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A R T I C L E I N F O A B S T R A C T 

Editor: A. Schwenk We evaluate all nuclear matrix elements (NMEs) up to next-to-next-to leading order (N2LO) in chiral effective 
field theory (𝜒EFT) for the neutrinoless double-beta (0𝜈𝛽𝛽) decay of the nuclei most relevant for experiments, 
including 76Ge, 100Mo, and 136Xe. We use the proton-neutron quasiparticle random-phase approximation 
(pnQRPA) and the nuclear shell model to calculate the N2LO NMEs from very low-momentum (ultrasoft) neutrinos 
and from loop diagrams usually neglected in 0𝜈𝛽𝛽 studies. Our results indicate that the overall N2LO contribution 
is centered around −(5-10)% for the shell model and +(10-15)% for the pnQRPA, with sizable uncertainties 
due to the scale dependence of the ultrasoft NMEs and the short-range nature of the loop NMEs. The sign 
discrepancy between many-body methods is common to all studied nuclei and points to the different behavior of 
the intermediate states of the 0𝜈𝛽𝛽 decay. Within uncertainties, our results for the ultrasoft NME are of similar 
size as contributions usually referred to as ``beyond the closure approximation''.

1. Introduction

Neutrinoless 𝛽𝛽 (0𝜈𝛽𝛽) decay—a hypothetical process in which two 
nucleons in an atomic nucleus 𝛽-decay simultaneously without emit
ting neutrinos—is amongst the most promising probes of physics be
yond the standard model of particle physics [1]. Observing 0𝜈𝛽𝛽 decay 
would demonstrate lepton-number violation and hence shed light on the 
matter-antimatter asymmetry of the Universe. It would also show that 
neutrinos are their own antiparticles, or Majorana particles, and give 
indications on their masses. For all these reasons, the decay is under 
massive experimental investigations [2--9]. While the standard-model
allowed 𝛽𝛽 mode with the emission of two neutrinos (2𝜈𝛽𝛽) has been 
observed in a dozen nuclei [10], current experiments only give upper 
limits to the 0𝜈𝛽𝛽-decay rates. Next-generation experiments aim at im
proving current 0𝜈𝛽𝛽 sensitivities by two orders of magnitude in the 
next decade [11--14].

Exploring fundamental physics from 0𝜈𝛽𝛽 experiments requires the 
knowledge of the nuclear matrix elements (NMEs) governing the decay. 
However, they currently form a major obstacle as even the best NME 
calculations [15--34] carry large uncertainties [1,35]. Moreover, a re
cent 0𝜈𝛽𝛽 derivation using chiral effective field theory (𝜒EFT) [36] has 
pointed out additional uncertainties, showing that the so-called short
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range NME, originally proposed at next-to-next-to-leading order (N2LO) 
in the power counting, had to be promoted to leading order (LO) for the 
theory to be renormalizable [37,38]. Indeed, the LO short-range NME is 
in the ballpark of a 50% correction for various many-body methods: 
the nuclear shell model (NSM) [39], the proton-neutron quasiparti
cle random-phase approximation method (pnQRPA) [39], the ab initio

valence-space in-medium similarity renormalization group (VS-IMSRG) 
approach [18,19], and the generalized contact formalism that combines 
the NSM with quantum Monte Carlo (QMC) methods [20].

The next 0𝜈𝛽𝛽 contributions enter at N2LO in the chiral power count
ing. Some of them are usually taken into account in NME calculations 
by introducing nucleon form factors and the nucleon isovector magnetic 
moment operator [40]. However, the 𝜒EFT analysis reveals that two ad
ditional kinds of diagrams enter at N2LO [36]. First, a N2LO NME arises 
from the exchange of virtual ultrasoft neutrinos, with momenta much 
lower than the Fermi momentum of the nucleus. This is the lowest
order NME where states of the intermediate nucleus of the 𝛽𝛽 decay 
enter explicitly—usually coined as beyond closure approximation�-and 
have only been studied in the context of 0𝜈𝛽𝛽 decay with sterile neutri
nos for 76Ge and 136Xe with the NSM [41,42]. Second, additional N2LO 
NMEs emerge from loop diagrams. They have only been calculated in 
light systems with QMC [43], and in 76Ge using the VS-IMSRG [19]. 
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While previous works suggest that both types of N2LO NMEs have a 
5%-10% effect, so far there are no consistent, or systematic, studies on 
their combined impact on the NMEs of different nuclei.

