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ABSTRACT: In this work, we calculate correlators of long strings on AdS3xS?xT# with pure
NS-NS flux. We first construct physical vertex operators that correspond to long strings.
Due to the GSO projection, they depend on the parity of the spectral flow parameter w. For
a given w, we construct the physical operators that have the lowest space-time weights in
both the NS and R sector. Then, we calculate three point correlators for each possible type
of parities of spectral flows. We find that the recursion relations of correlators in the bosonic
SL(2,R) WZW model can be understood from the equivalence of these superstring correlators
with different picture choices. Furthermore, after carefully mapping the vertex operators
to appropriate operators in the dual CFT, we find that once the fermionic contributions
together with the picture changing effects are correctly taken into account, some mathematical
identities of covering maps lead to the matching of the correlators of the two sides. We
check this explicitly at the leading order in the conformal perturbation computation and
conjecture that this remains correct to all orders.
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1 Introduction

Superstring on AdS3xS3xT4 with pure NS-NS flux is one of the string theories with good
computational control. It can be studied using the RNS formalism (see, e.g. [1-6]), and the
special case of minimal tension (referred to as the tensionless limit) being well-described by
the hybrid formalism [7-10]. In the context of holographic duality [11], the CFTs dual to
strings with pure NS-NS flux typically lie on the moduli space of the symmetric orbifold of
T4 [12]. Remarkably, for the special case of minimal tension, it was shown that the dual
theory is exactly the symmetric orbifold CFT itself [8, 13]. Evidence for this duality include
the matching of both the spectrum [8, 14] and the (structure of) correlators [9, 10, 13, 15-17],
see also [18-20]. However, for the string theory with non-minimal tension, the matching



was for a long time only achieved for BPS protected quantities [21-28]. Recently, based
on the exact duality between the tensionless string and the symmetric orbifold of T4, a
perturbative dual of the AdSs (super)string theory with pure NS-NS flux was proposed
in [29, 30] (see also [31-33]).! It is a symmetric orbifold CFT deformed by an exactly
marginal operator. Thereafter, progress of matching correlators beyond the tensionless limit
was made in [29, 30, 37-39] (in a perturbative sense). Nevertheless, these works focus on
the bosonic duality? where higher genus string correlators are not well-defined. One of the
motivations of this work is to generalize the duality to the supersymmetric case.

Spectrum of string theory on AdS3xS®xT* with pure NS-NS flux includes short strings
and long strings [4]. In the RNS formalism, the worldsheet CFT includes a non-compect
WZW model with the target space being (the universal covering of) SL(2, R). The short
strings and long strings lie in the discrete and continuous representations of the SL(2, R)
affine symmetry respectively. To properly characterize the spectrum, one should include the
spectrally flowed representations into the theory [4-6]. Spectrally flowed vertex operators
correspond to winding strings in spacetime and capture interesting physics. However, much
is yet to be understood about the correlators of spectrally flowed operators [41-54]. Recently,
a closed formula for the 3-point and 4-point functions of the bosonic SL(2, R) WZW model
on the worldsheet was proposed in [55, 56],% which is obtained by the “local Ward identities”
(this method is valid for SL(2, R) WZW models with general levels k, in particular, it plays
a crucial role in the discussion of the correlators in the tensionless string [13]). For short
strings, these results helped to complete the matching of the chiral ring of the two sides [59].
For long strings, these results lead to a proposal for a perturbative CF'T dual of the bosonic
string on AdS3 x X [29, 30]. In this work, we study long strings in the superstring theory on
AdS3xS3xT*. We construct physical vertex operators representing long strings and calculate
their 3-point correlators. We will also match these vertex operators with the ones in the
dual CFT side, and compare the 3-point correlators of the two sides.

The rest of the paper is organized as follows. In section 2, we construct physical vertex
operators for long strings on AdS3xS?xT?4. Because of the GSO projection, their form
depends on the parity of the spectral flow. We construct all physical vertex operators with
the lowest space-time weights* for both odd and even parities and for both the NS and R
sectors. In section 3, we calculate the three-point correlators of these physical operators.
Since their form again depends on the parities of the spectral flows of the 3 operators, we
calculate one representative for every choice of the parities. The main body of this section
is devoted to the calculation of various fermionic correlators (coming from the worldsheet
fermions and picture changing), which can be done cleanly using the formula obtained
in [55]. As a byproduct, we find the recursion relations of correlators in the bosonic SL(2, R)
WZW model can be understood from the equivalence of these superstring correlators with
different picture choices. In section 4, we identify the corresponding operators in the CFT

'One can also deform the theory away from the tensionless point by switching on R-R flux, see [34-36] for
some recent progress.

2See [29, 40] for some preliminary discussions for the supersymmetric case.

3See [57] for a proof for the 3-point formula and [58] for highly non-trivial checks for the 4-point formula.

4Since we study long strings, we will always construct a continuum of vertex operators with a continuum
of lowest space-time weights.



side (following [60]), which is proposed to be a deformed symmetric orbifold CFT [29]. We
also compare the three-point correlators of the two sides at the leading order (where the
deformation is turned off). It turns out that the matching at this order is already non-trivial:
due to some interesting mathematical identities for covering maps, the correlators of the two
sides match precisely. In particular, the fermionic contributions together with the picture
changing effects guarantee that the dual symmetric orbifold CFT has the central charge 6k.
In section 5, we conclude our work and discuss some future directions. Some conventions
and backgrounds are described in the appendices.

2 Physical operators of the superstring

In this section, we describe physical vertex operators of the string theory on AdS3xS3xT4.
For short strings, the physical chiral operators, including both the spectrally flowed and
unflowed sectors, are constructed in [24, 25, 27, 61]. For long strings, physical spectrum are
discussed in [60, 62] (see also [4, 14, 63]). For our purpose to calculate string correlators, we
need the explicit expressions of the physical operators.” Therefore in this section we firstly
give explicit expressions of all physical vertex operators with the lowest space-time weights
for any given spectral flow parameter w that corresponds to long strings. The construction
depends on the parity of w and the sector we consider (NS or R). We will mostly focus on
the left-moving part and omit a similar analysis for the right-movers (and always suppress
the anti-holomorphic dependence).

2.1 Superstring on AdS3xS3xT4

Firstly, we review some basic facts about superstring theory on AdS3xS?xT* see e.g. [25, 62].
We discuss this string theory in the RNS formalism, where the worldsheet CFT is described by

si(2, B)\Y @ su(2)M @ U(1)*® (2.1)

In the above, si(2, R),(cl) and su(2),(€1) represent A" = 1 supersymmetric WZW model with
affine symmetry si(2, R),(Cl) and su(2)§€1) respectively. They describe the AdS3 and S? factor.
U(1)*® describes the N = 1 supersymmetric version of T* (the flat torus directions).

The sl(2,R)§€1) WZW model has symmetries generated by s/(2, R) currents J4 and
fermions ¢4 (A = 1,2,3), with OPEs:

k,AB ieAB 1C (w
JA(Z)JB(’UJ) ~ (222 w)2 Cz iuf )
TA)pP () ~ L) 22)
i
VA w) ~ 2

5Notice that some physical operators of long strings were constructed in literature, see e.g. [60, 63]. Here
we will give a complete construction of physical operators with the lowest space-time weights (for a given w).
In particular, we find a special one ((2.64)) in the NS sector for w even and give a detailed construction for
the ones in the R sector.



where €22 = 1 and the indices are raised and lowered with n48 = n,p = diag(+ + —).

Similarly, the su(2 )(1) WZW model has su(2) currents K and fermions x? (a = 1,2,3),
with OPEs:

k sab i€ab C w
K*(2)K°(w) ~ (22—511))2 Czj—ii) !
Ko@) ~ ) 23)
k sab
) ~ 2

The indices are raised and lowered with 6% = §,, = diag(4+ + +). As usual, we define
JE=J'+iJ?, KT =K'+tiK? ot=v¢'+ip? T =L’ (2.4)
It is convenient to split the supersymmetric currents into the bosonic and fermionic parts
JA=4454  Ke=k"+k°, (2.5)

where 74 and k% are the fermionic currents, defined as:

~ 4 7.a i a c
i = —%ﬁgcl/}BiPC, k* = —EﬁchbX . (2.6)

The currents j#, j and k%, k* generate 2 bosonic SL(2, R) affine algebras at levels k + 2, —2
and 2 bosonic SU(2) affine algebras at levels k — 2, 42, respectively. Since j4 and k* commute
with the free fermions, the spectrum and interactions of the original level k supersymmetric
WZW models are then factorized into 2 (decoupled) bosonic WZW models and free fermions.

In terms of the decoupled WZW currents and free fermions, one can easily write down
the stress tensor and supercurrent of the worldsheet theory

1, 1 11,
T = EJAJA — *¢A8¢A + ke — X" Oxa + T(T")

(Mm+ Tt ) 4 1 (o ) + 6T, o

where and in the rest of the paper, normal-ordering is always understood. Superstring on
AdS3xS3xT? also contains the standard bc and v ghosts. The standard BRST operator
of the superstring is then given by

@BRST = j{dz <c <T + ;Tgh) + 7 <G + ;Ggh» : (2.8)

Physical vertex operators should be BRST invariant and will be discussed in the next section.
Importantly, to obtain all the physical operators, we need the following automorphism o
of the current algebra, namely the spectral flow [4, 27]

k‘w

w + =+

g (J ) Jm:Fw? ( ) 2 5m,07

(VL) = Vs 0V (V5) = U3, 29)
TR = K 0" (K3) = K, — 0

U (XE) = Xrw 005 = X5,



Notice that spectral flow acts on the decoupled currents j4, k* and the fermionic currents
74, k® the same way as on the full currents J#, K. The spectral flows in the (supersymmetric)
AdS3 and S? directions are independent, in the following we only consider spectral flow in
the AdSs direction. With this restriction, the spectral flow of the 7" and G are®

(L) = Ly — w? — 25, 0V (Grn) = Gy — w3, . 2.10
( ) n 4 U m

2.2 Vertex operators in the bosonic model

Since the worldsheet supersymmetric WZW model is factorized into bosonic WZW models
and free fermions, let’s first describe vertex operators in the bosonic si(2, R) WZW model
(we mainly follow the convention in [55] for the bosonic model). There are spectrally flowed
operators and unflowed operators. The unflowed operators are simpler. In the z-basis [4]
they are labeled by the spin j and the defining OPEs are:”

N D2Vi(z, z;w, )

Vi, 75w, 0) Lnnd), (2.11)

where
Df =08, D2=u20,+3j, D, =x0,+2jz. (2.12)
The conformal dimension is (recall that the level for the decoupled SL(2, R) WZW model
is shifted to be k + 2):
B (i1
Ah:A:—](‘?k), (2.13)
which can be formally expanded in modes as

Vi(z,z) = Z Vimma Mg (2.14)

Thus, the action of the zero modes on Vj;, 7 is
GoVimm = mVimm, o Vimm = (M F (G = 1)Vima1m - (2.15)
These operators Vj , 7 are in the “m-basis”. We are ultimately interested in vertex operators
in the z-basis, since they are local in  and Z, which are identified with the holomorphic and
anti-holomorphic coordinates of the boundary CFT. Nevertheless, the m-basis is also useful
because the action of spectral flow is more clear in this basis, as we show in the following.
Now we describe the spectrally flowed operators. In the m-basis, we write vertex operators

with spin j and spectral flow w as V], (2). Denote their corresponding states as [|j, m)]",
then they form a spectrally flowed representation of the algebra si(2, R)42

Jullism)” = (m+1=j)lg,m+1", Gillim)]* =0, n>w

(k+22)m) 5, m)]*,  galls,m)]* =0, n>0 (2.16)

JZullis ) = (m+1=3)llj;m = DI, Gy llim]" =0, n>-w.

8l = (m+

SNotice that when discussing chiral operators (short strings), it is convenient to also spectral flow the
(supersymmetric) S* part [27], though it does not give new representations but only reshuffles states. Here we
focus on long string so spectral flow of the (supersymmetric) AdSs part is enough for us.

"Notice that we will always use lowercase letter j* to denote the decoupled currents and capital letter J*
to denote the full currents.



Then one can accordingly write down the OPEs of the currents and m-basis operators ijm(z)
Notice that a m-basis operator V1), (2) is a Virasoro primary but not an affine primary [6, 27].
When w > 0 (w < 0) it is the lowest (highest) weight state of the global SL(2, R) algebra
generated by jj(a = 3,4). We also need the a-basis operators in the flowed sector. They
can be defined from the spectrally flowed operator in the m-basis [55]

V]%(a:, z) = eZLflezJSL j‘f;L(O; 0)671‘](?672[/71 , (2.17)

where V' (0;0) = V7, (0) with h = m+ % A few comment on this definition are in order:

e Notice that L_; and JO+ commute, thus the order of the exponentials in the defini-
tion (2.17) does not matter.

o The definition (2.17) means J; is the generator of translation in the x-space. Since
both the two m-basis operators V7, (2) and V; ] (z) contribute to the same z-basis
operator V]“;L(:c, z), one can always label a z-basis operator by a positive spectral flow
parameter w [6, 27, 64].

e Notice that in the above definition we used the modes L_; and Jgf in the exponentials,
which are modes in the full supersymmetric WZW models. Since the bosonic and
fermionic contributions decouple, we can write the modes L_1 and Jg as sums of the
corresponding modes in the bosonic and fermionic WZW models: L 1 =11 + lll,
Jf =jd 435 Theni_y, 1 1,jT, 5 commute with one another and #,(0;0) commute
with the fermionic modes lA_l,j(T . Thus we will obtain the same result if we replace
Ly, J§ by l_1, j§ in (2.17).

Then we can write down the OPEs of operators in the z-basis [55]

& G Vi) (@, 2)

FHOV (2 = Y L B E L o)
2 (6=
hVY (x, z 2.18
<j3<f>—xj+<s>>vj%<x,z>=gh_(z Lo .

(7 (&) = 2253(€) + 5 T (Vi (. 2) = (€ — ) (G-, Vi) (2, 2) + O((€ — 2)Y) -

Notice that in the above, we recombined the currents to simplify the expressions. In fact,
the recombined currents are just the currents written in the z-basis:

i(2)
7(z) =it (2) = et (05 0)e 7 e (2.19)

37 () = 205 (2) + 227 (§) = e T (050)e 7 e

+ _aJT
6zL,161J0 ]+(O; 0)6 xJ; e zL_1

where j%(0;0) = j%(0), as in the definition (2.17).

2.3 Physical operators of the superstring

Now we construct physical vertex operators in the superstring. For this, we need to include
contributions from the su(2)g_o part, the free fermions, the internal torus as well as the



ghosts. We focus on physical vertex operators of long strings that have the lowest space-time
weights in both the NS and R sector (with w given). Because of the GSO projection, there
will be a difference between operators with odd and even spectral flow parameters, since
the fermion number depends on the parity of the spectral flow parameter [27, 62]. This
dependence comes from the fact that when one performs spectral flow in the decoupled
bosonic WZW model (j), one should at the same time do spectral flow in the fermionic
part (/%) to respect the N' = 1 supersymmetry on the worldsheet.® For the fermionic part,
one can write any spectrally flowed states explicitly and find that doing spectral flow once
change the parity of the fermionic number [27]. Notice that for long strings, the spectral
flow parameter w will be identified with the cycle length of single cycle twisted sectors on
the CFT side. Thus a similar difference between operators with odd and even single cycle
appears on the CFT side [60, 65], and we will analysis this in detail in section 4.

