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...................................................................................................................
The project of quantum spacetime phenomenology focuses on searching pragmatically for the
Planck-scale quantum features of spacetime. Among these features is the existence of a characteristic length scale commonly addressed by effective approaches to quantum gravity (QG). This
characteristic length scale could be simply realized, for instance, by generalizing the standard
Heisenberg uncertainty principle to a generalized uncertainty principle (GUP). While it is usually expected that phenomena belonging to the realm of QG are essentially probable solely at the
so-called Planck energy, here we show how a GUP proposal containing the most general modiﬁcation of coordinate representation of the momentum operator could be probed by a cold atomic
ensemble recoil experiment (CARE) as a low-energy quantum system. This proposed atomic
interferometer setup has advantages over the conventional architectures owing to the enclosure
in a high-ﬁnesse optical cavity that is supported by a new class of low-power-consumption
integrated devices known as micro-electro-opto-mechanical systems. In the framework of a
top-down-inspired bottom-up QG phenomenological viewpoint and by taking into account the
measurement accuracy realized for the ﬁne structure constant from the rubidium (87 Rb) CARE,
we set some constraints as upper bounds on the characteristic parameters of the underlying GUP.
In the case of superposition of the possible GUP modiﬁcation terms, we managed to set a tight
constraint of 0.999 978 < λ0 < 1.000 02 for the dimensionless characteristic parameter. Our
study shows that the best playground to test QG approaches is not merely high-energy physics,
but a table-top nanosystem assembly as well.
PACS numbers: 04.60.-m, 04.60.Bc
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Introduction

