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Abstract We investigate strong gravitational lensing by
quantum-improved charged black holes characterized by an
additional parameter denoted as ω, in addition to the mass
M and charge Q. Our findings reveal that when both the
parameters Q/2M and ω/4M2 increase simultaneously, var-
ious astrophysical consequences, such as the deflection angle
αD(u) and angular image separation increase. Concurrently,
the angular position θ∞, relative magnification rmag , and the
time delay �T2,1 between the first and second relativistic
images also decrease with the growing values of the parame-
ters Q/2M and ω/4M2. It is also observed that the Einstein
ring θ E

1 for the quantum-improved charged black hole is more
significant than those for Schwarzschild, quantum-improved
Schwarzschild, and Reisner–Nordström black holes. As with
supermassive black holes such as M87∗ and Sgr A∗, it is
observed that to be a viable astrophysical black hole, the
EHT results constrain the parameter space (ω/4M2, Q/2M).
Remarkably, the EHT results for Sgr A∗ impose more strin-
gent limits on the parameter space of quantum-improved
charged black holes compared to those established by the
EHT results forM87∗. We investigate the radial profiles of
orbital and radial harmonic oscillation frequencies as a func-
tion of the dimensionless coupling constants and black hole
mass. The main characteristics of test particle quasi-periodic
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oscillations close to stable circular orbits in the black hole
equatorial plane are also examined. We study the positioning
of resonant radii in the background of quantum-improved
charged black holes for high-frequency quasi-periodic oscil-
lations models: warped disc (WD) models, relativistic pre-
cession (RP) and its types, and epicyclic resonance (ER) and
its variants.

1 Introduction

Investigating black holes through astrophysical observations
is one of the most significant missions in the realms of grav-
itational and cosmological physics. This undertaking holds
paramount significance, offering profound insights into the
fundamental nature of these mysterious cosmic entities. The
gravitational and cosmological implications associated with
black holes make them a central focus for scientists striving
to attain a deeper understanding of the universe. The detec-
tion of GW150914 by the LIGO and Virgo Collaborations
marked the first observation of a gravitational wave event
resulting from the merger of a binary system of black holes
[1]. Additionally, the Event Horizon Collaboration released
an image capturing the shadow of the black hole situated at
the center of the galaxy M87 [2]. These observations serve
as crucial evidence, motivating further exploration into the
properties of black holes. Observable quantum fluctuations
influence their geometries. However, the existence of singu-
larities, where spacetime density becomes infinitely large,
poses a challenge. The conflict between the profound impli-
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cations of general relativity in astronomy and the limitations
arising from the non-applicability of quantum physics con-
cepts continues to be a significant impediment to understand-
ing black hole physics. In recent years, remarkable progress
has been made in black hole physics. However, there is a need
for more in-depth exploration into the significant and intrigu-
ing characteristics of black holes, with a particular focus
on their formation of relativistic images. Notable features
such as gravitational lensing [3], shadows [4], quasinormal
modes [5] play a vital role in advancing our understanding
of general relativity, modified theories of gravity, quantum
gravity, and quantum mechanics. Unfortunately, observing
these features of black holes presents substantial challenges,
given the constraints of technical limitations and the strin-
gent requirements for theoretical accuracy. Scientists have
increasingly come to appreciate the significance of quantum
gravity effects in the proximity of singularities.There is a
strong consensus that the elimination of singularities requires
the incorporation of a quantum theory of gravity, given their
exceedingly high energy density and curvature [6]. While
awaiting the development of a self-consistent and widely
accepted quantum theory of gravity, various approaches have
been explored. These include transforming singularities into
regular cores [7,8], leveraging quantum pressure to prevent
the collapse of matter and induce a bounce [9,10], and elim-
inating event horizons through the creation of quasi-black
holes [10–13]. Hence, a black hole could be inherently quan-
tum, leading to the manifestation of quantum gravitational
effects near the event horizons [14,15]. This occurrence is
attributed to quantum fluctuations [16], proposing the con-
cept of a fuzzball [17], or considering it as an exotic com-
pact object [18,19]. These quantum features offer resolu-
tions to the long-standing information loss paradox. Theo-
retical exploration of a quantum theory of gravity, encom-
passing models like M-theory, string theory, or loop quan-
tum gravity, has been a focus of substantial research. A
comprehensive quantum gravity framework was discussed
in [20], wherein a scale-dependent action was introduced,
and an exact renormalization group equation was derived.
This contribution represents a noteworthy advancement in
understanding the intricate dynamics of quantum gravity near
singularities. By employing the renormalization group equa-
tion on the Einstein-Hilbert truncation, one can derive a non-
perturbative estimate of the renormalization group flow for
the Newton and cosmological constants. Previous investiga-
tions have incorporated the influence of matter fields [21–24].
An important characteristic of the non-perturbative quantum
gravity method is the presence of a non-Gaussian fixed point
in its renormalization group flow. This fixed point is cru-
cial in the asymptotic safety scenario, rendering quantum
gravity non-perturbatively renormalizable [25,26]. A power-
ful approach for determining quantum corrections to general
relativity and quantum Einstein gravity solutions is through

the precise renormalization group flow equation [27–31]. An
extensively studied concept in the literature is the renormal-
ization group improved Schwarzschild black hole [32]. The
central idea involves the ”renormalization group improve-
ment” of the Schwarzschild spacetime by incorporating the
running Newton constant, a concept borrowed from standard
particle physics schemes. This modification eliminates the
classical singularity at the center of a Schwarzschild black
hole, replacing it with a de Sitter core due to quantum effects.
In a recent investigation, Ruiz and Tuiran [32] delved into the
implications of running Newton’s constant on various essen-
tial features of spherically symmetric charged black holes.
They achieved this by undertaking a renormalization group
improvement of the classical Reissner-Nordström metric.
This study was performed using the Einstein-Hilbert trun-
cation method within the context of quantum Einstein grav-
ity. Various aspects of its black hole physics, such as the
number of horizons, regularity, critical mass, and thermody-
namics [26], as well as its quantum gravitational effects on
accretion [33], have been extensively studied. Recently, both
weak and strong deflection gravitational lensing by a renor-
malization group improved Schwarzschild’s black hole and
was explored in [34]. However, the impact of the quantum
correction parameter on the physical characteristics of the
charged black hole, particularly in terms of strong gravita-
tional lensing and the signatures of quasi-periodic oscilla-
tions (QPOs), remains unexplored in the existing literature.
In the present paper, we intend to study strong gravitational
lensing and the QPOs of massive particles near the circular
orbit in the context of a quantum-improved charged black
hole.