In practice, we follow the steps of the construction of physical chiral operators (short
strings) in [25, 27] to construct physical operators representing long strings in this section.
Since in the following we frequently bosonize the worldsheet fermions to describe spectrally
flowed operators in the fermionic part, we recall its form here [1]

A 2 A 2 A 2. N N
OHy = 2 y*yt, OHp = 2x°x', OHy = —ip®x®, OHy=n'y', OHs=n"y’, (2.20)
where H are canonically normalized bosons, including proper cocycles
ﬁi =H;, + WZNj, N; = Z%@HZ, HZ(Z)H](U]) ~ —(5ijlog(z — w) . (221)
7<i

Then 1y 2 1y 02 3 3
oHih _ Yt il _ X EXT iy XTF ¥

Ve vk vk

. . (2.22)
i _ A gy it
vz oo V2
and the fermionic SL(2, R) currents are:
5‘3 — iaﬁl, 3i — ieiiﬁl (efiﬁg _ e+iH3) (223)

The final results for the physical operators are summarized in the table 1.

2.3.1 0Odd spectral flow parameters

We first discuss the case where operators have odd spectral flow parameters w. Recall that
operators corresponding to local operators on the field theory side should be in the z-basis.
Nevertheless, we will firstly write them in the m-basis (then transform them into the x-basis),
since spectral flow is simpler to perform in the m-basis.

In the NS sector, one can construct the following vertex operators (in the m-basis):

Ofn(2) = e ")V (2) (2.24)

81t is completely fine if one does not spectral flow the operators in the fermionic part. The point here is
that one can always describe a vertex operator in this “supersymmetric spectrally flowed” frame since spectral
flow only reshuffles states in the fermionic part. Besides, the discussion of the string spectrum will be clearer
in this “supersymmetric spectrally flowed” frame.



where ¢ is the bosonized 37y ghosts so the term e~? means the operators above are in the
standard (—1) picture. The term 1}/(z) denote the w spectrally flowed operator of the
identity operator in the free fermion theory of ¥4 (A = 3,£). It terms of the bosonized
field H;, it can be written as [27]:

Y — miwin (2.25)

Since we want to obtain the physical operators with lowest spacetime weights, in (2.24)
we turned off any excitations in the su(2)r—2 WZW model, the free fermions x* and the
torus theory T%. For these operators to be physical, one needs to impose the mass-shell
condition in the NS-sector

lO _ —2w?
4

i(j—1 k + 2)w? 1
_w_wm_w - (2.26)

where terms in the 2 square brackets are conformal weights of 177, Vi, respectively. In
terms of the full space-time weight

N 2 -2
H:h+h:m+u+0+—w:m+w—k, (2.27)
2 2 2
the above mass shell condition becomes:
(G —1) kw? 1
_ —wH+ —— =, 2.2
? wH + 1 3 (2.28)

For long strings, we have j = % + ip, then the mass shell condition determine the lowest
space-time weights as
iy p2 kw 1

HNS,odd =4 o + T — % . (2.29)

Besides, 1(2)V},(2) are clearly super-Virasoro primaries so Oy, () are indeed BRST

invariant. Finally we should demand O}, (z) to survive the GSO projection, which restrict

w to be odd [27]. Notice that the space-time weights (2.29) had been determined in [14, 60].

While in [60] the ground states of the su(2);_o WZW model could be an arbitrary affine

primary with spin [, here we focus on the case with [ = 0 (since we only concern the operators

that have the lowest space-time weights) and construct these physical operators explicitly.
Now we write the operators with the lowest space-time weights in the x-basis:

Oy (w;2) = e (2)1 (w5 2) Vi (w3 2). (2.30)

Notice that we have labeled the operator O;f:h(ac; z) by the weight from the bosonic WZW
h=m+ @, while the full space-time weight is H = h —w. 1})(z;2) is the z-basis
operators of lfb’(z) When one expands it as a power series of x, only finite terms appear

(with each mode being a member in the SL(2, R) multiplet of 1}/(z)) and in particular, it

contains the m-basis operator 1) = e~ and its conjugate 1% = etwH [27].2 To calculate

9This is different from a general z-basis operator (x5 2), where there are typically infinite members in
the SL(2, R) multiplet of V}%,,(V;™ ) (which is true for both the continuous and discrete spectrally flowed
representations), so V' (2; z) is generally an infinite power series of .



3-point correlators, one also needs the picture 0 version, which can be obtained by acting the
picture rasing operator e?G [66]. Since e?G commute with JJ , we firstly calculate the action
of the picture rasing operator on the m-basis physical operators (2.24). The result is:

Op(2) = ¢ [ +3 = Dty =2 (m+ ) USOVE =+ DY |

(2.31)
where ¥*"(a = 3,+) are the w spectrally flowed operator of the fermions 1%, which can
be written in terms of H; as [27, 63]:

PE = Rt EIw 3w 3wl ?(eiﬁg _ Fifls)miwH (2.32)

Then from the definition (2.17), we can translate these operators into the ones in the z-basis:

O;‘jf(LO) (x;2) = % [—2(h—w)1/13’w($; 2)Vi (w5 2)+ (h— Mu—l-j—l) wJ“w(x;z)Vj%fl(a:; z)
k+2
+ (h— (k+2)w +2 L —j+1> O (@5 2) Vi (2 2)} : (2.33)

where ¢)®*(z; z) are the a-basis operators of 1)“*(z) defined as in (2.17). Similar to 1;(z; 2),
™Y (x; z) are also finite power series of z and contains both the m-basis operator ¢**(z)
itself and its conjugate [27].

Now we turn to the Ramond sector. Firstly, note that the Ramond ground states are
created by acting on the vacuum with the spin fields

S(z) = et 2yt tr (2.34)

where e; = £1, and the GSO projection imposes the mutual locality condition

5
[[er=+1. (2.35)
I=1

Besides, the BRST condition demands [1]:

3
[[er=+1. (2.36)
I=1

Thus, there are in total 2°~2 = 8 supercharges @) obtained from these spin fields

Q= fdze*%S(z) . (2.37)

They corresponds on the boundary side to the 8 supercharges of the global NV = 4 super-
conformal algebra.

Now we can write physical vertex operators in the Ramond sector. Writing out explicitly
the € dependence of the spin fields:

S(Z) = 6% ZI erHr = S€1€263€465 . (238)



These fields have (H,J,A) = (%, % %) The spectrally flowed spin fields S¥ have

€1€2€3€4€5

_ e 5w we
(H,J,A)-(2 w,2,8+ 5 5 > (2.39)
Notice that we only spectral flow the si(2, R)(l) part, so J will not change.!® These charges
fix their bosonizations as

Sv = 3 2r(er—201 rw)Hr (2.40)

€1€2€3€4€5

In the Ramond sector, (the matter part of) physical operators in the picture (—%) are

superconformal primaries and should survive the GSO projection. To construct them, we
start form the ones in the picture (—3), which can be written as (we focus on the states with
the lowest weights, thus turn off all possible additional excitations)

O (2) = e 5 Ve ()8 (2), (2.41)

€1€2€3€4€5

where ¢; should satisfy Z?Zl er = 1, which comes form the GSO projection. It takes the
same form as the one in (2.35) for the spin fields, because we are in the picture (—32) and
we assume that the spectral flow parameter w is odd. As will be clear in the following, the
remaining 2°~! = 16 operators only give 8 BRST equivalent classes.

Then the picture (—7) operators can be constructed as

0¥, (z) = e? DGO, (2) . (2.42)

Notice that in the following, we always omit the labels in the fermionic parts and only use the
labels of the bosonic operators to label the full supersymmetric physical operators. Besides,
we always use “O” to denote the physical operators in various situations. Now Of, (2) is
guaranteed to be BRST invariant given that Of,,(z) (thus also O, (2)) is on-shell since

- 15
w _ z) 2 Aw _ w z —
GoOY, () = #DGEOY, (=) = ) (LO _ 24) oY (2) = e#) (8 24) o% (2)=0.
(2.43)
Now we write down the explicit form of O}, (2). For this we need the form of the supercurrent
in terms of the bosonized fields:

G= [e+m1 G e gt (etifs — omiHls) B 4 (19 Hy — i H) e 5 (10 Hy + 10 Hy et

Sl-

+e+m2k7+efm2k++(e+iﬁs +e*m3)k3} +G(TY. (2.44)

For the calculation of OF,,(2) here, only the first line for G above is needed. Notice that (2.42)
can be generalized to allow additional excitations in O},,(z), such as those in the su(2);—2
WZW model or the T* theory. For these generalizations one will also need the second line
of G above. Since the operators we consider are spectrally flowed, we also need to count

ONotice that only " ,9~ change under the spectral flow (w?’ does not change), so the spectral flow only
Hy

iy

acts on e 2

_ 10‘,



the effect of spectral flow acting on G in (2.10). With all these effects included, finally
we finds 8 physical operators:

w _e=» 1 . w w
On(z) = =8 2 [ =+ DV (218”1 (2) (2.49
k 1—
+ €2 (m + 7“’ + 5 62) \/;?ffm(z)sﬁw_ms(z)}, (626465 = +1) ,
or
w _9= 1 ) w w
Oj7m(z) =e 2 ﬁ (m —J+ 1)‘/37m+1<z)s—62—6465 (Z) (2'46>
kw 14€ w w
— €9 <m to 2> Vjvm(z)S%ﬁwS(z)}, (eg€465 = —1).

A few comments on these operators are in order

o The above operators are obtained by letting {e1,e3} = {+,+} and {+,—} in (2.42)
(with (2.41)) respectively. To obtain them, the cocycles in H; need to be properly
counted. If we instead let {e1,e3} = {—, —} and {—, +}, we will obtain the same set of
operators as the above 8 ones. For example, letting {e1,e3} = {—, —}, one gets:

_ o= kw 1+ e
() =5 e (o 5 SR V(98 (2)
(2.47)

D) V(8% ()], (e =+1),

These operators are proportional to those in (2.45), due to the mass-shell condition (2.48).
Thus we only have 8 independent physical operators in total.

e One can check that these operators are indeed BRST invariant, again using the bosonized
form of G in (2.44) and the mass-shell condition.

o All the 4 terms in (2.45) and (2.46) have the same space-time conformal weight H =
m + %’J + %, and one can check that they have the same mass shell condition, which
can be written as

jiG—1) (k+2w? 5 w? w 5
S A N— -2 = 2.48
? w(m +1) 1 +8+2—+2 3 (2.48)

» Form the above equation, we obtain the lowest weight HR oqq of states in the Ramond
secter with w odd:
jl=j4) kw34 kw

1
H — — _— = —_— . 2.49
R,odd vt e T a NSodd + 5 (2.49)

One finds that it is larger than (2.29) in the NS sector, which means these 8 operators
correspond to excited states in the spacetime theory. The ground state is unique and
lies in the NS sector (for a given w).

— 11 —



We also need the form of the above operators in the z-basis. For the operators (2.41) in

picture (—%), in z-basis they are

~ _3¢(»)
in(z) =e 2

Vi (w5 2)Se] (x;2), (2.50)

J €1€2€3€4€5

where h = m + @ and SY ..,e (7;2) is the x-basis operator of SY .., .. (), which

contains finite terms as a power series of z, including in particular the m-basis opera-

tor S c.eues (2) itself and its conjugate S ea(—es)escs () [27] The operators in picture
(—3) read
e 1 (k+2w .
Of(as=) = e 5 | (= L+ OV (052087, 09 (2:51)

1—e€
+ €2 (h —wt— 2) Vin(@:2)8Y e, eye5 (23 Z)} (€2e465 = +1)

or

E+2)w . w w
Te[n - T et ) (252
1+e€ w w
— €9 <h —w+ 5 2) j’h(z)S+€2+e465 (z; z)], (ege465 = —1)

2.3.2 Even spectral flow parameters

Now we turn to the case where operators have even spectral flow parameters w. Since w
is even, comparing to the odd case (2.24), an additional fermion should be excited in order
to survive the GSO projection. We first consider the NS sector. Somewhat similar to the
case of flat space-time, the BRST condition gives a polarization constraint, which reduces
the number of states by one. Meanwhile, the action of G_1 on the ground state (which does
not survive the GSO projection) is spurious, which reducés the number of states by one as
well. Thus we have in total 10 — 2 = 8 physical operators at the level % In the following
we will construct these 8 physical operators concretely.

In the NS sector, excited fermionic operators in the 7 compact directions are easy to
write down and they are of the form (in the m-basis)

0¥ (2) = e 1Y (2)V (2)F(2) (2.53)

where F(z) is the excited fermion and the above operators are in the standard picture (—1).
One set of choices of the F(z) corresponding to these 7 excitations are

n,onh ot ot xo, X X (2.54)

It is easy to see that the above 7 operators are all BRST invariant, and the mass shell
condition is (H = m + ]%“)

A wHA4+ =2 (2.55)

"Notice that the “conjugate” here means w — —w, m — —m, so only €; and e3 change their signs.
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This leads to the lowest space-time weights

1, .2
7+D kw
Hysoven = 20 4 M0 2.
NS, e T (2.56)

Finally, we can write these physical operators in the z-basis

v (2) = e—¢<Z>1$(x; 2V (w5 2) F(2), (2.57)

with h = m + #H2w,

The remaining one physical operator is the fermionic excitations in the (super-symmetric)

AdS3 part. In the m-basis, it has the following form

Of(2) = e 0P0%, (2),  OF(2) = a Vi (b7 + gV P +ay Vi, o™, (2.58)

]7m

where (a_,as,a) are the (to be determined) polarization. Notice that the mass-shell
conditions of the above three operators are respectively

JG-1 k42w (14w 1

k wim +1) i 2 T~
G, B2 w1 1 (2.59)

k 4 2 2

JG-1 oy k2w (1w 1

— w(m —1) 1 + 5 =3

which are the same and coincide with (2.55) and hence consistent (notice that for all the
3 operators we have H = m + %"7) BRST invariance requires

L,O%,(0)[0) =0, G,O¥,.(0)[0) =0,  forn,r >0, (2.60)

where L,,G, are the modes of the stress tensor and supercurrent. From the form of the
stress tensor and supercurrent (2.7), as well as the action of the spectral flow on them (2.10),
it is clear that the first condition in (2.60) is satisfied. As for the second condition, only
when r = % it gives a non-trivial constraint

(63— wol) (a-Vimird™, + sVt + a4Vt ) 0) =0, (260
2 2
Using the expression of the supercurrent G, this equation become
. wk .
(m+j)a_+ (m+2> as+ (m—jlay =0. (2.62)

This linear equation has 2 independent solutions but only one gives a real physical state.
The other is spurious and has the form

Ow,spuriozw(z) = e—qﬁ(z) [G_%lz(z)‘/ﬁ}m(zﬂ (2.63)

j7m
. w —,w wk w 3,w . w +,w
x (m—j+ 1)‘/j,m+1w T =2(m+ D Vim¥™" + (m+j — 1)Vjvm_1w '
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It can be checked that the coefficients in (2.63) satisfy equation (2.62) after using the mass-
shell condition (2.55). This spurious state has the same form as the picture 0 operator (2.31)
in the case of odd spectral flow parameters. Of course, that operator is not spurious because
the mass-shell condition is different there. The remaining physical operators thus has the
form (in the z-basis)

n(w52) =) [a,w_’w(x;z)%%+1(x;z)+a3w3’w(w;z)V]~1ﬁl(w;z)+a+¢+’w(x;z)vj%_1(w;z)],

(2.64)

where (a_,as,ay) is the real physical solution of (2.62) (up to the spurious one). For
example, they can be chosen as

a_=j—m, a3=0, ar=j+m (2.65)

Now we can write physical vertex operators in the Ramond sector. The result is almost
the same as in the case of odd spectral flow parameters. In picture (—%), they take the form

~ _36(2)
Ojm(2) = €2 VL, (2)8¢ egeses (2) (2.66)
where now ¢; satisfy Z?Zl €7 = —1, which has a sign difference comparing with the case

of odd spectral flow parameters. Accordingly, there are 8 physical operators, written in

the picture (—3) as

w _o 1 , w w
Ofnz) = = | (m =+ DV 118 () (2:67)
kw 1—¢€
va (mt 5 S VST, ()] (e = 1)
or
w _o» 1 . w w
Oj’m(z) —e 2 ﬁ (m—j7+ 1)Vj’m+1(z)s_e2_e4€5 (), (2.68)
kw 1+e€ w w
— € (m + > + 5 2) Vj7m(z)S+€2+E4€5(z)} , (eg€4€5 = +1).