In this Letter, we explore the 0𝜈𝛽𝛽-decay NMEs up to N2LO in a 
wide range of 𝛽𝛽 emitters, including all nuclei relevant for the most 
advanced current and future experiments: 76Ge, 82Se, 100Mo, 130Te and 
136Xe [1]. We also compare the N2LO contribution from ultrasoft neutri
nos with effects usually referred as beyond the closure approximation. 
Our many-body calculations rely on the pnQRPA and NSM, commonly 
used to obtain LO NMEs.

2. Neutrinoless double-beta decay

Following the 𝜒EFT approach [36] up to N2LO, the 0𝜈𝛽𝛽-decay half
life is

[𝑡0𝜈1∕2]
−1 =𝐺0𝜈 𝑔

4
A

𝑚2
𝛽𝛽

𝑚2
𝑒

|||𝑀0𝜈
L +𝑀0𝜈

S +𝑀0𝜈
usof t +𝑀

0𝜈
loop

|||2 , (1)

where 𝐺0𝜈 is a phase-space factor for the electrons [44], 𝑔A ≃ 1.27 is the 
axial-vector coupling to the nucleon, and 𝑚𝛽𝛽 =

∑
𝑖 𝑈

2
𝑒𝑖
𝑚𝑖 (normalized 

to the electron mass 𝑚𝑒), which characterizes the lepton-number viola
tion, depends on the neutrino masses 𝑚𝑖 and mixing matrix 𝑈 . Here we 
focus on the NMEs: the LO long- and short-range, 𝑀0𝜈

L and 𝑀0𝜈
S [39], 

and the N2LO terms: 𝑀0𝜈
usof t coming from ultrasoft neutrinos and 𝑀0𝜈

loop
resulting from loop diagrams that cannot be absorbed into the nucleon 
form factors entering 𝑀0𝜈

L .
The standard long-range NME can be written in the familiar way [40]

𝑀0𝜈
L =𝑀0𝜈

GT −
(𝑔V
𝑔A

)2
𝑀0𝜈

F +𝑀0𝜈
T , (2)

with vector coupling 𝑔V = 1.0 and Gamow-Teller (GT, 𝝈𝑚𝝈𝑛), Fermi (F, 
𝟏𝑚𝑛) and tensor (T, 3[(𝝈𝑚 ⋅ 𝐫̂)(𝝈𝑛 ⋅ 𝐫̂)] − 𝝈𝑚 ⋅ 𝝈𝑛 = 𝑆T

𝑚𝑛
) parts according 

to the operator form in spin (𝝈) space, with 𝐫 = 𝐫𝑚 − 𝐫𝑛. In 𝜒EFT, the 
dominant GT term reads [36]

𝑀0𝜈
GT = 2𝑅 

𝜋𝑔2A
⟨0+
𝑓
||∑
𝑚,𝑛 
𝜏−
𝑚
𝜏−
𝑛
𝝈𝑚𝝈𝑛 ∫ 𝑗0(𝑞𝑟)ℎGT(𝑞2)d𝑞||0+𝑖 ⟩, (3)

evaluated between the initial 0+
𝑖

and final 0+
𝑓

states summing over all 
𝐴 nucleons’ spin and isospin (𝜏) operators, with momentum transfer 𝑞, 
Bessel function 𝑗0, and 𝑅 = 1.2𝐴1∕3 fm. This expression agrees with the 
one obtained from a phenomenological approach in the closure approx
imation (with no closure energy) [40]. 𝑀0𝜈

GT also depends on a neutrino 
potential, with ℎGT(0) = 𝑔2A and additional 𝑞-dependent terms, includ

ing partial N2LO corrections regularized with dipole form factors as in 
previous pnQRPA [45,46] and NSM [47] studies. The Fermi and tensor 
parts follow similar expressions to Eq. (3). Finally, we correct our many
body states with two-nucleon short-range correlations (SRCs) following 
the so-called CD-Bonn and Argonne parametrizations [48], even though 
other works suggest that SRCs may have a larger impact [20,49].

