PUBLISHED FOR SISSA BY @ SPRINGER

RECEIVED: March 1, 2023
ACCEPTED: April 19, 2023
PUBLISHED: May 2, 2023

Critical collapse for the Starobinsky R? model

Yolbeiker Rodriguez Baez

Instituto de Fisica, Pontificia Universidad Catdlica de Valparaiso,
Av. Brasil 2950, Valparaiso, Chile

E-mail: yolbeiker.rodriguez@pucv.cl

ABSTRACT: We study gravitational collapse for the Starobinsky R? model, a particular
example of an f(r) theory, in a spherically symmetric spacetime. We add a massless
scalar field as matter content to the spacetime. We work in the Einstein frame, where an
additional scalar field arises due to the conformal transformation. As in general relativity,
depending on the initial data, we found that the gravity scalar field and the physical scalar
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studied critical collapse near this regime.
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1 Introduction

Einstein’s theory of general relativity (GR) has been our best classical theory to describe
gravity. All direct experimental tests are consistent with the theory [1]. However, convinc-
ing evidence tells us that GR is not the final theory to describe gravity. Many arguments
indicate that GR is not renormalizable in the standard quantum field theory sense [2—4]. It
is geodesically incomplete for most of its solutions, like black holes that contain spacetime
singularity, and does not explain many inconsistencies in the early Universe [5].

Many modifications of the theory have been considered in the literature. The most
usual modifications consist of adding new degrees of freedom, by adding new fundamental
fields in the action, or considering a spacetime with higher dimensions [6]. Another alterna-
tive is to modify the scalar curvature term in the Einstein-Hilber action. In this modifica-
tion, known as f(R) gravity theories [7-9], the standard Ricci scalar in the Einstein-Hilbert
action is replaced by a more general function of the scalar curvature R. The action reads

1

S = Tonc

/d4$\/jg F(R) + S, (1.1)
where G is the Newtonian constant, and .Sy, is the action describing the matter content in
spacetime. f(R) is an alternative theory of gravity that generalize Einstein’s theory of GR,
allowing for deviations in the strong-field regime; see refs. [10, 11] for reviews of this theory.
The above action is written in the so-called Jordan frame. However, we can simplify the
study of the dynamics of gravitational equations by making a conformal transformation to



the Einstein frame. This frame provides a more detailed interpretation of the theory as a
scalar-tensor theory, in which the scalar degree of freedom interacts with ordinary matter
and modifies the gravitational interaction. f(R) theories have been extensively studied in
the context of cosmology, as they provide an alternative explanation for the accelerated
expansion of the universe without the need for dark energy [7, 12-16].

In this paper, we are interested in studying the formation of black holes in f(R)
theories. It is well known that astrophysical black holes are formed by the gravitational
collapse of matter. Black hole (BH) physics and spherical collapse have been key routes
to understanding gravity. A remarkable property of a BH is that only a few parameters
entirely describe its gravitational field. This is the so-called no-hair conjecture, or the
uniqueness theorem [17]. Nonetheless, modifying Einstein-Hilbert’s action could give rise
to new BH solutions that can violate the uniqueness theorem (see ref. [18], and references
therein, for static and spherically symmetric BH solutions in f(R) gravity).

Understanding gravitational collapse phenomena have been a critical point in under-
standing the nature of the gravitational field. Based on GR, the dynamics of an isolated
system that interacts only through the gravitational field typically end up either with the
formation of a single black hole or a complete dispersion of the mass-energy to infinity.
The numerical study of spherical gravitational collapse has a long history. However, one
of the pioneering works in this area was performed by M. Choptuik [19], who solved the
dynamical evolution of a scalar field minimally coupled to gravity from the numerical
point of view. His investigations were inspired by previous analytical studies made by D.
Christodoulou [20-22].