One can also write down the corresponding operators in the x-basis, just as in the NS sector.
Mass shell condition gives the same weight H as in (2.49), namely HR even = HR 0dd, the
difference is that now it is equal to the lowest space-time weights (2.56) in the NS sector:

HR,even = HNS,even . (269)
Thus, for w even, there are in total 8 + 8 = 16 ground states in the space-time theory.

Summary. The operators constructed in this section are summarized in the following table 1.
For the matching with the CFT side, we want to specify the representation contents of these
operators. Notice that the (small) NV = 4 superconformal algebra has an outer automorphism
SU(2)outer, which is not a symmetry of the theory. Then the full automorphism group of the
algebra is SU(2)r @ SU(2)outer (here we only consider the left-moving part). It is therefore
helpful to organize operators into representations of this SU(2)r @ SU(2)outer-
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Sectors
NS sector R sector
Parity of w
odd 1 ground (in (2.30)) 8 excited (in (2.51), (2.52))
even 8 ground (in (2.57), (2.64)) | 8 ground (in (2.67), (2.68))
Table 1. The operators with the lowest space-time weights.
Sectors
NS sector R sector
Parity of w
odd (1,1) (in (2.30)) 2 (2,2) (in (2.51), (2.52))
3,1 1,1 1,3 1,1
even (3, )6? (1,1) & (1,3) & (1,1) 2 (2,2) (in (2.67), (2.68))
(in (2.57), (2.64))

Table 2. The representation contents.

Firstly, notice that among all the generators in the (small) A = 4 superconformal algebra,
SU(2)outer only acts non-trivially on the supercharges (see, e.g. [67]). One can write the
indices of the supercharge (2.37) explicitly as Q°?%* [1]. Then it is clear that SU(2)r rotates
the index €3 and SU(2)outer rotates the index ey (2: €5). Thus, the generators of SU(2)outer
can be constructed by (the zero modes of) the following currents

J3

outer

=0y,  JE,, = FetiHa(emis 4 tills) (2.70)

Notice that an alternative choice is to exchange the role of H, and H; in the above construction.
It will gives the same results for the representation contents as we will show shortly. Now,
one can directly read the representation contents with respect to SU(2)r @ SU(2)outer, listed
in the table 2. In particular, notice that in the case of NS sector and w is even, the (3,1)
comes from F = x** in (2.57), the first (1,1) comes from (2.64), the (1,3) comes from

F = % and F = /293 in (2.57), the last (1,1) comes from F = n* in (2.57). If we choose

the alternative currents for SU(2)outer in (2.70) by exchanging H, and Hs, representations
involving the 4 fermion 7'(i = 1,2, 3,4) change according to n' <+ 1®, n? <+ n*, which again
leads to (1,1) @ (1,3). Further, if we bosonize different combinations of 1’s, we can define
the SU(2)outer that makes any one of the 4 operators in (2.57) with F = 7’ to be in the
singlet (1,1). These different choices of SU(2)outer are just conventions and we will show
their counterparts in the CFT side in section 4.

3 Superstring correlators

Now we calculate the superstring three point correlators. There are various cases with
different parities of the spectral flows. We use O and E to denote w odd and even respectively.
We also use X-Y-Z, where X, Y, Z can be O or E, to denote the parities of the three vertex
operators. Since the form of the three point functions in the bosonic SL(2, R) WZW model
depends on the total parity of Y, w; [55] (see also (A.1)), we discuss correlators with different
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total parity separately. When )", w; is odd, there are two possible cases: O-O-O and O-E-E;
when ), w; is even, and another two possible cases, O-O-E and E-E-E. Furthermore, for
w even (E), as we had discussed above, there are 16 different choices for the space-time
ground states with different fermionic excitations. On the other hand, for w odd (O), the
ground state is unique (lies in the NS sector) and we have 8 choices for excited states with
lowest excited energy (lie in the R sector).

We will not calculate all the cases of the three point functions. Instead, for each
type of correlators, we will calculate one representative as an illustration. Besides, these
representatives involve operators lying in both the NS sector and the R sector. Notice
that when the total picture number is —2, the number of operators in the R sector is 0
or 2; on the other hand, the form of (A.1) depends on the total parity >, w;. Thus the 4
representatives we choose in the following include the above 2 choices of the number of the
R sector operators for each value of the total parity of >, w;. In the following, we again
focus on the left-moving part and omit a similar analysis for the right-movers (we also mostly
suppress the anti-holomorphic dependence of the correlators).

3.1 Parity odd

When ), w; is odd, there are two possible types of correlators, namely O-O-O or O-E-E.

3.1.1 0O-0-0

In this case, there are 2 possibilities:
1. All the three operators are in the NS sector ((2.30));

2. One operator is in the NS sector ((2.30)) and the other two are in the R sector
((2.51), (2.52)).

We choose to calculate the case 1, which is the simplest. In fact, the calculation of the
case 2 is completely analogous with the correlator we will calculate in the type E-O-O in
section 3.2.1, so we omit it here. Thus the correlator we consider is (here we only write its
left-moving part, the final result should also include the right-moving part).

e w w w3 (0
MEo = (1) 0%, (w1 21)e(22) O, (w13 21)e(23) O} A (ws: 23) ) (3.1)

where we have included the ¢ ghosts. Notice that we label the correlator simply by the type
“0O0Q0”, which is fine since we only choose one representative for each type of correlators.
The result is

1
MSho = z [—2(/13 —w3) (1 (1) 12 (w2) > (w3) (VL (21) Vs, (w2) V5, (x3))  (3.2)

2
(k‘ + 2)11)3
2

k
+ <h3 _ (k2 +Jj3— 1) (1) (z) 12 ()3 () (Vi (21) V5, (22) VS, (23))
+ <h3 - —j3+ 1) (1 (1)1 (w2) "3 (23) (V) (21) Vi3, (22) Vi, (23)) |-

Notice that Mpoo does not have z; dependence since the ghosts are included. Thus we
have omitted all the z; dependence of all the operators in (3.2). We can use the global
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SL(2, R) symmetries to fix z; and z; to be: (z1, 22, 23) = (z1,x2,23) = (0,1,00). Then, we
need to compute the correlators

(10 (0; 0) 12 (1 )™ (00 00)) @ = 3,4, (Vi (0;0)V5, (1 D)V, (00,00)), (3.3)

A closed formula for the bosonic correlator (V.7 (0;0)V73 (1;1)V:"3 (00, 00)) is obtained
J1,n1 J2,n2 73,3
in [55]. We review the result in the appendix A.

Now we turn to the fermionic correlators: (1,*(0;0)1,2(1;1)1)**3(00;00)). The cases
with a = 3, — were in fact calculated in [27] using free field techniques.'?> We do not use these
free field techniques in this work. Instead, we treat them as three special cases of the general
results (A.1) of (V7 (0;0)V75 (L 1)V, (005 00)). In fact, ¢ can be viewed as states
|7 = —1,m = a) in the fermionic SL(2, R) WZW model with £ = —2. This method turns
out to be more systematic. Before doing the computation, notice that there is a convention
difference between the basis ¢ and |j = —1,m = a) in the fermionic WZW model. To get
the correct result, we should multiply the formula in [55] by a factor —% once a 13 appears.

Firstly, since all w; are odd, we need to use the formula (A.1) for Y, w; € 2Z 4+ 1. In

the case at hand, we have
n1=J2=0, js=-1, k=-2. (3.4)

Then the y-basis correlator is simply (here and in the following, when refer to the y-basis
correlator, we always omit the overall factor in (A.1))

X% = (Pwl,w2,w3+1 + Pw17w27w3—1y3)2 : (3'5>

Since the three operators belong to the (spectral flow of) discrete representations, the

integral of (A.1) just gives the residue of the integrand at y; = 0 [55]. For the case
kwi o

(1, (21) 1, (22)1p "% (3)), it can be checked that y 2 (- ~1(i=1,2,3) and thus

the residue can be read off by setting y; = 0 in (3.5), leading to:

i %

(19 (21) 122 (22) "% (23)) = VEPL 1) g 41 - (3.6)

Notice that in the above we have included the overall factor vk for the 3-point correlator.13
Eq. (3.6) agrees with eq. (4.74) of [27]. For the case (1,)' (z1)1,° (w2)>"3 (23)), we have

kw

Ltji—hi—1

k .
58 +j3—hz—1 _ -2

Y; : = yz_l(Z =1, 2)7 Ys Y3 (37)
and the residue gives
: vk
<1ZJ}1 (1‘1)11152 (x2)¢37w5 (3)) = T X 2Py wa, w3 +1 Py jwws—1 = _\/Epw1,w2,w3+lpw1,w2,w3—1 :

(3.8)

2 As pointed out in [59], while the result for (1,,1(0;0)1,,%(1; 1)xh—*3 (005 00)) in [27] is correct, the expression
for (1, (0;0)1 2 (15 1)4**3 (00; 00)) seems not correct there.

13This factor comes from the prefactor in the formula (A.1), which is related to the unflowed 3-point function.
We determined it here by letting w1 = ws = 0, ws = —1.

,17,



For the case (1" (21)1y?(z2)""3(23)), we have

kw; . kw .
—t4ji—hi—1 1. 2 +4js—hg—1 _
yi 2 = yz 1(2 = 1’ 2), y32 3 3 = y3 3 (39)

and the residue becomes

(1 (1) 152 (w2)yp " (23)) = VP2

wi,wz,wg—1 "

(3.10)

With these expressions Mpopo evaluates to (including the right-moving dependence)

Mooo = TS (h3_%+tj3_1)P1%1,w2.,w371<h3_1>+2(h3_w3)Pw1,w2,w3*1Pw17w27w3+1<' . >
k+2
JF(hS*%*j3+1)P51,w2,w3+1<h3+1> x (anti-homomorphic part),  (3.11)

where Cg2 is the normalization of the string path integral [29, 68]. The “anti-homomorphic
part” above denote the right-moving part. Here and in the following when we calculate other
correlators, we always take the excitations in the right-moving part to be the similar ones
as the left-moving part. Then “anti-homomorphic part” here is an expression obtained by
replacing all h in the square brackets above by h. Besides, we always use (hz = 1), (...) to
denote (V7 V2 Vea1)s Vit by Via o Vis hy)» With the anti-holomorphic part not specified.
The product of two such terms means specifying both the holomorphic and anti-holomorphic
dependence, e,g.

_ A = w1 _ w2 _ w3 _
<h3 1> x <h3 T 1> B <V;17h1,h1‘/;'27h2,h2‘/;'37h3—1,h3+1> (3'12)

Then the right-hand-side can be obtained by the formula (A.1).

3.1.2 O-E-E

In this case, there are 3 possibilities:
1. “O” is in the NS sector ((2.30)) and the two “E” are in the Ramond sector ((2.67), (2.68));
2. “0” is in the NS sector ((2.30)) and the two “E” are also in the NS sector ((2.57), (2.64));

3. “O” is in the R sector ((2.51), (2.52)) and one “E” is also in the R sector ((2.67), (2.68)),
the other “E” is in the NS sector ((2.57), (2.64)).

We choose to calculate the case 1. The calculation of the second case is analogous with the
case 1 in the type of O-O-O, and the calculation of the third case is analogous with the case 1
here. So we omit the calculation for the latter 2 cases. One choice of the spin fields so that the
correlators are non-vanishing is (other choices for the spin fields can be calculated similarly)

3

wl(_l)_ —pqw1y w1 w2(7§)_ _3¢ wo wo w3(*§)_ _3¢ w3 w3

jihi T € 1¢ ‘/}17/11’ Oj2,h2 =¢ 2S++++*Vj2,h2’ Oj37h3 =€ ZSJF***JFVJBJB'
(3.13)
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To calculate the correlator, the total picture number should be —2. For this, we choose the

first operator to be in picture (—1) and the other two in picture (—31)

wa(—3) e 1 (k + 2)’[02 . w w w w
oy Y = et = I o st v (- e SV,
ws(—3) e 1 (k + 2)’[1)3 . w w w w
Ojg,hg Y=ee ﬁ [(hB R )3+ 1)S—i77+ngfh3+1 + (h3 — ws) S+i+,+‘/}3f’h3 :
(3.14)
As in the case of O-O-0, (V7 (0;0)V75 (L 1)V, (00;00)) is already known [55], thus we

need to compute the following 4 correlators of the fermionic multiplets

(150,082, (LD)SY?, ,(00,00)),  (a,b) = (&,F), (e.d)= (&%) (3.15)

This time, Sy7,  _ (S.2,;_,) can be viewed as the state |j = —tm=%9(j=-3m=%)
in the fermionic SL(2, R) WZW model with k¥ = —2. Then we have >, w; € 2Z + 1 and
71 = 0,52 = g3 = —%. Thus the correlator in the y-basis is

X9 X3 = (Puywot1,ws + P ws—1,05Y2) (Poy wa,ws+1 + Proy s w5 -1Y3) - (3.16)

Reading out the residue as in the O-O-O case, we get respectively

® (CL, b) = (_a+)7 (C’ d) = (_v _)

(118" L 8" ) = (XoX3)lyi=0 = Py s 1,05 P s g 1. (3.17)

+ (a,0) = (=), (e,d) = (+,+)
<1$1 Sqfi++—szf’—+—+> = 51/3 (X2X3)|yi=0 = Pwl,werl,wstl,wz,wsfl ) (3-18)

+ (a,0) = (+,-), (e,d) = (=, -)
<1:Z1 S1£2+++—Szjr)?’—+—+> = Oy (X2 X3)lyi=0 = Puoy,ws— 1,05 Pooy wa w41 5 (3.19)

((I, b) = (+7 _)7 (C7 d) = (+>+)
<1:l)uls$i—+—s$3—+—+> - ay28y3 (X2X3)’yi:0 = Py wa 1,03 Py wa,ws—1 - (3.20)

The correlator then reads

Ca2 k+2)w . k+2)w .
MOEE == k52 |:(h2_(2)2_]2+1)(h3_(2)3_]3+1>Pw1,w2+1,wgpw1,w2,w3+1<0++>
k+2)w .
+(h2_(2>2_]2+1)(h3_w3)Pw1,w2+1,w3Pw1,w2,w31<0+0>
(k+2)w3

+(h2_w2)(h3_ _jS+1)Pw1,w2—1,w3Pw1,w2,w3+1<00+> (3'21)

2
+(ho —w2) (hg —w3) Py, ws—1,ws P jwa,ws—1(000) | X (anti-homomorphic part),

where the “anti-homomorphic part” is again an expression obtained by replacing all h in the
square brackets above by h. Here, we use (0 4+ +) to denote Vi Vis a1 Via hg 1) With
the anti-holomorphic part not specified. All other correlators in (3.21) are similarly defined.
The product of two such terms means specifying both the holomorphic and anti-holomorphic

dependence.
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3.2 Parity even

When )", w; is even, there are two possible types, namely E-O-O or E-E-E.