The LO short-range NME connects directly the initial and final nu
clei [37]

𝑀0𝜈
S = 2𝑅 
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regularized with a Gaussian regulator of scale Λ:

ℎS(𝑞2) = 2𝑔NN
𝜈
𝑒−𝑞

2∕(2Λ2) . (5)

We approximate the unknown coupling 𝑔NN
𝜈

with the charge-inde
pendence-breaking terms of different nuclear Hamiltonians like in [39] 
with their consistent cutoffs that vary between Λ = 349⋯550 MeV.

The N2LO ultrasoft NME depends on the 1+
𝑛

states of the intermediate 
nucleus, with energies 𝐸𝑛. The NME expression is given by [36,42]
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where 𝑄𝛽𝛽 is the 𝛽𝛽-decay 𝑄-value, and 𝐸𝑖 the energy of the initial state. 
Here we assume that the emitted electrons share equally the energy 
release: 𝐸𝑒1 = 𝐸𝑒2 = 𝑄𝛽𝛽∕2 + 𝑚𝑒, which only introduces a very small 
error [42].

Finally, the N2LO loop NME can be decomposed into four terms [36]

𝑀0𝜈
loop =𝑀
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loop,VV +𝑀0𝜈
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with each part (𝑋=VV, AA, CT, usoft) given by
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The vector (VV) part reads
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the axial-vector (AA) part is

 (𝑚,𝑛)
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the counterterm (CT)�-that should absorb the renormalization scale (𝜇) 
dependence of the VV, AA, and usoft terms—is given by

 (𝑚,𝑛)
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(11)

and the ultrasoft term—which, if one uses the leading-order 𝜒EFT 
Hamiltonian, cancels the dependence on the ultrasoft scale (𝜇us) of 
𝑀0𝜈

usof t�-is dfined as

 (𝑚,𝑛)
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(12)

We vary the ultrasoft scale range as 𝜇us = 𝑚𝜋∕2…2𝑚𝜋 , given that 
𝑀0𝜈

loop,usof t is proportional to ln(𝑚2
𝜋
∕𝜇2us). We use the short-hand no

tations 𝑞 = 𝑞2∕𝑚2
𝜋
, 𝐿𝜋 = ln(𝜇2∕𝑚2

𝜋
), the 𝑓𝑛(𝑞) functions from [36], 

𝐶𝑇 = 𝜋∕𝑚N(1∕(𝑎−1𝑡 − 𝜇) − 1∕(𝑎−1
𝑠

− 𝜇)) with 𝑎−1
𝑠

= −8.3 MeV and 𝑎−1
𝑡

=
36 MeV, 𝑔𝜋𝜋

𝜈
= −10.84 − 36∕5 ln(𝜇∕𝑚𝜌) from the average of the lattice 
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Table 1
Central values and ranges of all NMEs up to N2LO: LO long range (second and sixth columns), LO short 
range (third and seventh), N2LO total ultrasoft (fourth and eighth) and N2LO soft loops (fifth and ninth). 
The NME ranges cover two interactions for the NSM or a range of 𝑔𝑝𝑝 values for the pnQRPA, as well as 
various couplings 𝑔NN

𝜈
, Gaussian regulators Λ = 349⋯550 MeV, CD-Bonn and Argonne SRCs, the renor

malization scale range 𝜇 = 500⋯1500 MeV, and the ultrasoft scale 𝜇us =𝑚𝜋∕2⋯2𝑚𝜋 (see text for details).

