results
of numerical evaluations, for both the case of Majorana and of Direc neutrinos, and in section 6
we summarise the results. In appendices A and B we present some explicit expressions for
the considered decay amplitudes and for the final state integrations, respectively.

2 Formula for Γ∓ = Γ(τ ∓ → π±Nj → π±µπ), LNC and LNV, no
oscillation effects

We consider a scenario where we have, in addition to the three known light mass eigenstate
neutrinos νk (k = 1, 2, 3), two or more heavy neutrinos Nj with masses Mj ∼ 101 GeV.
Further, we assume that two of the latter are almost mass degenerate, M1 ≈ M2, in the
mass regime 0.2 GeV < Mj < 1.6 GeV (j = 1, 2), thus kinematically allowing production of
on-shell Nj ’s in the above rare processes. The three flavour eigenstate neutrinos νℓ (ℓ = e, µ, τ )
are primarily a superposition of the three light neutrinos νk, but with small admixtures
UℓNj

of the heavy Nj ’s

νℓ =
3∑

k=1
Uℓνk

νk +
2∑

j=1
UℓNj

Nj . (2.1)

The upper bounds on the (squared) absolute values |UℓNj
|2 of the heavy-light mixing co-

efficients UℓNj
are determined principally by the present nondetection of various processes

involving such heavy neutrinos (for reviews, see e.g. [37, 59]). The upper bounds in the
mentioned mass range are very low (i.e., strong) for |UeNj |2, i.e., when the flavour eigenstate
is electron neutrino (νe), primarily because of the nondetection of the neutrinoless double
beta decay. Therefore, we will take in the rare τ -decays τ → πℓπ the produced charged
lepton ℓ to be ℓ = µ.
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Figure 1. The decay τ∓(pτ ) → π∓(p1)Nj(pN ) → π∓(p1)µ(p2)π(pπ), where Nj is considered on-shell.

Beside the known effective W ∗π couplings, the relevant couplings for the considered rare
decays are then the ℓNjW couplings (where ℓ = τ, µ):

LℓNjW = −
(

g

2
√
2

) 2∑
j=1

{
UℓNj

ℓγη(1− γ5)NjW
−
η + U∗

ℓNj
Njγ

η(1− γ5)ℓW+
η

}
(2.2a)

= +
(

g

2
√
2

) 2∑
j=1

{
UℓNj

N c
j γ

η(1 + γ5)ℓcW−
η + U∗

ℓNj
ℓcγη(1 + γ5)N c

jW
+
η

}
(2.2b)

Here, the charged-conjugated field is N c (equal to −iγ2N∗ in the Dirac and chiral represen-
tations). When Nj ’s are Majorana, we have N c

j = Nj .
Direct evaluation then gives, for the LNC processes τ∓ → π∓Nj → π∓µ∓π±, cf. figure 1,

the following respective T (LNC)
∓ reduced scattering amplitudes:

T (LNC)
− =−1

2K
2

2∑
j=1

U∗
τNj

UµNj

[
ū(µ)(p2,h2) ̸pπ(1−γ5)( ̸pτ −̸p1+MNj ) ̸p1(1−γ5)u(τ)(pτ ,hτ )

]
Pj(p2

N ),

(2.3a)

T (LNC)
+ =+1

2K
2

2∑
j=1

UτNj
U∗

µNj

[
v̄(τ)(pτ ,hτ ) ̸p1(1−γ5)(−̸pτ + ̸p1+MNj

) ̸pπ(1−γ5)v(µ)(p2,h2)
]
Pj(p2

N ).

(2.3b)

Here,
K ≡ GF fπVud, (2.4)

where GF = 1.1664 × 10−5 GeV−2 is the Fermi coupling constant, fπ = 0.1304GeV is the
pion decay constant. Further, we denoted by Pj(p2

N ) the denominator of the Nj propagator

Pj(p2
N ) ≡ 1

(p2
N −M2

Nj
+ iΓNjMNj )

≡ Pj , (2.5)

and p2
N = (pτ −p1)2. The symbols h2 and hτ in eqs. (2.3) denote the helicities of muon and tau.

Analogously, the T (LNV)
∓ scattering amplitudes for the LNV processes τ∓ → π∓Nj →

π∓µ±π∓ are

T (LNV)
− =+1

2K
2

2∑
j=1

U∗
τNj

U∗
µNj

[
v̄(τ)(pτ ,hτ ) ̸p1(1+γ5)(−̸pτ + ̸p1+MNj

) ̸pπ(1−γ5)v(µ)(p2,h2)
]
Pj(p2

N ),

(2.6a)

T (LNV)
+ =+1

2K
2

2∑
j=1

UτNjUµNj

[
ū(µ)(p2,h2) ̸pπ(1−γ5)( ̸pτ −̸p1+MNj ) ̸p1(1+γ5)u(τ)(pτ ,hτ )

]
Pj(p2

N ).