3.2.1 E-0O-O

In this case, there are 3 possibilities:

1. “E” is in the NS sector ((2.57), (2.64)) and the two “O” are also in the NS sector
((2:30));

2. “E” is in the NS sector ((2.57), (2.64)) and the two “O” are in the R sector ((2.51), (2.52));

3. “E” is in the R sector ((2.67), (2.68)) and one “O” is also in the R sector ((2.51), (2.52)),
the other “O” is in the NS sector ((2.30)).

We choose to calculate the case 1 with the “E” being the special physical operator (2.64). In
fact, the calculation of the second case is similar with the one we will calculate in the type of
E-E-E in section 3.2.2, and the calculation of the third case is similar with the case 1 here. So
we omit the calculation for the latter 2 cases. Concretely, the three operators we choose are:

o= _ 6—¢(a7‘/;f,1h1+1¢—,w1 + a"'V;f,lhl—l??Z}—i_’wl + azV™ ¢3,w1)’

Ji,h1 Ji,h1 (3 22)
wa(=1) _  —¢pqway w w3(—=1) _  —pqwsy w ’
Oj2,h2 =€ 11/12 ijfhz’ Ojs,hs =¢€ lwsvjs,shs ’

where w; is even and wy and w3 are odd. Notice that if we demand all the three operators
corresponding to ground states, the above choice is the only one that makes the correlator
non-vanishing.

For the total picture number being —2, we choose the third operator to be in picture 0:

w 1 k+ 2)w . w —w w w
0z = X [(h, - <2)3 s DV T 2(hy — ws) VS, gt (3.23)
k + 2)w . ws w.
+ (hg — (2)3 + i3 = DVi5, 0™ ] : (3.24)

Then there are 9 terms contribute to Mpgoo. Since (V3 (0;0)V;75 (1, 1)V, (005 00)) is

already known [55], we simply compute explicitly the following 9 correlators of the fermionic
multiplets
(0™ (0;0) 152 (1;1)gP (003 00) ), a,b =3, . (3.25)

Now we have )", w; € 2Z and j; = j3 = —1, j2 = 0, so the y-basis correlator is simply

X123 - (Pw1+1,w2,w3+1 + P’wlfl,wg,w;ri»lyl + Pw1+1,1U2,w371y3 + PUJ171,’w2,w3*1y1y3)2 . (326)

Reading out the residues, we get (in the following, we omit the same overall factor k for
all the correlators)

® (aa b) = (_a _)

<¢_’w1 1$2¢_’w3> = X123|yi:0 = P311+17w27w3+1 ) (3.27)
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® (av b) = (—,3)

_ 1
<¢ o 1$2¢37w3> = D) X 8y3X]?3‘yi:0 = =P +1,02,w3+1 Py +1,w9,w5 1 - (3'28>
® (a” b) = (_’+)
_ 1
(w1t ) = CORXTslym0 = Py it ampg 1 - (3.29)
° (a7 b) = (373)
2
w?),wl 1w2’l/J3’w3 — _1 8. 0. X2 | _ (3 30)
P 9 y1 Yys <2131y, =0 .
1 1
- §Pw1+1,w2,w3+lpw1—l,wg,wg—l + §Pw1+1,w2,w3—lpw1—l,wg,wg-l—l .
¢ (a,b) = (3.4)
1 1
<¢37w1 111/5]2¢+7w3> = D) X 58@/1853)(123’%:0 = —Pu+1,ws,w35- 1P ~ 10,051 - (3.31)
® (a” b) = (+’ +)
1 2
<,¢+,w1 1$2¢+’w3> - (2') 651853X123’yi:0 = P3)1*1,w2,w3*1 ) (3-32)

Notice that we omit all coordinates in the above expressions. With all these results, the
correlator reads

(k+2)w3
2
+ 2Py +1,w5,ws+1 Py +1,105 w5 —1(h3 — w3) (+00)

+P3)1+1,w2,w371(h3 - T +JS - 1)<+0_>

MEgoo 2052{04 |:P'3)1+1,w2,w3+1(h3_ —J3+1){(+0+)

(k+2)w3 .

—Q3 |:Pw1+1,w2,w3+1pw1—1,w2,w3+1(h?) - J3 + 1)<OO+>

+ (Pw1+1,w2’w3+1pw1*1,w2,w3*1 +Pw1+1,w2;w3*1Pw1*1,w2,w3+1)(h3 _w3)<000>

k+2)w .
+Pw1+1,w2,w371Pw171,w2,w371(hS - Q +33 - 1)<00>:|
(k+2)w3 .
R e
+ 2Py, —1,w0,w5—1Puwn —1,ws w541 (3 —w3) (—00) (3.33)
k+2

+P3}1_17w27u,3_1(h3 — % +7J3— 1)(0)} } X (anti-homomorphic part).

where (a_,as,ay) = (j1 — m1,0,j1 + m1), up to the spurious polarization

(a—, a3, aq)spurious = (M1 — J1 + 1, —2mq —wik, mq1 + j1 —1). Again the “anti-homomorphic
part” is an expression obtained by replacing all h in the brace above by h.
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3.2.2 E-E-E

In this case, there are 2 possibilities:

1. One “E” is in the NS sector ((2.57), (2.64)) and the other two “E” are in the R sector
((2.67), (2.68));

2. All three “E” are in the NS sector ((2.57), (2.64)).

We choose to calculate the case 1 with the “E” in the NS sector being the special physical
operator (2.64). In fact, the calculation of the second case is similar with the case 1 in
the type of E-O-0.'* So we omit the calculation for the case 2 here. Concretely, the three
operators we choose are:

(1) _ , , 3,
Oxl,hl - ( th1+1¢ Y+ a+V1 hi— 1¢+ e e i1 h,l@b ) (3.34)
wa(—3) _3¢ wy(—3) —i '
Op2, Y = e T8 v o = eES v,

Again we choose the first operator to be in picture (—1) and the other two lie in picture (—3)

(see (3.14)). Then there are 12 correlators of the fermionic multiplets we need to calculate

(0 (000802, (15182, (00,00)),  e=43, (a,b)=(tF), (cd)= ().
(3.35)
Now we have ), w; € 2Z and j; = —1,j2 = j3 = —% and the correlator in the y-basis is

X12X13 = (Pw1+1,w2+1,w3 + Pwlfl,werl,wgyl + Pw1+1,w2*1,w3y2 + Pw171,w271,w3y1y2) (3'36)

X (Pw1+1,w2,w3+1 + Pwl—l,wg,w:;—i-lyl + Pw1+1,w2,w3—1y3 + Pwl—l,wg,wg—lyly?,) .

We have respectively the following contributions (in the following, we omit the same overall
factor Vk for all the correlators)

e e=—,(a,0)=(—+), (c,d) = (-, )
(oSt ST 1) = (X12Xu3)ly=0 = Purttwat 1w Pwr 1wz w1+ (3:37)

ce=—,(a,0) = (=), (¢,d) = (+,+)
(785 1 8Y 1) = 0y (X12X13) lyi=0 = P 11w+ 1w Pun 4 L awpws—1 - (3.38)

o e=—,(a,b) = (+,-), (c,d) = (—,—)
(Wr8YA 8% ) = 0y, (X12X13)ly,=0 = Puort1,ws—1,ws P+ Lwswst1 - (3.39)

ce=—(a,0) = (+,-), (¢,d) = (+,+)

<1[)_ W S-H— +_Sqi)3___ > = ayQayg (X12X13)|yi=0 = Pw1+1,w2*1,w3Pw1+1,w27w3*1 :
(3.40)

M There is a special case where all the three operators are the special one (2.64). While in other cases one
can always avoid to calculate correlator with the picture 0 version of (2.64) (by using a suitable picture choice),
in this case one must calculate such correlators. These correlators are more complicated because they are
correlators of spectrally flowed operators with descendant insertions. See the last paragraph in section 3.3.

— 922 —



<¢3’w13152+++—51£3———+> = Oy, (X12X13)[y,=0 (3.41)

= w1+1,w2+1,w3Pw171,w2,w3+1 + Pw171,w2+1,w3Pw1+1,w2,w3+1 .

e c=3, (av b) = (_?+)7 (C7 d) - (+’+)
<’¢3’w1 Szfi++_sis‘_+_+> == ayl ay-g, (X12X13)|y¢=0 (342)
= Puy—1,wa+1,w3 Py +1,w2,w3—1 + Py 41,00 4+1,w5 Py —1,w0,w3—1 -

o = 3, (a, b) = (+,_)7 (Cy d) = (_7 _)
<¢3’w1 S:U_i_+_81£:3___+> == ayl ayz (X12X13)|y¢=0 (343)
= w1+1,w271,w3Pwlfl,wz,w3+1 =+ Pw1*1,w2*1,w3Pw1+17w2,w3+1 :

e ¢ = 3, (a, b) = (+7_)7 (C, d) = (+7+)
<,¢)3,w1 S$1_+_Squ___+> = ayl ay28y3 (X12X13)’y¢=0 (3.44)
= Puy—1,w5—1,w3 Py +1,w2,w3—1 + Py 41,00 —1,w5 Loy —1,w9,w3—1 -

o =+, (av b) = (_7+)’ (67 d) = (=)

1

<¢+7w1 Slﬁ%&-++—sga———+> - 58?31 (X12X13)|yi=0 = Py~ 1w+ 1w P —1wz,w541 - (3.45)

o e=+, (a,b) = (—,+), (¢,d) = (+,+)

1
<¢+7w1 Szﬁ%&-++—S$3—+—+> = 583181!3 (X12X13)|yi=0 = P —1,wz+1,w3 Py —1,w0,w3 -1 -
(3.46)

s =+, (a’ b) = (+’ _)a (07 d) = (_’_)

1
<1/}+7w1 S$2+7+—Sl—03——7+> - 5851 8242 (X12X13)‘yi:0 - Pw1—17w2—1,w3Pw1—17w2,w3+1 :
(3.47)

e =+, (a,b) = (+,—), (¢,d) = (+,+)

1
<w+,w1 Siif+fsgiff+> = 58318&8% (X12X13)|yi:0 = Pwl—1,w2—1,w3Pw1—17w2,W3—1 :
(3.48)

Now we can straightforwardly write Mggg , similar as the other 3 cases discussed above.
Since the expression is lengthy and not instructive, we omit it here.
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3.3 Picture choices and recursion relations

In this section, we discuss the equivalence of different choices of pictures in supersymmetric
correlators. In fact, these equivalences can be verified by the recursion relations of the
bosonic SL(2, R) WZW model found in [13], which relates three point functions with different
hi(i =1,2,3) (we will review their detailed form soon). Conversely, one may understand the
recursion relations in [13] from the equivalence of the different picture choices. In the following,
we will first review and complete the recursion relations in [13, 55, 57] by introducing several
new ones in the “edge” cases (see (3.50) for details). As we will see later, in the special case
when w; are all odd and satisfy w; + w; = wy, — 1 for one (4, j, k) (see case II below), the
recursion relations are the same as the equivalence of different choices of pictures (while
generally they are only related but not the same). We expect the equivalence of different
choices of pictures for arbitrary n-point correlators are also related to the recursion relations,
although here we only focus on the case of 3-point correlators.

Firstly, let’s describe the recursion relations for all possible configurations of w;,¢ =
1,2, 3. Recursion relations generally exist for (depending on the total parity of the spectral
parameter »_; w;)

3
When Y w; €2Z+1: Y w;>w;—1 (j=1,2,3),

— oy
" 7 (3.49)
When Y w; € 2Z: > wi > wj (j=1,2,3)
i=1 i#j

since correlators that violate this condition simply vanish [6, 13]. For each case of the total
parity ), w;, we further break our discussion into 2 cases, depending on the saturation

of (3.49) [57]:

3
I: Zwi €2Z+1, wi+wj >wi+1  for all triples (4,7, k), this is the general cases,
i=1
3
II: Zwi €27+1, w;+wj=wy—1 for one triple (7,4,k), this is the edge cases,
i=1

3
II1: Zwi €27, w;+w; > wi+2 for all triples (4,7, k), this is the general cases,
i=1

3
IV: Zwi €27, w;+w; =wy, for one triple (¢, j, k), this is the edge cases. (3.50)
i=1

For the general cases I and 111, closed formulas of differential equations satisfied by correlators
in the y basis are obtained in [57] (eq. (3.14), (3.32), (3.33), (3.34) there). One can easily

15Notice that while it is known that recursion relations also exist for n > 4-point correlators, analytic closed
forms for them are not known.
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transform them into recursion relations using the following rules [13]'6

( k+2
2

hi — —w; + j; — 1> (hi — 1) +— yl(yzayl + 25;)(.. .>y
. k42
hz< . > — <y18y1 + 72 + 2wi> < . ->y (3.51)

k+2 .
(hi—2wi_]i+1> <hi+1> <—>ayi<"'>y’

Wy,

where the level of the model is k + 2 and we use a subscript “y” to denote the corresponding

correlator in the y basis. Thus, the recursion relations for the case I are!”

a;! (hi—Wﬂiq) (hi—1) = (“]3—1) a; (hi—(k—i_;)wi—ji—i—l) (h;+1)

w; k+2 W; . Wy 5
+ 3 Yo (hHl—()H—jHZ—H (it 1) 4 =2 S b2k ) (). (3.52)
e N 2 NI

where indices are understood to be mod 3, N = %El(wZ — 1)+ 1 and a; are related to the
functions P and can be written as:

1

§(wi + Wiy +wiy2 — 1)
1
—(—w; + wit1 + wipa — 1)

Pyie,
aZ = — ’LU+€—L = 2 (3.53>
P'w—e- 1
¢ 5(—’(01' + Wil — Wit — 1)

§(w¢ + wig1 — wiyo — 1).
In fact, a; are the Taylor coefficients (see (D.3)) of the unique covering map that appears in
the three-point function case [13, 55](see also [69] for the explicit construction of the covering
map with three ramified points). Similarly, the recursion relation for the case IITis (for i = 1)

51 =2 =1 = (=1 el = 2+
+%a2[1“3_](h2 - (k+22>w2 —ja+1)(ha+1) (3.54)
sl — FE 2 o 1) 1)+ [ S = o)+ 20 ).

where N/ = %(wl + we — w3) and a; [FJ_] is the a; coefficients of the covering map I' with

wj shifted to be w; — 1 [57]. Recursion relations for i = 2,3 can be obtained by changing
all the subscripts as 1 <+ 2 and 1 < 3 respectively.