Gravitational lensing, a consequence of Einstein’s general
relativity, plays a foundational and influential role in astro-
physics, offering a robust method to probe the strong-field
nature of gravity. This phenomenon serves as a potent tool
for magnifying and examining distant celestial objects, pro-
viding astronomers with heightened observations of galaxies
and quasars and facilitating the detection of elusive entities
such as dark matter, dark energy, and gravitational waves.
Additionally, it contributes to the comprehensive study of
various astronomical phenomena [35,36]. The distortion of
the image of black holes with a gridding accretion fragment
results from the strong gravitational lensing effect. Initially,
astronomers measured the deflection angle caused by the sun
during a solar eclipse [37]. However, such observations were
realistically only feasible with the sun. A shift in perspec-
tive occurred with the groundbreaking ideas of Fritz Zwicky,
who proposed the possibility of observing lensing effects
caused by galaxies and even clusters of galaxies. Various
approaches have been proposed to investigate gravitational
lensing around black holes, covering weak and strong field
limits. Light closely approaches the source in strong gravi-
tational lensing, where the gravitational field is sufficiently
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intense, leading to significant bending angles. This results
in diverse paths that light can take to reach the observer,
potentially generating multiple images, arcs, and rings of the
source. Phenomena such as shadows, photon rings, and rel-
ativistic images may manifest in these scenarios [38–40].
Several studies have investigated the exploration of gravita-
tional lensing in the strong field limits around black holes
over the past few years [41–44].

In astrophysics, the identification of quasiperiodic oscilla-
tions (QPOs) in X-ray emissions from neutron stars and black
holes opens a window into the extreme gravitational envi-
ronments surrounding these celestial objects. The periodic
fluctuations in luminosity indicate the existence of underly-
ing physical processes, such as oscillations of accretion disks
or gravitational interactions, serving as valuable probes for
exploring the fundamental nature of spacetime. The detec-
tion of QPOs in accretion disks around black holes implies
the existence of resonant oscillations that may be associated
with the innermost stable circular orbits, furnishing valuable
insights into the strong gravity regime and creating oppor-
tunities to test Einstein’s theory of general relativity. After
the initial discovery of QPOs during the analysis of X-ray
binary spectra and flux [45], numerous studies have been
dedicated to exploring the theoretical aspects of QPOs and
their nature. Among the prominent models explaining QPO
is the one related to particle dynamics and the corresponding
oscillations of their trajectories. From this standpoint, inves-
tigations into QPOs arising from the collective motion of
charged particles within accretion disks have been conducted
in a series of works [46,47]. High-frequency QPOs with dual
peaks that nearly fit the ratio are commonly seen in black hole
microquasars [48]. High-frequency QPOs of neutral [49].,
spinning [50]., and charged test particles [51]. in the prox-
imity of rotating and non-rotating black holes have been the
subject of numerous investigations. Hot-spot data surround-
ing Sgr A* have been used recently to investigate alternate
rotating spacetimes [52]. Recently, Liu et al. [53] discussed
the Orbital motion and QOPS with periastron and Lense-
Thirring precession in the background of a slowly rotating
Einstein-Æther black hole. In another study, [54] investigated
the Kerr black hole with quintessential dark energy through
observational data using QOPS and its different invariants.

The aim of this study is to explore the astrophysical
implications of quantum-improved charged black holes via
strong gravitational lensing. Additionally, we aim to extend
the applications of these findings to describe Quasiperiodic
Oscillations (QPOs). This paper is organized as follows:
In Sect. 2, we discuss the strong gravitational lensing and
its various astrophysical consequences due to the quantum-
improved charged black hole. Furthermore, we study the
quasiperiodic oscillations of massive particles near the cir-
cular orbit in Sect. 3. We also test the high-frequency QPOs
models in Sect. 4. Finally, we present some concluding

remarks in the last Sect. 5. We use natural units G0 = c = 1
throughout the paper unless the units are specifically defined.

2 Strong gravitational lensing by Quantum-improved
charged black hole

The renormalization group flow equation (ERGE) serves
as a theoretical tool, offering a non-perturbative method to
explore quantum corrections to the precise solutions of the
Einstein field equations. The foundation of this concept lies
in the assumption that the general theory of relativity operates
as an effective theory at lower energy levels, stemming from a
more fundamental theory applicable at higher energy scales
[20]. The term ”quantum Einstein gravity (QEG)” denotes
this fundamental theory and its ensuing implications. Regard-
ing the search for non-perturbative quantum corrections to
Einstein gravity, researchers have investigated three poten-
tial levels of enhancement thus far [26,29,30,55]. At the first
level, the process directly replaces the relevant running cou-
plings within the metric components. At the second level,
this substitution occurs within the field equations. The third
level, characterized by the highest deductive power, entails
directly substituting the running couplings into the action.
Ruiz and Tuiran [32] exclusively explored the impact of
running Newton’s constant, and they implemented improve-
ments at the foundational first level. Numerous earlier find-
ings on the quantum improvement of classical black hole
spacetimes establish direct or indirect connections with the
Reissner-Nordström solution. Specifically, Ruiz and Tuiran
pursued further exploration in subsequent studies [26,55,56]:

• (i) Numerous expressions obtained for the improved
Schwarzschild black hole strikingly parallel the corre-
sponding expressions observed in the classical Reissner-
Nordström spacetime.

