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Abstract: We explain the W-boson mass anomaly by introducing an  scalar multiplet with general isospin
and hypercharge {in the case without its vacuum expectation value}. It is shown that the dominant contribution from
the scalar multiplet to the W-boson mass arises at the one-loop level, which can be expressed in terms of the elec-
troweak (EW) oblique  parameters T and S at  leading order.  We first  rederive  the  general  formulae  of T and S in-
duced by a scalar multiplet  of EW charges,  confirming the results in literature.  We then study several specific ex-
amples  of  great  phenomenological  interest  by  applying  these  general  expressions.  As  a  result,  it  is  found  that  the
model with a scalar multiplet in an  real representation with  cannot generate the required  correc-
tion because it leads to vanishing values of T and S. However, the cases with scalars in a complex representation un-
der  with a general hypercharge can explain the  excess observed by CDF-II owing to nonzero T and S.
We further consider the strong constraints from the perturbativity and EW global fit of the precision data and vary
the isospin representation and hypercharge of the additional scalar multiplet to assess the extent of the model to solve
the W-boson  mass  anomaly.  It  turns  out  that  these  constraints  play  important  roles  in  setting  limits  on  the  model
parameter space. We also briefly describe the collider signatures of the extra scalar multiplet, especially when it con-
tains long-lived, heavy, highly charged states.
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I.  INTRODUCTION

The CDF-II Collaboration recently reported their new
measurement of the W-boson mass [1]: 

MW,CDF-II = 80.4335±0.0094 GeV . (1)

MWHowever, the most recent prediction of  in the stand-
ard model (SM) is [2] 

MW,SM = 80.357±0.006 GeV . (2)

MW

Thus,  it  is  clear  that  the  discrepancy  between  the  latest
CDF-II value and SM calculation of  exceeds the 7σ

MW

MW

S U(2)L

confidence  level  (CL.).  If  this  anomaly  is  further
confirmed in the future, it would provide us with a novel
hint of new physics (NP) beyond the SM (BSM). In liter-
ature, there have been many BSM attempts [3–129] to ex-
plain the  discrepancy. Among various BSM scenari-
os,  the  extension of  the  SM Higgs sector  by introducing
an additional  multiplet [3–43] is a promising dir-
ection. On the one hand, modification of the scalar sector
is intimately  related  to  the  true  mechanism  of  elec-
troweak (EW) gauge symmetry  breaking and the  associ-
ated hierarchy problem, which might be probed by meas-
uring the EW oblique parameters [130–135] and trilinear
Higgs coupling [136–140]. On the other hand, the intro-
duced  scalar  multiplet  may  solve  many  puzzles  in  the
SM, such as  the  nature  of  dark  matter  (DM) [141–146],
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the  generation  of  matter-anti-matter  asymmetry  in  the
Universe  [147– 150],  and  the  characteristics  of  the  EW
phase transition and its  associated stochastic  gravitation-
al wave signals [151–168]. Therefore, unveiling the struc-
ture of the scalar sector may help deepen our understand-
ing of the overall picture of the SM and the physics bey-
ond it.

Y = 0 1

SU(2)L

MW

Y = 0 J = Y

In light of the potential importance of the scalar mul-
tiplet  extension  of  the  SM,  we  focus  on  its  solution  for
the W-boson  mass  anomaly.  Note  that  previous  studies
have only concentrated on several specific models by in-
cluding  a  scalar  singlet  [3–6],  the  second  Higgs  doublet
[7– 25],  and  a  scalar  triplet  with  or  [26– 42].  In
this study, instead of studying a particular model, we vary
the  EW  isospin  representation J and the  hyper-
charge Y of the additional scalar in the absence of its va-
cuum expectation value  (VEV) and observe  their  effects
on  the  interpretation  of  the  CDF-II W-boson  excess.
When the scalar  multiplet  does not  carry any VEV1),  the
dominant  contributions  to  the W-mass  correction  are
provided by those at the one-loop level, which can be rep-
resented  as  the  linear  combination  of  the  EW  oblique
parameters T and S [92, 94].  Thus,  we  first  rederive  the
analytic formulae for T and S from a general scalar mul-
tiplet, confirming the results on  in literature. We then
apply  these  simple  expressions  to  several  scenarios  of
physical interest, such as a real or complex multiplet with

,  cases  with ,  and  the  variation  of Y with  a
fixed J. In  our  phenomenological  studies,  we  also  con-
sider the constraints from EW global fits and perturbativ-
ity, which directly constrain the present scalar models.

SU(2)L

MW

SU(2)L

The paper is organized as follows: In Sec. II,  we be-
gin  by  setting  the  notation  of  a  general  scalar
multiplet and  its  relevant  terms  in  the  Lagrangian  inter-
acting with SM gauge and Higgs doublet bosons. We also
give the general formulae for its one-loop contribution to
the W-boson mass, which can be expressed as linear com-
binations of the oblique parameters T and S at leading or-
der. In Sec. III, we study several specific models of great
physical  interest  in  the scalar-multiplet  extensions of  the
SM and explore their ability to explain the observed 
anomaly by varying the scalar  representations and
hypercharges,  where  we  also  consider  the  constraints
from the perturbativity and EW global fits. We conclude
in Sec. IV, where we briefly discuss the possible collider
signatures of  additional  scalars,  especially  when  the  di-
mension of the scalar multiplet is high. In addition, we in-
clude several appendices. In Appendix A, we give the rel-
evant  part  of  the  Lagrangian  and  associated  Feynman
rules  involving  the  scalar  multiplet.  In  Appendix  B,  we
show that two particular terms in the scalar potential can
be  represented  as  linear  combinations  of  other  existing

terms,  resulting in them being ignored in the subsequent
discussion.  In  Appendix  C,  we  define  several  functions
relating to  the  one-loop  contributions  of  the  scalar  mul-
tiplet  to  the  oblique  parameters T and S. Finally,  in  Ap-
pendix D,  we give  the  calculation details  from when we
rederive the one-loop expressions of the T and S paramet-
ers from a scalar multiplet with general EW charges.
 

II.  GENERAL DISCUSSIONS
 

A.    Model
ΦJY

SU(2)L

N = 2J+1
ΦJY Φ

Q
I

Generally, we label the scalar multiplet as , where
J denotes the weak isospin  representation,  and Y
is the hypercharge, so that the dimension of the multiplet
is . We also label the components in the scalar
multiplet  as :
 

ΦJY =

Ü
...

ΦQ
I

...

ê
, (3)

I = J, J−1, J−2, ......,−J+1,−J
Q = I+Y

where ,  and  the  electric
charge .

The  EW  covariant  derivative  after  EW  symmetry
breaking can be written as
 

Dµ = ∂µ+ ieQAµ+ i
g

cW

(
T3−Qs2

W
)

Zµ+ ig
(
W+µ T++W−µ T−

)
,

(4)

Tk (k = 1,2,3)
S U(2)L T±
T± = (T1± iT2)/

√
2 T3

T3 T± ΦJY

where  are  the  three  generators  of  the
 group,  and  the  ladder  operator  is  given  by

. The eigenvalues of  can be labeled
using I as in Eq. (3). The actions of  and  on  are
given by
 

T3ΦJY = T3

Ü
...