Despite three well tested and powerful theories—quantum ﬁeld theory (QFT), the standard model of
particles (SM), and general relativity (GR)—our theoretical framework for studying the universe is
incomplete for two main reasons. The primary reason is that no well formulated quantum gravity (QG)
theory that uniﬁes the micro-level universe (subjected to quantum mechanics (QM)) and Einstein’s
theory of gravity (relevant to the macro-level universe) has been constructed properly so far. The
secondary reason is the lack of a well established framework for the uniﬁcation of gravity with
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three other fundamental interactions. The root of this incomplete issue comes back to substantive
differences between QM and GR, which are well discussed in, for instance, Refs. [1,2]. Nowadays,
there is great curiosity in the theoretical physics community about understanding the physics of the
Planck scale, which is considered to be one of the challenging research areas. Given that QM quantizes
any dynamical ﬁeld as well as its physical content, so QG would be related to the discreteness of
geometrical concepts such as length, area, and volume. This implies that the combination of the
relativistic and quantum effects results in reshaping of the common concept of distance around
the natural scale known as the Planck scale p ≈ 10−35 m. Although a fully functional uniﬁed
QG theory has remained out of reach for less than a century, there are, however, some convincing
approaches available such as string theory [3,4], canonical quantum gravity [5,6], various models
of deformed special relativity (DSR) [7,8], and also a variety of generalized uncertainty principles
(GUP) [9,10], which seem to be potential candidates for converging the study. These approaches
implicitly predict a fundamentally quantized space due to the existence of a minimal uncertainty in
physical distance xmin of the order of the Planck length p . In fact, Einstein’s perspective on gravity
as a property of spacetime, and not merely as a usual force, has led to the creation of an effective
framework for QG with the impression that a quantum particle is moving on a spacetime with a
geometry equipped with a fundamental, minimal characteristic length. It can be easily shown that the
minimal length uncertainty results in a modiﬁcation of the standard canonical commutation relations
(CCR) between position and momentum and can be interpreted as a Lorentz-invariant natural cutoff
[11]. In other words, the concept of minimal physical length appears naturally in QG scenarios by
generalization of the ordinary Heisenberg commutator relations between position and momentum
in Hilbert space. In this respect, it is important to note that all the above-mentioned approaches
to QG can be considered as the origin of GUP, which allow the study of the effects of a minimal
length scale in different areas of physics; see Ref. [12] for a detailed review. So, the deformation of
Heisenberg’s uncertainty principle (HUP), i.e., GUP, is a natural and inevitable consequence of the
QG proposal. As an additional motivation for emphasizing the theoretical importance of GUP, let
us mention the attempts to resolve the information-loss puzzle in black hole physics by considering
GUP; see, for instance, Refs. [11,13–18]. Concerning black hole physics, in Ref. [19] argued that
there could be black hole remnants due to GUP. In this direction, the implications of GUP for the
complementarity principle proposed for the black hole information-loss paradox are investigated in
Ref. [20]. Also, in Ref. [21] it is shown that by taking GUP in the context of extra-dimension theories,
there is a possibility of agreeing with the outcomes of LHC, which claims that no black holes are
recognizable around 5 TeV [22]. Since a deformation of the Heisenberg uncertainty principle affects
various quantum phenomena, some efforts have been made to understand the phenomenological
aspects of GUP models in the context of astrophysics, cosmology, and high-energy physics in recent
years; see, for instance, Refs. [23–31]. The consequences of GUP for the physics of white dwarf
stars are also studied in Refs. [32–34]. Violation of the weak equivalence principle within QM is
one of the controversial outcomes of GUP [35,36], conﬁrmed by the deviation reported in neutron
interferometry experiments [37].
The lack of a direct experimental test of tentative theories of QG is due to the current limits, both
in measurement and in the huge energy required in some experimentally controllable phenomena
in the vicinity of the Planck scale. However, this attempt has evolved seriously as one of the major
challenges of QG phenomenological studies in recent years; see, for instance, Refs. [38,39]. In the
light of proposed experimental tests, the current path of QG could be more coherent since naturally it
is expected that some of the proposals involved may be redundant and could even be ruled out. Indeed,
2/14
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it is expected that application of some experimental practicality within the different proposals related
to QG will make them more efﬁcient and realizable depending on the engineered improvements in
the current designs. Within the last two decades, technical developments in experiments related to
phenomenology of quantum gravity and probing spacetime structure at short distances have focused
on the control of physical systems at the Planck scale. These attempts were able to provide promising
facilities in order to check the correctness of the phenomenological predictions of QG theories [40].
The already-conceived idea of QG tempts one to think that the intersection between QM and GR
is too difﬁcult to access through laboratory experiments and seems indeed to be on the other side
of the accessible knowledge horizon [41]. In other words, it was assumed that ﬁrm predictions are
impossible without a fully ﬂedged theory of QG, which combines QM and GR in a new set of laws
comparable with observations. However, in a new look at QG phenomenology, which started with
the works cited in Refs. [42–45], it is believed that there is the possibility of meeting the theory with
experiment even in the absence of a well established, ﬁnal theory of QG. The new aspect of QG
phenomenology can be defensible from the following two perspectives. Firstly, over time, signiﬁcant
progress has been made with empirical techniques that has now made it possible to test the QG
effects credibly. Secondly, theoreticians have succeeded in handling some proposals and ideas with
permissible prospects that could be tested by common experimental techniques. In a generic sense,
the foremost purpose of QG phenomenological studies is to try to suggest some ways of deriving
potential experimental signatures from numerous approaches. The modiﬁcations arising from QG
in the form of relevant GUP affect the Hamiltonians of the systems under study; this is expected to
lead to small modiﬁcations in measurable quantities in the bed of some physical experiments. So
far, numerous attempts have been made to explore spacetime structure at the Planck scale by tuning
the characteristic parameter introduced by the relevant QG proposal with experimental data; see
Refs. [46–54]. The upper bounds released so far strongly indicate the fact that one needs to look for
even more advanced and special experimental setups to detect QG effects with the ideal resolution
expected in theory. Of course, the progress made in recent years in coherence between theoretical
and experimental aspects of quantum optics, in particular the new approach towards light–matter
interactions, has opened a novel direction for testing new areas of physics such as Planck-scale
physics with excellent resolution [55–57].
One of the most accurate and trustworthy tools that can be used to explore new areas of physics is
atomic interferometry (AI), which in its advanced setups exploits laser-cooled atoms. It is important
to note that, because of the certain sensitivity of AI, it has been used extensively to achieve accurate
measurements in physics1 [61–63]. In recent years we have also been faced with the impressive
application of AI for testing fundamental laws and principles of physics [37,64]. Amelino-Camelia
et al. were pioneers, proposing the idea that AI [65] can be used for controlling the QG characteristic
parameter released in the DSR deformed dispersion relation [66]. This precious idea has motivated us
in this paper to investigate the possibility of probing the Planck-scale spacetime with the resolution
allowed by a cold rubidium atom embedded in an AI setup, proposed based on a new class of
microsystems technology known as micro-opto-electromechanical systems (MEOMS)2 , as one of the
1