Choptuik [19] has shown that if p is a parameter describing some aspect of the initial
distribution of scalar field energy, there exists a critical value p* which denotes the threshold
of black hole formation. For p < p*, the scalar field disperses to infinity, while for p > p* a
black hole is formed. In the supercritical regime, meaning for p > p* but very close to the
threshold, a universal behavior appears (i.e., independent of the initial data) relating the
mass M of black holes to a universal scaling behavior

Mx(p—p")7, ~=~037. (1.2)

This solution has been repeatedly verified by using a fully 3D code [23]. Adding a mass
term to the theory [24], which introduces a length scale, also produces a universal behavior
but with a different scaling parameter ~.

The pioneering work of Choptuik opened a new line of investigation to study the
gravitational collapse of other fields. For example, the previous work has been extended
to massive scalar fields [24, 25|, the gravitational collapse of radiation [26] and perfect
fluid [27], a complex scalar field with angular momentum [28], K-essence models [29], the
Einstein-Massless-Dirac system [30], and massive vector field [31], to mention some of the
many investigations carried out to date.

Research into gravitational collapse in f(R) gravity has been undertaken in various
specific cases [32-34]. For instance, refs. [35, 36] investigated the collapse of a spherical
scalar field in the Hu-Sawicki model, the Starobinsky R? model, and the R In R model, using
double-null coordinates in the Einstein frame to focus on the behavior in the vicinity of the



singularity of the formed BH. In addition, gravitational fluid collapse in f(R) gravity was
examined in refs. [37-42]. Hwang [43] investigated the gravitational collapse of a charged
black hole in f(R) gravity, utilizing the double-null formalism and exploring the mass
inflation of the Cauchy horizon. The formation of a uniformly collapsing cloud of self-
gravitating dust particles in an f(R) model was studied in ref. [44], which shares analogies
with the formation of large-scale structures in the early Universe and with the formation
of stars in a molecular cloud experiencing gravitational collapse. Furthermore, ref. [45]
explored the formation of dark matter halos, while ref. [46] analyzed the gravitational
collapse of massive stars in f(R) gravity.

In this paper, we study the spherically symmetric gravitational collapse of a massless
scalar matter field in asymptotic flat spacetime in the Starobinsky R? gravity, one specific
model in the f(R) gravity. A similar analysis was performed in [47], but we extend the
previous analysis by exploring the critical phenomena in the vicinity of the formation of
the apparent horizon.

In addition to the power-law scaling relation, Choptuik gravitational collapse is well-
known for exhibiting another exciting property: self-similarity. In the Choptuik model,
discrete self-similarity means that there are specific control parameter values for which the
collapsing mass distribution produces a series of self-similar solutions that repeat them-
selves at increasingly fine scales. Although this is an exciting property to investigate, in this
paper, we focus only on the power-law scaling relation at the threshold of BH formation.

The organization of the paper is as follows: in section 2, we will derive the equations of
motion for a general f(R) theory. We start from the Jordan frame and make the conformal
transformation to write this theory as a Scalar-Tensor theory. In section 3, we assume a
spherically symmetric spacetime and derive the equations for gravitational collapse. Then
in section 4, we will explain the numerical method. We will report numerical results in
section 5. In the final section, we will present conclusions and discussions.

2 Framework of f(R) gravity

This section briefly summarized the equations derived from the f(R) theory. We start with
the action (1.1) written in the Jordan frame [10, 11]. Variation of the action with respect
to the metric tensor g gives us

1
f' Ry — 3 fouw — (VuVy — guw0) f = 87G T;}/ ), (2.1)

where f' = dr f(R) denotes the derivative of the function f with respect to its argument R,
V is the covariant derivative, [J is the usual notation for the covariant D’Alembert operator
0 =V,V* and T}Lﬁ“ is the energy-momentum tensor for the matter field. Defining

Of(R) , au 1
= —— =—=_(2f — 2.2
X="5r 0 Uh=30=30f —xR), (2.2)
one can write the trace of the eq. (2.1) as
Ox =U'(x) + ?T. (2.3)



Thus, x = f'(R) is a new scalar degree of freedom that is not present in GR. In fact, for
Einstein’s gravity, f(R) = R = x = 1 and Ox = 0, the above equation reduces to the
trace of the usual Einstein equations.