• (ii) The original formulation of the first law of black hole
mechanics is disrupted in the context of the enhanced
Kerr spacetime, leading to a departure from the direct
proportionality between Hawking temperature and sur-
face gravity.

• (iii)The evaluation of the Komar integral for the mass of
the improved Schwarzschild and Kerr black holes reveals
an antiscreening effect associated with the gravitational
quantum field.

The above-mentioned results serve as pivotal points for the
quantum improvement of classical black hole spacetimes,
particularly in the context of the Reissner-Nordström (RN)
solution. The Reissner-Nordström solution characterizes a
spherically symmetric spacetime and is represented by the

123



390 Page 4 of 16 Eur. Phys. J. C (2024) 84 :390

metric

ds2 = − f (r)dt2 + 1

f (r)
dr2 + r2d�2, (1)

with the function

f (r) = 1 − 2G0M

r
+ G0Q2

r2 . (2)

where, d�2 ≡ dθ2 + sin2 θdφ2 represents the infinitesimal
element of squared solid angle,G0 represents Newton’s grav-
itational constant, M signifies the mass of the black hole, Q
denotes the charge of the black hole. Assuming as a principal
hypothesis that beyond the classical limit, the primary effects
of quantum gravity, particularly related to linear fluctuations
of the metric for sufficiently long distances, are incorporated
in the dependence of Newton’s constant on the energy scale or
the renormalization group (RG) infrared cutoff k [57]; and
identifying the cutoff k with the inverse of a scalar proper
distance d(r), where k = ξ/d(r), the resulting improved
Reissner-Nordström geometry is expressed as follows:

ds2 = − f I (r)dt
2 + 1

f I (r)
dr2 + r2d�2; (3)

f I (r) = 1 − 2G(r)M

r
+ G(r)Q2

r2 . (4)

where the superscript ’I ’ stands for ”improved,” and the run-
ning Newton’s constant is given by:

G(k) ≡ G0

1 + ω̄G0k2 , (5)

and

G(r) ≡ G

(
k = ξ

d(r)

)
= G0d2(r)

d2(r) + ωG0
. (6)

where ω ≡ ω̄ξ2 is a free parameter that toggles the quan-
tum effects ”on” and ”off”. Equations 3 and 5 are applica-
ble, as previously mentioned, to distances that are signifi-

cantly larger than the Planck length, denoted as l p =
√

h̄G0
c3 .

Ruiz and Tuiran [32] devoted their investigation to the spe-
cific quantum corrections applied to the classical black hole
model. They provided detailed mathematical formulations
and principles guiding these corrections. Additionally, they
explicitly highlighted how these corrections lead to introduc-
ing the parameter ω. Quantum-improved charged black holes
constitute a theoretical framework that integrates the princi-
ples of quantum mechanics and general relativity, aiming
to enhance our comprehension of the unique characteristics
displayed by charged black holes. The static spherically sym-
metric Quantum-improved charged black hole is described
by [32,58]

ds2 =
(

1 − 2G0rM

G0ω + r2 + G0Q2

G0ω + r2

)
dt2

−
(

1 − 2G0rM

G0ω + r2 + G0Q2

G0ω + r2

)−1

dr2

−r2dθ2 − r2 sin2 θdφ2 (7)

where the parameter ω serves as the quantum parameter, mea-
suring quantum effects arising from non-perturbative renor-
malization group considerations. The parameter ω in the con-
text of a quantum-improved charged black hole plays a cru-
cial role in influencing the quantum corrections applied to the
classical black hole model. The physical interpretation of ω

in the context of a quantum-improved charged black hole is
as follows:

• The new parameter ω cannot be exclusively derived from
renormalization group arguments. In principle, it should
be experimentally determined by measuring the quantum
correction to the Newton potential [59,60]. It possesses
some properties, defining it as a suitable parameter to
activate or deactivate quantum effects such as

– (a) ω is proportional to the Planck constant h̄,
– (b) ω is the only constant in Eq. 6 associated with the

evolution of G with the scale k,
– Whenω = 0, the standard value of Newton’s constant

is restored, i.e. G(k) = G0.

• ω is a parameter that characterizes the quantum correc-
tions applied to the classical black hole solution. It is asso-
ciated with the introduction of quantum effects into the
gravitational field. The value of ω determines the strength
and nature of these quantum corrections.

• In certain theoretical frameworks, ω is linked to scalar
fields that can emerge from quantum field theory. The
scalar field may represent additional degrees of freedom
in the gravitational field, contributing to the quantum
aspects of the black hole.

• The parameter ω serves as a modulator for the quantum
corrections incorporated into the black hole metric. Its
presence influences the behavior of the running Newton’s
constant and other relevant parameters, thereby shaping
the quantum-improved charged black hole solution and
determining the extent of departure from classical pre-
dictions.

Various choices of these physical parameters lead to dis-
tinct spacetimes, as follows: The spacetime (7) reduces to that
of the Schwarzschild black hole if ω = 0 = Q; quantum-
improved Schwarzschild black hole [31] if Q = 0; Reissner-
Nordström black hole if Q �= 0, ω = 0; and the quantum-
improved charged black hole [32,58] when Q �= 0, ω �= 0. In
this section, we discuss the strong gravitational lensing and its
various observables for the quantum-improved charged black
hole and compare the results with the cases of Schwarzschild
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black hole, quantum-improved Schwarzschild and Reissner-
Nordström black hole.