AI systems also have some other applications, like that of being developed as accelerometers [58] and
gyroscopes [59]. It is interesting to mention that recently such systems were used to map the gravitomagnetic
ﬁeld of the earth in an orbiting satellite [60].
2
In simple terms, MEOMS is a subset of microsystems technology, which, together with microelectromechanical systems (MEMS), forms the specialized technology ﬁelds using miniaturized combinations
of optics, electronics, and mechanics.
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most sensitive and accurate measurements performed by AI that plays a central role in our analysis is
determination of the ﬁne structure constant (FSC) α. In more detail, AI has managed to obtain a value
of α −1 = 137.035 999 037(91) [67], which is the second best value relative to the one concluded
from the electron anomaly measurement [68]. This has prompted an investigation of whether AI
can provide the possibility of exploring Planck-scale spacetime with improved resolution. In this
manuscript, we confront a GUP proposal that contains the most general deformation as proposed in
Ref. [69] with cold atom recoil measurement. The proposed study predicts the narrowest constraints,
considering all modiﬁcation terms up to the highest possible order of GUP characteristic scale.

2. Natural cutoff-modiﬁed commutation relations: The most general form of
modiﬁcation
Common versions of GUP comprise modiﬁcation terms containing linear and quadratic momentum
operators or combinations thereof [9,10]. Here, we plan to introduce a GUP proposal containing a
general deformation function that is expected to address the most general form of modiﬁcation of
the momentum operator. Explicitly, our idea is that, by taking higher powers of momentum in its
deformed coordinate representation, phenomenologically there may be the possibility of probing
Planck-scale spacetime with an improved resolution.
The most general form of GUP can be suggested through the following commutation relations:


[xi , pj ] = i δji + f [p]ij ,
(1)
in which f [p]ij denotes a tensorial function so that its functional dependence on the momentum
strongly depends on the form of the deformed coordinate representation of the momentum operator
admitted by various GUP models [69]. By employing an inductive method one can obtain such
expressions as


pi → p̃i = pi 1 + λ0 + λ1 (pj pj )1/2 + λ2 (pj pj ) + λ3 (pj pj )3/2 + λ4 (pj pj )2 + · · · ,
(2)
for the most general form of the modiﬁed momentum operator. The above expression can also be
demonstrated in a more compact form as follows:



pi → p̃i = pi 1 +
λn (pj pj )n/2 , n = 0, 1, 2, 3, . . . ,
(3)
in which λn = (Mλp0c)n is the most general form of the GUP characteristic parameter containing the
dimensionless constant λ0 . Of course, if we insist on the condition λ0 > 0 being satisﬁed, the most
general form of the modiﬁed momentum operator (3) is re-expressed as



pi → p̃i = pi 1 ±
λn (pj pj )n/2 , n = 0, 1, 2, 3, . . . ;
(4)
in what follows, we focus on this version. Here, it should be stressed that, although in the presentation
(3) both cases λ0 > 0 and λ < 0 are possible, due to the form of Eq. (4), we deal only with positive
values. From the perspective of phenomenology, it is believed that the GUP parameter should be
positive; however, in Refs. [33,70] the possibility of a negative3 one was also discussed. Theoretically,
exploring quantum spacetime cannot be fully achieved unless λ0 = 1. This brings the notion that,
3

According to the literature the possibility of a negative sign for the GUP parameter was ﬁrst raised in Ref.
[71] for formulation on a crystal lattice.
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on deriving upper bounds close to unity, the quantum spacetime becomes more accessible, which is
a step forward in the direction of testing relevant QG predictions. In Ref. [69], further details can be
found on the GUP proposal at hand.