In the Jordan frame, the gravitational Lagrangian is an arbitrary function of R, and
Einstein’s equations are usually fourth-order in the metric. In order to make the formalism
less involved, we transform f(R) gravity from the current frame into the Einstein frame. In
the latter, the second-order derivatives of f’(R) are absent in the equations of motion for
the metric components. We will see that the formalism can be treated as Einstein’s gravity
coupled to a scalar field. Therefore, we can use some results that have been developed in
the numerical relativity community.

Taking the conformal transformation §,, = Q%g,,, where the conformal factor is

0 = f(R) = exp (@¢) - (2.4)

one obtains the corresponding action of f(R) gravity in the Einstein frame

given by

Se= [dov=g |55 R - 50" ,0%,0 - V)| + [ delulgu/x@)0).  (25)

where k2 = 871G, and a tilde denotes quantities in the Einstein frame; thus, V and R are
the covariant derivative and the Ricci scalar associated to the metric g,,. In this action, ¢
is a new scalar field that takes into account the modifications of Einstein gravity (in this
paper, usually referred to as the gravity scalar field), the potential is given by

/R_

and 1) is the matter field that, in the Einstein frame, is non-minimally coupled to gravity.

(2.6)

From the action (2.5), we can proceed as usual. Variation with respect to the metric
field, g,., give us the Einstein field equations

_ . 1. . .
G = Ry = SR = 2| T + TRV (2.7)

where we have defined the energy-momentum tensors as

~ 1 P
T = 0,000 G | 33000050 + V(@) TN =T (29)

We are interested in the gravitational collapse of the most simple type of matter, a
massless scalar field ¢. The Lagrangian density is given by

1 v
Ly = —5V=9 9"V, )V (2.9)
thus, the energy-momentum tensor for the matter field, in the Einstein frame, is
- 1 1 o 1 1. _,
T =~ (0,00 = 500" 00050) = < (9,50, = 5,8 0ut00
2 1.
— exp <—\/;m;5> <au¢ay¢ = 59w ﬁaaqpaﬂzp) : (2.10)



Using eq. (2.9), variation of the action (2.5) with respect to the scalar fields, gives us

= OVI(®) K =z _
06~ 54"~ 5T =0

Oy — \/z K" 0,00, = 0, (2.12)

(2.11)

where T™) is the trace of the energy-momentum tensor of the matter field. For the massless
scalar field, Lagrangian (2.9), we obtain T(M) = — exp (—\/gﬂqb) %P 0a1b05¢. Henceforth,
we work only with equations of motion in the Einstein frame; thus, we drop the tilde over
the quantities.

As stated, in f(R) gravity, the scalar field account for modifications of the gravitational
interaction. In the absence of a scalar matter field, the action reduces to a standard scalar-
tensor theory of gravity, vacuum f(R). Thus, the action suggests that critical phenomena
can occur in the absence of a matter field, which raises the question of whether the matter
field would introduce new physics at the critical regime. In order to investigate this question
further, one could analyze the behavior of the critical exponents in this scenario. As we
know, critical exponents describe the power-law behavior of various quantities and can
provide insight into the underlying physics. By studying the critical exponents in the
absence of a scalar matter field and comparing them to those in the presence of a matter
field, one can determine whether the matter field introduces new physics and alters the
critical regime. This analysis can help shed light on the behavior of f(R) gravity and its
relationship to other theories of gravity.

3 Metric ansatz and equations

As mentioned before, we are interested in studying the formation of event horizon in f(R)
theories. We use the metric in polar-areal coordinates [19], which takes the form

ds? = —a?(t,r)dt? + a®(t,r)dr? + r*(d6?* + sin? Odp?), (3.1)

where, a and a are the metric functions that depend on time and the radial coordinates
in order to study the evolution. Using this metric ansatz, the equations of motion for the
scalar fields (2.11), (2.12) are second-order PDEs. In order to reduce the field equations to
a system of first-order PDEs, we define the following auxiliary fields [19, 47]

Q(ta 7") = 87“¢(t7 T’) ) P(t7 T) = gat¢(ta T) s

P (3.2)
O(t,r) = 0(t,r), I(t,r) = a@ﬂ/}(t,r) :



Thus, eqs. (2.11) and (2.12) are written as!