2.1 Equatorial lensing

Here, we discuss the deflection of photon rays in the equato-
rial plane (θ = π

2 ) due to Quantum-improved charged black
hole. To obtain the strong deflection angle of a light ray in
the equatorial plane (θ = π

2 ) of a black hole, we rewrite the
metric (7) by redefining the quantities r , t ,ω and Q in units of
the radius 2M , so that t → t/2M , r → r/2M , ω → ω/4 M2

and Q → Q/2 M , respectively

ds̃2 = −A(r)dt2 + B(r)dr2 + C(r)(dθ2 + sin2 θdφ2),

(8)

where

A(r) = 1 − G0r

r2 + G0ω
+ G0Q2

r2 + G0ω
(9)

B(r) =
(

1 − G0r

r2 + G0ω
+ G0Q2

r2 + G0ω

)−1

(10)

C(r) = r2. (11)

Gravitational lensing in the strong field regime is deter-
mined by the interplay of the deflection angle and the lens
equation. The null geodesic equation can be expressed as
follows

ṙ = dr

dτ
=

√
E2 − L2

r2 A(r), (12)

where the constants E and L are the energy and the angular
momentum of the particle, τ is the affine parameter along
the geodesics, while the function A(r) is given by Eq. (9).
Introducing the ratio E

L as an impact parameter denoted by
u, the above Eq. (12) can be expressed [61]

ṙ2 + Vef f = 0 (13)

where the effective potential function reads as

Vef f
E2 = u2

r2 A(r) − 1, (14)

The unstable circular photon orbit of radius rph can be
obtained from the conditions for the effective potential, given

by
dVef f
dr |rph = 0, and

d2Vef f
dr2 |rph < 0, respectively. Thus the

radius of the photon sphere rph is the largest real root of the
equation

2A(rph) − rph A
′(rph) = 0. (15)

When the particle are coming at the closest distance r = r0

to the central black hole, where dr
dτ

= 0, one can define the
minimum impact parameter u0 in terms of closest distance

r0 [40] as

u0 = r0√
A(r0)

(16)

The critical impact parameter for the unstable photon orbit
u ph is given by

u ph = rph√
A(rph)

(17)

The deflection angle in the strong field limit for a quantum-
improved charged black hole spacetime, as a function of the
closest approach distance r0, can be expressed as: [62,63])

αD(r0) = I (r0) − π = 2
∫ ∞

r0

√
B(r)dr

√
C(r)

√
A(r0)C(r)
A(r)C(r0)

− 1
− π.

(18)

The strong deflection angle αD(r0) depends upon the relation
between r0 and rph and while r0 ≈ rph , it is increased. So,
we consider a new variable z as:

z = 1 − r0

r
. (19)

For, r0 ≈ rph , the strong deflection angle can be obtain as

αD(u) = −ā log

(
u

u ph
− 1

)

+b̄ + O((u − u ph)log(u − u ph)). (20)

where the lensing coefficients ā and b̄ are formulated in [40].
The behavior of the strong deflection angle αD for the

quantum-improved charged black hole is depicted in Fig. 1
at the top-left corner panel, showing its variation with the
parameter ω/4M2 for fixed Q/2M , as a function of the
impact parameter u. Interestingly, this figure shows that the
strong deflection angle decreases as the minimum impact
parameter u increases, whereas the impact parameter u is
close to the critical impact parameteru ph . The deflection
angle αD approaches infinity as u tends to u ph . Furthermore,
from the top-middle panel in Fig. 1, it is seen that the deflec-
tion angle αD with u = u ph + 0.0005 grows when both
the parameters Q/2M and ω/4M2 increase simultaneously.
This suggests that the quantum-improved charged black hole,
with the presence of the parameters Q/2M and ω/4M2,
could greatly intensify the gravitational lensing effect. This
result also indicates that the gravitational lensing effect due
to the quantum-improved charged black hole is significantly
enhanced compared to the other astrophysical black holes
such as Schwarzschild, quantum-improved Schwarzschild,
and Reisner-Nordstrom black holes. The parameter ω/4M2

may modify the trajectories of particles and photons, influ-
encing the dynamics of matter and radiation in the vicinity
of the black hole. Its introduction contributes to our under-
standing of how quantum effects manifest in the gravitational
field of a charged black hole.
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Fig. 1 Top left-corner panel, variation of the strong deflection angle for
the quantum-improved charged black hole as a function of the impact
parameter u. The deflection angle αD approaches infinity as u tends to
u ph . The remaining figures illustrate the variations of the strong deflec-

tion angle αD , angular image position θ∞(μas) of the relativistic image,
and angular image separation S(μas) between two relativistic images
for the supermassive black holes M87∗. and Sgr A∗., respectively, and
are presented as functions of the parameters Q/2M and ω/4M2

Thus, the quantum-improved charged black hole with
the presence of moving, fluid, matter and sound waves
can be detected more easily and distinguished from the
other astrophysical black holes such as Schwarzschild,
quantum-improved Schwarzschild, and Reisner-Nordstrom
black holes.

2.2 Lensing equation and observables

Next, we examine the various astrophysical consequences
through strong gravitational lensing in the context of a
quantum-improved charged black hole. In this regard, we
consider a scenario where the observer and the source are
situated significantly from the black hole (lens). Their align-
ment is nearly perfect along the optical axis, and they are
placed in flat spacetime, with the curvature influencing the
deflection angle primarily near the lens only [64]. Addition-
ally, we assume that the source is positioned behind the black
hole (lens). Consequently, we define the lens equation as
[65,66]

β = θ − Dls

Dos
�αn (21)

where �αn = αD(θ) − 2nπ represents the offset deflec-
tion angle, αD(θ) is the primary deflection angle, and n
denotes the number of revolutions or loops that a pho-
ton ray makes around the black hole. The angles β and
θ correspond to the angular separations between the black
hole (lens) and the source or between the observer and the
source, respectively. Here Dol ,Dls ,Dos are the observer-lens,
lens-source, observer-source distance, respectively, such that
Dos = Dol +Dls . Using Eqs. (20) and (21), the angular sep-
aration between the black hole (lens) and the nth relativistic
image can be expressed as

θn = θ0
n − u phen(θ0

n − β)Dos

āDol Dls
, (22)

where

en = e
b̄−2nπ

ā ,

and

θ0
n = u ph(1 + en)