Now there remains two edge cases II and IV. In [57], differential equations are also
obtained for these cases. However, these equations are for the correlators with a different

6These rules can be read from the definition of the OPEs in y-basis, or by using integration by parts based
on the (inverse) y-transform [55].

7See eq. (3.15) in [55]. However there are typos in eq. (3.15) in [55], which is corrected in eq. (3.14) in [57]
(there is a typo even in this equation: —g — +§) In the following equation, We have corrected the typos.
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configuration of x;: (x1,22,23) = (0,0,00). Here we will give differential equations or
recursion relations for the standard configuration (z1, z2,23) = (0,1,00), just as in the cases
I and III. Firstly, notice that the reason why the edge cases are special is that the recursion
relations for the general cases are not well-defined for the edge cases. Let’s consider the case
II for an illustration. Without loss of generality, we assume wi + wg = ws — 1, then we have:

Pwl—l,wz,w3 - Pwl,w2_17w3 - Pwl,wQ,w3+1 =0 (3'55>

. Pute,
Since a; = —Pw+e’,
i

the denominators of a; or 1/a; will be zero, and both of them cause

ill-definedness.'® Nevertheless, we observe that the singular terms in each equation are at
the same order, which means we can multiply a denominator to make all the singular terms
finite. However, the vanishing denominators could be anyone of the 3 cases in (3.55). Thus
in practice, we can multiply all terms with a factor: w1 Py, —1,ws,ws Pwi+1,we,ws- This works
nicely because of the following observed identity (which can be easily proven by showing

the quotient of any two terms in the following is 1)

w1Pw1—1,w2,w3Pw1,w2+l,w3 = w2Pw1,w2—1,w3Pw1,w2+l,w3 = w3Pw1,w2,w3—3Pw1,w2,w3+l (356)

which means the multiplied factor is symmetric in the three indices (this fact will also be
very useful in other places in this work). Then we can freely choose the form of this factor
to cancel any vanishing denominators. The resulting recursion relations are

Fori=1:
k+2 . k+2 .
0= P3)1+1,UJ2,11}3 (hl - w1 —J1 + 1) <h‘1 + 1> - Pil,u72+l,w3 <h‘2 - w2 — j2 + 1) <h2 + 1)7
Fori=2:
k+2 . k+2 .
0=P2 woitws (hz - w2 g2t 1) (h2 +1) = P2 11 wm,us (hl Ty w1t 1) (h1+1),

Fori=3:

k42 i w1 k+2 .
2 _ 2
Pwl,wg,wsfl <h3_ w3 +-73_1) <h3_1>—mpw1+l,wz,w3 (hl_ wl_]1+1> (h1+1)
w2 2 + 2 .
—+ w1+w2Pw1’w2+1’w3 <h27 11J27_]2+1) <h2+1>. (357)

It is obvious that ¢ = 1 and i = 2 give the same equation. So there are 2 independent
equations. One can also do the same calculation for the case IV. Again without loss of
generality, we assume wj + wy = w3z. There is a difference in this case: from (3.54) (for i = 1)
one can see that the divergence on the right hand side comes form the factor N’, rather
than a1[I'5], a2[I'5] or az[['y] (they are finite, in particular, a3[[';] = 0). The same type of
divergence happens for i = 2, while for i = 3, the divergences come from a3[['7]™}, a2['5] and
a3’y ] (similar with the one in the edge case II). Again with the help of the identity (3.56),

®This means the corresponding covering map does not exist. Thus, the method making use of the
covering map in [57] does not work and the author of [57] choose to consider a different configuration
(z1,22,23) = (0,0, 00).
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we can multiply a factor to cancel all the divergences in the recursion relations. The result are

Fori=1:

_ k+2 . _ k+2 .
0=wia1[l'y] (hl — w1 — J1 +1> (h1+1) —wia2[l'y] <h2 — w2 *]2+1) (h2 +1)
+w1(h1 + ho —h3)<...>,

Fori=2:

_ k+2
0= wgag[FS] (hz -3

+ wa(hy 4+ ha — h3)(...),

. _ k42 .
w2—]2+1) <h2+1)—w2a1[r3](h1— w1—J1+1) (h1 +1)

For i =3:

k+2
w3P’31171,w2,w371 (h3 -

+2 . )
w3 + js — 1) (hs = 1) = w3 Pl 1 wyi1,uwg (hz - wa — j2 + 1) (h2 +1)

k+2w17j1+1> <h1+1>. (358)

— w3 Py +1,ws—1,w3 Pwi —1,wa+1,w3 (hl -

Similar with the edge case II, the first two equations are equivalent and we only obtain two
independent recursion relations for the edge case IV. For both the two edge cases II and
IV, we have checked that the above recursion relations or their corresponding differential
equations are indeed satisfied by the 3-point function (A.1). Our analysis here shows that
the edge cases can be seen as the limiting cases of the general cases.'”

Now we discuss the relation between the choices of pictures in the superstring correlators
and the recursion relations of correlators in the bosonic SL(2, R) WZW model. Firstly,
consider the case of O-O-O. Substitute (3.52) into (3.11) (with ¢ = 3), we can write the
three point correlator O-O-O as

Cq2 w3 k+ 2)ws .
Mooo = ;: {Pil,m,mﬂls{(]\[—l) as(h3—%—33+1)<h3+1>3

w k+2)w . w k + 2)w .
+ Sy (h — (k£ 2w — 1+ 1) (k1 + 1)z + —az(he — (k£ 2wa —j2+1)(ha +1)3
N 2 N 2
3
w3
+ (—Nth +2h3> ()3
1=1
k + 2)w. .
+ (h3 — (k£ 2)ws —J3+ 1)P3)1,w2,w3+1<h3 +1)3 + 2(hs — w3) Pw; we,ws—1Puw ,wo,wz+1-(- - )3 }
% (anti-homomorphic part). (359)

Using the relation (3.53), one finds

Co2 | w kw; .
MOOO = ]f {]\?Pwl,wg,wg—lpwhwz,w?,—&-l [ - Z a; (hz - TZ —Ji + 1) <hz + 1>3
i=1

(3.60)
+ (h1 + ha + hs —2N)(.. >3] } X (anti-homomorphic part).

The above expression is clearly symmetric in the 3 subscripts 1, 2, 3 (recall the identities (3.56)).
So no matter which of the first, second or third operator to be in its picture 0 version, we
will get the same result for the correlator.

19This should be expected because the 3-point functions in the edge cases, being solutions of the recursion
relations, have the same form as the one in the general cases.
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One can try to reverse the above discussion. In the following, we will keep the right-moving
dependence to be arbitrary (as long as satisfying the level-matching), so that we can obtain
equations that only depend on the left-moving part. In fact, for the general case I, equivalence
of different picture choices is simply the difference of two recursion relations. Explicitly, by
this we mean that the equality of the correlator Mpoo (3.11) (where the third operator is in
the picture 0) and the one that with the second operator in the picture 0 can be written as:

k+2)w ) k+2)w )
<h2_(2)2+]2_1) Pg)l,wgfl,w3<h2_1>_ <h3_(2)3+.73_1> P1%17w27w3,1<h3—1>

k+2)ws . k+2)ws .
= (h3_(2)_33+1) P£17w27w3+1 <h3+1> - (h2_(2)_]2+1> P311,w2+17w3 <h2+1>
+2 (h3Pw1,w2,w3*1Pw17w2,w3+1 _h2Pw17w2*1,w3Pw17w2+1,w3) < : > (3'61)

where we have used (3.56). Then after dividing the two sides by the factor (3.56) (notice
that it is symmetric in the 3 indices) and use the relation between a; and P (3.53), the
above equation just becomes

E x (3.52)(for i = 3) — 1 x (3.52)(for i = 2). (3.62)

w3 w2
A similar relation holds if we choose the first operator in picture 0. This is reasonable that
reversely one cannot obtain the recursion relations but only their difference: from equality
of different picture choices one get 2 independent equations, while there are 3 independent
recursion relations for the case I. Since we are considering the case of O-O-0O, the edge case
IIT is also possible. Superstring correlators of this edge case is simpler: for each picture
choice, only one term in (3.11) does not vanish. Since there are only 2 independent recursion
relations in the case III, one can check that the equalities of different picture choices are
precisely the recursion relations (3.57) in the edge case III.

We expect that similar relations between recursion relations and equalities of different
picture choices hold for the cases E-E-O, E-O-O, E-E-E, and even for arbitrary n-point
functions as well. In these cases, however, their relation will not be as clear as in the case of
0O-0-0. The reason is two-folded; on the one hand, correlators in these three cases include
more bosonic correlators (of the SL(2, R) WZW model) than in the case of O-O-O, which
indicates that more sophisticated use of recursion relations is required to get them straight.
As an illustration, we demonstrate this analysis with an example in appendix B; on the
other hand, picture changing sometimes leads to correlators of spectrally flowed operators (of
long strings) with descendant insertions. For example, the picture 0 version of the physical
operator (2.64) is (written in the m-basis and omitting the z coordinate)

w 1 N e w —wrrw wk -, w, ) —w
Oj,ﬁi))(z):k{a_ (e )V GV ) 2 (1 ) Vi ey
k2w

tag [(m=j+ ViG> (m+j - 1)Vj,m_1w’ww3’w+k(j3"”V;j’m)+2‘@?’4

+O[+

(= V™ 4 RGOV ) =2 (=1 ) Vet

} . (3.63)
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where operators j*"“Vi _, appear. Three point correlators involving such operators cannot
be read off directly from the closed formula in [55]. The computation for them is probably
not easy: for short strings, see [59, 63] for the calculation of such correlators using the series
identifications. In the case at hand for long strings, the equivalence conditions of different
picture choices give some relations or constraints among correlators of this type. For example,
other than (3.33) we can alternatively choose the first operator in picture 0 and the other two
in picture (—1). The fact that these two choices of picture numbers give identical correlators
indicates the existence of non-trivial relations among correlators in the SL(2, R) WZW model
that cannot be derived from the recursion relations in [13]. To summarize, equivalence of
supersymmetric correlators with different picture choices will give various linear relations
among correlators in the bosonic SL(2, R) WZW model. The explicit form of these linear
relations depends on the surperstring correlator that one consider. In particular, some of
these relations are closely related to the recursion relations found in [13].

3.4 In the y-basis

We have seen that a superstring correlator can be expressed in different but equivalent
forms, which can be related by the recursion relations (for example, (3.11) and (3.60) are
two equivalent forms for one correlator). Using (A.1), one can always write them as integrals
over y; (i = 1,2,3), with different integrands. Generally, this integrands depends on (one
or some of) h; (i = 1,2,3). Nevertheless, one can always act the y-transform [55] on the
correlator in the h-basis to obtain the corresponding one in the y-basis, which by definition
will not depend on any h;. Then one can write the correlator in the h-basis as integrals
over y; (that is, the inverse y-transform), where now the integrand become the correlator
in the y-basis and is unique.

Next we show that starting from any choice of pictures of the various operators, one
can obtain this unique integrand without really doing any integral transformations.?’ Thus
this procedure gives an alternative (and perhaps simpler) way to show the equivalence of
different picture choices. However, we stress that the notion of “(super)string correlator in
the y-basis” is improper because physical operators in string theory should be on-shell (thus
h is fixed) while in the y-basis one needs to sum and/or integrate over all h. Nevertheless,
there is no problem to express a string correlator as y; integrals of the corresponding y-basis
correlator (in particular, h; are all fixed by the on-shell condition).

The idea to proceed is simply to use the rules (3.51). As an illustration, consider the
correlator (3.11) for the case of O-O-O. It can be written as

Co2 ./ . k+2 .
Mooo = ]f N(j1)D <2 —]1,]2,J3>
3 213 D 2 (3.64)
d7yi (et Dwi i—hi—1
X /HTyZ Hyl ’ ! 3’(yl’yz’yg)%y(ylavayiﬁ) 5
=1 i=1

where B, (y1,y2,y3) is the bosonic correlator in the y-basis without any normalization factor

2°Both the y-transform and inverse y-transform are hard to perform. For the inverse y-transform, see [55]
(appendix D) for some examples of the calculation. The final results are complicated.
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(see [55] or (A.1)),

42— j1—ja—js ’ — 2 4 j1+jatis—24s
By(y1,y2,y3) = X1 H X; ; (3.65)
i=1
and S(ZUL Y2, 3/3) is
3 a3 k+2 . 3
S(yl7y27y3) - Pwl,wg,wnglel,wg,wgfl (2 - yf - ) h‘3 + <w3 —J3 + 1) yf
as Y3 2 as

(3.66)

k+2 ) a
+< w3+]3—1)3—2w3 .
2 Y3

Thus, the integrand F(y1,y2, y3)By(y1, y2,y3) depends on hs so it is not yet a correlator in
the y-basis. However, using (3.51) we can eliminate the hz dependence and change § to

k + 2) X1 X2X3

3.67
2 X123 (3:67)

$y<y17 Y2, y3) = Pw1,w2,w3+1pw1,w2,w3—1w3k + (]1 +J2 + 3 —

Then Fy(y1,y2,y3)By(y1, y2,y3) has no h; dependence so can be the correlator in the y-basis
up to normalization. Moreover, it is symmetric in the index 1,2,3 (again thanks to the
identities (3.56)). This makes it clear that different picture choices lead to the same correlator.
Finally, we stress that writing a correlator into this form depends on the normalization
(which could have h dependence) of the operators. Thus it is unique provided that the
normalization of every operators are fixed.

3.5 Two point correlators and the normalization

In this section, we calculate the string two point function, which will determine the normal-
ization of the vertex operators. Firstly, notice that to obtain the string two point function,
one should divide the worldsheet two point function by the volume of the subgroup of the
Mébius transformation that fixes two-points (similar to the flat space case [70]). While this
volume is infinite, the two point function of the worldsheet SL(2, R) WZW model is also
divergent under the mass-shell condition. These two divergent quantities cancel with each
other and leaves a finite result, denoted as Mp

Two point functions in the bosonic SL(2, R) WZW model

=C
Mz §2 % Volume of the Mébius (sub)group
Np(w,j)Np(w,1 —j . - L L
= Cg2 5w, /) Npw ])5w1,w2 (R(Jl,h17h1)5(31 — J2) +6(j1 + j2 — 1)) (3.68)
Cs2
o ’LUCSQ

. Suwn wo (R(jl,h17711)5(j1 —J2) +6(j1 +j2 — 1)) )

where R(j1,h1,h1) is the reflection coefficient (A.9) and Np(w,j) and Cg2 p are the nor-
malizations of the vertex operators and the string path integral constant in the case of
bosonic string respectively. They are determined in eq. (5.18) in [30], using the matching
of the 3 and 4 point correlators.

Notice that in (3.68), there are two terms, including 6(j1+j2—1) and (j1 —jo2) respectively
with relative normalization denoted by the reflection coefficient R(j1, h1,h1). When discussing
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the superstring two point functions in the following, we normalize the term proportional to
d(j1+j2 —1). This is not only because (3.68) canonically normalizes this term (the coefficient
is a constant) but also the fact that on the dual CFT side, only this term is unchanged in
the conformal perturbation theory. This means

bé(an + a2 — Q) = 0(j1 +ja2 — 1), (3.69)

where the left-hand-side (L.h.s.) is the charge conservation of the two point function in the
linear dilaton theory (see appendix C for more details) and we have used the map (C.12)
here. In fact, the matching of the term proportional to 6(j; — j2) with the CFT side is a
non-trivial test of the proposed CFT dual of the bosonic string theory on AdSs x X [29].