3. Experimental scheme: Inbuilt atom interferometer MEOMS-based optical
ﬁnesse cavity
The basic principle of this assembly is that the cold ensemble of atoms, when launched inside an
optical cavity, splits into two clouds that both traverse different paths based on the laser input. This
generates a velocity-based selection of atoms based on their excitation in the hyperﬁne states, allowing
them to recoil backwards or still be deﬁned by the states |g and |e. The difference between recoiling
atoms and steady atoms sets up a number of Bloch oscillations, which transmit the recoiling velocities
to the slowed atoms and ensure that the internal state of the atom does not change. The atomic velocity
increases by 2ur , where ur is the recoil velocity of the atom when absorbing the momentum of the
photon. The ﬁnal velocity at this stage is the sum of the initial velocity distribution and the N Bloch
oscillations. Meanwhile, another Raman pulse is applied to the ﬁnal velocity, transferring the atoms
back to |g. The operation of the proposed system comprises an engineered Fabry–Pérot optical
ﬁnesse cavity, which is conventionally constituted of two confocal mirrors supporting the free-space
propagation of light, while in this design one of the confocal mirrors is replaced by a vibrating
micromechanical oscillator. The role of the optical ﬁnesse cavity has been broadly discussed in
several proposed experiments for probing non-commutative theories and the possible realization of
QG phenomena using the current technology. The design of an optical cavity coupled with nanoand micromechanical elements has been reported in previous studies; see Refs. [56,57]. However,
in the present study we propose a novel conﬁrmation of the architecture based on the same optical
coupling with electromechanical systems, but now introducing an atomic ensemble into the cavity
and replacing one of the spherical confocal mirrors with a micromechanical oscillator. We propose
the introduction of a micro-electro-opto-mechanical system (MEOMS) component, which, besides
electromechanical coupling, provides for the integration of optical components as well for exploring
the QG phenomena. This setup is schematically displayed in Fig. 1. The Fabry–Pérot optical cavity
ampliﬁes the light on each pass, which creates a laser gain medium in the cavity and limits the
frequency noise, adding to its sensitivity to the wavelength of the light. The resonant enhancement in
the cavity increases the transitions due to minimum laser power, which otherwise consumes a multiwatt power system. The AI enclosed in the optical cavity limits the wavefront distortions found in
conventional systems, which increases its sensitivity and efﬁciency. One of the pivotal components
in the assembly generally described in Fig. 1 is a miniature MEOMS-based oscillator, which also
acts as a complementary confocal mirror for the cavity and has been designed in such a way that it
acts as a transducing element to pick up the optical signal for the atomic ensemble. The oscillator
keeps moving so as to arrest the ensemble during its Raman transition between the hyperﬁne levels.
The transition should be coherent with the Bloch oscillation provided by the probe laser, creating
about N Bloch oscillations in each run, and the velocity of the atoms could be effectively measured.
The periodic motion of the vibrational MEOMS-based oscillator is capable of limiting the spatial
variations to reduce the interferometric contrast. The MEOMS-based oscillator is proposed to be
made of a freestanding monolayer of molybdenum disulﬁde (MoS2 ), which is known to have an
optical bandgap of about 1.6–2 eV and shows strong photoluminescence near the bandgap due to
circularly polarized optical pumping. The changes due to atom recoil on the monolayer MoS2 are
detected by the low-power-consumption photodetector and cause minimum scattering and loss [72].
5/14
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Fig. 1. Schematic representation of an inbuilt atom interferometer MEOMS-based optical ﬁnesse cavity.

In this design, the oscillator is attached to the photodetector, which monitors the recoil velocity of the
atomic ensemble without affecting the internal state of the atoms. The initial leg of the experiment
starts with a 2D-MOT (magneto-optical trap) molasses, which is expected to load the atoms into the
system by a slow atomic beam into the hyperﬁne level |g. Then, using a standard 3D-MOT molasses,
it is brought into the vicinity of the optical cavity. The advantage of this architecture is that it allows
the combination of a high atomic ﬂux and controlled atomic velocities, which are not precisely
provided by conventional use of Zeeman slower or thermal beam devices. As a result, when the cold
atoms are pumped into the cavity by the 3D molasses activation, it provides precise control of the
velocity in the optical velocity [73]. The velocity adjustments contribute to the ﬂat parabolic atomic
trajectories, compensating for the default gravitational acceleration effect. This velocity selection of
atoms in the cavity provides for more ﬂexible time-dependent studies like Raman transitions between
two hyperﬁne ground states and a complementary Bloch oscillation; this is schematically displayed
in Fig. 2. It is worth mentioning that in this setup the time-dependent noise sources will also be
limited, making it potentially more efﬁcient. The atomic source is 87 Rb and the ensemble is induced
6/14
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Fig. 2. Schematic representation of Raman transitions between hyperﬁne levels |g and |e along with Bloch
oscillations.