Dol
,

respectively. Here, θ0
n represents the angular position of the

image when a photon completes a total of 2nπ rotations
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around the black hole (lens). In the context of strong grav-
itational lensing, where surface brightness is conserved, the
magnification of the relativistic effect can be defined as the
ratio of the solid angle covered by the n-th image to that
covered by the source [67]. The magnification for the n-th
relativistic image can be obtained as [40]

μn =
(

β

θ

dβ

dθ

)−1∣∣∣∣
θ0
n

= u2
ph(1 + en)enDos

βāDls D2
ol

. (23)

The above equation strongly suggests that the first rela-
tivistic image holds the highest brightness level, and the
magnification diminishes exponentially as ’n’ increases. In
other words, the brightness of this first image surpasses
that of the subsequent relativistic images. Notably, Eq. (22)
becomes unbounded when β → 0, indicating that perfect
alignment maximizes the possibility of detecting relativistic
images. Here, we consider the case when the brightest image,
i.e., the outermost image θ1 is resolved as a single image,
and the remaining inner images are packed together at θ∞
(θn|n→∞ =: θ∞). With the help of the deflection angle given
by Eq. (20), one can obtain strong lensing observables such as
the angular position of the set of images θ∞, the angular sep-
aration between the outermost and innermost images, S and
relative magnification rmag between the outermost relativis-
tic image and the inner relativistic images. These quantities
can be defined as [40,68].

θ∞ = u ph

Dol
(24)

S = θ1 − θ∞ ≈ θ∞e
(b̄−2π)

ā (25)

rmag = μ1

�∞
n=2μn

≈ 5π

ālog(10)
(26)

If the strong lensing observables θ∞,S, and rmag are mea-
sured from the observations, the lensing coefficients ā, b̄
and the minimum impact parameter u ph can be obtained
easily by inverting the Eqs. (24), (25) and (26), resectively.
Consequently, One can characterize the quantum-improved
charged black hole from the other astrophysical black holes
through observation. Considering the supermassive black
holes M87∗ and Sgr A∗ at the centers of nearby galaxies, we
conducted numerical simulations to determine the observable
quantities θ∞, S, and rmag for the quantum-improved charged
black hole (see Table 1). According to [2], the mass and dis-
tance from Earth for M87∗ are approximately 6.5 × 109M

and 16.8 Mpc, respectively. For Sgr A∗, based on data from
[69], the mass is approximately 4.28 × 106M
, and the dis-
tance is about 8.32 kpc. There is another important observ-
able quantity, the Einstein ring, and it is extensively discussed
in [70]. Through the simplification of Eq. (22) for β = 0, we
obtain the angular radius of the nth relativistic image as fol-

lows

θn = θ0
n

(
1 − u phenDos

āDls Dol

)
. (27)

In the scenario where the black hole (lens) is positioned at a
distance Dos = 2Dol , the Einstein’s ring becomes

θ E
n = u ph(1 + en)

Dol
. (28)

Time delay is one of the most important observable in the
strong gravitational lensing effect. It results from the time
difference between the formation of two relativistic images.
The time difference appears when the photon travels in dif-
ferent paths around the black hole. The time travel for the
photon paths for distinct relativistic images is not the same;
hence, there is a time difference between the different rela-
tivistic images. If the time signals of two relativistic images
are obtained from the observations, one can compute the time
delay between the two signals [71]. The time taken by a pho-
ton to revolve around the black hole is given by [71]

T̃ = ã log

(
u

u ph
− 1

)
+ b̃ + O(u − u ph). (29)

With the help of the above Eq. (29), one can compute the
time difference between two relativistic images. For spheri-
cally static symmetric black hole spacetime, the time delay
between two relativistic images, when the relativistic images
are on the same side of the black hole, are obtained as

�T2,1 = 2πu ph = 2πDolθ∞ (30)

Using Eq. (30), if one can measure the time delay with high
accuracy and the critical impact parameter with negligible
error, then one can determine the quantum nature of black
holes with that specific level of accuracy.

The strong lensing observables angular image position
of the innermost images θ∞(μas) of the relativistic image,
angular image separation S(μas) between two relativistic
images, and relative magnification of the relativistic images
rmag for the supermassive black holes M87∗ and Sgr A∗,
respectively, are presented as functions of the parameters
Q/2M and ω/4M2 in Figs. 1 and 2 and also in Table 1.
In these figures and this table, it is observed that the angu-
lar image position θ∞(μas) and relative magnification of
rmag of the images decreases while the angular image separa-
tion S(μas) between two relativistic images increases when
both the parameters Q/2M and ω/4M2 increase simultane-
ously. Furthermore, considering the same mass and distance
of the black hole, it is observed in our estimation that the
angular position of the innermost images, θ∞ for quantum-
improved charged black hole (Q/2M = 0.1, ω/4M2 =
0.02) is greater than that in the cases of quantum-improved
Schwarzschild (Q/2M = 0, ω/4M2 = 0.1) and Reisner-
Nordström (Q/2M = 0.2, ω/4M2 = 0)black holes
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Fig. 2 Top left-corner panel, variation of the outermost Einstein’s ring
for M87∗ in the context of quantum-improved charged and compared
to the cases of Schwarzschild, quantum-improved Schwarzschild, and
Reisner-Nordström black holes. The red, black, and blue curves corre-
spond to the cases of Schwarzschild, Reisner–Nordström, and quantum-
improved Schwarzschild black holes, respectively. The remaining fig-
ures illustrate the variations of the relative magnification rmag of
the relativistic image, time-delay �T2,1(minutes) between two rel-
ativistic images, and the angular diameter of the black hole shadow
�(= 2θ∞)μas for the supermassive black holes M87∗ and Sgr A∗,

respectively, and are presented as functions of the parameters Q/2M
and ω/4M2. In the lower middle panel, the green solid curve corre-
sponds to � = 39.4μas for M87∗, and this value falls within the 1σ