(2.6b)
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We notice from eqs. (2.3) and (2.6) that, due to the chirality factors (1±γ5), in the numerator
factor [±( ̸pτ − ̸p1) +MNj ] of the Nj-propagator the term MNj does not contribute in the
LNC case, and the term ( ̸pτ − ̸p1) does not contribute in the LNV case.

Before squaring the above amplitudes (and summing over helicities h2 and averaging
over helicities hτ ), we take into account that the two intermediate hevay neutrinos Nj in
our scenario are nearly degenerate in mass

MN1 ≡ MN ; ∆MN ≡MN2 −MN1 ; (2.7a)
0 < ∆MN (≲ ΓNj ) ≪MN . (2.7b)

As a consequence, the quadratic terms in the intermediate neutrino propagators Pj(p2
N ) ≡ Pj

can be written as

PjP
∗
j = π

MNΓNj

δ(p2
N −M2

N ) (j = 1, 2), (2.8a)

Im(P1P
∗
2 ) =

η(y)
y

π

MNΓN
δ(p2

N −M2
N ), (2.8b)

Re(P1P
∗
2 ) = δ(y) π

MNΓN
δ(p2

N −M2
N ), (2.8c)

where

y = ∆MN

ΓN
, ΓN = 1

2(ΓN1 + ΓN2), (2.9a)

η(y)
y

= y

1 + y2 , (2.9b)

δ(y) = 1
1 + y2 . (2.9c)

The expressions eqs. (2.9b)–(2.9c) were obtained first numerically in rare decay processes
of pseudoscalar mesons via almost degenerate neutrinos Nj (j = 1, 2) in refs. [9, 10]. A
derivation of the expression (2.9b) was presented in ref. [11] (appendix 6 there), and of the
expression (2.9c) in ref. [12] (appendix B there).

This implies, among other things, that the squaring of the amplitudes (2.3) and (2.6)
is to be performed now by taking into account that p2

N = (pτ − p1)2 is replaced by M2
N

(i.e., p2
N 7→ M2

N ). This then implies

⟨|T (LNC)
− |2⟩ = 1

2K
4

2∑
i=1

2∑
j=1

U∗
τNj

UτNiUµNjU
∗
µNi

PjP
∗
i T

(LNC)
2 , (2.10a)

⟨|T (LNC)
+ |2⟩ = 1

2K
4

2∑
i=1

2∑
j=1

UτNjU
∗
τNi

U∗
µNj

UµNiPjP
∗
i T

(LNC)
2 , (2.10b)

⟨|T (LNV)
− |2⟩ = 1

2K
4

2∑
i=1

2∑
j=1

U∗
τNj

UτNiU
∗
µNj

UµNiPjP
∗
i T

(LNV)
2 , (2.10c)

⟨|T (LNV)
+ |2⟩∗ = 1

2K
4

2∑
i=1

2∑
j=1

UτNjU
∗
τNi

UµNjU
∗
µNi

PjP
∗
i T

(LNV)
2 , (2.10d)
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where ⟨. . .⟩ denotes sum over h2 helicities of muon and average over the hτ helicities of tau,
and the expressions T (X)

2 (X=LNC, LNV) are

T
(LNC)
2 = 2Tr [ ̸pτ ̸p1 ̸pN ̸pπ ̸p2 ̸pπ ̸pN ̸p1(1− γ5)] = T

(LNC,0)
2 + (p1 · p2)T (LNC,1)

2 , (2.11a)

T
(LNV)
2 = 2M2

NTr [ ̸pτ ̸p1 ̸pπ ̸p2 ̸pπ ̸p1(1 + γ5)] = T
(LNV,0)
2 + (p1 · p2)T (LNV,1)

2 , (2.11b)

where p2
N = (pτ − p1)2 7→ M2

N , and the explicit expressions T (X,0)
2 and T

(X,1)
2 are given

in appendix A.
The decay widths of the considered decays are obtained by integrating the above squares

over the final phase space

dΓ(τ → πµπ) = 1
2Mτ (2π)5 |T

(X)
∓ |2 d3, (2.12)

where d3 is the differential of the integration over the phase space of the (three) final particles

d3 = d2(τ → πNj) dp2
N d2(Nj → µπ). (2.13)

We note that this integration can be performed analytically, giving for the terms in eqs. (2.11)
at unity (at T (X,0)

2 ) one specific expression, and for the terms at (p1 · p2) (at T (X,1)
2 ) another

specific expression, cf. appendix B. After performing these integrations, a factorisation of
the obtained expression for the decay width can be performed, resulting in

Γ(τ∓ → π∓Nj → π∓µ∓π±)(LNC) = Γ(τ → πµπ)
{ ΓN

ΓN1
|UτN1 |2|UµN1 |2 +

ΓN

ΓN2
|UτN2 |2|UµN2 |2+

+ 2|UτN1UτN2UµN1UµN2 |
[
δ(y) cos θ21 ±

η(y)
y

sin θ21

]}
,

(2.14a)

Γ(τ∓ → π∓Nj → π∓µ±π∓)(LNV) = Γ(τ → πµπ)
{ ΓN

ΓN1
|UτN1 |2|UµN1 |2 +

ΓN

ΓN2
|UτN2 |2|UµN2 |2+

+ 2|UτN1UτN2UµN1UµN2 |
[
δ(y) cosχ21 ∓

η(y)
y

sinχ21

]}
.