ΦQ
I

...

ê
=

Ü
...

IΦQ
I

...

ê
, (5)

 

T+ΦJY = T+

Ü
...

ΦQ
I

...

ê
=

Ü
...

NIΦ
Q
I−1

...

ê
, (6)
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1) The models by introducing a scalar multiplet with its VEV have already been studied in e.g., Refs. [39, 41, 92].
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T−ΦJY = T−

Ü
...

ΦQ
I

...

ê
=

Ü
...

NI+1Φ
Q
I+1

...

ê
, (7)

NI =
√

(J+ I)(J− I+1)/2
T3

DµΦJY

where ,  and  we  only  show  the
element with the quantum number of  equal to I in the
multiplet. Then,  can be written as 

DµΦJY =∂
µΦQ

I + ieQAµΦ
Q
I + i

g
cW

(
I−Qs2

W
)

ZµΦ
Q
I

+ igW+µ NIΦ
Q
I−1+ igW−µ NI+1Φ

Q
I+1 . (8)

(
DµΦJY

)†DµΦJY

The  gauge  interaction  terms  stemming  from  the  kinetic
term  are  shown  explicitly  in  Appendix
A.

ΦJY

In this type of model, the potential constructed by the
Higgs doublet H and scalar multiplet  is given by 

V (H,ΦJY ) =−µ2
HH†H+λH

(
H†H

)2
+µ2
ΦJY
Φ
†
JYΦJY

+λ1

Ä
Φ
†
JYΦJY

ä2
+λ2

Ä
Φ
†
JYT a

ΦΦJY

ä2

+λ3

Ä
Φ
†
JYΦJY

ä(
H†H

)
+λ4

Ä
Φ
†
JYT a

ΦJY
ΦJY

ä(
H†T a

HH
)

+λ5

Ä
Φ
†
JYT a

ΦJY
T b
ΦJY
ΦJY

ä2
. (9)

ΦJY
Z2

Z2

Z2

SU(2)L ×U(1)Y
Z2

Y = 1 Φ1,1
Z2 H†Φ1,1H̃+h.c.

H̃ ≡ iσ2H∗ H∗

Z2

Here,  we only list  the most  general  interaction terms for
any scalar multiplet . Note that the potential in Eq. (9)
respects  symmetry. When the dimension of the scalar
multiplet  is  sufficiently  high,  there  are  no other  terms at
the  renormalizable  level;  hence,  this  symmetry be-
comes an  accidental  one  at  low energies.  If  the  electric-
ally  neutral  component  is  the  lightest  in  the  multiplet,  it
may  provide  us  with  a  viable  DM candidate  that  cannot
decay  owing  to  protection  by  this  symmetry.  Such  a
scenario  is  known  as  minimal  DM  [141].  However,  for
certain  specific  representations  with  low
dimensions,  there  can  be  additional -symmetry break-
ing  terms.  For  example,  in  the  Type-II  seesaw  model
[169– 174],  a  weak-isospin  triplet  with , ,  can
give  rise  to  the -odd  interaction  as ,
where , with  denoting the complex conjug-
ate  of  the  Higgs  doublet H.  Nevertheless,  such -odd
terms are  not  relevant  to  our  study  on  the  one-loop  cor-
rections to the W-boson mass; therefore, we ignore them
in the following. In addition, we can also write two other

operators for any scalar multiplet: 

O6+O7 ≡ λ6
(
H†ΦJY

)Ä
Φ
†
JY H
ä
+λ7

∣∣∣‹HΦJY

∣∣∣2 . (10)

λ3 λ4

However, as  shown  in  Appendix  B,  they  are  not  inde-
pendent because  they  can  be  represented  as  linear  com-
binations  of  terms  proportional  to  and .  Thus,
neither of them can induce NP effects, as discussed later
on. 

B.    Oblique parameters and the W-Boson mass
NP effects in the EW sector are usually imprinted by

three oblique parameters, T, S,  and U [130, 131]. In par-
ticular,  the one-loop correction to the W-boson mass can
be expressed as follows [130, 132, 133]: 

MW = MW,S M

Ç
1−

α
(

M2
Z
)

4
(
c2

W − s2
W

) (S −2c2
WT
)
+
α
(

M2
Z
)

8s2
W

U

å
,

(11)

α ≡ e2/(4π) = g2s2
W/(4π)

sW ≡ sinθW cW ≡ cosθW θW

where  is the  fine-structure  con-
stant, ,  and , with  denoting the
Weinberg angle. Here, the oblique parameters T, S, and U
at the one-loop level are defined as1) 

S ≡4s2
Wc2

W

α

ï
A′ZZ (0)− c2

W − s2
W

cW sW
A′Zγ (0)−A′γγ (0)

ò
,

T ≡ 1
αm2

Z

ï
AWW (0)

c2
W

−AZZ (0)
ò
,

U ≡4s2
W

α

ï
A′WW (0)− cW

sW
A′Zγ (0)−A′γγ (0)

ò
−S , (12)

A(′)
VV ′ (q

2)

V (′)

where  the  functions  can  be  defined  in  terms  of
the vacuum  polarization  tensors  for  the  EW  gauge  bo-
sons  as follows: 

Π
µν
VV ′ (q) = gµνAVV ′

(
q2)+qµqνA′VV ′

(
q2) , (13)

where q is the four-momentum of the corresponding vec-
tor bosons. However, as shown in Ref. [92], T and S are
induced by dimension-6 operators, whereas U is induced
by a  dimension-8 operator  so that  it  is  significantly  sup-
pressed. Therefore, the dominant one-loop contribution to
the W-boson mass is expected to be given by T and S for
an NP model extended by a scalar multiplet, whereas the
effect  from U can  be  ignored.  We  explicitly  check  that
when the added scalar masses are all larger than 300 GeV

W-boson mass anomaly from a general SU(2)L scalar multiplet Chin. Phys. C 47, 063103 (2023)

mZ

m2
Z/m

2
Φ

Q
I

m
Φ

Q
I

1) Throughout this paper, we use the definition of the oblique parameters T, S and U as in Ref. [92]. However, according to Refs. [41, 134, 175], there are extra con-
tributions to  the oblique parameters S and U,  which arises  due to the nonzero Z-boson mass .  Note that  these extra S and U corrections would be suppressed by

 when the added scalar masses  are large. For example, when all scalars are heavier than 300 GeV, the differences of S and U caused by these corrections
are very small and can be safely ignored.
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and  their  multiplet  dimension  is  confined  to  be  smaller
than  10,  the  contribution  of U to  the W mass  is  always
smaller than the leading ones from T and/or S by at least
one order  of  magnitude,  which  confirms  the  above  ex-
pectation. We return to this issue in the final section.