into the optical cavity through the MOT arrangements. The atoms exist in between two hyperﬁne
ground states |g and |e. The atomic ensemble in the optical cavity detects maximum possible
recoils due to Raman transitions when two counterpropagating laser beams excite the atoms that are
trapped in it after cooling. The Raman frequencies of ω1 and ω2 and wave vectors k1 and k2 create
coherent atomic beams in the |e state where the remaining atoms of the |g state are tuned to single
photon transitions. The reception of these transitions in hyperﬁne states gives rise to the well deﬁned
N Bloch oscillations, which are well received by the MEOM oscillator.

3.1.

Formulation

Now we formulate the above description mathematically. The energy conservation law imposes the
following equality at resonance:
(ω1 − ω2 − ωHFS ) =  +

[(k1 − k2 ) + mui ]2 − m2 ui2
.
2m

(5)

Here, the quantities m, , and ωHFS = Eg1 −Eg2 refer to the mass of atoms, the single photon setting
of the atomic levels, and the energy difference between the hyperﬁne levels |g, |e, respectively.
By deﬁning δsel ≡ ω1 − ω2 − ωHFS as a Raman transition setting, the above conservation equation
takes the following form:
δsel =  +

 
(k1 − k2 )2 + (k1 − k2 ) · ui .
2m

(6)

In order to transfer the high recoil velocities to atoms in a short time, so that the relevant hyperﬁne
internal state of atoms does not change after the process of velocity selection, the number of N Bloch
oscillations comes into play. Every Bloch oscillation separately increases the atomic velocity by a

factor of 2ur , where ur = mkB refers to the recoil velocity of the atom while absorbing a photon with
the relevant momentum kB . As a result, the ﬁnal velocity attributed to the atoms can be denoted by
uf = ui + 2N ur . In the second pair of Raman π2 pulses, the ﬁnal velocity distribution is centered
on uf . In addition, by applying the energy conservation law, the Raman regulation for the velocity
7/14
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measurement here reads as
δmeas =  +

 
(k1 − k2 )2 + (k1 − k2 ) · uf ,
2m

(7)

where, by subtracting it from Eq. (6), one gets
|δsel − δmeas | = (k1 + k2 )|uf − ui |.
Now the ratio of the Planck constant to the mass of the atoms, i.e.,

(8)
h
m,

is found by

h
2π |δsel − δmeas |
=
,
m
2NkB (k1 + k2 )

(9)

which addresses the FSC α via the following well known relation:
α2 =

2R∞ m h
.
c me m

(10)

Here, R∞ , me , and c are the Rydberg constant, the electron mass, and the speed of light, respectively.
In Ref. [67], by the consideration of 87 Rb atoms, the authors performed an excellent measurement
of m , which, after an approximate margin of error, has given a value of mhRb = 4.591 359 2729(57) ×
10−9 m2 s−1 . In this measurement the role of the internal hyperﬁne levels |g and |e lies in the 5S 1
2

|F = 2, mF = 0 and 5S 1 |F = 1, mF = 0 states of 87 Rb atoms, respectively. As a necessary piece
2

of information in this measurement, an atomic beam with an initial velocity ui = 20 m s−1 , was
prepared in the F = 2 hyperﬁne level. A Ti sapphire laser with relevant wavelength λB = 2π
kB = 532
nm was produced, which could produce N = 500 Bloch oscillations for the application on 87 Rb
atoms in each run.

4. Explicit constraints for the Planck-scale characteristic parameter
4.1. The case without superposition of the GUP-modiﬁed terms
Here we address the GUP modiﬁcations in terms of different values of n separately. For clarity, we
assume that there is no superposition of the GUP modiﬁcation term, which perceives each GUP
modiﬁcation term to be considered separately in the absence of other possible terms.
By setting n = 0, Eq. (4) reads as
pi → p̃i = pi (1 ± λ0 ) .