0,P = %% (ﬁj@) - aamg((f) - e—\@‘f’jga (2 — 3?) . (3.3)
8Q = % (Z‘P) , (3.4)
11 = 7}2; (ﬂj@) + \/?Z)‘(PH —QO), (3.5)
0, = % (ZH) . (3.6)

To fix the evolution of the system, we need the equations for the metric variables. These
are obtained from eq. (2.7). The tt— and rr—components of the Einstein equations yield
the following expressions

ad 1—a®> K2 VZ K

_— = JE— - T‘b 2 2 2 2 2

— = +4r(e (M2 4 9%) + P +Q>+2mV(¢)a (3.7)
o a?-1 k2 vz K2

=t 47“(6 i (12 4 92) + P +Q) 5T V(9), (3.8)

here, a prime denotes a derivative with respect to the radial coordinate. These equations
do not depict time evolution. However, they serve as constraint equations that must
hold for every instance in time. Consequently, the values of the auxiliary fields within
a given hypersurface determine the evolution of the metric functions for that particular
hypersurface or time.

As in GR, it can be checked that the system of PDEs (2.7) is over-determined and can
provide another equation for one of the metric functions. In fact, the #0—component of
eq. (2.7) gives an evolution equation for metric variable a. We do not solve this equation,
but we use it to monitor its convergence to zero as a check for the correctness of our

solution.

4 Numerical setup

In this section, we provide a detailed account of the numerical formalisms employed for
solving the system of PDEs under consideration. We give a comprehensive discussion on
the boundary conditions, initial conditions, and methods utilized to detect the formation
of a BH.

4.1 Initial conditions

The foliation of spacetime allows us to rewrite Einstein’s equations as a set of PDEs that can
be solved numerically. To completely specify the Cauchy problem, we need to provide initial
data for the gravitational field and matter distribution on an initial hypersurface. Once
the initial data is specified, we can use numerical methods to evolve the spacetime forward

'Egs. (3.4), (3.6) come from the definitions of the auxiliary fields, and eqgs. (3.3), (3.5) from the Klein-
Gordon equations of the fields.



in time, solving for the metric and matter fields at each point in spacetime. We follow the
same scheme that Choptuik used in [19], in which a smooth function parameterizes the
initial distribution of the scalar field.

At initial time (¢t = tp = 0), we fix the form of each scalar field to be a Gaussian
distribution

¢(0,7) = p{) exp [— (T —dro)Q] . 0(0,7) =pi exp [— (r —dmﬂ (4.1)

where (pg(b), p((,w), To, d) are constant parameters. We keep only <p5,¢), pff/’)) as free pa-

rameters, the others are fixed to (rp = 20, d = 3). Once the initial data for both scalar
fields are established, we are free to choose the initial data for the auxiliary fields (3.2).
For example, we set

®(0,7) =11(0,7) = 0p9p(0,7)

Q(O,T) = P(Ov 7") = 87«¢(0,?") )

which means that each scalar field is initially ingoing, ¢ and v approach to the origin.

(4.2)

4.2 Boundary conditions

In this paper, the range for the spatial coordinate is r € (0, Tmax); Where ryax simulates
the infinity and numerically has to be chosen in a way that our solutions do not depend
on this parameter. This can be done by imposing boundary conditions at the edges of this
range.

The first boundary is located at » = 0, which is the origin of the spherically symmetric
coordinate system. To ensure that the fields are well-defined at this point, we typically
impose regularity conditions that ensure the fields are finite and smooth. Therefore, ana-
lyzing the system of equations near » — 0 and imposing spacetime to be locally flat there,
we enforce ¢ and v to satisfy the following conditions:

0,6(0,7) =0, 9:(0,7) = 0. (4.3)

Also, the regularity of the system imposes a(t,r = 0) = 1.