ΦJY

In the  present  model,  the  scalar  multiplet  would  in-
duce  additional  contributions  to  the W-boson  mass  by
correcting  the  parameters T and S.  As  mentioned above,
the associated corrections to these oblique parameters can
be obtained  by  calculating  the  relevant  Feynman  dia-
grams shown in Figs. 1 and 2 for various vacuum polariz-
ation tensors of EW gauge bosons. As a result, the contri-
bution of the scalar multiplet  to T is given by
 

TΦJY
=

1
4πs2

wm2
W

J−1∑
I=−J

N2
I+1F
Ä

m2
ΦQ

I
,m2
ΦQ

I+1

ä
, (14)

F(A,B)
ΦJY

where the function  is defined in  Eq.  (37)  in  Ap-
pendix C, while the correction of  to S is provided as
follows:
 

SΦJY
= − Y

3π

J∑
I=−J

I lnm2
ΦQ

I
. (15)

In  this  study,  we  rederive  the  above  scalar  contributions
to T and S independently with  the  details  given  in  Ap-
pendix  D,  for  which  we  use  the  Feynman  integrals  and
functions  listed  in  Appendix  C.  The  final  expressions
confirm the results in literature [134, 175, 176].

ΦJY

According  to  Eqs.  (14)  and  (15),  mass  differences
among components in the additional scalar multiplet 
are necessary to generate nonzero contributions to the ob-
lique parameters T and S, which is required to explain the
W-mass  anomaly.  Note  that  mass  splitting  can  only  be
generated in the scalar potential of Eq. (9) via the follow-
ing term: 

O4 = λ4

Ä
Φ
†
JYT a

ΦJY
ΦJY

ä(
H†T a

HH
)
. (16)

O4
|λ4| < 4π

Consequently,  we  focus  on  this  term  in  our  discussions
on specific models. Furthermore, note that  is also con-
strained by perturbativity via  as a dimensionless
coupling  [177].  In  the  following  discussion,  we  take

WW ZZ
(a1,2) (b1,2)

Fig. 1.    One-loop Feynman diagrams for the  and  vacuum polarization tensors, which can give the leading-order contribution
to the T parameter. Diagrams  involve only one internal scalar line, whereas the loops in diagrams  are enclosed by two scal-
ar lines.
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|λ4| ≤ 10 as the perturbative limit. 

III.  SPECIFIC EXAMPLES

SU(2)L

ΦJY

With the  general  expression  of  the  one-loop  correc-
tion  to  the W-boson mass  in  Eq.  (11)  and the  associated
formulae for the oblique parameters T and S in Eqs. (14)
and (15), we study several specific models of phenomen-
ological interest, which are classified by the  rep-
resentations J and hypercharges Y of the introduced scal-
ar . 

Y = 0A.    Real multiplet with 

SU(2)L

Y = 0 SU(2)L

First,  we consider  the  scalar  multiplet  to  be in  a  real
representation under the weak isospin  group with

.  According  to  the  definition,  a  real  mul-
tiplet is related to its complex conjugate as follows: 

ϵmm′ ...ϵcc′ ϵbb′ ϵaa′
(
Φ∗
)a′b′ c′ ...m′

= Φabc...m , (17)

SU(2)L

where the Latin indices with the values of 0 or 1 denote
those under the  fundamental representation and 

ϵab =

(
0 −1

1 0

)
. (18)

We can  also  write  the  multiplet  in  terms  of  its  compon-
ents as 

ΦJY =
1√
2

Ü
......

ΦQ
I

......

ê
. (19)

Thus,  the  transformation  in  Eq.  (17)  can  be  expressed
by Ä

ΦQ
I

ä∗
=ΦQ

−I . (20)

After EW symmetry breaking, the SM Higgs doublet
obtains  its  VEV and can be  written  in  the  unitary  gauge
as 

H =

Ñ
0

v+h√
2

é
. (21)

Then, we have 

O4 =λ4

Ä
Φ
†
JYT a

ΦJY
ΦJY

ä(
H†T a

HH
)

=λ4

Ä
Φ
†
JYT+ΦJY

ΦJY

ä(
H†T−HH

)
+λ4

Ä
Φ
†
JYT−ΦJY

ΦJY

ä(
H†T+HH

)
+λ4

Ä
Φ
†
JYT 3

ΦJY
ΦJY

ä(
H†T 3

HH
)

=− λ4

4
(h+ v)2

J∑
I=−J

IΦQ
I

Ä
ΦQ

I

ä∗
⊃− λ4

4
v2

J∑
I=−J

IΦQ
I

Ä
ΦQ

I

ä∗
, (22)

O4

where the term on the right-hand side of the last relation
gives rise to mass splitting among the scalar components
from . However, according to Eq. (20), we have 

ΦQ
I

Ä
ΦQ

I

ä∗
=ΦQ

−I

Ä
ΦQ
−I

ä∗
, (23)

which leads to the following relations: 


−λ4

4
v2
î
IΦQ

I

Ä
ΦQ

I

ä∗
− IΦQ

−I

Ä
ΦQ
−I

ä∗ó
= 0, I > 0,

−λ4

4
v2IΦQ

I

Ä
ΦQ

I

ä∗
= 0, I = 0 .

(24)

I , 0 I = 0
O4

According  to  Eq.  (24),  for  any  integer J,  all  the  mass
terms for  are canceled out while the  mass term
vanishes.  Consequently,  the  term does not  contribute
to the mass splittings among scalars in the real multiplet.
In light of Eqs. (14) and (15), this model with a real mul-
tiplet  cannot  account  for  the W-boson  mass  anomaly  at
the one-loop level owing to the vanishing values of T and
S.

Note that the case with a real scalar multiplet without
its  VEV  is  usually  regarded  as  a  natural  DM  candidate
[141, 142]  because  the  neutral  component  can  be  the
lightest owing to the one-loop mass corrections. The res-
ult shows that minimal scalar DM cannot provide us with

ZZ AA ZAFig. 2.    One-loop Feynman diagrams for the , , and  vacuum polarization tensors that contribute to the S parameter.
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a viable solution to the W-mass anomaly. 

Y = 0B.    Complex multiplet with 

O4

For  a  complex  multiplet,  Eq.  (22)  shows  that  each
component in  the  scalar  multiplet  can obtain  the  follow-
ing mass correction from  

−λ4

4
v2

J∑
I=−J

IΦQ
I

Ä
ΦQ

I

ä∗
. (25)

ΦJYBecause  is complex, we have Ä
ΦQ

I

ä∗
,ΦQ

−I , (26)

O4

ΦJY

so that  will induce an equal mass splitting between the
adjacent  components  of .  Consequently,  a  complex
scalar multiplet  will  make a contribution to the W-boson
mass.