(11)

In this new representation, the Hamiltonian related to a 1D quantum system can be expanded as
HGUP(n=0) = (1 + λ20 ± 2λ0 )

p2
+ V (x) .
2m

(12)

By applying the above GUP-modiﬁed Hamiltonian to the cold 87 Rb atoms, the relevant GUP term
modiﬁes the kinetic energy of the 87 Rb atoms as follows:
EK−GUP(n=0) = (1 + λ20 ± 2λ0 )

p2
.
2mRb

(13)

According to the prior pattern, here the GUP counterpart of Eq. (8) takes the following form:
|δsel − δmeas |GUP(n=0) = (1 ± λ0 )2 (k1 + k2 )|uf − ui | ;
8/14
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by putting this into Eqs. (9) and (10), we ﬁnally arrive at
−1
αGUP(n=0)


=

2R∞ mu h
. .
(1 ± λ0 )2
c me mRb

− 1
2

.

(15)

Given that the setup at hand is a low-energy quantum system, by estimating the GUP effect on the
FSC via the following relation, one can derive an explicit upper bound for λ0 :
−1
|αGUP
− α −1 |
< measurement accuracy of α −1 .
α −1

(16)

This relation expresses the fact that by taking into the account the measurement of α −1 with a
precision order of magnitude of 2.5 × 10−10 [68], one can constrain the value of λ0 , so that it will
still be valid for the measurement of α −1 in the presence of QG effects. This is known as a bottom-up
QG phenomenological approach, on which our analysis in this study is based. Indeed, an interesting
idea transposed into this approach is that, relying on data due to low-energy phenomena, there is the
possibility of probing Planck-scale spacetime with different resolutions depending on the relevant
precision measurements. Now by setting values of R∞ = 10 973 731.565 839(55) m−1 , mRb =
86.909 180 535(10)mu , me = 5.485 799 0946(22) × 10−4 mu , Mp ∼ 1.3 × 1019 mu , c = 3 ×
108 m s−1 , the following results are obtained for bounds on λ0 :
−2 < λ0 < −1

(17)

1 < λ0 < 2 ,

(18)

and

for two cases of positive and negative signs, respectively. As we have mentioned previously, the
condition λ0 > 0 should be satisﬁed. So, the ﬁrst constraint is rejected.
By setting n = 1, Eq. (4) in one dimension reads as
p → p̃ = p(1 ± λ1 p),

λ2 =

λ0
.
(Mp c)

(19)

In this new representation, by keeping all powers of λ0 , the relevant GUP-modiﬁed kinetic energy
of 87 Rb atoms can also be written as
EK−GUP(n=1) =

p4
p3
p2
+ λ20
±
λ
.
0
2mRb
2mRb (Mp c)2
mRb (Mp c)

(20)

Here the GUP counterpart of Eq. (8) takes the following form:
2m2Rb λ20 (k1 + k2 ) 3 3 3mRb λ0 (k1 + k2 ) 2 2
(uf −ui ) ;
(uf −ui )±
(Mp c)
(Mp c)2
(21)
by putting this into Eqs. (9) and (10), we ﬁnally arrive at
|δsel −δmeas |GUP(n=1) = (k1 +k2 )|uf −ui |+

−1
αGUP(n=1)



2( mmRb
3 mmRb
)2 λ20 2
λ0
2R∞ mu h
2
u
u
1+ M
=
(uf + ui uf + ui ) ± M
(uf + ui )
c me mRb
( Mup c)2
( Mup c)
9/14
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Using the method described above, we obtain the following upper bounds on λ0 :
1 ≤ λ0 < 1.5 × 1014

(23)

1 ≤ λ0 < 4 × 1023

(24)

and

for two cases of positive and negative signs, respectively.
By setting n = 2, Eq. (4) in one dimension reads as
p → p̃ = p(1 ± λ2 p2 ),

λ2 =

λ0
.
(Mp c)2

(25)