Nucleus pnQRPA NSM 
LO N2LO LO N2LO 
L S tot usoft loop soft L S tot usoft loop soft 

48Ca 0.92(14) 0.43(20) 0.01(6) 0.05(7) 
76Ge 5.23(58) 2.65(116) 0.39(31) 0.28(41) 3.57(25) 0.97(48) -0.29(9) 0.05(16) 
82Se 4.56(36) 2.26(99) 0.30(19) 0.21(34) 3.38(20) 0.91(43) -0.27(8) 0.05(15) 
96Zr 4.28(24) 2.22(98) 0.49(23) 0.25(33) 
100Mo 3.44(73) 2.96(130) 1.15(52) 0.38(43) 
116Cd 4.85(38) 1.95(85) -0.12(3) 0.15(28) 
124Sn 5.20(32) 2.99(130) 0.59(35) 0.37(46) 2.79(63) 1.06(52) -0.23(13) 0.06(16) 
130Te 3.70(34) 2.12(94) 0.46(38) 0.31(34) 2.68(79) 1.07(50) -0.23(15) 0.06(16) 
136Xe 2.99(28) 1.36(60) 0.06(14) 0.16(32) 2.26(53) 0.86(41) -0.19(11) 0.05(13) 

QCD evaluations [50,51], 𝐹𝜋 = 92.28 MeV and 𝑔𝜋𝑁
𝜈

=0. Since the con
stants 𝐶𝑇 and 𝑔𝜋𝜋

𝜈
are evaluated around the 𝜌 mass, we vary the scale 

𝜇 in the range 𝜇 = 500⋯1500 MeV as in [19]. We regularize the loop 
NMEs with the same Gaussian regulators as the LO short-range NME.

In this work, we give results combining the two N2LO terms that 
depend on 𝜇us, which we refer to as total ultrasoft NME, 𝑀0𝜈

tot,usof t . On 
the other hand, we label the sum of the remaining loop NMEs as loop 
soft, 𝑀0𝜈

loop,sof t , so that

𝑀0𝜈
usof t +𝑀

0𝜈
loop =

(
𝑀0𝜈

usof t +𝑀
0𝜈
loop,usof t

)
+
(
𝑀0𝜈

loop,VV +𝑀0𝜈
loop,AA +𝑀0𝜈

loop,CT

)
=𝑀0𝜈

tot,usof t +𝑀
0𝜈
loop,sof t . (13)

3. Many-body NME calculations

We perform NSM calculations with the codes ANTOINE and NATHAN 
[52]. We use three different valence spaces, always symmetric for neu
trons and protons: the 𝑝𝑓 shell (0𝑓7∕2, 1𝑝3∕2, 0𝑓5∕2 and 1𝑝1∕2 orbitals) 
on top of a 40Ca core for 𝐴 = 48, where we use the KB3G [53] and 
GXPF1A [54] interactions; the 1𝑝3∕2, 0𝑓5∕2, 1𝑝1∕2 and 0𝑔9∕2 orbitals 
with a 56Ni core for 𝐴 = 76 and 𝐴 = 82, where we use the GCN2850 [55] 
and JUN45 [56] interactions; and for 𝐴 = 124, 𝐴 = 130 and 𝐴 = 136
we use the 0𝑔7∕2, 1𝑑5∕2, 1𝑑5∕2, 2𝑠1∕2 and 0ℎ11∕2 orbitals with the 
GCN5082 [57] and QX [58] interactions. Overall, with the NSM we 
study six 0𝜈𝛽𝛽 decays: 48Ca, 76Ge, 82Se, 124Sn, 130Te, and 136Xe. We 
consider all nuclear cofigurations in the full valence space except in 
124Te (final nucleus of the 124Sn 𝛽𝛽 decay) which is limited to seniority 
𝑣 ≤ 5 states (up to five broken zero-angular-momentum pairs) instead 
of the full 𝑣 ≤ 6. We have checked that, nonetheless, the NMEs are con
verged to the percent level.