ΦJY

Y = 0
In light of Eq. (15), the scalar multiplet  does not

contribute  to S in  the  case  of .  Thus,  the W-boson
mass is expressed only by T as 

MW = MW,S M

Ç
1+
α
(

M2
Z
)

c2
W

2
(
c2

W − s2
W

)T

å
. (27)

Y = 0 J =
Figure  3 illustrates  the  parameter  spaces  in  the  cases

with  and  1/2,  1,  2,  3.  The  horizontal  axis

ML

√
|∆M2 | Y = 0 J =

ML

2σ S = U = 0

CDF-II 2σ
|λ4 | = 10

Fig. 3.    (color online) Parameter spaces in the -  plane for models with complex scalar multiplets with  and  1/2, 1,
2, 3. The horizontal axis represents the mass of the lightest particle in the multiplet ( ) {in the range from 300 GeV to 3000 GeV},
and the vertical axis represents the mass difference between adjacent components. The yellow part is the parameter space allowed by
electroweak global fit for T in the  C.L. range when , which is obtained from the electroweak global fit in Ref. [41]. The
solid blue area is the parameter space that can explain the W mass measured by  in the  C.L. range, and the yellow shadow
area is the parameter space meeting the requirements. The red solid line is the corresponding mass difference with , and the area
below the red line is consistent with perturbativity.
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ML

2σ S = U = 0

2σ
CDF-II

|λ4| ≲ 10

MW
Y = 0

∼ 900 (1800)
J = 1/2 (1)
ML

ML

labeled as  represents the mass of the lightest particle
in the multiplet in the range from 300 GeV to 3000 GeV,
and the vertical axis denotes the mass difference between
adjacent  components.  In  each  plot,  the  yellow  shaded
area shows the parameter space allowed by the EW glob-
al fit for T in the  C.L. range when , which is
obtained from Ref. [41], while the solid blue region cor-
responds to the  range of the W-boson mass measured
by . The red line represents the perturbative upper
limit  of ,  which  can  be  directly  related  to  the
mass  splittings  of  the  scalar  multiplet  according  to  Eq.
(25). As a result, there is always an overlap of the yellow
and blue regions, meaning that most parameters explain-
ing  the  anomaly are  consistent  with  the  EW  preci-
sion  tests  in  models  with  a  scalar  multiplet  of ,  no
matter the value of J. However, the required mass differ-
ence inside the mutiplet decreases with the increase in J,
and hence, the perturbative limit becomes looser. In par-
ticular,  the  perturbativity  imposes  strong  constraints  on
the  lightest  scalar  mass,  making  it  smaller  than

 GeV when the weak isospin is chosen to be
. We can also plot the parameter spaces in the

-J plane, as shown in Fig. 4. With the same mass dif-
ference,  the  lightest  mass  in  the  scalar  multiplet  is
positively  correlated  with  its  value  of J.  Moreover,  with

√
∆M2

Y = 0

the increase in the mass splitting , the scalar mass
tends to be larger with a fixed J.  In summary, according
to Figs. 3 and 4, there are sufficient parameter spaces for
a  model  with  an extra  complex scalar  multiplet  of 
to  explain  the W-boson  mass  excess  without  disturbing
the relevant experimental and theoretical bounds. 

Y = JC.    Complex multiplet with 

Y = J J ≥ 1/2

O4 λ4

In  this  subsection,  we pay  attention  to  the  models  in
which a complex scalar multiplet with  ( ) is
included  in  the  particle  spectrum.  In  such  models,  mass
differences  among  scalars  also  arise  from  the  operator

, as in Eq. (25). Depending on the sign of , the mod-
els can be divided into two types:

λ4 > 0
ML = MC ML

ΦJY MC

J = Y = 2
MΦ0 > MΦ+ > MΦ++ > MΦ+++ > MΦ++++ ≡ MC

Type  A:  If ,  the  lightest  particle  is  the  most
charged  in  the  multiplet  with ,  where  de-
notes the mass of the lightest scalar in , and  is the
mass of the most electrically charged particle.  By taking
the case with  as an example, the mass ordering
is , where we de-
note  the  corresponding  components  by  their  electric
charges.

λ4 < 0
ML = M0 M0

Type B: If , the lightest scalar is the electrically
neutral one in the multiplet with , where  de-
notes the mass of the neutral component. In this case, by

ML Y = 0
√
|∆M2 | =

λ4 = 1
λ4

Fig. 4.    (color online) Parameter spaces in the -J plane for models with scalar multiplets of  and 125, 200, 275, and
350 GeV for , 2.6, 5, and 8, respectively. The color codings are the same as in Fig. 3, where all the plots satisfy the pertubative
limit as shown by the values of .
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J = Y = 2
MΦ++++ > MΦ+++ > MΦ++ > MΦ+ > MΦ0 ≡ M0

U = 0

setting ,  the  component  masses  are  ordered  as
.  With  mass

splittings  among  the  scalars  in  the  multiplet,  Eq.  (11)
shows that the model can potentially explain the W-mass
anomaly  with  nonzero  corrections  to  the  parameters T
and S while fixing .

MW
√
∆m2

Y = J = 1/2
2σ

MW

J = Y = 1/2 (1)

Figures  5 and 6 show  the  parameter  spaces  in  the
-  plane for the Type-A and Type-B models by

setting , 1, 2, and 3. The color codings are the
same as those in Fig. 3, except the  CL constraints on
the  oblique parameters T and S in  this  case  are  obtained
using  the  EW global  fits  illustrated  as  the  red  ellipsis  in
Fig. 1 of Ref. [92]. It turns out that for all Type-A mod-
els of physical  interest,  there are always ample available
parameter spaces to solve the CDF-II  anomaly while
being  allowed  by  the  EW  global  fits  and  perturbativity.
Moreover, for , the validity of the perturb-

ML ≲ 900 (≲ 1500)
J = Y ≥ 2

MW

J = Y ≥ 2
J = Y = 1

ML ≲ 700
ML ≳ 1800

λ4 J = Y =
ML ≲ 900

MW

ative  calculations  limits  the  mass  of  the  lightest  scalar
component  as  GeV,  whereas  when

,  the  perturbativity  does  not  provide  any  useful
constraints  owing  to  the  decrease  in  the  required  mass
differences.  However,  as  shown  in Fig.  6,  the  situation
changes  greatly  for  Type-B  models.  In  this  case,  the
CDF-II  regions  used  to  explain  the  excess are  en-
tirely excluded by the global fits of various EW precision
observables for  all  models  with .  For the scalar
triplet with , compared with its Type-A counter-
part,  the  low-mass  region  with  GeV  and  the
high-mass region with  GeV are disfavored by
the EW  global  fits  and  perturbativity,  respectively.  Fi-
nally,  constrained  by  the  perturbativity  upper  bound  on

, the model with an EW doublet of  1/2 now ad-
mits the parameter space with  GeV to account
for the  signal observed by CDF-II. 

ML −
√
|∆M2 | Y = J =

ML = MC

Fig. 5.    (color online) Parameter spaces in the  plane for Type-A models with scalar multiplets of  1/2, 1, 2, and
3. In this type of model, the lightest scalar is the most charged, that is, . The color codings are the same as in Fig. 3, except that
the yellow area in each plot is obtained via the EW global fits of T and S, as illustrated by the red ellipsis in Fig. 1 of Ref. [92].

 

Jiajun Wu, Da Huang, Chao-Qiang Geng Chin. Phys. C 47, 063103 (2023)

063103-8



D.    Effects of varying Y

MW

J = 2 λ4 > 0 Y = ±1/2 ±1 ±2
±5 λ4 > 0

In light of Secs. III B and III C, we find that the value
of Y might have a significant influence on the scalar mul-
tiplet  explanation  of  the  CDF-II  anomaly.  For  the
sake of  comprehensiveness,  we  now  investigate  the  ef-
fects of varying Y on the allowed parameter space. To be
concrete,  we  consider  the  model  that  includes  an  extra
scalar multiplet with ,  and , , ,
and .  As  shown  below,  with , the  phenomeno-
logy of models with positive Y is different from that with
negative Y; hence, we show these two cases separately in
Figs.  7 and 8,  respectively.  The  color  codings  in  these
two plots are the same as in Fig. 3.