Here also, by keeping all powers of λ0 , the relevant GUP-modiﬁed kinetic energy of 87 Rb atoms is
presented as follows:
EK−GUP(n=2) =

p6
p4
p2
+ λ20
±
λ
,
0
2mRb
2mRb (Mp c)4
mRb (Mp c)2

(26)

which results in the following modiﬁed expression for Eq. (8):
3m4Rb λ20 (k1 + k2 ) 5 5 4mRb λ0 (k1 + k2 ) 3 3
(uf −ui )±
(uf −ui ) .
|δsel −δmeas |GUP(n=2) = (k1 +k2 )|uf −ui |+
(Mp c)4
(Mp c)2
(27)
Putting this into Eqs. (9) and (10), we arrive at
−1
αGUP(n=2)



3( mmRb
)4 λ20 uf5 − ui5 4( mmRb
)2 λ0 2
2R∞ mu h
2
u
u
=
1+ M
± M
(uf + ui uf + ui )
c me mRb
( Mup c)4 uf − ui
( Mup c)2

− 12

. (28)

Using the method described previously, we obtain the following upper bounds on λ0 :
1 ≤ λ0 < 1.4 × 1038 ,

(29)

1 ≤ λ0 < 3.2 × 1047 ,

(30)

and

for two cases of positive and negative signs, respectively.
By setting n = 3, Eq. (4) in one dimension reads as
p → p̃ = p(1 ± λ3 p3 ),

λ3 =

λ0
.
(Mp c)3

(31)

In the same way, for the relevant GUP-modiﬁed kinetic energy of 87 Rb atoms, we have
EK−GUP(n=3) =

p8
p5
p2
+ λ20
±
λ
.
0
mRb
2mRb (Mp c)6
mRb (Mp c)3

(32)

In the presence of the relevant GUP modiﬁcation, Eq. (8) is rewritten as
|δsel −δmeas |GUP(n=3) = (k1 +k2 )|uf −ui |+

8m6Rb λ20 (k1 + k2 ) 7 7 5mRb λ0 (k1 + k2 ) 5 5
(uf −ui )±
(uf −ui ) ;
2(Mp c)6
(Mp c)3
(33)
10/14
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by putting this into Eqs. (9) and (10), we come to

−1
αGUP(n=3)



4( mmRb
)6 λ20 uf7 − ui7 5( mmRb
)3 λ0 3
2R∞ mu h
2
2
3
u
u
1+ M
=
± M
(uf + ui uf + ui uf + ui )
c me mRb
( Mup c)6 uf − ui
( Mup c)3

− 12

.
(34)

Once again, via the method described above, we obtain other upper bounds on λ0 as follows:
1 ≤ λ0 < 1.5 × 1062 ,

(35)

1 ≤ λ0 < 3.3 × 1071 ,

(36)

and

for two cases of positive and negative signs, respectively.
Comparing these obtained constraints for different values of n clearly shows that by considering
higher-order powers of momentum in the deformed coordinate representation and neglecting all
lower-order terms in the momentum in each step, the possibility for accurate resolution of the
spacetime structure on the Planck scale reduces for higher-order terms.

4.2. The case with superposition of the GUP-modiﬁed terms
Here, unlike the previous subsection, we treat a general form of GUP as a superposition of all possible
modiﬁcation terms (we restrict ourselves to n = 0, 1, 2, 3). In this regard, for the 1D system Eq. (4)
takes the following form:


p → p̃ = p 1 ± λ0 ± λ1 p ± λ2 p2 ± λ3 p3 ± · · · .

(37)

In this case, the quantities EK , |δsel − δmeas |, and α −1 can be modiﬁed in the following forms:
EK−GUP(±) =

1
(1 ± λ0 )2 p2 + (2λ0 λ1 ± 2λ1 )p3 + (λ21 + 2λ0 λ2 ± 2λ2 )p4
2mRb
(38)
+ (2λ0 λ3 + 2λ1 λ2 ± 2λ3 )p5 + (λ22 + 2λ1 λ3 )p6 + 2λ2 λ3 p7 + λ23 p8 ,

|δsel − δmeas |GUP(±) = (1 ± λ0 )2 (k1 + k2 )|uf − ui | + 6mRb (λ0 λ1 ± λ1 )(k1 + k2 )(uf2 − ui2 )
+ 2m2Rb (λ21 + 2λ0 λ2 ± 2λ2 )(k1 + k2 )(uf3 − ui3 )
+ 5m3Rb (λ0 λ3 + λ1 λ2 ± λ3 )(k1 + k2 )(uf4 − ui4 )
+ 9m4Rb (2λ1 λ3 + λ22 )(k1 + k2 )(uf5 − ui5 )
+ 14m5Rb λ2 λ3 (k1 + k2 )(uf6 − ui6 )4m6Rb λ2 λ3 (k1 + k2 )(uf7 − ui7 ),
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and
−1
αGUP(±)