region of the measured angular diameter, � = 42±3μas, in the param-
eter space (ω/4M2, Q/2M) for M87∗. In the lower right corner panel,
the green solid curve corresponds to � = 49.9μas for Sgr A∗, and this
value also falls within the 1σ region of the measured angular diame-
ter, � = 51.8 ± 2.3μas, in the parameter space (ω/4 M2, Q/2 M) for
Sgr A∗

and smaller than the case of Schwarzschild (Q/2M =
0, ω/4M2 = 0.1) black holes. Also, the quantum-improved
charged black hole (Q/2M = 0.1, ω/4M2 = 0.02) has
smaller image separation S ∼ 0.028μas. It means that the
outermost images for the quantum-improved charged black
hole are closest to the innermost images and can be sepa-
rated from the other black hole images. In addition, if the
outermost brightest relativistic image can be resolved, we
may distinguish the quantum-improved charged black hole
from a Schwarzschild, quantum-improved Schwarzschild, or
Reisner-Nordström black hole using the new current tech-
nology. Although detecting the images is challenging due
to the small deviation in image separation (∼ 0.01), we
must await EHT observations. Astrophysical consequences
such as outermost Einstein’s rings θ E

1 for M87∗, time delay
�T2,1 between the second and first relativistic images, and
angular diameter of black hole shadow � are depicted
in Fig. 2. It is observed that the Einstein ring θ E

1 for the

quantum-improved charged black hole is greater than the
cases of Schwarzschild, quantum-improved Schwarzschild
and Reisner-Nordström black holes. These observables influ-
enced by the quantum nature introduced by ω in the con-
text of the charged black hole impact the gravitational lens-
ing features around the black hole. The parameter ω rep-
resenting quantum corrections significantly influences the
gravitational lensing characteristics and the overall geom-
etry around the black hole. In Fig. 2 and this Table 1, it is
also observed that time delay �T2,1 between the second
and first relativistic images in the context of both M87∗
and Sgr A∗ decreases when both the parameters Q/2M and
ω/4M2 increase simultaneously. Moreover, considering the
same mass and distance of the black hole (M87∗), it is
observed in our estimation that time delay �T2,1 quantum-
improved charged black hole (Q/2M = 0.1, ω/4M2 =
0.02) is ∼ 17102.3minutes, greater than that in the cases of
quantum-improved Schwarzschild (Q/2M = 0, ω/4M2 =
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0.1) and Reisner-Nordström (Q/2M = 0.2, ω/4M2 =
0)black holes and smaller than the case of Schwarzschild
(Q/2M = 0, ω/4M2 = 0.1) black holes. It suggests that
if the first and second relativistic images can be separated
through observation, the time delay between them might
offer an excellent opportunity to distinguish the quantum-
improved charged black hole from a quantum-improved
Schwarzschild, Reissner-Nordström, or Schwarzschild black
hole. These observational studies of gravitational lensing
effects provide valuable insights into the quantum nature of
black holes in astrophysical contexts.

In the lower middle panel in Fig. 2, the green solid curve
corresponds to � = 39.4μas for M87∗, and this value
falls within the 1σ region of the measured angular diameter,
� = 42 ± 3μas, in the parameter space (ω/4M2, Q/2M)
for M87∗. In the lower right corner panel in Fig. 2, the
green solid curve corresponds to � = 49.9μas for Sgr A∗,
and this value also falls within the 1σ region of the mea-
sured angular diameter, � = 51.8 ± 2.3μas, in the param-
eter space (ω/4 M2, Q/2 M) for Sgr A∗. Our observations
indicate constrained parameter spaces for the black hole:
0 ≤ ω/4 M2 ≤ 0.0216 and 0 ≤ Q/2 M ≤ 0.114 for M87∗;
and 0 ≤ ω/4 M2 ≤ 0.1072 and 0 ≤ Q/2 M ≤ 0.266 for
Sgr A∗. These additional parameters, ω/4M2 and Q/2M ,
characterize the quantum-improved charged black holes sim-
ilar to the supermassive black holes M87∗ and Sgr A∗.Our
results suggest that the quantum-improved charged black

hole complies with the EHT constraint, indicating its poten-
tial detectability and distinguishability from other astrophys-
ical black holes in future observations.

3 Oscillations of massive particles around
quantum-improved charged black hole

Quantum-improved charged black holes are theoretically
constructed models that take into account the effects of quan-
tum mechanics on black hole properties. These effects can
lead to modifications of the black hole’s spacetime geometry
near its event horizon, which can influence the dynamics of
matter and radiation in the black hole’s vicinity. The epicyclic
frequencies associated with the QPOs of test particles around
the effective region of the ISCO radius are covered in this
section. One may find a comprehensive formulation and
background of these frequencies in [72]. The creation and
behavior of QPOs in black hole systems may be affected
by these quantum effects, according to certain theories. For
instance, specific oscillation modes in the accretion disk or
jet may be stimulated by the modified spacetime geometry
close to a quantum-improved charged black hole, resulting in
the observed QPOs. The QPOs that stellar-mass black hole
binaries show in their X-ray flux light curves have long been
recognized, and this phenomenon is thought to be one of the
most useful ways to test strong gravity models. These oscilla-

Table 1 Estimate various strong lensing observables for Schwarzschild, RN, quantum improved and quantum improved charged BHs in the context
of supermassive BHs M87∗ and Sgr A∗ while considering different values of the parameters Q and ω