ML

MW

From Fig.  7,  we find that  the mass splitting between
two  neighboring  components  required  to  solve  the W-
mass anomaly increases gradually with increasing Y in all
ranges  of .  Moreover,  in  all  cases,  most  parameter
spaces  explaining  the  excess  can  be  accommodated

ML ≲ 300 (800) Y = 2 (5)
λ4

ML

ML ≳ 2900 (2500)
Y = 2 (5)

by the EW global fits,  except the low-mass regions with
 GeV for benchmarks with . Fur-

thermore,  the  upper  limit  from  the  perturbativity  of 
only gives a relevant constraint on parameter regions with
large  values  of .  In  particular,  the  perturbative  limit
rules  out  the  portion with  GeV for  the
multiplet with .

ML

Y ⩽ −2
MW

O4

In contrast,  as  shown in Fig.  8,  the parameter  spaces
allowed  by  all  experimental  data  are  greatly  reduced
when Y becomes  more  negative,  especially  for  low 
regions.  Furthermore,  all  blue  bands  in  the  cases  of

,  which  explain  the  CDF-II  measured  values  of
, are now entirely excluded by the EW precision data.

From  our  working  experience,  the  experimental  limit  of
the oblique parameter S gives the dominant constraint to
models with negative Y'. We can understand this result by
inspecting the expression of S in the limit  of small  mass
splittings from  as follows:
 

Fig. 6.    (color online) Legend is the same as in Fig. 5 but for Type-B models.
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S =− Y
3π
(
2ln M2

Φ2
+ ln M2

Φ1
− ln M2

Φ−1
−2ln M2

Φ−2

)
=− Y

3π

ñ
2ln

Ç
M2
Φ−2
−λ4v2

M2
Φ−2

å
+ ln

Ç
M2
Φ−1
−λ4v2/2
M2
Φ−1

åô
≈λ4Y

3π

Ç
2v2

M2
Φ−2

+
v2

2M2
Φ−1

å
,

(28)

ΦI

Q = I+Y
|λ4v2| ≪ MΦI

λ4 > 0 S < 0

MW

−0.04 ≲ S ≲ 0.36
Y < 0

Y > 0

where  the  subscript I of  the  scalar  denotes  the  third
isospin value of the component whose electric charge can
be obtained by . The last relation is the approx-
imation when  for any I. It is shown from Eq.
(28) that for , a negative value of Y leads to .
According to the EW global fit shown by the red circle in
Fig. 1 in Ref. [92], the current EW precision data togeth-
er with the new CDF-II measurement of  constrained

 at  the  2σ CL. This  means  that  a  mul-
tiplet scalar with  would suffer from a significantly
stronger  constraint  of S than  that  with , which  ex-

plains the differences shown in Figs. 7 and 8.

2σ

Finally,  we  conclude  this  section  by  mentioning  that
the  EW  global  fit  constraints  we  apply  here  from  Refs.
[41,92] already included the latest CDF-II W-mass meas-
urement  in  their  calculations  of  the  allowed  fit re-
gions; therefore, the presentations of the CDF-II W-mass
2σ CL range in Figs. 3–8 do not, in principle, provide any
independent  information.  However,  we  still  regard  it
valuable to show the CDF-II W-mass-only bands because
they illustrate the degree of difficulty in making this new
W-mass  measurement  compatible  with  other  EW  global
fit  variables  within  the  present  models  with  extended
scalar  sectors.  This  is  clearly  observed,  in  particular,  in
Figs.  6 and 8, in  which  there  are  CDF-II  preferred  re-
gions  not  allowed  by  the  global  fit  data.  Therefore,  we
keep the CDF-II signal region in all plots in this section. 

IV.  CONCLUSIONS AND DISCUSSIONS

In  light  of  the  recent  measurement  of  the W-boson

J = 2 Y = 1/2Fig. 7.    (color online) Legend is the same as in Fig. 5 but for models with an additional scalar multiplet of  and , 1, 2, and
5.
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MW
SU(2)L

MW

O4

λ4

MW
SU(2)L Y = 0

mass  by  the  CDF-II  Collaboration,  we  comprehensively
explain this  anomaly in terms of the one-loop effects
of a general  scalar multiplet. As shown in literat-
ure, in the case without scalar VEVs, the dominant contri-
bution to  can be expressed at leading order as the lin-
ear combination of the oblique parameters T and S, which
is constrained by the global fits of various EW precision
observables.  Moreover,  the  operator  gives  rise  to  the
main contribution to the mass splittings among compon-
ents in the multiplet, which is needed to generate nonzero
corrections to T and S.  Thus, its  coefficient  would be
limited  by  the  perturbativity.  In  this  study,  we  rederive
the  general  formulae  for  the  one-loop  contributions  to T
and S from a scalar multiplet, confirming the results in lit-
erature.  We  apply  these  analytic  expressions  to  several
models to explore the effects of the multiplet isospin rep-
resentations and hypercharges on the viability of explain-
ing the CDF-II  anomaly. As a result, for a scalar un-
der the  real  representation with ,  the model

MW

O4
MW

Y = 0 MW

S = 0 J = 1/2
CDF-II

Y = J

λ4 λ4 > 0

MW

λ4 < 0

cannot  explain  the  excess at  the  one-loop  level  be-
cause the mass splitting between adjacent scalar compon-
ents vanishes. In contrast, the mass differences would be
induced by  for a general complex representation, and
hence,  such  models  would  potentially  solve  the  dis-
crepancy  between  SM  calculations  and  CDF-II  values.
Concretely, for the mutliplets with , the  excess
can  be  explained  solely  by  the  corrections  of T due  to

. All models with , 1, 2, and 3 are shown to
have sufficient parameter spaces to meet the  res-
ult and EW global fits. For the cases with , the phe-
nomenology  can  be  divided  into  two  classes  depending
on  the  sign  of .  If ,  the  models  are  labeled  as
Type-A, in which the lightest scalar is the most charged.
It  turns  out  that  there  are  always  parameter  spaces  that
can accommodate the CDF-II  value while still agree-
ing with the EW global fits and perturbativity limit. Con-
versely,  for  the  Type-B  models  with ,  the  lightest
particle  is  the  electrically  neutral  scalar.  The  parameter

J = 2 Y = −1/2Fig. 8.    (color online) Legend is the same as in Fig. 5 but for models with an additional scalar multiplet of  and , -1, -2,
and -5.