Our second boundary is located at r = rpax. In this boundary, we impose the so-
called “zero amplitude” or “radiative” boundary condition. This condition requires that
any signals entering the integration domain from outside the domain have zero amplitude at
the boundary. Therefore, we impose radiation boundary conditions [48] at = rpax. This
condition is important for ensuring that the simulated waveforms are physically meaningful
and do not include spurious signals that arise from reflections or echoes at the boundaries
of the simulation domain. Mathematically, this condition is given by imposing

8‘I’(t)rmax) + 8\Il(t7rmax) + \Ij(turmax)

ot or o (44)

where ¥ denotes any of the scalar fields (¢,1). Notice that this boundary condition is
exact only for spherically symmetric waves, characterized by the property that they are
incident normal to the boundary r = rpax.



It can be mentioned that, in our numerical evolution, this boundary is relevant for
those simulations in which there is no BH formation and the matter field is dispersed to
infinity. We fix the value of r.x in such a way that when a BH is formed, the reflected
matter does not have enough time to reach the outer boundary.

4.3 Black hole detection

In the weak-field regime (when the amplitudes of the scalar fields are close to zero), it
is expected that the matter content travels toward the origin and then, it is dispersed to

infinity. As we increase the initial amplitude of the matter field pé‘” or the initial amplitude

of the gravity scalar field pg¢), a BH can be formed since we increase the amount of matter
in spacetime and/or the gravity potential becomes stronger.

Varying {pg@, pE}“} parameters, we can reach the limit where a BH forms in the
evolution. However, as we stated before, our metric —written in the polar/areal coordi-
nates (3.1)— cannot penetrate apparent horizons.

Nevertheless, we can detect signals that indicate the formation of a BH: the lapse
function goes to zero, signaling that the coordinate system starts to become singular near
what would be the radius of the BH. In a spherically symmetric spacetime, we can monitor

the Misner-Sharp mass [49]

mys(t,r) = g(l - (Vr)Q) = ;(1 — a2(1,7’)> : (4.5)

Physically, the Misner-Sharp mass can be interpreted as the mass contained within a
sphere of radius r centered at the origin. In a collapse simulation where a BH is formed,
we will see that the function 2mpsg/r rapidly tends to 1 at some specific radius, r = Rpy,
where Rpp is precisely the radius of the BH. Numerically, we say that we have detected a
black hole if 2mprg/r > 0.995.

5 Model and results

For numerical purposes, we need to specify the exact form of f(R) gravity. In this paper,
we focused on the Starobinsky R? model

f(R) = R+ BR? (5.1)

where [ is a constant parameter (specifically, we chose § = 1). This model was proposed as
an inflationary model that could explain the observed large-scale homogeneity and isotropy
of the universe. For details of the model, see [50, 51] and the review [11, 52].

In this model, the Ricci scalar in terms of the gravity scalar field is given by R =
(x —1)/2, and the potential (2.6), in the Einstein frame, can be written as

V(p) = % (1 - e\/g‘i’)Q (5.2)

and is plotted in figure 1. The exponential function in the potential ensures that V(¢) is
flat for large values of ¢, leading to a long period of slow-roll inflation. Thus, inflation is a
natural phenomenon in the R? model [53].
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Figure 1. Potential for the Starobinsky R? model, f(R) = R + R

In this paper, we work in units in which K = 1. The system is evolved between
r = 107°% and r = rpa = 50 from ¢ = 0 until it forms an apparent horizon (rg). We
solve numerically the system of PDEs using the fourth-order Runge-Kutta method in both
time and spatial directions. We work with a fixed grid in which the r-spacing is given by
Ar = 107, The time resolution is also fixed but satisfies the Courant-Friedrichs-Lewy
condition At = Ar/5.