(2.14b)

Here, the angles θ21 and ξ21 are related to the phases of the heavy-light mixing parameters

ψµ,j ≡ Arg(UµNj ), ψτ,j ≡ Arg(UτNj ), (2.15a)

θ21 = (ψµ,2 − ψτ,2)− (ψµ,1 − ψτ,1), (2.15b)
χ21 = (ψµ,2 + ψτ,2)− (ψµ,1 + ψτ,1). (2.15c)

Furthermore, Γ(τ → πµπ) in eqs. (2.14) is the canonical decay width1 which can be written
in factorised form

Γ(τ → πµπ) = 1
ΓN

Γ(τ → πN)Γ(N → µπ), (2.16)

1Canonical stands for the case when the heavy-light factors UτNj and UµNj are replaced by unity.
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Figure 2. (a) The factors NℓN (ℓ = e, µ, τ ) appearing in eq. (2.20), as a function of neutrino mass N ,
when N is Majorana neutrino; (b) the same, but for the case when N is Dirac neutrino.

where

Γ(τ→πN)= 1
16πK

2M3
τ λ

1/2
(
1, M

2
N

M2
τ

,
M2

π

M2
τ

)(1−M2
N

M2
τ

)2

−M2
π

M2
τ

(
1+M2

N

M2
τ

) , (2.17a)

Γ(N→µπ)= 1
16πK

2M3
Nλ

1/2
(
1,
M2

µ

M2
N

,
M2

π

M2
N

)(1−M2
µ

M2
N

)2

−M2
π

M2
N

(
1+

M2
µ

M2
N

) . (2.17b)

Furthermore, in eqs. (2.14) the quantities ΓN1 and ΓN2 are the total decay widths of N1
and N2, and ΓN is the arithmetic average thereof, i.e., the quantities that appeared already
in eqs. (2.8)–(2.9).

The total decay width ΓNj of the neutrino contains the heavy-light mixing coefficients
(for details, cf. [10, 11] and references therein)

ΓNj = K̃j(MN )ΓN (MN ). (2.18)

Here,

ΓN (MN ) ≡ G2
FM

5
N

96π3 , (2.19)

is the canonical factor. On the other hand, the factor K̃j (j = 1, 2) incorporates the
heavy-light mixing coefficients

K̃j(MN ) = NeN |UeNj |2 +NµN |UµNj |2 +NτN |UτNj |2 (j = 1, 2). (2.20)

The factors NℓN = NℓN (MN ) ∼ 101 (ℓ = e, µ, τ ) are effective mixing coefficients. They were
evaluated in [10, 11]. The factors NℓN (MN ), as a function of the Nj neutrino mass MN , are
presented in figures 2(a), (b) for the case of the Majorana and Dirac neutrinos. In these
figures we can see that in mass regime MN ≈ 0.2-0.4GeV the factors NℓN for light leptons
ℓ = e, µ vary significantly with MN . This has to do with the fact that in this mass regime
there are important N decay channels to the single light pseudoscalar and vector mesons,
in addition to the pure lepton channels. In figures 2 we see a small kink at MN = Mη′

(= 0.9578GeV) because, for MN > Mη′ , due to duality the numerous semimesonic decay
modes are evaluated as quark-antiquark decay modes, cf. also [60, 61]. The fact that ΓN for
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Majorana neutrinos is larger than for Dirac neutrinos is due to the fact that the Majorana
neutrinos have more decay channels; namely, for any existing decay channel of a neutrino,
the charge-conjugated channel also exists if the neutrino is Majorana.

3 Inclusion of oscillation effects

At this point we include the oscillation effects between the two heavy quasidegenerate
neutrinos N1 and N2. Based on the approach of ref. [62], it was argued in ref. [13] that the
(quasidegenerate) N1 and N2 neutrinos, during their propagation between the two vertices of
the decay process, have oscillation effects which are represented by the following replacements
in the amplitudes of the considered decays τ → πN → πµπ:

UµNj 7→ UµNj exp(−ipNj · z), (3.1a)
U∗

µNj
7→ U∗

µNj
exp(−ipNj · z) (j = 1, 2). (3.1b)