For the full string two point function, we should additionally calculate the fermionic
contribution and count the effect of picture changing (the ghost part is always canonically
normalized). We now calculate the two point functions of the physical vertex operators
one by one.

o w odd, NS sector: the physical operator (with picture number —1) is (2.29). The
fermionic two point function is <1Zl (21; z1)1;z2 (x2; z2)), which is unit normalized. Thus,
omit the coordinate dependence the string two point function is simply (Oj“ﬁthj“;th) =
Mp. Assume the normalization to be N(w,j), then we have

’11)052

N(w, )N (w1 - j) =

(3.70)

Notice that this condition cannot uniquely determine N (w, 5),2! one can always multiply
it by an extra factor f; satisfying f;fi—; = 1 to get another solution. Just as in
the bosonic case [29], the normalization N(w,j) can be fixed only after we identify
the operator (2.29) with the canonically normalized operator in the CFT side (see
section 4.3).

o w odd, R sector: the physical operators (with picture number —%) are (2.51)

and (2.52). To have the total picture number —2, we need one operator in picture (—3)
and the other in picture (—3). As an illustration, we choose the first operator Oty

in picture (—32), to be a specific one in (2.50)
30(2)

O;Pll,hl(l"%'z) =e 2 ‘/jzf,l}zl(x;z)sih--i--i--ﬁ-(x;z)' (3.71)

Accordingly, we choose the second operator to be the conjugate of the first one, in the
m-basis, it is (we use —ws instead of wy to label it and keep ja, ma not specified)

OW=-wi(5) = = F YU ()STUL (). (3.72)

J2,—m2 J2,—m2

Notice that e3 is not changed since HZJr =H,; fori=1,2,4,5 but H:,T = —Hj [1]. Recall
that we always label x-basis operators with positive w (so w; > 0), thus the above

21This is not strange. Notice that the reflection coefficient R(j1, k1, h1) itself is not fixed uniquely but with
a free parameter v, which can be viewed as the worldsheet cosmological constant. See e.g. [55].
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m-basis operator is in fact collected into the following x-basis operators with positive

2= 80(2) w
2 VIl (3 2)SYL___(x52). (3.73)

J2,m2

AW2=w1 (.. _
Oj%m2 (x;2)=e
Then we let the first operator lie in the picture (—%), that is, it becomes the one

in (2.51) with e = ¢4 = €5 = 1. Then the worldsheet two point function is

(07, (21521) 032, (223 22))

hl — w1 w1 w1 w1 wo (374)
= T<S++—++($1§ Zl)s+————(1‘2§ 22)><le,hl(l‘1§ Zl)ng,h2 (z2;22)) -

Notice that only one term in (2.51) contribute to the two point function. Thus, the

hi—w;

string two point function contains an additional factor (and the corresponding

y—wi - . :
one === in the right moving part)

(hy — w1)(h1 — w1)

Notice that the mass-shell condition (2.49) implies
1 kw kw
h—w=—(j+— 1) (1—j+ 1) . .
we o (45 -1) (14 5 1) (3.76)
Then again normalizing the term proportional to §(j; + jo — 1), one finds that the
normalization factor, denoted by N'(w,j), of (2.51) is N'(w,j) = %N(w,j).
2

Notice that this solution is not uniquely determined, similar to the situation of (3.70).
Nevertheless, we will show in section 4.3 that it is indeed the correct normalization by
comparing with the CFT side.

w even, NS sector: the physical operator (with picture number —1) are (2.57)
or (2.64). For the case (2.57), the calculation of the two point function is almost the
same as the operator (2.29), except for an additional fermionic contraction coming from
the fermion F(z). For the case (2.64), the two point function is

(1 = m1) (G = ma) (9™ ME™ Y - (G )Gz o+ ma) () ME

(3.77)
where we add a superscript to Mp indicating the m; dependence of the reflection
coefficient R(jy,h1, k1) in (3.68). The fermionic two point function are

(mergmen) = (renyten) = k. (8.78)

Again normalizing the term proportional to §(j; + j2 — 1), the two point coefficient is
. . . . k'wl 2 )
k(jl—ml)(l—jl—m1)+k(j1+m1)(1—]1+m1):2k ml—i—T ZQkHl , (3.79)

where we have used the mass shell condition (2.55) to simplify the answer. Then

the normalization of (2.64), denoted as N”(w, j), could be N"(w, j) = \/iHN(w,j).

Notice that this normalization is also not uniquely determined, which can also be fixed

when specifying the corresponding operator in the CFT side (though we will not do
such a computation in this work).
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« w even, R sector: the physical operators (with picture number —31) are (2.67)
and (2.68). The calculation in this case is completely analogous with the case above

when w is odd and in the R sector. Thus the normalization is also

wkvVk
(+ 5 —1)?

To complete the discussion, and also give a cross check, let us calculate the two point functions

N'(w,j) = N(w,j). (3.80)

involving BRST-exact operators. They are expected to vanish and we will show this explicitly
in the following. Consider the spurious operator (2.63). The two point function of (2.63)
and a physical operator (2.64) is (all other physical operators are clearly orthogonal with
the spurious operator)
k
=2 (im0 ) @ P MG — i+ D (e Mg

2 (3.81)

+(m1 + 71 — 1)04{3) <¢+7w1w+,w2>M(gZ1—l) 7

where a:(f), a(_2) , af) is the physical polarization for the second operator (so with a superscript

“(2)”). Since

1 — W1, —,W 1 w w k
(benten) = —2 () = (et = -2 (352
Then two point coefficient of the terms including §(j; + j2 — 1) is proportional to
k . .
<m2 + w;) of? + (ma + j2)a®® + (may — ja)a?, (3.83)

which is zero because of the physical states condition (2.62). One can also show that again
due to the physical states condition, the terms proportional to §(j; — j2) vanish as well. This
result also imply that the spurious operator has a zero two point function with itself, since
spurious operator is a solution of the condition (2.62) as well.

4 Match with the CFT side

In this section, we discuss the matching of the physical operators and their correlators
calculated in the previous sections with the dual CFT side. The dual CFT was proposed to
be a deformed symmetric orbifold CFT [29, 60]. We review this proposal in the appendix C.
A crucial point is that for long strings, the spectrum will not be affected by the marginal
deformation [29, 31]. Thus the main aim here is to find operators in the symmetric orbifold
CFT that (after the marginal deformation) correspond to the physical vertex operators we
found in section 2,22 and then compare the three point correlators of the two sides at the
leading order of the conformal perturbation theory. We find the matching at this order
is already non-trivial: it predicts an interesting mathematical identity for covering maps,
which can be checked (or proved) to be correct. More physically, this means that at the
level of correlators, the picture changing effect is essential to reproduce the correct central
charge of the boundary CFT.

22The matching of the spectrum of long strings were discussed in [60], by finding all the DDF operators (see
also [71]). However, there the discussion of matching the ground states (see section (6.3) in [60]) seems not
complete. Our discussion here (matching the operators with the lowest space-time weights of the two sides)
can be viewed as a complement of [60].
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4.1 The seed theory

Since the undeformed theory is a symmetric orbifold CFT, we firstly describe the seed
theory, that is, Rg x su(2),_o x four free fermions x (U(l)(l))4 [29, 60] (see appendix E for
our conventions for the seed theory). As in the string side, here we mainly focus on the
holomorphic part. Denote the generating fields of this seed theory as:

o, J* @8 o xt o x" N, W (4.1)

where the first three kinds of fields generate the AN/ = 4 linear dilaton theory; d¢ is the

linear dilaton with background charge @) = k—\}l; J%a = =+, 3) generate the affine algebra

su(2)x_o and 98 are the 4 free fermions, with a, f = +. These indices are in fact spinor
indices of the SU(2) R-symmetry and the SU(2) automorphism (see the next paragraph for
more explanation on SU(2)gr @ SU(2)outer). The remaining fields generate the torus theory;
X X¥(i = 1,2) are two complex bosons and their conjugates, M, MT(j = 1,2) are two
complex fermions and their conjugates. For convenience, we can also relabel the fermions

A8 by spinor indices «, 8 of SU(2)r @ SU(2)outer
A=Al =2\ AT =002, AT =0, (4.2)

Both the N' = 4 linear dilaton and torus theory have (small) N = 4 superconformal
symmetries, see appendix E for constructions of the N = 4 superconformal generators of
the two theories.

Before proceeding, let us comment on the SU(2)oyter. Generally, as an outer automorphism
of the small N' = 4 superconformal algebra, SU(2)outer is not a symmetry of the theory. That
means there is no corresponding conserved currents. Nevertheless, in ether case of the N' =4
linear dilaton or the N' = 4 torus theory, one can construct SU(2)outer from bilinears of the
four fermions (being the algebra of zero modes). Since bilinears of 4 fermions generate the
current algebra so(4); = su(2); @ su(2)1, one can choose any of the two currents su(2); for
the definition of SU(2)guter, and (the zero modes of) the other su(2); will then be the one
generate the SU(2)g (in the case of the N = 4 linear dilaton, one further needs to add the
bosonic su(2) currents to generate SU(2)g, see appendix E), then the two indices of the
fermions ¥*?, \*# are just the spinor indices of SU(2)r @ SU(2)outer- In the following, we
will organize states according to this SU(2)r @ SU(2)outer-

Now we describe primary operators that have the lowest conformal weights. In the NS
sector, it is unique and is constructed in [60] (rf e.g. eq. (6.7) there),?3

Vo = eV209 = ¢ vax Pkt (4.3)

)

where p € R and the momenta « is

a_z‘p+%_%+z‘p+§—1
vk vk '

2Gince we focus on the operator with lowest weight, we set I = 0 in eq. (6.7) in [60]. Besides, (4.3) including

(4.4)

an extra factor 7 in the exponent because we use a different convention of the free boson ¢.
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Notice that we are considering the whole seed theory of the symmetric orbifold theory (not
only the N/ = 4 linear dilaton), so when writing (4.3), we have set the operator in the
torus theory to be the identity. This operator is a singlet (1,1) of SU(2)r @ SU(2)outer
and has conformal weight

+2= (4.5)

For our purpose to find the corresponding operators of the ones in the string side, we also
needs the lowest excited states in the NS sector. They are:

V5 = evar PkHop (4.6)

where T represents an excited fermion and we have 8 different choices for it: 1%, A*3. These
8 excited states has conformal weight
140 k-2 1

_— = 4.
t Tt (4.7)

and they form 2 (2,2) representations of SU(2)z @ SU(2)outer-
Now we turn to the Ramond sector.?* There will be an additional contribution from the

h:

Ramond ground states of the 8 fermions. Zero modes of the 4 fermions ) % in the N =4
linear dilaton theory result in ground states which form a (2,1) @ (1, 2) representation of
SU(2)r ® SU(2)outer- Similarly, zero modes of the 4 fermions )\S‘B in the torus theory result
in ground states which form a (2,1) @ (1, 2) representation of SU(2)g ® SU(2)outer as well.
Then we have in total 4 x 4 = 16 ground states, in the representation

(2,1) @ (1,2)]y ®[(2,1) @ (1,2)]x = (3,1) ® (1,3) ©2(1,1) ©2(2,2). (4.8)

In the above, the subscripts 1, A denote the fermions that produce these ground states. Notice
that there are two (1,1) and two (2,2), to distinguish them, we use the following notation:

2)119\’ (17 2)111 ® (27 1))\ = (27 2)/\¢
1 1 Y

(4.9)
D)@ (1,1)1, (1,2)y®(1,2),=(1,3)®(1,1),.

All these 16 states have conformal weight h = i X2 = % To write down the spin fields which

generate the above 16 Ramond ground states, we firstly bosonize the 8 fermions?®

0By =TT, i0By = —pT T, i0Bs = ATTATT, 9By =-ATTATT. (4.10)

Accordingly, the fermions can be written as

w++ — eiBl7 w** _ 672’31, w+* — Z‘eiBZ’ ¢*+ — Z'e*iBz

. (4.11)

= 6133, AT = 6_133, AT = iezB“, At = e b

24Notice that we will always concern the NS sector of the symmetric orbifold theory, since states in the
Ramond sector cannot be treat perturbatively on the string side [72]. Here we need the Ramond sector because
when the cycle length (of a single cycle-twisted sector) is even, states (in the NS sector) will effectively lie in
the Ramond sector when lift up to the covering surface [65].

%% As usual, we use a hat to denote the bosons with cocycles: B; = Bi+n .. Nj, Bi(2)Bj(w) ~ —3;;log(z—

w), N; =i ¢ OH;.

j<i
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(3,1) (1,1) (1,3) (1,1)2 (2,2) 4 | (2,2)r0
I P Gttt | gttt
fbmm g gt | gt gt | grmmt oy gt | gt gt | ST ST
St 4§ S+t _ 5 St S+ _§ TR AT
s s P

Table 3. The spin fields.

Then one can easily write down the 16 spin fields as in table 3 where the spin field S€1€2¢3¢4
are defined as

Gelea€ezes 6% Z?:l EiBi . (412)

Then the U(1) g and U(1)oyger charges of a spin field S92 are 1 37 ¢; and 1 37, (—1)" ¢
respectively. One can easily check that fields in table 3 have the correct charges, and to
verify the full representations in table 3, the cocycles should be counted carefully. The vertex
operators that have the lowest conformal weight in the Ramond sector are:

Vo5 = e2r-ikti)og (4.13)

where S can be any of the 16 spin fields in table 3. Then the conformal weight of these
operators are:

i+p% k-2 L1

k 4 2

Notice that it coincides with (4.7) of excited states in the NS sector.

h =

(4.14)

Summary. The operators constructed in the seed theory are summarized in the following
table 4. The numbers and representation contents of operators in this table are the same
as the ones in the table 1 and table 2. In the symmetric orbifold theory discussed in the
following section, we will make this agreements more precise. In particular, the “NS sector”
and “R sector” of the seed theory in the table 4 are related to the “odd” and “even” parities
of w in the table 1 (and the table 2) respectively.

Finally, we comment on the identification of the SU(2)oyter here and the one on the string
side. On the string side, we have mentioned that one has alternative choices for the definition
of SU(2)outer, Where one can choose any operators in (2.57) with F = n'(i = 1,2,3,4) to be a
singlet (1,1). Correspondingly, on the CFT side one also has alternative definitions of the

SU(2)outer; when combining the SU(2)%.... and SU(2))

. afB
outer Suter constructed from the fermions

and A*? respectively to generate the full SU(2)outer, one can modify the way combining them
by applying the following relative automorphisms p; between SU(2)% ... and SU(2)2 ...

p(J) =T p(I) =T, p(JT)=J"

pa(IN) = I pal) =Tt pa(UT) = =0 w1
p3(JP) = =T ps(JT) =T, pa(J7) =" '
pa(J?) = =T pu(JT)=—J7, pu(J7)=—JT,

which is the counterpart of the degrees of freedom of defining the SU(2)oyuter- Note that then the
meaning of the spinor indices of the fermions changes accordingly. Thus different definitions
of SU(2)outer are just conventions and will never change the total representation contents.
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Sectors Ground Excited
NS sector (1,1) (in (4.3)) 2(2,2) (in (4.6))
R sector 16 in total (in (4.13))

Table 4. The operators constructed in the seed theory.