 

W-boson mass anomaly from a general SU(2)L scalar multiplet Chin. Phys. C 47, 063103 (2023)

063103-11



J = Y
J = Y ⩾ 2

MW J = 2 λ4 > 0

MW
Y < 0

−1 ≤ Y < 0
Y ⩽ −2

region  simultaneously  allowed  by  the  CDF-II  and  EW
precision  test  data  shrinks  greatly  with  increasing .
In particular, when , all regions with the lightest
scalar  mass  below  3000  GeV  are  ruled  out  by  the  EW
precision  tests.  In  addition,  we  investigate  the  effects  of
the hypercharge Y on the scalar  multiplet  solution to  the

 anomaly.  We  fix  and  take .  When Y is
positive, the parameter  spaces always exist  for  the inter-
pretation  of  the  excess while  allowed by other  con-
straints.  However,  for ,  only  the  cases  with

 allow parameter  spaces  for  a  viable  explana-
tion  of  the W-boson  mass  anomaly,  whereas  for ,
all CDF-II favored regions are excluded by the constraint
on the oblique parameter S.

J = 2 J = 3

ML =

MW
ML

MW
MW

Λ ∼ ML ∼

J = 8 ML =

It  was  argued  in  Ref.  [134]  that  when  the  multiplet
scalar masses are light or the multiplet representation J is
high,  the  oblique  parameter U offers a  sizable  contribu-
tion to the W-boson mass.  Concretely,  for  the high-mul-
tiplet  cases  with  and ,  we  find  that  when  the
scalar  particles  are  sufficiently  light,  for  example,  if  the
mass of the lightest particle is only 200 GeV, U will
give a W mass correction as large as 10%–15% of that of
T or S. Therefore, even though T and S still dominate over
the  correction,  the  effect  of U cannot  be  ignored.
However, when  increases to above 500 GeV, the ef-
fect of U on  is significantly suppressed and only con-
tributes  to  1%  of  corrections  compared  with  the
dominant T parameter.  This  result  can  be  understood
from the EFT perspective. The T and S parameters origin-
ate from dimension-6 operators, whereas U is from a di-
mension-8  operator.  Only  when  we  take  a  low  cutoff
scale, which can be identified as the lightest scalar mass,

 200  GeV,  the  suppression  from  the  energy
cutoff is not significant, and there is an observable effect
from U.  Moreover,  the  effect  of U is  sensitive  to  the
isospin representation J. We find that when J takes an ex-
traordinary value of  for 300 GeV, the  contri-

MW

J ≤ 3

bution  of U to  can  be  comparable  to  or  even larger
than  that  of T.  Nevertheless,  in  the  present  study,  the
mass  of  the  multiplet  scalar  is  large  and  is relat-
ively  small;  hence,  the  contribution  of U is always  sup-
pressed compared with those of T and S.

J = Y = 2
±4

±

Z2
ΦJY

J = Y = 2
Φ±±±±

Z2
Z2

vΦ

Finally, we  comment  on  the  possible  collider  signa-
tures  for  such  scalar  multiplet  extensions  of  the  SM.  In
particular, note  that  for  a  high-dimensional  representa-
tion,  the  multiplet  contains  highly  electrically  charged
states  in  the  spectrum,  which  would  give  us  spectacular
collider signals at the LHC. We take an example with an
extra  scalar  multiplet  of ,  in  which  the  electric
charges of scalars can be as high as . Moreover, we fo-
cus on the case in which the mass of the lightest scalar is
smaller than 1 TeV, so that it could be produced directly
at the high-luminosity run of the LHC. As studied in Sec.
III.C,  the  Type-B  case,  in  which  the  lightest  scalar  is
neutral,  has been ruled out under the scrutiny of the EW
precision tests. Thus, in what follows, we concentrate on
Type-A  models,  in  which  the  lightest  state  is  the  most
charged, whose electric charge is 4. In Fig. 9, we show
that  heavy  scalars  can  be  produced  dominantly  through
Drell-Yan processes [178–180] via the mediation of EW
gauge  bosons,  such  as W, Z,  and  photons.  To  study  the
LHC  signatures  of  the  generated  multi-charged  scalars,
we need to specify their decay products. Note that in the
Lagrangian  in  Eq.  (9),  there  is  accidental  symmetry
imposed  on  the  high-dimensional  scalar  multiplet ,
which causes the lightest particle to be stable against de-
caying. In the Type-A multiplet with , the light-
est  scalar  should  be .  If  this  state  were  stable,  it
would become a charged DM candidate, which is not al-
lowed by current cosmological and astronomical observa-
tions. Therefore, we are required to break this problemat-
ic  symmetry. There are two ways to achieve this. First,

 symmetry  can  be  broken  spontaneously  by  allowing
the neutral component to possess a small VEV . Even

J = Y = 2Fig. 9.    Dominant production channels for new scalar particles in the multiplet in the Type-A models with .
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vΦ

MW vΦ ≲ 1

Φ±±±±

(a)

Φ0 vΦ

(b)
(c) Z2

Φabcd(H∗)a(H∗)b(H∗)c(H∗)d

Φabcd
(
L̄C
)a (L̂)b (L̄C

)c (L̂)d

SU(2)L (b) (c)

Φ±±±±

4W +4ℓ 4W +4h ℓ

though  would  also  give  rise  to  new  contributions  to
the W-boson  mass  at  the  tree  level,  the  one-loop  effects
due to the modifications of T and S would still dominate
over the  corrections as long as  GeV, which is
the region of an extra EW scalar VEV allowed by the EW
global fits. As a result, the heavier states in the multiplet
would  first  decay  into  the  lightest  one  via hier-
archical  cascades.  In  plot  of Fig.  10,  we  take,  as  an
example,  the  cascade  decay  chain  of  the  heaviest  scalar

 by emitting multiple W-bosons. With the VEV , the
most charged scalar, which is also the lightest, would fur-
ther  decay into  four W-bosons,  as  illustrated  in  plots 
and  of Fig. 10. The other way to violate  symmetry
is to add high-dimensional operators, such as the dimen-
sion-5  operator  or the  dimen-
sion-7  operator ,  where  the
capital  letter C denotes  the  charge  conjugation,  whereas
the  lowercase  Latin  letters  represent  the  fundamental

 indices. As illustrated in plots  and  of Fig.
11,  the  above  two  operators  would  cause  the  lightest
charged  scalar  to  decay  into  the  final  states  with

 or ,  in  which  and h denote  the  SM
leptons and Higgs scalar, respectively. However, no mat-

Z2

Φ±±±±

vΦ

O(TeV)

ter  which  mechanism  breaks  the  symmetry, the  de-
cays of  would be greatly suppressed by either the
small  scalar VEV  or the high multiplicity of the pro-
duced particles in the final states. Hence, a simple estima-
tion  shows  that  the  lifetime  of  a  four-charged  scalar  of

 should  be  of  the  order  of  several  seconds.  This
means that this particle should be effectively stable at the
LHC  and  only  behave  as  a  highly-charged  state  leaving
tracks in the detectors [181–183] (also see,  for example,
Ref.  [184]  for  a  theoretical  review  as  well  as  references
therein). Because detailed discussions on the LHC signa-
tures of the high-dimensional scalar multiplet are beyond
the scope of this study, we leave them to future studies. 