The replacements are performed wherever these elements appear in the (reduced) matrix
elements T of the corresponding decays. Hence, the first replacement is performed in
T (LNC)(τ−) and T (LNV)(τ+), and the second replacement in the other two matrix elements,
T (LNC(τ+) and T (LNV)(τ−). In all these replacements, z = (t, 0, 0, L) is the 4-vector of
distance between the two vertices; pN1 and pN2 are the momenta of the two neutrinos, and
they differ slighly because of the (small) mass difference ∆MN =MN2 −MN1 . The difference
in phases can be expressed as [13, 62]

(pN2 − pN1) · z = 2π L

Losc
, (3.2)

where Losc is the effective oscillation length

Losc =
2πβNγN

∆MN
⇒ 2π

Losc
= y

ΓN

βNγN
. (3.3)

Here, βN = vN/c where vN is the speed of the on-shell neutrinos Nj in the lab (it is practically
equal for N1 and N2) and γN = 1/

√
1− β2

N is the corresponding Lorentz factor. We use
the usual units where c = 1 (and ℏ = 1).

An approximate approach, using the replacements (3.1) in amplitudes for some of the
terms in squared amplitudes ⟨|T |2⟩, was applied in ref. [6]. However, the use of these
replacements in amplitudes for all terms in ⟨|T |2⟩ [including the so called overlap terms
∝ δ(y), η(y)] was applied in ref. [12]. We apply this latter approach because it is consistent.
It can then be verified that the use of these replacements (3.1) and relations (3.2)–(3.3)
results in the relations (2.14) having the replacements

Γ(τ∓)(LNC) : cos θ21 7→ cos
(2πL
Losc

∓ θ21

)
, ± sin θ21 7→ − sin

(2πL
Losc

∓ θ21

)
; (3.4a)

Γ(τ∓)(LNV) : cosχ21 7→ cos
(2πL
Losc

± χ21

)
, ∓ sinχ21 7→ − sin

(2πL
Losc

± χ21

)
. (3.4b)
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These results can be summarised in the following a more compact form:

Γ(τ∓ → π∓µπ)(X) = (3.5)

Γ(τ → πµπ)
{ 2∑

k=1

ΓN

ΓNk

|UτNk
|2|UµNk

|2

+ 2|UτN1UτN2UµN1UµN2 |
[
δ(y) cos

(2πL
Losc

∓∆Ψ(X)
)
− η(y)

y
sin
(2πL
Losc

∓∆Ψ(X)
)]}

,

where X=LNC or X=LNV, and the corresponding phase differences are

∆Ψ(LNC) = (ψτ,1 − ψµ,1)− (ψτ,2 − ψµ,2) (= θ21), (3.6a)

∆Ψ(LNV) = (ψτ,1 + ψµ,1)− (ψτ,2 + ψµ,2) (= −χ21), (3.6b)

where ψµ,j and ψτ,j are the phases (arguments) of the heavy-light mixing elements UµNj

and UτNj , cf. eqs. (2.15).

4 Effective decay widths due to the detector finite length effects

We implicitly assumed that the two vertices of the considered decay τ → πNj → πµπ

are always within the detector, or equivalently, that the detector is infinitely large. In
practice, the detector has a finite length Ldet (∼ 1 m). Therefore, we need to exclude, in
an effective approximate way, the decays where the on-shell neutrinos Nj travel a distance
L > Ldet before decaying into µπ. This would then give us a realistic, effective, decay
width Γeff(L) as a function of the maximal length L between the two vertices (where L
can be regarded as a variable). The resulting differential of the effective decay width,
dΓeff(L) = Γeff(L + dL) − Γeff(L), is then

dΓeff(τ∓→π∓µπ;L)(X) = (4.1)

Γ(τ→πµπ)
{ ΓN

ΓN1
dPN1(L)|UτN1 |2|UµN1 |2+

ΓN

ΓN2
dPN2(L)|UτN2 |2|UµN2 |2+

+dPN (L)2|UτN1 ||UτN2 ||UµN1 ||UµN2 |
[
δ(y)cos

(2πL
Losc

∓∆Ψ(X)
)
− η(y)

y
sin
(2πL
Losc

∓∆Ψ(X)
)]}

.

Here, dPNj (L) = PNj (L+dL)−PNj (L), where PNj (L) is the probability that the propagating
on-shell neutrino Nj decays within the distance L from its birth vertex

PNj (L) = 1− exp
(
−
LΓNj

βNγN

)
, (4.2a)

dPNj (L) =
ΓNj

βNγN
exp

(
−
LΓNj

βNγN

)
dL. (4.2b)

We recall that ΓNj is the total decay width of Nj and γN = (1− βN )−1/2 is the Lorentz lab
time dilation factor. A priori, it is not clear which value of ΓNj we should use in dPN (L) at
the N1-N2 overlap contributions ∝ δ(y), η(y)/y in eq. (4.1). We propose to use at this point
the average value ΓN (2.9a). In practical evaluations here, however, this will not matter,
because we will assume from now on that ΓN1 = ΓN2 (i.e., that |UℓsN1 | = |UℓsN2 | for all ℓs).