We also compute the NMEs with the spherical pnQRPA method [59]. 
We use the same no-core single-particle bases as in [39,60]: they con
sist of 18 orbitals for 𝐴 = 76,82 nuclei, 25 orbitals for 𝐴 = 96,100, and 
26 orbitals for 𝐴 = 124 − 136. In this framework we study the decays 
of 76Ge, 82Se, 96Zr, 100Mo, 116Cd, 124Sn, 130Te, and 136Xe. We take the 
single-particle energies from a Coulomb-corrected Woods-Saxon poten
tial optimized for nuclei close to 𝛽 stability [61] and slightly modfied in 
the vicinity of the Fermi surfaces to better reproduce the low-lying spec
tra of neighboring odd-mass nuclei. The pnQRPA is based on quasipar
ticle spectra for protons and neutrons, which are solved from Bardeen
Cooper-Schrieffer equations with the interaction derived from the Bonn
A potential [62] and proton and neutron pairing parameters fine-tuned 
to reproduce the empirical pairing gaps. The residual Hamiltonian con
tains two more parameters: the particle-hole (𝑔ph) and particle-particle 
(𝑔pp) pairing strengths. We fix 𝑔ph to reproduce the centroids of the 

Fig. 1. Running sum of the total ultrasoft NME of 76Ge, 𝑀0𝜈
tot,usof t , as a func

tion of the excitation energy of the intermediate 1+ states, 𝐸, for the NSM and 
pnQRPA. The NSM results include the JUN45 (orange) and GCN2850 (red) inter
actions, while the pnQRPA results comprise 𝑔pp values adjusted to 2𝜈𝛽𝛽-decay 
with 𝑔effA = 1.0 (blue) and 𝑔A = 1.27 (cyan). The ranges cover the variation of 
the scale 𝜇us from 𝑚𝜋∕2 (dotted) to 2𝑚𝜋 (dashed).

GT giant resonance, and 𝑔pp to the 2𝜈𝛽𝛽-decay half-life according to 
the partial isospin-symmetry restoration scheme [63], using both the 
bare 𝑔A and an effective 𝑔effA = 1.0. For 96Zr and 124Sn, adjusting 𝑔pp to 
2𝜈𝛽𝛽-decay is not possible, so we use a fixed value below the pnQRPA 
breaking point. For details, see [60].

4. Results and discussion

4.1. Ultrasoft NMEs and closure approximation

Table 1 presents the results of all NMEs up to N2LO calculated with 
the NSM and pnQRPA. The central values and ranges cover the in
teractions, couplings, regulators and SRCs discussed in Secs. 2 and 3. 
Focusing on the central values, the results in Table 1 indicate that for the 
NSM the total ultrasoft NME is about 5%-10% and has opposite sign com
pared to the total LO NME—summing the long- and short-range parts. 
The only exception is 48Ca, where the ultrasoft NME is suppressed. In 
contrast, for the pnQRPA the total ultrasoft NME has the same sign and 
5%-10% of the value of the LO NME. Nonetheless, in 100Mo it reaches 
40% and it is very small in 116Cd and 136Xe. The uncertainty in 𝑀0𝜈

tot,usof t
is significant, reaching 50% for several nuclei in the NSM and pnQRPA 
calculations. This error is a measure of the inconsistency for not using a 
𝜒EFT Hamiltonian, as it stems mainly from the 𝜇us dependence of the 
NSM and pnQRPA NMEs. For the NSM the error in 𝑀0𝜈

usof t dominates, 
whereas for the pnQRPA the uncertainties for 𝑀0𝜈

usof t and 𝑀0𝜈
loop,usof t are 

comparable.
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Fig. 2. Difference between non-closure and LO long-range NMEs (Δcl, pink and 
gray bars) compared with the total ultrasoft NME (𝑀0𝜈

tot,usof t , red and dark blue 
bars with black errorbars indicating the theoretical uncertainty) obtained by 
the NSM and pnQRPA for all decays studied in this work. The NSM results use 
closure energies from [71--73] (solid bars) except for 130Te where we average 
the closure energies of 124Sn and 136Xe (open bar). Results for Argonne SRCs.