Parameters M87∗ Sgr A∗ SMBHs

Q ω θ∞ (μas) S (μas) �T2,1 (min) θ∞(μas) S (μas) �T2,1 (min) rmag

0 0 19.9632 0.024984 17378.8 26.3826 0.0330177 11.4973 6.82188

0 0.1 18.9984 0.0402126 16538.9 25.1075 0.0531433 10.9417 6.23087

0.2 0 19.4132 0.02773324 16900 25.6557 0.0366511 11.1805 6.68985

0.02 19.6456 0.02794 17102.3 25.9628 0.0369244 11.3144 6.68392

0.04 19.4559 0.0306376 16937.2 25.7122 0.0404894 11.2052 6.57028

0.1 0.06 19.2596 0.0337776 16766.3 25.4527 0.0446391 11.0921 6.44905

0.08 19.0557 0.0374694 16588.8 25.1832 0.049518 10.9747 6.31903

0.1 18.8434 0.0418599 16404 24.9027 0.0553203 10.8524 6.17865

0.02 19.2183 0.0305153 16730.3 25.3981 0.0403277 11.0683 6.57202

0.04 19.0161 0.0337756 16554.3 25.1309 0.0446364 10.9519 6.44589

0.2 0.06 18.8058 0.0376387 16371.3 24.853 0.0497417 10.8308 6.31004

0.08 18.5863 0.0422749 16180.2 24.5629 0.0558688 10.7043 6.16267

0.1 18.3563 0.0479233 15979.9 24.2589 0.0633335 10.5718 6.00137

0.02 18.8815 0.0328935 16437.2 24.9531 0.0434707 10.8744 6.47663

0.04 18.6683 0.0367223 16251.5 24.6712 0.0485306 10.7516 6.3388

0.25 0.06 18.4455 0.041335 16057.5 24.3768 0.0546267 10.6232 6.18899

0.08 18.2116 0.0469808 15854 24.0678 0.0620879 10.4886 6.02462

0.1 17.965 0.0540232 15639.3 23.7418 0.0713948 10.3465 5.84216
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tions appear near the black hole and exhibit frequencies that
are inversely related to the mass of the black hole. We can
precisely measure the frequencies of QPOs using the current
state of observational data, giving us information about the
centre and its surroundings of compact objects. There are
three types of fundamental frequencies. One of them is the
orbital frequency or Keplerian frequency, i.e., vφ = Wφ/2π

second one is the radial epicyclic frequency vr = Wr/2π ,
which is the radial oscillation frequency in the vicinity of
the mean orbit. The last one is known as vertical epicyclic
frequency, i.e., vθ = Wθ /2π . The mathematical formulas
within the scope of the quantum-improved charged black
holes are defined as follows:

Wφ = dφ

dt
=

±
(√(

∂gtφ
∂r

)2 − ∂gtt
∂r

∂gφφ

∂r

)
−

(
∂gtφ
∂r

)
∂gφφ

∂r

, (31)

W 2
r = −∂2Vef f

∂r2

( 1

2t2grr

)
, (32)

W 2
θ = −∂2Vef f

∂θ2

( 1

2t2gθθ

)
. (33)

As we are working with the non-rotation version of the black
hole solution, we will analyze only two cases, like vφ and
vr . The vertical epicyclic frequency vθ should be considered
equal to vφ in the current study. All the fundamental frequen-
cies of the massive particles around the quantum-improved
charged black hole are calculated as:

vr =
√

v1r

2π
, (34)

vφ = vθ =

√
−Gr(GMω−Mr2+Q2r)

(Gω+r2)
2

2πr
, (35)

where

− −2Mr + Q2 + r2 + ω(
r2 + ω

)4
(
−Mr

(
3r2 + ω

) + Q2
(
2r2 + ω

) + (
r2 + ω

)2
)3

[
− r

(
r2 + ω

)2 (−2Mr + Q2 + r2 + ω
) (

Q2

×
(
M2

(
18r7 + 25r5ω + 36r3ω2 − 3rω3

)
+ M

(
5r8 − 18r6ω − 45r4ω2 − 32r2ω3 + 6ω4) − 6rω

(
r2 − ω

)

× (
r2 + ω

)2
)

+ M
(
M2 (−9r8 − 9r6ω − 15r4ω2 + r2ω3) + Mrω

(
15r6 + 35r4ω + 33r2ω2 − 3ω3) + 3ω

× (
r2 + ω

)2 (
r4 − 6r2ω + ω2)) − Q4

(
M

(
12r6 + 15r4ω + 20r2ω2 − 3ω3) + 2

(
3r7 + r5ω − 6r3ω2 − 6rω3

))

+Q6
(

4r5 + 6r3ω + 6rω2
))

+ (
Q2 (

3r2 − ω
) − 2Mr

(
r2 − 3ω

)) (−Mr
(
3r2 + ω

) + Q2 (
2r2 + ω

)

+ (
r2 + ω

)2
)2 (

M
(
r5 − r3(ω + 3) − rω

)
+ Q2 (−r4 + 2r2 + ω

) + (
r2 + ω

)2
)

+ 2r2 (
r2 + ω

)2

× (
M

(
ω − r2) + Q2r

) (
−Mr

(
3r2 + ω

) + Q2 (
2r2 + ω

) + (
r2 + ω

)2
) (

Mω
(−2Mr + 3Q2 + 3ω

)

× +r
(
Q2(4ω − 9Mr) + 6Mr(Mr − ω) + 4Q4) − Mr4) x

]

The above-calculated frequencies depend upon the spacetime
involved parameters ω and charged Q. One can see the graph-
ical analysis of these frequencies in Fig. 3 for different values

of involved parameters. The radial epicyclic frequency goes
away from the effective region of the ISCO radius for the
small values of parameter ω and gets closer to the effective
region of the ISCO radius for the larger values of parameter
ω. Similarly, the larger values of charge parameter Q lead to
very close to the ISCO region, and due to the small values
of Q, the effect of radial epicyclic frequency is decreasing.
The different values of ω and Q have no impact on orbital
frequency or Keplerian frequency.