4.2 The symmetric orbifold

Now we describe the symmetric orbifold theory
Sym®™ (Seed CFT) (4.16)

where “seed CFT” is the one described in the precious section. In general, the Hilbert space
of a symmetric orbifold CFT is a direct sum of twisted sectors, with each sector labeled by a
conjugacy class of Sy. We will be interested in the large N limit of the symmetric orbifold
CF'T, since they describes perturbative string theory on AdSs backgrounds. Furthermore,
we will restrict to twisted sectors described by conjugacy classes of single cycles (which are
interpreted as single string states on the string side), labeled by the cycle lengths w.

In the following, we describe operators in twisted sectors as in the bosonic case [29]. For
every vertex operator Vj, ; with weights (h, h) satisfying h — h € wZ (which is the physical
condition comes from the orbifold invariance) in the seed theory, there is a corresponding
vertex operator V, 5 “in the w-twisted sector with weight

c(w?—-1) h c(n®>-1) h

[ 7 L A 2L 4.1
v 24w +w’ v 24w +w’ (4.17)

where ¢ is the central charge of the seed theory. In fact, lift V), ; ~up to a covering surface
(which is locally a w-folded cover at the insertion point) we will get Vi p- For a supersymmetric
symmetric orbifold CFT, there is a difference between the two parities of w [65] (due to the
fermions in the seed theory); Vi should be in the NS sector when w is odd and in the R
sector when w is even. In the present case, we consider Vih to be the ones in the table 4,
that is, operators (4.3), (4.6) in the NS sector for w odd and operators (4.13) in the R sector
for w even. Then we denote the corresponding vertex operators in the w-twisted sector as

w odd : YPWw) — o5 @p—ik+i)oy Y@ — o5k 2p—ikti)épy,
. p . ' ' wH p,F w (418>
w even : V;ZQ = ez (P—ihHiogy,

where ¥, is the twist fields of the w-twisted sector. Now using (4.17), (4.5), (4.7), (4.14)
and ¢ = 6k, one can check that their conformal weights agree with the corresponding ones
in the string side (anti-holomorphic part is similar):

h(Vggw)) = HNS,odd7 h(V;()fﬂﬁ)) = Hded

h(V;(;w)) = HNS,even = HR,even

(4.19)

Notice that this matching of weights was found in [60] for some operators in (4.19). The
matching of weights (4.19), combined with the agreement between the representation contents
of operators in the table 2 and 4, show the matching of the operators on the two sides.
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4.3 Matching the correlators at the leading order

It was shown in [29] that in the bosonic case, the three point function in the string side has
the same poles as one in the CFT side.?® Besides, the corresponding residues of the two sides
are also remarkably matched (up to the forth order). This matching of poles also extend to
the superstring case (just shift the level of the bosonic model as k — k + 2). Therefore to
further match the correlators, we need to compare the corresponding residues of the poles,
that is, verify the following equation (eq. (3.1) in [29]):

Res  Ms= _ Res  Ms, (4.20)
ZZ, ji:2—§+m7k 2b(zi a;—Q)=m

where M3 on the left hand side is a string correlator and M3 on the right hand side is the
corresponding correlator on the CFT side. The residues for the r.h.s. can be calculated
using the conformal perturbation theory [29] and m € N is the perturbation order. The
positions of the poles are the same as in the bosonic case [29] (with the shift k¥ — k + 2,
also see the appendix C).

In this section, we will match the two sides of (4.20) at the leading order i.e. m = 0.
Before that, we should mention that for correlators in the symmetric orbifold (we review
the covering map method in the appendix D), there is a qualitative difference depending
on the parity of >_;(w; — 1). The Riemann-Hurwitz formula (D.6) implies that a covering
map only exists when ) ;(w; — 1) is even. Since the marginal operator lies in the 2-twisted
sector, every insertion of it change the parity of >_,(w; — 1). Therefore, we refer to the three
operators as X-Y-Z according to the parity of their twists, where X ,Y ,Z can be E(even)
or O(odd). There are then the following cases

o For Y% ,(w; — 1) even, only even orders in conformal perturbation theory can be

non-zero. There are two cases: O-O-O and O-E-E.

o« For 322, (w;—1) odd, only odd orders in conformal perturbation theory can be non-zero.
There are two cases: E-O-O and E-E-E.

These different cases are just the counterparts of the string correlators we have discussed in
the previous sections. Since we focus on the order m = 0, there are thus two possibilities:
0-0-0O or O-E-E.

Firstly, we consider the case of O-O-O, where the left hand side of (4.20) being the string
correlator Mpopo in (3.11). For the residue of the Lh.s. (string side), using the result for
m = 0 in the bosonic case [29] (eq. (3.20)), we have:

Res (V¥ - (0;0)V*2 - (1;1)V™ - (00;00))

Zj'_z_ﬁ g1.h1,h1 j2,h2,ho j3,h3,h3
i JiTeT3
1 3 k4o k2 ) 2 (4.21)
. v2 T(’wi—l)_hi,w_T(wi'f'l)-‘rl_]i1—1—7’“;r2
T 9,212+, k+1 i i
22k Y( A ) i=1

26These includs the “bulk” poles and the “LSZ” poles. For our propose, we focus on the (residue of) bulk
poles.
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where y(z) = T'(x)/T'(1 — z) and II is the product of residues of the relevant covering map
(see (D.5)) and its explicit form is complicated (see (4.25)). Notice that in the above the
level is shifted to be k + 2. Using this result and (3.11), we obtain

k1
vz Cg2 (k+2)w3 . (k+2)UJ3 . _1
Lh.s. = W(kil) {(hg—?+]3—1)P3)1’w2)w371a3—|—(h3—T—]3+1)Pil)w2’w3+1a3
k
2
Et2 . —1)—h, —EEX2(. i k42
+2(h’37w3)PU)1,11)2,11)3—1P11)171112711)3+1i|Hai4 (we=1) thi 4 (wit )41 JIH kJ2r2 (422)
i=1
2
V2 1052

3
B2 (wi—1)—h; = B2 (w4 1)+ 1— g EE2
W3 Py s w5 —1Puwy ws ws+1 Hai4 w; ==

i
i=1

As a cross check, one can check that this result is symmetric in the three index 1,2, 3. Besides,
if one were starting with the form (3.60) for Mpopo, one will find the same result.

As for the CFT side, since the deformation is turned off for m = 0, the result can be
easily written down as in the bosonic case [29]:

1 Etwi—1V—H: —E(w,
[T ¥ giyw? | TLaf ™ w1 (4.23)

where N (wj,j;) are the normalization factors of the vertex operators on the string side
(see (3.70)), since in the CFT side, vertex operators are already canonically normalized.
Notice that the above equation is not obtained by replacing k by k + 2 in equation (3.21)
n [29], because the central charge of the seed theory is 6k instead of 6(k + 2) [60, 73]
(see (C.11)). However, the corresponding formula on the Lh.s. in (4.22) is based on the
decoupled bosonic WZW level k + 2. This causes a disagreement in the power of a;, w; and
IT between the Lh.s. and r.h.s., with the difference being:%”

H2 H(wiai)w"“ (4.24)

where we have used H; = h; —w;. Crucially, (4.24) cannot be compensated by just modifying
the normalization N (wj, j;) of each vertex operators because II(wy, we, w3) and a;(w1, wa, w3)
cannot be factorized into products of factors that only depends on one of w;. Thus, to
make the two sides match, additional factors |wng1,w%ws,lel,wgywﬁl|2 in (4.22), coming
from the fermionic parts and picture changing, should be taken into account and cure the
non-factorizing behaviour in (4.24). This is indeed the case, as we show below.

Recall that covering maps for 3 ramified points can be explicitly constructed by Jacobi
polynomials [69]. Accordingly, the associated quantity II can also be explicitly written

1-7,
i

2™In the following, we do not include the term w in (4.22) since this term is not caused by the difference

of levels, and can be compensated by modifying the normalization N(w;, ;) as in the bosonic case [29].
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down.?® The formula is (see eq. (5.30) in [69]):%

dy! B (wp 1)1 TR
I= 2—2d2(d2—1) ngQ do! —3da+4 ( 1 ) ( >
wl ( 2) wll(dl—wl)' ( —dQ—l)!

X ((dl d2 ) )dl i <(d' +da — ) >d1+d2 - wa s~ 1
dy! (dy —w)! 3 ’

(4.25)

where d; = %(wl +wy + w3z —1),dy = %(wl + wy — w3 — 1) and D is the discriminant of
Jacobi polynomials

d
D = 27d2(%-1) H 2 (G — )T (= dy —dy +wr — 1) (= dy — 1)PTT L (4.26)

With this expression for II, one can find the following somewhat surprising mathematical
identities for covering maps

3

(w3 Py ws —1 P g +1) = T2 [ [ (wiaq) "1 (4.27)
i=1

The above identities can be verified by comparing the total power of every integers on the
two sides. Eq. (4.27) gives a concise way to express the covering map data II. One can also
rewrite (4.27) in terms of X; (recall the identities (3.56)):

(w;0,,(X3))* = I1? H wia;)Vi T, j=1,2,3. (4.28)
=1

Then these identities are analogous to various identities found in matching the bosonic
correlators in [29], that is, eq. (3.26a), (3.29a), (3.31a) and (3.34b) in [29]. In [29], there
is another identity (3.19b) that plays a role in the matching of the bosonic correlators at
the leading order. The identity (4.27) is in fact a refined version of the identity (3.19b).
While in [29] these identities are only verified numerically since the relevant covering map
has more than 3 ramified points. Here we can directly prove the identity (4.27) using the
explicit expression for II.
Because of (4.27), the r.h.s. agrees with the l.h.s. provided that

N(ws, js) = Now? " (4.29)

and
1
Cgo = 2nkv' 3y (k;r > N3N~z (4.30)

281t is very hard to give closed formulas for general n(n > 3) points ramified covering maps. Subsequently,
the associated II is not known.

29Notice that comparing with eq. (5.30) in [69], we have included an additional factor w; “3~" in the
following equation. This factor comes from the difference between treating the point at infinity symmetrically
or not (see footnote 6 in [29]).
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where Ny is an undetermined k-dependent function. The above relations, together with (3.70),
determine Ny, which leads to

4V Nys s =%
o ()

1287 Nvk—2

o ()

Notice that the above N(w, j) and Cg2 are not the same as the corresponding constants in
the bosonic string case (eq. (5.18) in [30]) with a simple shifted level k¥ — k + 2.

Next we discuss the case O-E-E, where the correlator on the L.h.s. is the Mpgg in (3.21).
As shown below, the matching in this case is guaranteed by the same covering map identities,

(4.31)
Cg2 =

which also gives us a cross-check for the normalization factors. With the help of (4.21)
and (3.53), the Lh.s. becomes

kw2 . k’w3 .
< + 92 — 1) (2 + 93 — 1) P’wl,wg—l,wgpwl,’LUQ,wg—l

2
, (4.32)

k
I/filc‘sq

Lh.s. =
2m2k2y (%)

3 k+2 k+2 .
= (w;—1)—h; —=—=(wi+1)+1—j; _k+2
><||a2-4(1 ) Zwl-“(l ) 1

=1

The r.h.s. is almost the same as (4.23), except the full space-time weight becomes H; = h; —
wy + 3 and the normalization (denoted as N'(w;, j;) in (3.80))

3 2

LT 3 (i —1)—H;  —k(w;
NHN’(wi,ji)wf Ha,‘l(wl V—Hi, —f(witl) &
i=1

r.h.s. =

(4.33)

2 K3

m i=1

Since the constant Cg2 is already determined in (4.31), then the two sides match provided that

k\/EU)Z'

N'(wi, ji) = ———F——=N(wi, ji) , (4.34)
(ji + P52 —1)?
and 5
(P'wl7w2_17w3Pw17w21w3_1)2 =1I? H(wiai)wi+6l’i : (4'35>
i=1

The normalization (4.34) is just the one that we have already announced in (3.80), and it
uniquely determines the normalization that satisfies the string two point function (3.75).
The equation (4.35) is also an identity for covering maps. In fact, with the help of (3.56)
and (3.53), it is easy to see that it coincides with the identities (4.27).

In conclusion, the lessons one learns from matching the leading ordering correlators is
that the fermionic part and picture changing are essential for the dual CFT to be a (deformed)
symmetric orbifold CFT with the correct central charge 6k.3C Besides, comparing the

30The issue of how the central charge of the dual CFT should be the correct one 6k instead of 6(k + 2) was
also recently studied in [40] using the near-boundary approximation (and for some simple cases of w;). Here
we directly calculate the three point superstring correlator with general w; to fix this issue.
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matching in the case O-O-O and O-E-E also gives a cross-check of the difference between the
2 normalization factors N(w,j) and N’(w,j). Notice that this cross-check crucially depends
on the mass-shell condition (2.48). This means, even though we only consider the 3-point
correlators (where no moduli integral is needed to do), the matching of the two sides makes
it clear that the bulk side is a bona fide string theory (instead of being simply the worldsheet
CFT), since we really need to count the picture changing and use the mass-shell condition.3!

We believe they will also be important for the matching of the two sides at higher orders [74].

5 Discussion

In this work, we calculate the superstring correlators of long strings on AdS3xS3xT*. Firstly,
we construct the relevant physical vertex operators. To avoid complexity from extra worldsheet
excitations, we choose the physical operators to be the ones that represent (a continuum of)
long strings with the lowest space-time weights for a given w, in both the NS and R sectors.
Because of the GSO projection, the construction depends on the parity of w so we discuss
the cases with parity even and odd separately. The final result for the space-time theory
is: for w odd, there is a unique ground state comes from the NS sector and 8 excited states
come from the R sector; for w odd, there are in total 16 ground states, with 8 come from
the NS sector and the other 8 come from the R sector.

Then, we calculate correlators of these physical operators. Since a closed formula for the
three point functions in the bosonic SL(2, R) WZW model is derived in [55, 57], we only need
to calculate the fermionic correlators (together with the picture changing effects). Though
they are simply correlators in the free fermion theory ¢®(a = +,3), the calculation could
be very complicated if one use the free field technique, since the construction of spectrally
flowed operators is not simple [27]. A simpler and systemic method is to view the fermion
theroy ¥ as a special SL(2, R) WZW model, then the fermionic correlator can be obtained
by the closed formula in [55]. Since the formula depends on the total parity >, w;, we
calculate 4 representatives of correlators with different parities w;. As a byproduct, we find
the equivalence of different picture choices gives relations among correlators in the bosonic
SL(2, R) WZW model, some of which are related to the recursion relations found in [55].

In the discussion of the dual CFT, which is a deformed symmetric orbifold CFT, we
found the ground states of the w-twisted sector (and the lowest excited states when w is
odd) match precisely with the results obtained from the string side. For the correlators, we
show that at the leading order in the conformal perturbation, the fermionic contributions,
together with the picture changing effects, modify the central charge on the boundary side
to be the correct one, i.e. ¢ = 6k. This matching is guaranteed by interesting identities of
covering maps with three ramified points. As a cross-check, we also find the normalizations
of 2 string vertex operators determined holographically from the CFT side agree with the
results from the two point string correlators.