In order to investigate the opposite sign of the ultrasoft NME in 
NSM and pnQRPA calculations, Fig. 1 compares the running sums of the 
𝑀0𝜈

tot,usof t in 76Ge as a function of the excitation energy of the intermedi
ate states, 𝐸, for both many-body methods. The results cover the NSM 
interactions and pnQRPA 𝑔pp range presented in Sec. 3. Fig. 1 shows that 
up to 𝐸 ≈ 8 MeV the two running sums are rather similar. However, they 
differ markedly around 8 MeV ≲𝐸 ≲ 13 MeV, where large cancellations 
and a resulting sign change appear in the pnQRPA but are not present 
in the NSM results. In fact, this behavior is common to all the studied 
nuclei with the pnQRPA, while in the NSM we only observe 𝑀0𝜈

tot ,usof t
cancellations, although milder, in 48Ca. Similar differences between run
ning sums in the NSM and pnQRPA have been noticed in the context of 
2𝜈𝛽𝛽 decay [64]�-which involves a similar sum over 1+ intermediate 
states. While the NSM may not capture these high-energy contributions 
because of missing spin-orbit partners in the valence spaces used, the 
pnQRPA may overestimate them. Measurements of charge-exchange re
actions up to the GT resonance energy in both 𝛽− and 𝛽+ directions, 
currently limited to lower energies [65,66], could solve this discrep
ancy.

In 𝜒EFT [36], 𝑀0𝜈
usof t can be seen as a correction beyond clo

sure [67--73], since it is the lowest-order NME that explicitly depends 
on the structure of the intermediate states. We compare the differ
ence of 𝑀0𝜈

L calculated with and without closure approximation, Δcl ≡
𝑀0𝜈

non−cl −𝑀
0𝜈
L , with 𝑀0𝜈

tot,usof t , which takes into account the uncertainty 
due to 𝜇us in 𝑀0𝜈

usof t and also in the related term 𝑀0𝜈
loop,usof t . This uncer

tainty, rflected in the error bars, would vanish in a fully consistent cal
culation. We compute Δcl in the pnQRPA and use the results of [71--73] 
for the NSM—for 130Te we average between the closure energies for 
136Xe [72] and 124Sn [73]. Fig. 2 shows the comparison. Considering 
the uncertainties, 𝑀0𝜈

tot,usof t is consistent with beyond-closure effects in 
all nuclei for the NSM. In contrast, for the pnQRPA, 𝑀0𝜈

tot,usof t amounts 
to roughly twice Δcl in all nuclei, except for 136Xe where the two quan
tities are small. Nonetheless, the sign of both quantities is consistently 
the same.

4.2. N2LO loop NMEs

Table 1 presents the calculated central values and ranges of the N2LO 
loop NMEs. While the central values are typically small, less than 5% of 
the total LO NME for both many-body methods, the uncertainties are 
significant. When included, 𝑀0𝜈

loop,sof t can reach up to 10% of the total 
LO NME for the pnQRPA�-15% for 100Mo—, and up to 5% for the NSM, 
which are roughly the relative effects of the ultrasoft NMEs.

To illuminate the origin of the large uncertainties for 𝑀0𝜈
loop,sof t , Fig. 3

shows, for the NSM and pnQRPA, their radial distribution for 76Ge, 

Fig. 3. Radial distributions of the N2LO loop NME for 76Ge, 𝐶0𝜈
loop,sof t , obtained 

with the pnQRPA (left) and NSM (right). The results cover Gaussian regulators 
Λ = 349 MeV (purple) and Λ = 550 MeV (green), renormalization scales 𝜇 =
500 MeV (dark colors) and 𝜇 = 1500 MeV (light), ultrasoft scale 𝜇us = 𝑚𝜋 , and 
Argonne (dashed lines) and CD-Bonn (solid) SRCs.