Hence, from now on, we adopt the following simplifying assumptions:

|UℓN1 | = |UℓN2 | (= |UℓN |) (ℓ = e, µ, τ ), (4.3)
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implying that the total decay widths of N1 and N2 are equal

ΓN1 = ΓN2 = ΓN ; dPNj (L) = dPN (L) (j = 1, 2). (4.4)

In this case, the L-dependence of the expression (4.1) simplifies. If, in addition, at first we
assume that the lab speed βN of Nj neutrinos is fixed, we can integrate the expression (4.1)2

over dL′ from L′ = 0 to L′ = L, and obtain

Γeff(τ∓ →π∓µπ;L)(X)

=
∫ L

0
dL′ dΓeff(τ∓ →π∓µπ;L′)

dL′ (4.5a)

=Γ(τ→πµπ)|UτN |2|UµN |2
{
2
[
1−exp

(
−L ΓN

βNγN

)]
+2
[[

− (1−y2)
(1+y2)2 cos

(
2π L

Losc
∓∆ψ(X)

)
+2 y

(1+y2)2 sin
(
2π L

Losc
∓∆ψ(X)

)]
exp

(
−L ΓN

βNγN

)

+
[ (1−y2)
(1+y2)2 cos(∆ψ

(X))±2 y

(1+y2)2 sin(∆ψ
(X))

]]}
. (4.5b)

We recall that X=LNC or X=LNV. As mentioned, above we assumed that the speed βN

(of Nj in the lab frame Σ) is fixed. However, in practice this speed is not fixed. What is
fixed is the speed β′N of Nj in the τ -rest frame Σ′.

E
′
N = (M2

τ +M2
N −M2

π)
2Mτ

, |p⃗′N | = 1
2Mτλ

1/2
(
1, M

2
N

M2
τ

,
M2

π

M2
τ

)
, (4.6a)

β
′
Nγ

′
N =

√
(E′

N/MN )2 − 1 = 1
2MNMτ

[(
(Mτ +MN )2 −M2

π

) (
(Mτ −MN )2 −M2

π

)]1/2
.

(4.6b)

On the other hand, it is realistic to assume that the velocity (the speed and the direction)
β⃗τ of the produced tau leptons in the lab frame Σ is approximately fixed. We name this
direction as the z-axis direction in the Nj-rest frame Σ′ , i.e., β̂τ ≡ ẑ

′ . In the transition from
the τ -rest frame (Σ′) to the lab frame (Σ), the resulting quantities EN and βNγN there will
depend on the angle θN between the p⃗′N and ẑ

′ (= β̂τ ) (cf. figure 3)

EN = γτ (E
′
N + cos θNβτ |p⃗′N |), (4.7a)

βNγN =

√√√√γ2
τ

(
E

′
N + cos θNβτ |p⃗′N |

MN

)2

− 1 = βNγN (θN ). (4.7b)

Here, E′
N and |p⃗′N | are the constants given in eq. (4.6a). Similar considerations were made, in

somewhat different contexts, in ref. [12] and in ref. [63] (in this reference the lab frame was
denoted as Σ′′). As the angle θN (between p̂τ ≡ ẑ

′ and p̂′N ) appears in βNγN , according to
eq. (4.7b), and this θN varies (p̂′N varies), we can see on inspection of the expression (4.5b)
that this expression has the θN -direction dependence only in the Lorentz factor 1/(γNβN ),
and this factor appears in the exponent exp(−LΓN/(γNβN )) (in two places) and in (2π/Losc),

2We first rename L and dL in the expression (4.1) as L′ and dL′.
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π

Figure 3. (a) The 3-momenta of the produced particles in the decay τ → Njπ in the τ rest frame
(Σ′); (b) the same momenta, but in the lab frame (Σ).

cf. eq. (3.3). Using dΩp̂′
N

= 2πd(cos θN )), we can then write the final expression for the
considered effective decay width

Γ(X)
eff,∓ ≡Γeff(τ∓ →π∓µπ;L)(X)

=
∫ L

0
dL′

∫
dΩp̂′

N

d2Γeff(τ∓ →π∓µπ;L′)
dL′dΩp̂′

N

(4.8a)

=Γ(τ→πµπ) |UτN |2|UµN |2×
∫ +1

cosθN =−1
dcosθN

×
{[

1−exp
(
−L ΓN

βNγN (θN )

)]
+
[[

− (1−y2)
(1+y2)2 cos

(
2π L

Losc(θN )

)
cos(∆ψ(X))∓ (1−y2)

(1+y2)2 sin
(
2π L

Losc(θN )

)
sin(∆ψ(X))

+2 y

(1+y2)2 sin
(
2π L

Losc(θN )