5.1 Weak field regime

When the amplitude of the matter field and the amplitude of the gravity scalar field are
small (p((fﬁ) < 1, pgw) < 1), the gravitational interaction is weak and the matter field
bounces at the origin (r = 0) and then disperses to infinity. In figure 2, we plotted both
scalar fields at different time? for an evolution in which eq. (4.1) gives the initial data.
Specifically, we fixed p((,w) = 0.01 and pé"” = 0.03. In this figure, we also plotted the
evolution for the Choptuik case, f(R) model (5.1) with g = 0.

Based on the evolution, we see that gravitational potential does not capture enough
matter to form a black hole, and after the interaction near the origin, the matter field
is dispersed to infinity. In the same figure, we can notice that the term R? does not
significantly modify the gravitational collapse compared to GR, the Choptuik gravitational
collapse. When 8 # 0 and near the critical surface, the matter field takes more time to

bounce, reaching infinity a bit later than the Choptuik case. This effect is no longer

2Time is the iteration step and not proper time at r = 0.
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Figure 2. Plots of the scalar field profiles (in the weak field regime) at different times of the
evolution. ¢(¢,7) (blue line) is the gravity scalar field. (¢, r) (orange line) is the physical scalar
field. The dashed line corresponds to the evolution of GR, i.e., the Choptuik gravitational collapse.

(%)

l(,(b) and py ’. When these initial values move away from

appreciated for smaller values of p
the critical surface, we can conclude that GR governs the collapse.

5.2 Strong field regime

It is expected that as the initial mass of the matter field (¢) is increased in a gravitational
collapse scenario, the resulting outcome will eventually be a black hole. This is because as
the mass of the collapsing matter increases, it produces a stronger gravitational field that
causes more matter to collapse toward the center. Also, if we fix the matter field amplitude
pff") but increase the amplitude of the gravity scalar field pt(fs), it is expected that potential
gravity becomes stronger, also forming a BH.

In this paper, we run simulations in an extended parameter space (pS“, pg¢)) from
values in which all fields are dispersed to infinity, to values where the final result of the
evolution is the creation of an event horizon. In figure 3, we plot the radius of the formed
BH at the end of each evolution for the parameter space explored in this paper. It can
be noticed that for small values of both scalar fields, there is no BH formation. When
we increase one of the two amplitude parameters, inevitably, the evolution stops, signaling
the formation of a BH. This is consistent with our understanding that as the mass of the

collapsing matter increases, the gravitational field becomes stronger and a black hole is

~10 -



200 N .
P
,/
0251 175 7
6 o
15.0 5y ’l
0.201 x g
125 b o’
~ | 4 -
S, N = !
20151 0o~ = ».
= F 4
=9 o
5 ‘ P4
0101 '
50 j
0 7
0.054 ) ‘ . : : ‘
g 0 5 10 15 20
L In(po — p;) + a

005 010 015 02 0%
(¥
Po Figure 4. Radius scaling relation (5.3). Blue-
circle and orange-squared data are obtained by

fixing pgd)) and varying pff”. Green-triangle data

is the vacuum collapse in the Starobinsky model.

Figure 3. Radius of the formed BH () depend-

ing on the value for the initial data (p((fp), pg¢)).

more likely to form. The results also show that the radius of the BH increases as the initial
mass of the matter fields becomes stronger. This is also expected since the strength of the
gravitational field produced by the collapsing matter is directly related to its mass, and a
stronger field leads to a larger BH.

As we saw in figure 3, once we cross the critical surface in a gravitational collapse
scenario, a BH will always form. However, ref. [47] reports an interesting finding that
there exist initial data on the black hole formation side of the critical surface that does
not produce a BH. This finding is based on numerical simulations of gravitational collapse
in a specific parameter space, and is supported by figure 3 of that paper, which shows
regions in the parameter space where BH formation does not occur despite being expected.
One possible explanation for this discrepancy is that these non-black-hole-forming regions
represent small patches in the parameter space that are not well-resolved by our numerical
simulations.?