Fig. 4. Relative contributions of the total ultrasoft (𝑀0𝜈
tot,usof t , red and dark blue 

bars) and complete N2LO (orange and light blue) NMEs compared to the LO 
NME, obtained with the NSM and pnQRPA for all nuclei studied in this work. 
The bars show the uncertainties in Table 1.

which satifies 𝑀0𝜈
loop,sof t = ∫ ∞

0 𝐶0𝜈
loop,sof t (𝑟)d𝑟. Different curves show the 

results for different regulators Λ, scales 𝜇, and SRCs. Qualitatively, the 
radial distributions look very similar in the pnQRPA (left) and NSM 
(right), but the overall scales are quite different. This is consistent with 
the comparison of the LO NMEs [39]. Fig. 3 also indicates that the 
main sensitivity of the radial distribution of 𝑀0𝜈

loop,sof t is to the regu

lator Λ (difference between the purple and green curves: choosing a 
dipole regulator like in [43] gives results in between these two results). 
This sensitivity stems from the short-range—high-momentum�-nature 
of the loop NME, also highlighted in Fig. 3, which concentrates at short
distances almost like the LO short-range NME [39]. This makes the N2LO 
loop NME very sensitive to SRCs as well: choosing either CD-Bonn or 
Argonne parameterizations can even change the sign of 𝑀0𝜈

loop,sof t . In 
contrast, the dependence on the scale 𝜇 is rather mild.

Table 2 gives a decomposition of the VV, AA and CT components 
of the N2LO loops NME for a particular combination of nuclear in
teraction, couplings, regulators and SRCs—common for the NSM and 
pnQRPA results. The LO and N2LO ultrasoft NMEs obtained with the 
same combination of parameters are also listed for comparison. The re
sults for the components of 𝑀0𝜈

loop,sof t indicate that, both for the NSM 
and pnQRPA, the different parts cancel, with the AA and CT terms shar
ing the same sign as the LO NMEs, and VV carrying systematically the 
opposite sign. Individually, each of the three N2LO loops contributions 
of soft neutrinos can be of similar size, or even larger than the N2LO ul
trasoft NME; however, due to the cancellation, the total 𝑀0𝜈

loop,sof t tends 
to be smaller than 𝑀0𝜈

tot,usof t , see Table 1.

4.3. Combined N2LO NMEs

With the results in Table 2, we can compare the relative size of the 
0𝜈𝛽𝛽 NMEs. In particular, the largest N2LO contributions are typically 
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Table 2
Results for the LO long-range (second and eighth columns), LO short-range (third and ninth), N2LO ultrasoft 
(fourth and tenth), and N2LO loop VV (fifth and eleventh), AA (sixth and twelfth) and CT (seventh and 
thirteenth) NMEs for all nuclei studied in this work. In the pnQRPA, we fix 𝑔pp with bare 𝑔A, and in the 
NSM we use the KB3G, GCN2850 and GCN5082 interactions. The results correspond to Argonne SRCs, 
short-range coupling 𝑔NN

𝜈
= −1.03 fm2, Gaussian regulator Λ= 349 MeV, and scales 𝜇 =𝑚𝜌 and 𝜇us =𝑚𝜋 .

Nucleus pnQRPA NSM 
LO N2LO LO N2LO 
L S usoft VV AA CT L S usoft VV AA CT 

48Ca 0.96 0.37 -0.03 -0.07 0.03 0.11 
76Ge 4.68 1.93 0.50 -0.40 0.16 0.68 3.32 0.85 -0.29 -0.11 0.05 0.18 
82Se 4.20 1.65 0.36 -0.33 0.13 0.55 3.18 0.80 -0.28 -0.10 0.05 0.17 
96Zr 4.04 1.60 0.49 -0.33 0.14 0.56 
100Mo 2.71 2.14 1.30 -0.47 0.19 0.82 
116Cd 4.47 1.47 -0.06 -0.25 0.10 0.43 
124Sn 4.88 2.18 0.58 -0.49 0.19 0.85 3.17 0.90 -0.28 -0.11 0.05 0.24 
130Te 3.36 1.52 0.44 -0.39 0.15 0.67 3.24 0.94 -0.29 -0.12 0.06 0.19 
136Xe 2.71 0.99 0.11 -0.23 0.09 0.40 2.60 0.75 -0.23 -0.09 0.04 0.15 

the ultrasoft NME for the NSM, and the CT part of the loops NME for the 
pnQRPA. They amount to ≲ 10% and ≲ 20% of the standard long-range 
LO NME, respectively, which is somewhat larger than expected from the 
𝜒EFT power counting [36,42]. The ultrasoft N2LO NME is especially 
large for 100Mo—about 50% of the LO long-range NME. However, even 
in this extreme case the combined N2LO NME is about a third of the 
total LO NME.