)
cos(∆ψ(X))∓2 y

(1+y2)2 cos
(
2π L

Losc(θN )

)
sin(∆ψ(X))

]
×exp

(
−L ΓN

βNγN (θN )

)
+
[ (1−y2)
(1+y2)2 cos(∆ψ

(X))±2 y

(1+y2)2 sin(∆ψ
(X))

]]}
. (4.8b)

Here it is understood that the Lorentz factor product βNγN (θN ) is the expression (4.7) [in
conjunction with eqs. (4.6)], and the integration over d cos θN is to be performed numerically.
Further, we recall that X=LNC (in that case: τ∓ → π∓µ∓π±) or X=LNV (τ∓ → π∓µ±π∓).
The distance L can be taken as any distance between zero and an effective detector length
Ldet (∼ 1 m). We will simply identify L = Ldet.

From the above expression, we can directly obtain the CP-asymmetry width

∆Γ(X)
CP (L) ≡ Γeff(τ− → π−µπ;L)(X) − Γeff(τ+ → π+µπ;L)(X) (4.9a)

= Γ(τ → πµπ) |UτN |2|UµN |22 sin(∆ψ(X))×
∫ +1

cos θN =−1
d cos θN

×
{[

− (1− y2)
(1 + y2)2 sin

(
2π L

Losc(θN )

)
− 2 y

(1 + y2)2 cos
(
2π L

Losc(θN )

)]

× exp
(
−L ΓN

βNγN (θN )

)
+ 2 y

(1 + y2)2 .

}
(4.9b)

This width can be regarded as a measure of CP violation in the considered LNV or LNC decays.
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Figure 4. (a) The expected number of detected rare decays τ− → π−Nj → π−µπ [cf. eqs. (4.8)
and (5.1)] as a function of heavy neutrino mass MN , for various values of y = ∆MN/ΓN . The other
parameters were fixed as indicated in the figure (X=LNV or LNC). (b) The same, but now for the
difference of the number of rare decays τ− → π−µπ and τ+ → π+µπ, cf. eqs. (4.9) and (5.1).
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Figure 5. As figures 4, but now for various values of the phase difference ∆ψ(X). In figure (b) we
took ∆ψ(X) only positive, because the depicted CP asymmetry is odd (changes sign) when ∆ψ(X)

changes sign, cf. eq. (4.9).

5 Numerical results

The Belle II experiment [64] is expected to produce about Nτ ∼ 1011 lepton pairs τ+τ−. An
advantage of this experiment is that it can measure time dependent production rate. At Belle
II the main source of τ pairs is the process e+e− → τ+τ−. For this process, the lab energy
of τ ’s is Eτ = 5.29GeV, thus the lab velocity is βτ = 0.9419 and γτ = 2.9772.

For the number of expected events of the considered decays, we have to evaluate the above
rare decay widths Γ(X)

eff,∓, eq. (4.8), divide it by the total τ decay width Γτ = 2.267×10−12 GeV
to obtain the corresponding branching ratio Br∓, and multiply this by the expected number
Nτ = 1011 of τ− (or τ+) in order to get the expected number N (X)

exp.(τ∓) of such rare decays
at Belle II (assuming no significant suppression from acceptance factors)

Nexp.(τ∓)(X) = Br(X)
∓ × 1011 =

Γ(X)
eff,∓
Γτ

× 1011. (5.1)

In figures 4(a), (b) we present the quantities Nexp(τ−)(X) and Nexp(τ−)(X) − Nexp(τ+)(X),
respectively, as a function of heavy neutrino mass MN , for various values of y = ∆MM/ΓN

parameter, while keeping other parameters fixed as indicated in the figure. As the central
case, we take the values y = 1, ∆ψ(X) = π/4, Ldet = 1 m, |UµN |2 = 10−7 and |UτN |2 = 10−3.
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Figure 6. As figures 4, but now for various values of the effective detector width Ldet.

0.005

10
-3

10
-4

10
-5

0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6
0

50

100

150

200

250

MN(GeV)

1
0
1
1
B
r -

y  1

Δψ(X)=π/4

UμN
2  10

-7

Ldet=1 m

(a)

UτN
2
:

0.005

10
-3

10
-4

10
-5

0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6
0

20

40

60

80

100

120

140

MN(GeV)

1
0
1
1
(B

r -
-
B
r +
)

y  1

Δψ(X)=π/4

UμN
2  10

-7

Ldet=1 m

(b)

UτN
2
:

Figure 7. As figures 4, but now for various values of the heavy-light mixing parameter |UτN |2.

The last two values are allowed by the present upper bounds on the heavy-light mixing
parameters in the on-shell mass range 0.2 GeV < MN < 1.7GeV, cf. refs. [37, 59]. The kink
at MN = Mη′ (= 0.9578GeV) in the presented curves appears due to the aforementioned
kink in the calculated total decay width ΓN at that MN due to small duality violation effects,
cf. figures 2 and discussion there.