2R∞ mu h
mRb
1 + (1 ± λ0 )2 + 6
=
(λ0 λ1 ± λ1 )(uf + ui )
c me mRb
mu


mRb 2 2
+2
(λ1 + 2λ0 λ2 ± 2λ2 )(uf2 + ui uf + ui2 )
mu




uf4 − ui4
uf5 − ui5
mRb 3
mRb 4 2
+5
(λ0 λ3 + λ1 λ2 ± λ3 )(
)+9
(λ2 + 2λ1 λ3 )
mu
uf − u i
mu
uf − ui


mRb
+ 14
mu

5
λ2 λ3

uf6 − ui6
uf − ui



mRb
+4
mu

6
λ2 λ3

uf7 − ui7
uf − ui



− 12

,

(40)

respectively. By setting λ2 = λ21 and λ3 = λ31 , the following upper bounds on λ0 are achieved:
−1.000 02 < λ0 < −0.999 978

(41)

0.999 978 < λ0 < 1.000 02

(42)

and

for the cases of positive and negative signs, respectively. The case with negative λ0 is not acceptable,
as we have discussed previously. The condition (42) is very tightly bound on the quantum gravity
parameter, λ0 . So, in this proposed setup one is able to probe the quantum spacetime structure even
in the low-energy regime. This is so important in testing the QG proposal in the laboratory on the
energy scales accessible today.

5.

Summary

To summarize, in this work, via accessible low-energy technology, we have found a possibility
of probing the quantum spacetime structure with a favorable theoretical resolution. Concerning
the GUP proposal containing the most general modiﬁcation of coordinate representation of the
momentum operator, we have studied how to use the outcomes from 87 Rb CARE (especially the
measurement of FSC) schematically designed in Figs. 1 and 2 to constrain the relevant dimensionless
QG characteristic parameter λ0 . By enclosing the underlying AI setup within a high-ﬁnesse optical
cavity, which is supported by a new class of low-power-consumption integrated devices known as
MEOMS, it has been distinguished from conventional architectures. MEOMS belong to the family
of microsystems technology that, along with electromechanical energy, harness the low-dimension
optics. As a distinct factor in this setup, the presence of a micro-mechanical oscillator instead of
spherical confocal mirrors as one of the components of the high-ﬁnesse optical cavity should be
pointed out.
Altogether, this study has been done in two ways: with and without superposition of separate
modiﬁcation terms in momentum. The ﬁrst step was based on the assumption that there is no superposition of modiﬁcation terms so that each term is considered individually in the absence of other
possible terms. In this way, the best constraint on λ0 is extracted as 1 ≤ λ0 < 2, which, in the
deformed coordinate representation, makes the momentum operator appear as a rescaled quantity.
However, the constraints explicitly reﬂect the fact that by increasing the power of momentum in the
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deformed coordinate representation the resolution for exploring the spacetime structure in Planck’s
scale reduces and becomes much weaker.
In contrast to the ﬁrst step, in the next step we considered a general form of GUP as a superposition
of all possible modiﬁcation terms (we preferred to consider just the ﬁrst four terms with n = 0, 1, 2, 3).
We have obtained a strict and tight constraint as 0.999 978 < λ0 < 1.000 02, which is very favorable
from the theoretical perspective. This constraint obviously challenges the long-lived belief in QG
phenomenology projects that probing the quantum spacetime structure is possible just by having full
access to the Planck energy. In other words, this setup paves a novel way for probing Planck-scale
spacetime procured by accessible low-energy technology, in particular the proposed opto-atomic
87 Rb interferometric arrangement. So, one may argue that the best playground to test QG is not just
high-energy physics; a table-top nanosystem assembly can act as well.
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