Although we do not show it here, every time a BH forms, the curvature scalar R and
the Ricci tensor squared R, R*” are zero at the last time of the evolution and outside the
event horizon, r > rg; thus the exterior solution is Schwarzschild, which is consistent with
the no-hair theorem and previous results showed in [54].

The Choptuik model is a simplified mathematical model used to study the formation of
black holes in gravitational collapse. In this model, the critical collapse is of type II, which
means that as the critical limit (p*) is approached, the radius of the black hole formed in the
collapse becomes smaller and smaller, eventually approaching zero. This phenomenon is
known as the “critical scaling” of the Choptuik model. One exciting feature of this critical

3Tt can also be mentioned that the last term in eq. (13) of ref. [47] seems to have the wrong sign. It
remains to be checked if it is a typo.

- 11 -



scaling is that it allows the formation of infinitesimal black holes. For the Starobinsky
model, we observe a similar behavior. The radius of the formed BH near the critical limit
seems to start at a small value, near the critical surface rg ~ 1073.

Performing a fine-tuning method between the weak-field regime and the strong-field
regime, we found the critical surface. Near this limit, the radius of the BH satisfies a
scaling behavior

TH X (p - p*)7 ) (5'3)

similar to the Choptuik case [19]. Our results show that the scaling exponent, denoted
as v in eq. (5.3), is approximately 0.40 for the Starobinsky model. This scaling relation
is plotted in figure 4. This result was obtained by varying the initial amplitude of the
matter-scalar field while keeping the initial amplitude of the gravity-scalar field fixed. The
study presented results for two different initial amplitudes of the matter-scalar field: 0.02
(orange-square data, figure 4) and 0.06 (green-square data, figure 4).

Furthermore, it has to be mentioned that the same scaling relation was obtained in the
gravitational vacuum collapse of the Starobinsky model, where the matter-scalar field was
set to zero, and only the gravity-scalar field was varied. The blue-circle data in figure 4
represent the results for this case. Overall, the study suggests that the scaling exponent of
the Starobinsky model in gravitational collapse is independent of the initial amplitude of
both scalar fields.

6 Conclusions and discussions

In this paper, we have studied gravitational collapse for the Starobinsky R? model (a par-
ticular example of f(R) theory) coupled to a massless scalar field in a spherically symmetric
spacetime. The Starobinsky model has been used as a possible explanation for inflation
in the early universe. Also, it is considered the first quantum correction to the vacuum
Einstein equations and was expected to avoid the singularity problem at the center of black
holes.

We have presented the framework of f(R) theory in the Jordan frame and performed a
conformal transformation to write this theory as a Scalar-Tensor theory. In the new frame,
called the Einstein frame, besides the standard matter field added to the spacetime, gravity
is coupled to a new scalar field which drives the modifications from the Einstein gravity.

The gravitational collapse for the Starobinsky R? model is very similar to the Choptuik
cases [f(R) = R], in the sense that depending on the initial conditions, the final state of
the system is the formation of a BH or dispersion of the matter field to infinity. Our
results show that in a spherically symmetric spacetime, when the amplitude of the initial
matter scalar field and the gravity scalar field are weak, the final result of the evolution
is a Minkowski spacetime; the matter field is dispersed to infinity. A BH is formed when
we increase the amplitude of one of the scalar fields. Increasing the matter field amplitude
adds more mass to the spacetime at the initial time; while increasing the amplitude of the
gravity scalar field, the gravitational potential capture more matter, forming a BH in both
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cases. When a BH is formed, the final solution is the Schwarzschild metric. These results
are consistent with those obtained in ref. [54].

Furthermore, the study analyzed the critical phenomena near the formation of the event
horizon and found that in the critical limit, there is a power-law scaling for the radius of
the event horizon (rg) with a critical exponent of approximately 0.40 (denoted as ). This
critical exponent is a characteristic of the gravitational collapse and is independent of the
specific scalar field being studied. Overall, the study provides insights into the formation
of black holes in spherically symmetric spacetimes with weak initial scalar fields and sheds
light on the critical behavior near the formation of event horizons for the Starobinsky R?
model.
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