In figures 5 we present the analogous results, but now for various values of the phase
differences ∆ψ(X). In figures 6 the effective length of the detector, Ldet, is varied. In figures 7
the heavy-light mixing parameter |UτN |2 is varied. Further, it turns out that variation
of the other heavy-light mixing parameter, |UµN |2, gives practically the results which are
proportional to |UµN |2, the proportionality being valid by better than one percent precision.

In our evaluations, we used for ΓN the expressions for the Majorana neutrinos. However,
it turns out that in the considered cases ΓN is practically equal for the Majorana and for
the Dirac cases. Namely, ΓN depends almost entirely on the term NτN |UτN |2, cf. eqs. (2.18)–
(2.20). This is so because of a set of two facts: (a) We took |UeN |2 = 0 (due to the 0ν2β
restrictions), and we have |UµN |2 ≪ |UτN |2 in all cases of our choice of the numerical values
of these heavy-light mixing parameters, due to the presently known bounds [37, 59] (in the
central case we took |UµN |2 = 10−7 and |UτN |2 = 10−3); (b) In the considered mass range
0.2 GeV < MN < 1.7GeV, the dimensionless coefficient NτN (MN ) has practically equal
values for Majorana and Dirac (cf. figures 2). The latter fact has its reason in the equality of
the channels for the corresponding decays (in Majorana and Dirac case) that contribute to
NτN (MN ). Namely, those channels are all of the form N → ντ l

′−l
′+, N → ντν

′ν̄ ′, N → ντV
0,
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N → ντP
0, N → ντqq̄, i.e., the channels that are unchanged under the charge-conjugation if

N is Majorana, and thus in Majorana case they do not get their value doubled in comparison
with Dirac case. On the other hand, the relevant channels that change under the carge-
conjugation are of the form N → τ∓ . . ., but these channels are kinematically not allowed
in our considered cases (cf. appendix A.3 of ref. [11]).

As a consequence, the numerical results for the branching ratios Br for the Dirac case
practically do not differ from those of the Majorana case, for the same choice of the values
of parameters y, ∆ψ(LNC), |UµN |2, |UτN |2, and Ldet. We do have to recall, though, that in
the Dirac case only X=LNC option is realised, while in the Majorana case both X=LNC
and X=LNV options are in general realised.

6 Conclusions

We derived the expressions for the effective widths of rare decays of τ leptons, Γ(X)
eff,∓ ≡

Γeff(τ∓ → π∓Nj → π∓µπ)(X), in the scenario where we have two on-shell almost mass
degenerate neutrinos Nj (j = 1, 2), and the decays are lepton number conserving (X=LNC:
µ 7→ µ∓) or lepton number violating (X=LNV: µ 7→ µ±). In the described almost degenerate
scenario (∆MN ∼ ΓN ), we can have important N1-N2 oscillation effects, which also affect
the CP-violating decay width Γ(X)

eff,− − Γ(X)
eff,+ where the latter is proportional to sin(∆Ψ(X)).

Here, ∆Ψ(X) is a specific phase difference of the heavy-light mixing parameters UµNj and
UτNj , cf. eqs. (2.15a) and (3.6). In our expressions, we took into account the N1-N2 overlap
and oscillation effects. Further, we accounted for the effects of the finite effective length
Ldet of the detector on the decay probability of the on-shell neutrinos within the detector.
Subsequently, these decay widths and their branching ratios were numerically evaluated,
for various values of the parameters of y ≡ ∆MN/ΓN , ∆Ψ(X), Ldet, |UµNj |2, |UτNj |2. For
the Belle II experiment, where ∼ 1011 pairs of τ -leptons are expected to be produced, we
obtained that the expected number of such rare decays, 1011Br(X)

∓ , can reach the order of
∼ 102, and even the CP-violating difference of the number of events, 1011(Br(X)

− −Br(X)
+ ), can

reach ∼ 102. This implies that, if such a system of two almost degenerate heavy neutrinos
with masses 0.3 GeV < MN < 1.5GeV exists, Belle II experiments could give us an indication
of the existence of such a system by detecting a sufficient number of such decays. We note
that the squared invariant mass of produced µπ is in such decays fixed, equal to M2

N , thus
leading to an identification of the mediating heavy neutral leptons Nj . Another possible
identification would be via the localisation of the two vertices in the decay process. Further,
in such cases, the indication of CP violation in the sector of such heavy neutrinos could
be detected [(Br(X)

− − Br(X)
+ ) ∝ sin(∆ψ(X))]. If such decays are not detected, upper bound

limits on the product |UµN |2|UτN |2 could be refined.
Furthermore, if such rare decays are detected in both LNC and LNV modes, this would

be a clear indication of the Majorana character of the neutrinos. If only LNC decays are
detected, then this would indicate strongly that the neutrinos are Dirac.