APPENDIX A: LAGRANGIAN AND FEYNMAN
RULES FOR EW GAUGE COUPLINGS

In  this  appendix,  we  explicitly  write  the  EW  gauge
couplings of a general scalar multiplet in the Lagrangian,
which  are  useful  in  our  calculation  of  the  EW  oblique
parameters T and S.  First,  the  weak  neutral  current  part
can be written as

LZΦ =

J∑
I=−J

∂µ
Ä
ΦQ

I
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,

(A1)
and the weak charged current part is given by
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NIwhere the coefficient  is defined below Eq. (7) in Sec. II.A. Finally, the interaction of scalar components with photons
is written as
 

LAΦ =

J∑
I=−J

∂µ
Ä
ΦQ

I

ä∗
∂µΦQ
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J∑
I=−J
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î
ΦQ
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I

ä∗
∂µΦ

Q
I

ó
. (A3)

We can derive the Feynman rules for these EW gauge couplings from the Lagrangian, in which the three-point vertices
are shown in Fig. A1 and the four-point ones are presented in Fig. A2.

J = Y = 2Fig. 10.    Decay chains of the scalar particles when the scalar multiplet has a VEV in the Type-A model with .
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APPENDIX B: POSSIBLE POTENTIAL TERMS:
 AND 

In this  appendix,  we show that  the possible  potential
O6

terms given in Eq. (10) can be written as linear combina-
tions of other terms already existing in Eq. (9). We begin
our discussion by expanding the operator  in terms of
scalar components in one multiplet as in Eq. (19):

O6 =λ6
(
H†ΦJY

)Ä
Φ
†
JY H
ä
= λ6

J∑
I=−J

CJ−I
2J
[(

H∗
)a (ΦI)abc...m

]î(
Φ∗I
)abc...m Ha

ó
=λ6

J∑
I=−J

CJ−I−1
2J−1

î(
H∗
)0 (ΦI)0+

(
H∗
)1 (ΦI)1

ó
bc...m

î(
Φ∗I
)0 H0+

(
Φ∗I
)1 H1

óbc...m

=λ6
(v+h)2

2

J∑
I=−J

CJ−I−1
2J−1 (ΦI)0bc...m

(
Φ∗I
)0bc...m

= λ6
(v+h)2

2
CJ−I−1

2J−1

CJ−I
2J
ΦQ

I

Ä
ΦQ

I

ä∗
=λ6

(v+h)2

4

J∑
I=−J

ΦQ
I

Ä
ΦQ

I

ä∗
− λ6

J
(v+h)2

4

J∑
I=−J

IΦQ
I

Ä
ΦQ

I

ä∗
, (B1)

(H∗)1 = H1 = 0 (H∗)0 = H0 = (v+h)/
√

2where  and  in  the
unitary gauge. Moreover, we use another notation to rep-
resent the components in a multiplet, 

(ΦI)abc...m =
1»
CJ−I

2J

ΦQ
I , (B2)

SU(2)L CI
J ≡ J!/[I!(J− I)!]

O6

λ3 λ4 O6

O7

in  which  the  lowercase  Latin  indices  are  those  for  the
fundamental  representation, and 
is  the  combinatorial  number.  According to  Eq.  (B1),  the
potential  term  can be  regarded  as  a  linear  combina-
tion of terms proportional to  and . Therefore,  is
not an independent operator. Similarly, we can prove that
the  term  does  not  represent  a  new  interaction  term

J = Y = 2Fig. 11.    Decay chains of the scalar particles when the high-dimensional operators are introduced in the Type-A model with .
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either. 

APPENDIX C: FEYNMAN INTEGRALS AND
FUNCTIONS

When computing the oblique parameters T and S from
scalar components,  we  encounter  the  below  loop  integ-

(a1,2)

rals. Because all these integrals are UV divergent, we ap-

ply dimensional  regularization  to  obtain  analytic  expres-

sions. For diagrams  of Fig. 1, in which only one in-

ternal scalar propagator is involved, we must compute the

loop integral [175] as follows:
 

Fig. A1.    Three-point EW gauge couplings for components in a multiplet.
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µ4−d
∫

ddk
(2π)d

gµν

k2−A+ iε
=

igµν

16π2 A (div− ln A) , (C1)

divin which  represents the UV divergent part given by
 

div ≡ 2
4−d

−γ+1+ ln
(
4πµ2) , (C2)

(b1,2)

where γ is  Euler's  constant, d is the  spacetime  dimen-
sions, and μ is the sliding mass scale. However, diagrams

 in Fig. 1 can also give rise to contributions to the T
parameter, in which the internal momentum integrals can
be regularized as
 

µ4−d
∫

ddk
(2π)d

∫ 1

0
dx

4kµkν[
k2−Ax−B (1− x)+ iε

]2
=

igµν

16π2 [A (div− ln A)+B (div− ln B)+F (A,B)] , (C3)

F(A,B)

where x is  the  Feynman  parameter, A and B denote  the
squared masses  of  the  scalars  in  the  loop,  and  the  func-
tion  is defined by
 

F (A,B) ≡


A+B

2
− AB

A−B
ln

A
B
, A , B ,

0 , A = B .
(C4)

Moreover,  to  obtain  the  corrections  to  the  oblique
parameter S,  we  calculate  the  following  integral  for  the
Feynman diagrams in Fig. 2 [135]:
 

∫ 1

0
dx
∂

∂q

{
4
d
µ4−d

∫
ddk

(2π)d
k2[

k2−D (q,A,B, x)+ iε
]2
}∣∣∣∣∣

q=0

=i
ï
div∗+

K (A,B)
48π2 +

ln A+ ln B
96π2

ò
,

(C5)
where 

D(q,A,B, x) ≡ q2x(x−1)+Ax+B(1− x) , (C6)

with q representing the external four-momentum of gauge
bosons, 

K (A,B) ≡−
5
6
+

2AB
(A−B)2 +

A3+B3−3AB (A+B)
2(A−B)3 ln

A
B
, A , B ,

0 , A = B,
(C7)

and 

div∗ =
−1

48π2

ï
2

4−d
−γ+ ln

(
4πµ2)ò . (C8)

 

APPENDIX D: CALCULATION DETAILS FOR
THE SCALAR MULTIPLET CONTRIBUTIONS

TO T AND S

In this appendix, we rederive the analytic expressions

Fig. A2.    Four-point EW gauge couplings for components in a multiplet.
 