4 Tested high frequency QPOs models

According to the hot spot models, radiating spots in thin
accretion discs have geodesic paths that are almost circular.
The resonance of axisymmetric oscillation modes of accre-
tion discs is taken into consideration by the ER model [73].
The orbital and epicyclic frequencies of the circular geodesic
motion are connected to the disc oscillation frequencies. It
is assumed that the oscillating torus (or circle) in the ER
model with axisymmetric oscillatory modes at frequency vφ

and vr radiates uniformly. The nodal frequency associated
with the radiating torus’s orbiting frequency vφ can be intro-
duced when there is a significant enough inhomogeneity on
the torus. In the current analysis, we have considered four ER
models, say ER0 (vU = vφ and vL = vφ−vr ), ER1 (vU = vφ

and vL = vφ − vr ), ER3 (vU = vφ + vr and vL = vφ ), and
ER4 (vU = vφ + vr and vL = vφ − vr ) [74] due the choice
of no-rotating black hole geometry. The graphical behavior
for ER0, ER1, ER3, and ER4 is provided in Figs. 3, 4, 5 and
6. From these figures, a satisfying behavior within the scope
of upper and lower frequencies is perceived.

The orbital frequency, vU = vφ , is associated with the
upper of the twin frequencies in the conventional RP model

[75], while the periastron precession frequency, vL = vφ −
vr , is associated with the lower one. We choose the RP0
model, presented in [76], where vU = vφ and vL = vφ − vr ,
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Fig. 3 Radial and tangential frequencies vr & vθ = vφ around a quantum-improved charged black hole with radial frequency (dotted lines) and
orbital frequency (solid lines)

Fig. 4 Shows the ER1 (vU = vφ (dotted lines) and vL = vφ − vr (solid lines)) high-frequency QPOs model around quantum-improved charged
black hole

and the RP1 “total precession model,” introduced in [77],
should be same like RP0 in the current analysis. The fre-
quencies vU and vL predicted by the RP0 and RP1 models
are similar to those of the RP model. The graphical behavior
for RP0 (vU = vφ and vL = vφ − vr ) is provided in Fig. 7.
Figure 7 confirms the upper and lower required behaviour.
For the WD model, we have to introduce the vertical oscilla-
tory frequency vφ by assuming vertical axisymmetric oscil-
lations of the thin disc. The WD oscillation model of twin

High-Frequency QPOs assumes non-axisymmetric oscilla-
tory modes of a thin disc [78]. The graphical behavior for
WD (vU = 2vφ − vr and vL = 2(vφ − vr )) is provided
in Fig. 7. The upper and lower required behavior can be
confirmed from Fig. 8. We examine the frequencies in the
background of high-frequency QPO models that have been
altered by particle motion around a charged black hole that
has undergone quantum improvement.
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Fig. 5 Shows the ER3 (vU = vφ + vr (dotted lines) and vL = vφ (solid lines)) high-frequency QPOs model around quantum-improved charged
black hole

Fig. 6 Shows the ER4 (vU = vφ + vr (dotted lines) and vL = vφ − vr (solid lines)) high-frequency QPOs model around quantum-improved
charged black hole

5 Concluding remarks

In this research work, we have discussed the strong grav-
itational lensing phenomena and QOPs by the quantum-
improved charged black hole. This study explored the impact
of the quantum parameter ω and the geometric charge Q
on Schwarzschild black holes. Gravitational lensing in the
strong field limit provides a powerful tool to identify the
nature of the black holes in the quantum theory of grav-

ity or modified theory of gravity. For this purpose, we first
obtain the deflection angle in the strong field limit. It is
observed that the deflection angle αD grows when both the
parameters Q/2M and ω/4M2 increase simultaneously. This
suggests that the quantum-improved charged black hole,
with the presence of the parameters Q/2M and ω/4M2

could greatly intensify the gravitational lensing effect.The
results imply that studying gravitational lensing by quantum-
improved charged black holes may provide insights into the
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Fig. 7 Shows the RP0 (vU = vφ (dotted lines) and vL = vφ − vr (solid lines)) high-frequency QPOs model around quantum-improved charged
black hole

Fig. 8 Shows the WD (vU = 2vφ − vr (dotted lines) and vL = 2(vφ − vr ) (solid lines)) high-frequency QPOs model around quantum-improved
charged black hole

interplay between quantum effects and gravity. This study
could contribute to our understanding of quantum gravity in
the strong gravitational field regime near the charged black
holes. We also study the various astrophysical implications
by considering the examples of supermassive black holes
M87∗ and Sgr A∗ through strong gravitational lensing and
observe that the quantum-improved charged black hole could
be quantitatively distinguished from the quantum-improved
Schwarzschild, Reissner-Nordström, and Schwarzschild black

holes.The quantitative distinctions in the gravitational lens-
ing effect between the quantum-improved charged black
hole and ordinary black holes (such as Schwarzschild,
Reissner-Nordström) indicate that astrophysical observa-
tions have the potential to differentiate between these dif-
ferent types of black holes based on their quantum char-
acteristics. The observational findings, elucidating various
astrophysical consequences through gravitational lensing
effects, offer valuable insights into the quantum nature of
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black holes in the astrophysical contexts. Thus, Quantum
corrections to classical black hole solutions may introduce
novel phenomena detectable through astrophysical observa-
tions, specifically via strong gravitational lensing phenom-
ena. By considering the EHT constraints on M87∗ and Sgr A∗
within the 1σ region and setting bounds on the parameters
Q/2M and ω/4M2, our analysis indicates that the quantum-
improved charged black hole is consistent with the EHT
results within a finite parameter space.Importantly, this sug-
gests that quantum-improved charged black holes cannot be
ruled out as strong candidates for astrophysical black holes.
We have examined the radial profiles of the radial and orbital
frequencies as well as the fundamental frequencies of test
particles around quantum-improved charged black holes. We
have studied the positioning of resonant radii in the back-
ground of quantum-improved charged black holes for high-
frequency QOPs models: warped disc models, relativistic
precession and its types, and epicyclic resonance and its vari-
ants. It is necessary to mention that the above and lower
behavior of these relativistic models has been satisfied in the
current analysis. It has also been observed that the particles
moving around quantum-improved charged black holes have
high frequencies.
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