The mathematica programs used to generate the presented curves in figures 2, 4–7, are
available [65]3 on the web page http://www.gcvetic.usm.cl/.

3The set of mathematica programs and files is contained in the tarred file TautoPiEllPi.tar. The main
program is TautoPiEllPi.m, it calls the file TabNlNsh.save which is produced by program GN_HKS.m.
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A T
(X,0)
2 and T

(X,1)
2 expressions, for X=LNC and X=LNV

The expressions T (LNC,0)
2 and T

(LNC,1)
2 apppearing in eqs. (2.11a), are

T
(LNC,0)
2 = −4

{
M6

NM
2
π −M4

NM
4
π +M4

µ

[
M2

πM
2
τ − (−M2

N +M2
τ )2
]

+M2
µ

[
−M4

πM
2
τ + (M3

N −MNM
2
τ )2 +M2

π(−3M2
NM

2
τ +M4

τ )
] }

(A.1a)

T
(LNC,1)
2 = −8M2

N (M2
N −M2

µ)(M2
N −M2

τ ) (A.1b)

The expressions T (LNV,0)
2 and T

(LNV,1)
2 apppearing in eqs. (2.11b), are

T
(LNV,0)
2 = 4M2

N

{
−M4

µM
2
π +M4

πM
2
τ + (M3

N −MNM
2
τ )2 −M2

π(M4
N −M2

NM
2
τ +M4

τ )

+M2
µ

[
M4

π − (−M2
N +M2

τ )2 +M2
π(M2

N +M2
τ )
] }

(A.2a)

T
(LNV,1)
2 = 8M2

N (M2
N −M2

µ)(M2
N −M2

τ ) (A.2b)

B Explicit integrations over final phase space

Using the factorisation eq. (2.13) of the final phase space integration differential, and using
the final phase space integration formulas of ref. [66], we obtain∫

d3 × 1 =
∫
d2(τ(pτ ) → π(p1)Nj(pN )) dp2

N d2(Nj(pN ) → µ(p2)π(pπ)

= 1
82λ

1/2
(
1, M

2
N

M2
τ

,
M2

π

M2
τ

)
λ1/2

(
1,
M2

µ

M2
N

,
M2

π

M2
N

)∫
dp2

N

∫
dΩ

p̂
′
N

∫
dΩ

p̂
′′
2

= π2

4 λ
1/2
(
1, M

2
N

M2
τ

,
M2

π

M2
τ

)
λ1/2

(
1,
M2

µ

M2
N

,
M2

π

M2
N

)∫
dp2

N , (B.1)

where p̂′
N is the unitary direction of pN in the CMS of τ (Σ′ frame), and p̂

′′
2 is the unitary

direction of p2 (muon) in the CMS of Nj (Σ′′ frame). The two integrations over these two
directions give us factor (4π)2. The remaining integration over p2

N is over the kinematically
allowed region (Mµ +Mπ)2 ≤ p2

N ≤ (Mτ −Mπ)2, but in practice it gives unity times the
integrand in which we replace p2

N 7→M2
N because of the δ(p2

N −M2
N ) factor appearing in the

integrand, cf. eqs. (2.8)–(2.11). Furthermore, λ1/2 in eq. (B.1) is square root of the function

λ(x, y, z) = x2 + y2 + z2 − 2xy − 2yz − 2zx. (B.2)
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Similarly, the integration with the integrand (p1 · p2) gives∫
d3 × (p1 · p2)

=
∫
d2(τ(pτ ) → π(p1)Nj(pN )) d2(Nj(pN ) → µ(p2)π(pπ)) (p1)α(p2)α dp2

N

=
∫
dp2

N

∫
d2(τ(pτ ) → π(p1)Nj(pN )) (p1)α

∫
d2(Nj(pN ) → µ(p2)π(pπ)) (p2)α

=
∫
dp2

N

∫
d2(τ(pτ ) → π(p1)Nj(pN )) (p1)α(pN )απ

4λ
1/2
(
1,
M2

µ

p2
N

,
M2

π

p2
N

)(
1 +

(M2
µ −M2

π)
p2

N

)

= π2

24

∫
dp2

N λ1/2
(
1, p

2
N

M2
τ

,
M2

π

M2
τ

)
λ1/2

(
1,
M2

µ

p2
N

,
M2

π

p2
N

)(
1 +

(M2
µ −M2

π)
p2

N

)
×{

λ

(
1, p

2
N

M2
τ

,
M2

π

M2
τ

)
+ 1

2

[
1 + (p2

N +M2
π)

M2
τ

− 2(p
2
N −M2

π)2

M4
τ

]}
, (B.3)

where, as in eq. (B.1), the integration over p2
N again gives us unity times the integrand in

which we replace p2
N 7→ M2

N , due to the relations eqs. (2.8)–(2.11).
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