Jiajun Wu, Da Huang, Chao-Qiang Geng Chin. Phys. C 47, 063103 (2023)

063103-16



for the one-loop contributions to the oblique parameters T
and S from  a  general  scalar  multiplet.  As  mentioned  in
Sec. II.B, the expression of T is given by 

T ≡ 1
αm2

Z

ï
AWW (0)

c2
W

−AZZ (0)
ò
, (D1)

AVV ′ (q)

iΠµνVV ′ (q)

where  is defined in terms of the vacuum polariza-

tion  as in Eq. (13).  It  turns out that the vacuum

polarization of the W boson is given by

iΠµνWW (0) =
J∑

I=−J

−g2 (N2
I +N2

I+1
)
µ4−d

∫
ddk

(2π)d
gµν

k2−m2
ΦQ

I
+ iε

+

J−1∑
I=−J

g2N2
I+1µ

4−d
∫

ddk
(2π)d

∫ 1

0
dx

4kµkνî
k2−m2

ΦQ
I
x−m2

ΦQ
I−1

(1− x)+ iε
ó2

= igµν
J∑

I=−J

−g2
(
N2

I +N2
I+1
)

16π2 m2
ΦQ

I

Ä
div− lnm2

ΦQ
I

ä
+ igµν

J−1∑
I=−J

g2N2
I+1

16π2

î
m2
ΦQ

I

Ä
div− lnm2

ΦQ
I

ä
+m2

ΦQ
I+1

Ä
div− lnm2

ΦQ
I+1

ä
+F
Ä

m2
ΦQ

I
,m2
ΦQ

I+1

äó
, (D2)

AWWso we can extract  as follows:
 

AWW (0) =
J∑

I=−J

−g2
(
N2

I +N2
I+1
)

16π2 m2
ΦQ

I

Ä
div− lnm2

ΦQ
I

ä
+

J−1∑
I=−J

g2N2
I+1

16π2

î
m2
ΦQ

I

Ä
div− lnm2

ΦQ
I

ä
+m2

ΦQ
I+1

Ä
div− lnm2

ΦQ
I+1

ä
+F
Ä

m2
ΦQ

I
,m2
ΦQ

I+1

äó
=

g2

16π2

J−1∑
I=−J

N2
I+1F
Ä

m2
ΦQ

I
,m2
ΦQ

I+1

ä
. (D3)

The vacuum polarization of the Z boson is given by
 

iΠµνZZ (0) =
J∑

I=−J

−
2g2
(
I−Qs2

W
)2

c2
W

µ4−d
∫

ddk
(2π)d

gµν

k2−m2
ΦQ

I
+ iε
+

J∑
I=−J

g2
(
I−Qs2

W
)2

c2
W

µ4−d
∫

ddk
(2π)d

∫ 1

0
dx

4kµkνî
k2−m2

ΦQ
I
+ iε
ó2

=igµν
J∑

I=−J

−
2g2
(
I−Qs2

W
)2

16π2c2
W

m2
ΦQ

I

Ä
div− lnm2

ΦQ
I

ä
+ igµν

J∑
I=−J

2g2
(
I−Qs2

W
)2

16π2c2
W

m2
ΦQ

I

Ä
div− lnm2

ΦQ
I

ä
,

(D4)

so we have
 

AZZ (0) =
J∑

I=−J

−
2g2
(
I−Qs2

W
)2

16π2c2
W

m2
ΦQ

I

Ä
div− lnm2

ΦQ
I

ä
+

J∑
I=−J

2g2
(
I−Qs2

W
)2

16π2c2
W

m2
ΦQ

I

Ä
div− lnm2

ΦQ
I

ä
= 0 . (D5)

ΦJY AWWTherefore, the contribution of the scalar multiplet  to T is only provided by the  part in Eq. (D1),
 

TΦJY
=

g2

16απ2c2
wm2

Z

J−1∑
I=−J

N2
I+1F
Ä

m2
ΦQ

I
,m2
ΦQ

I+1

ä
=

1
4πs2

wm2
W

J−1∑
I=−J

N2
I+1F
Ä

m2
ΦQ

I
,m2
ΦQ

I+1

ä
. (D6)

In contrast, the expression for S is given by
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S ≡ 4s2
Wc2

W

α

ï
A′ZZ (0)− c2

W − s2
W

cW sW
A′Zγ (0)−A′γγ (0)

ò
, (D7)

A′VV ′ Π
µν
VV ′

ZZ
where  is defined in Eq. (13) as the expansion of  in terms of the external momentum q at the second order.
First, we calculate the  part:
 

A′ZZ (0) =− i
J∑

I=−J

g2
(
I−Qs2

W
)2

c2
W

∫ 1

0
dx
∂

∂q

4
d
µ4−d

∫
ddk

(2π)d
k2î

k2−D
Ä

q,m2
ΦQ

I
,m2
ΦQ

I
, x
ä
+ iε
ó2∣∣∣∣∣∣

q=0

=

J∑
I=−J

g2
(
I−Qs2

W
)2

c2
W

div∗+
K
Ä

m2
ΦQ

I
,m2
ΦQ

I

ä
48π2 +

lnm2
ΦQ

I

48π2

 = J∑
I=−J

g2
(
I−Qs2

W
)2

c2
W

(
div∗+

lnm2
ΦQ

I

48π2

)
, (D8)

where
 

K
Ä

m2
ΦQ

I
,m2
ΦQ

I

ä
= 0 , (D9)

Zγbased on Eq. (C7). Then, we calculate the  part:
 

A′Zγ (0) =− i
J∑

I=−J

egQ
(
I−Qs2

W
)

cW

∫ 1

0
dx
∂

∂q

4
d
µ4−d

∫
ddk

(2π)d
k2î

k2−D
Ä

q,m2
ΦQ

I
,m2
ΦQ

I
, x
ä
+ iε
ó2∣∣∣∣∣∣

q=0

=

J∑
I=−J

egQ
(
I−Qs2

W
)

cW

div∗+
K
Ä

m2
ΦQ

I
,m2
ΦQ

I

ä
48π2 +

lnm2
ΦQ

I

48π2

 = J∑
I=−J

egQ
(
I−Qs2

W
)

cW

(
div∗+

lnm2
ΦQ

I

48π2

)
. (D10)

γγFinally, we calculate the  part:
 

A′γγ (0) =− i
J∑

I=−J

e2Q2
∫ 1

0
dx
∂

∂q

4
d
µ4−d

∫
ddk

(2π)d
k2î

k2−D
Ä

q,m2
ΦQ

I
,m2
ΦQ

I
, x
ä
+ iε
ó2∣∣∣∣∣∣

q=0

=

J∑
I=−J

e2Q2

div∗+
K
Ä

m2
ΦQ

I
,m2
ΦQ

I

ä
48π2 +

lnm2
ΦQ

I

48π2

 = J∑
I=−J

e2Q2

(
div∗+

lnm2
ΦQ

I

48π2

)
. (D11)

ΦJYTherefore, the contribution of a scalar multiplet  to S is given by
 

SΦJY
=

J∑
I=−J

4s2
Wc2

W

α

{
g2
[
I− (I+Y) s2

W
]2

c2
W

− e2 (I+Y)2 −
eg (I+Y)

(
c2

W − s2
W
)[

I− (I+Y) s2
W
]

c2
W sW

´(
div∗+

lnm2
ΦQ

I

48π2

)

=−16πY
J∑

I=−J

I

(
div∗+

lnm2
ΦQ

I

48π2

)
. (D12)

Because the sum over the third isospin components I vanishes identically, that is,
 

Y
J∑

I=−J

I = 0 , (D13)
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ΦJYthe UV divergences in Eq. (D12) are canceled. Thus, the contribution of a scalar multiplet  to S can be written as
 

SΦJY
= − Y

3π

J∑
I=−J

I lnm2
ΦQ

I
. (D14)

SΦJY
TΦJY

Note that the expressions for  and  are consistent with those given in Ref. [134].
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