The size of the largest N2LO NMEs is nonetheless similar to the 
impact of the nucleon dipole form factors used for 𝑀0𝜈

long, typically a 
10%-15% effect [55,67], from diagrams that enter mainly at the same 
order. The magnetic moment operator, a N2LO term as well, also con
tributes at the 10% level for several nuclei [45,47]. In addition, in 
Sec. 4.1 we discussed that, for the NSM, the relatively large ultrasoft 
NMEs are of similar size as beyond closure effects.

Fig. 4 summarizes the ratios of the N2LO and total LO NMEs, with the 
uncertainty ranges from Table 1. The relative impact of 𝑀0𝜈

tot ,usof t is typ
ically a 5%-10% enhancement (pnQRPA, blue bars) or reduction (NSM, 
red bars). Likewise, the central values of the combined N2LO contribu
tions also differ in sign, even though the NSM errorbars (orange) allow 
for a positive contribution as predicted by the pnQRPA (light blue). The 
central values of the total N2LO NMEs are about −(5-10)% for the NSM 
and +(10-15)% for the pnQRPA, with the extreme absolute values being 
limited to ≤ 20% and ≤ 30%, respectively, except in the extreme case of 
100Mo where it can reach up to 60% of the LO NME.

5. Summary and outlook

We have calculated for the first time complete 0𝜈𝛽𝛽 NMEs up 
to N2LO for nine medium-mass and heavy nuclei including the most 
promising experimental candidates 76Ge, 100Mo, 130Te and 136Xe.

The absolute central value of the ultrasoft NMEs (5%-10% of the total 
LO NME) is typically larger than the NMEs coming from loop diagrams 
that cannot be absorbed into nuclear form factors. Both terms introduce 
sizable uncertainties, due to their ultrasoft-scale dependence or short
range character. When considering theoretical uncertainties, ultrasoft 
NMEs are of similar size and same sign as beyond-closure effects.

The main discrepancy between the NSM and pnQRPA N2LO NMEs 
is that for the former 𝑀0𝜈

tot,usof t has opposite sign to the LO NMEs, while 
for the latter it has the same sign. This is due to the different behavior 
of the states in the intermediate 0𝜈𝛽𝛽 nucleus, which could be probed 
experimentally in charge-exchange reactions. The difference between 
the results of the two many-body methods persists for the combined 
N2LO NMEs, which typically range between −20% to +5% in the NSM, 
and 0% to +30% for the pnQRPA. Our N2LO NMEs are anomalously 
large for 100Mo: the ultrasoft term can be up to 40% and the combined 
N2LO contribution up to 60%. Overall, N2LO NMEs should be included 
in any 0𝜈𝛽𝛽 calculation since their impact is moderate but comparable 

to the one of other N2LO diagrams, like nucleon form factors, routinely 
included in NME studies.

For the future, we would like to narrow down the uncertainties 
in 𝑀0𝜈

loop by investigating more carefully the dependence with differ

ent regulators and regulator forms. We would also like to use 𝜒EFT 
Hamiltonians to check that the 𝜇us scale dependence of 𝑀0𝜈

tot,usof t van
ishes. Additionally, we would like to include two-body currents, which 
in the 𝜒EFT power counting enter at N3LO [36,43]. Nonetheless, in 𝛽
decays the importance of two-body currents is critical to understand 
the overestimation of matrix elements in many-body calculations (or 
“quenching'') [74,75]. In fact, based on the impact on 𝛽 decays, some 
estimations for 0𝜈𝛽𝛽 decay suggest an effect comparable to the N2LO 
NMEs studied in this work [23,76,77], even though smaller contribu
tions are also possible [78].
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