There are several interesting questions and open problems for future studies. Firstly,
since our leading order matching of the correlators does not involve the marginal deformation

31Note that the mass-shell condition seems not crucial in the matching of correlators in the bosonic case [29].
However, we believe it could be crucial when considering correlators of more general operators, e.g. some
descendants.
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operator, it is rewarding to test the proposed deformation in [29] by matching the correlators
at higher orders. One can do this either using the exact 3 or 4 point functions of the bosonic
SL(2, R) WZW model as in [29, 30|, or using the near-boundary approximation as in [37, 39]
(see also [38]), where the residues can be obtained for general n-point functions (see [40] for
some related discussions). With the results of this work, there are various correlators one
can choose to compare with the CFT side at higher orders. A natural one is to choose (3.11)
for 3, w; odd and (3.33) for >, w; even, both of which in fact only depend on the N' =1
supersymmetric AdSg part. It is very likely that the matching at higher orders are also related
to some mathematical identities of covering maps. This is currently under investigation [74].
Another interesting but more difficult problem is to test this duality for higher genus
correlators. For this, one can try to firstly calculate the string correlators at higher genus.
However solving the higher genus correlators of the worldsheet bosonic SL(2, R) WZW model,
let alone doing the moduli space integral, is already a difficult task, which could be related
to covering maps from a higher genus surface to a sphere. Nevertheless, regardless of the
holographic matching, this calculation for string correlators itself is meaningful and worth
pursuing. Returning to the problem of matching the higher genus correlators of the two
sides, perhaps an easier way is to employ the near-boundary approximation, where one
bypasses both the problems of solving the worldsheet CFT as well as doing the moduli space
integral [37-39]. This is especially hopeful given the fact that in the tensionless limit the
localization of moduli space integral holds also for higher genus correlators [15, 16].
Besides, one can try to generalize the calculation here to the cases of other supersymmetric
AdS3 string background, such as AdS3xS3xK3 or AdS3xS3xS?xS!. Various properties of
the related CFT with the appropriate chiral algebra have been studied previously [75, 76]. It
will also be interesting to explore the full consequences of the equivalence of the superstring
correlators with different picture choices. A more ambitious goal is to find a non-perturbative
definition of the dual CFT, or test the proposed duality beyond the perturbative analysis.
Furthermore, it is argued in [29] that the dual theory could be a grand canonical ensemble of
CFTs (rather than a theory with fixed N), where N is no longer an independent parameter of
the theory. It will be very interesting to further explore in the supersymmetric setup whether
the dual theory is a CFT with fixed N or a grand canonical ensemble of CFTs. Finally, in a
wider context, an analogue of the tensionless limit is observed in high dimensional covariant
disordered models [77-79] where emergent higher spin symmetries are observed. It is thus
interesting to relate the long string correlators to correlators in those disordered models.

Acknowledgments

We are grateful to Bin Chen and Matthias Gaberdiel for valuable discussions. We also thank
Lorenz Eberhardt, Matthias Gaberdiel and Vit Sriprachyakul for comments on a draft of
this paper. CP is supported by NSFC NO. 12175237, and NO. 12247103, the Fundamental
Research Funds for the Central Universities, and funds from the Chinese Academy of Sciences.
Zhe-fei Yu is supported by the Postdoctoral Fellowship Program of CPSF under Grant
Number GZC20241685, and partly supported by NSFC NO. 12175237 and funds from the
UCAS program of Special Research Assistant.

— 43 —



A Three and two point functions in the SL(2, R) WZW model

In this section, we review the closed formula for the three point function of spectrally
flowed operators in the SL(2, R) WZW model in [55], as well as the form of the two point
function [6, 55]. Making use of the local Ward identities, the three point function can be
written as an integral of the correlators in the “y-basis”

S Py | Mgien |
w . w . w, . o i i
<V;'1,1h1,711(0’ O)V;‘272h27712<1’1)‘/;'3313,713(00’00)) o /1_[1 T 1_[1 vi©
1= 1=
D1, jo, ja) | X H2 =R T xgutawtis=2=2m| Swie2z  (Ad)
i<l i
X
. ko ki dajs Tr v—L+tiitiatis—2i ’
N(jl)D (2_.717]27j3> X1223 HXl 2 y ZwZGQZ—i—l
i=1 i
where

e Both (21, 22, 23) and (21, x2, x3) are set to (0, 1,00) and it is easy to get their expressions
at generic z; and x;.

e D(j1,J2,J3) is the three-point function of three unflowed vertex operators [80]
Gr(1—Jj1 — j2 — Js) HGk(2ji—Jl—12—]3) (A.2)

2772yj1+j2+j3_1y (%) i1 Gk(l — 2]%) ’

D(j17j27j3) - -

where G (z) is the Barnes double Gamma function. The normalization factor N (j) is

given by
L v
N(]) = 27—1~ (A?))
Y(i=)
where y(z) =T'(z)/T'(1 — x).
o For I C {1,2,3}, X is defined as
1—e;
X1(y1,y2,y3) = Z PerZ- cie; Hyi S (A.4)
. i€l X
icl,e;=+1 icl
where P is defined by
0, for ij < 2max;—123w; Or Zwi €27+1
j i
Py = 3 w1 twotw (A5)
wi + wz + w; G —w; 4 1) :
S’wG(f +1) g Gl 1) , otherwise .
In the above, G(n) is the Barnes G function
n—1
) = [T, (A.6)
i=1
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and the function S, is a phase depending on w mod 2

3

S (—1)P (A7)

=1

_(_1)eletD) _1
Sw=(—-1)2 , z=3

We choose to normalize the vertex operators in the bosonic SL(2, R) WZW model as in [29],
thus the two point function is:

(V3*5, (0;0)V:4, (005 00)) = 4i6®) (hy — h2)duwy (R(jh h1,h1)8(j1 — j2) + 6(j1 + ja — 1))
(A'8)

where '
(k-2 Yy (h - )

R(j,h,h) = y(%)y(h _ %w +1—7)v(25)

is the reflection coefficient and 6 (h) = 6(h + 71)5,1’,3.

(A.9)

B Another example of different picture choices

In this section, we give a further example to demonstrate the relation between the picture
choices and recursion relations in [13]. Since we have discussed the correlator Mgoo in
section 3.3 (whose total parity Y, w; is odd), here we discuss the correlator Mgoo (whose
total parity >, w; is even). We will not do the calcualtion concretely but only show how to
relate the correlators with different picture choices by the recursion relations in [13]. In (3.33),
we choose the third operator in the picture 0. At the end of the section 3.3, we also comment
on the case where the first operator is in the picture 0, which turns out to be complicated.
Here, we show how to relate the two correlators with the second and third operators in the
picture 0 respectively by the recursion relations (3.54).

Since the second operator is the same as the third one, when it is in the picture 0, the
resulting correlator will be (3.33) with the exchange 2 <+ 3. Since the form of (3.33) is clearly
not symmetric under this exchange, our strategy is to use the recursion relations (3.54) to
transform (3.33) into a form that is symmetric in the index 2 and 3. We transform all the
terms as follows.

For the terms proportional to «a_:

(404) = (+04),  (400) = (+00), (+0—=) =25 (4+00) + (200) + (+ 4 0) + (+0+) (B.1)
For the terms proportional to as:
(004) — (00+), (000) — (000), (00—) =3, (000) + (+00) 4+ (0 + 0) + (00+)  (B.2)

For the terms proportional to a.:

(—04) “Z5(004) + (+04) + (0 + +) + (002),  (—00) =5 (000) + (+00) + (0 + 0) + (00+)
(—0—) “=2(=00) + (000 + (— + 0) + (—0+) “=5 [(000) + (+00) + (0 + 0) + (00+)] + [(000)]
+ [(0+0) + (+ + 0) + (020) + (00+)] + [(00+) + (+0+) + (0 + +) + (002)]  (B.3)
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In the above, “A =% B+ C + ...” means using the recursion relation (3.54) fori=a, A
can be represented by a sum of B, C,... without specifying the coefficients. (200) means
(Vi hi2Vis g Via hs ) and (020),(002) are similarly defined. After these transformations,
there are 4 terms containing a “2”, thus should be replaced once more as:

(200) =% (000) + (+00) + (+ + 0) + (+0+)

(020) =2 (000) + (0 + 0) + (++0) + (0 + +) (B4)
(002) =2 (000) + (00+) + (+0+) + (0 + +)
With all these replacements, one can write (3.33) as a linear combination of:
(000), (+00), (0+0), (00+), (++0), (+0+), (O++) (B.5)

These 7 terms are linear independent with respect to the recursion relation (3.54) and they
transform into each other (or invariant) under the exchange 2 <+ 3. Thus, transforming (3.33)
into a linear combination of these 7 terms is similar to transforming (3.11) into (3.60) in
the case of O-O-O. We have checked the coefficients of the 7 terms in (B.5) and find that
the transformed correlator is indeed invariant under the exchange 2 <» 3. While in case of
0-0-0 we only need one recursion relation to make the transformation, here we need many
recursion relations. So the equivalence of the two picture choices will give an equation which
is a linear combination of more than two recursion relations.

C The proposed CFT dual

In this section, we review the dualities proposed in [29]. We describe both the perturbative
CFT dual of the bosonic string theory on AdS3 x X and a similar proposal for the superstring
on AdSsxS3xT?.

The bosonic proposal. Firstly, we briefly review the bosonic duality. The perturbative
CFT dual of the bosonic string theory on AdS3 x X is proposed to be:

Sym™ (Rg x X) (C.1)
deformed by a non-normalizable marginal operator

() = 0y o1 () (C.2)

2b

Let’s explain the two sides more concretely. On the string side, AdSs is described by a
SL(2, R) WZW model at level k. X is an arbitrary internal CFT of the compactification,
with central charge

3k
= 2 _ .
Cx 6 PR (C 3)
On the CFT side, Rg is a linear dilaton theory with background charge Q,?? defined by
k—3 1
= b—l _ b — , b = C.4
@ k—2 k—2 (€4

328ee appendix E for our conventions for the linear dilaton theroy with background charge Q.



X is the same CFT as in the string side. Then the central charge of the seed theory is:
c=1+6Q*+ cx = 6k, (C.5)
as expected. The marginal operator is in the twist-2 sector and has the following dressing

1 (z) = V20 gy = =V 5 g, (C.6)

g
2,a:—2b

where o9 is the spin field generating the ground state of the twist-2 sector. One can easily
check that this operator is of dimension one so is indeed marginal. To match the spectrum of
long strings with vertex operators in the symmetric orbifold, there is also a map between
the sl(2, R) spin j on the string side and the linear dilaton momenta «:

a="— (C.7)

Notice that the marginal deformation does not affect the spectrum of long strings, thus this
matching of spectrum holds no matter whether one deforms the theory or not [29, 31].

This proposal is confirmed by matching the three-point functions of the two sides (up
to 4th order) in [29]. This matching is remarkable since the calculation of the two sides
are quite different and both are complicated.

The supersymmetric proposal. Now we move to the supersymmetric setting. The CFT
dual of the superstring was also proposed in [29].

On the string side, we have the superstring theory on AdS3xS3®xT?%. In the RNS
formalism, the worldsheet CF'T is described by

2R & su@)P e (v™)’ (C.8)

where sl(2,R)§€1) and su(2)§€1) represent N = 1 supersymmetric WZW model with affine
symmetry sl(2,R)§€1) and su(2),(:) respectively. They describe the AdS3 and S* factors.
(U(l)(l))4 represents the AV = 1 supersymmetric version of T%, describing the flat torus
directions.

The candidate CFT dual is again a deformed symmetric orbifold theory, similar to the
bosonic case. The theory before deformation is the following symmetric orbifold theory:

4
Sym?™ (RQ X su(2)g—o % four free fermions x (U(l)(l)) > (C.9)

where Rg is the linear dilaton direction with background charge Q:

k-1 1
Q=b-b"="7m, b= (C.10)

Then the central charge of the seed theory is:

3k=2) e, (C.11)

c=1+6Q%+ 5 2
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as expected. The map from the sl(2, R) spin j on the worldsheet to the momenta « in
the linear dilaton factor is

. k
+E-1
a = Iy~

Vi

Notice that (C.10) and (C.12) are simply the corresponding ones in the bosonic proposal

(C.12)

with the replacement £k — k + 2. The first three factors in the seed theory of the symmetric
orbifold (C.9) should be thought of as an A/ = 4 linear dilaton theory. The spectrum of
this undeformed theory was matched with the spectrum of long strings in the superstring
theory on AdS3xS3xT* [60].

As in the bosonic case, one needs to deform this symmetric orbifold theory by a (non-
normalizable) marginal operator. In any N’ = 4 theory, marginal operators are obtained
as descendants of BPS operators with h = h = % These BPS operators can be obtained
by dressing some ground states of the twist-2 sector with vertex operators in the linear
dialton theory. It was proposed in [29] that the marginal operator should lie in a singlet
(1,1) of SU(2)g @ SU(2)outer- Notice that this should hold for two SU(2)uters in the left
and right moving parts respectively.

Thus, one can write the deformation as:

@(w,i:) = Gf’%ééﬁ@arg,qg(a}, f) = Eoweg(;eAchDGci‘%GéBi \I/'yéCD(x,i') (C.13)
2 2
where G and GPB are holomorphic and anti-holomorphic supercurrents respectively.
a,3,7,0 = + are the spinor indices of the R-symmetry SU(2)g, while A, B,C, D = + are
the spinor indices of the outer automorphism group SU(2)outer- WoBAB gre non-normalizable
BPS operators in the twist-2 sector, obtained by dressing the ground states as (we only write
the left moving part, thus only the indices o and A remain):

\I,ozA _ eﬁ&¢s€162€36422 _ e*\/§¢56162€36422 (014)

where §€12€¢ are the spin fields lie in (2, 2)yy (the 4 fields in the last column of the table 3).
The superscripts of the two sides are related as: a = %(61 +extestey), A= %(61 —€ex+e3—ey).
Notice that the dressing in the linear dialton direction (the momenta « in (C.14)) is the
same as in the bosonic case (C.6) (again with the shift £ — &k + 2):

a=——=_Y" (C.15)

Thus, this deformation is also non-normalizable. This operator creates an exponential wall
and is hence similar to the exponential operator in Liouville theory. Thus it is very different
from the deformation corresponding to RR deformation on the string side, which is a singlet
with respect to the global so(4) = su(2)r @ su(2)p symmetry (where su(2)p is the residual
torus symmetry that acts on the bosonic modes) [34, 35, 81]. One can check that ¥,3 45
are indeed BPS:

:c:( 1) 1 1 a@-a) 3k 1 v%(k—l v%>:1
4

9 ) pox-g Az SF L
h T Xt s 1

v 2
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D Correlators of symmetric orbifold CFTs

For the correlators (in the large N limit), there is a algorithm that can reduce the calculation
to the one in the seed theory. This is a method making use of the covering map, developed
by Lunin and Mathur [65, 69]. Firstly, note that the operators in the twist-n sector discussed
above are not invariant under the action of S,,. The real gauge invariant operators in the
twist-n sector can be obtained by summing over elements in the conjugacy class of the
permutation (1,2,...,n) as follows:

(N —n)ln
Op(z) =r—"— > O-(2) (D.1)
VNU i)

Notice that the prefactor comes form the standard normalization. So the correlator we
concerned are of these gauge invariant operators, which can be written as [65, 69, 82]:

m N m (anj)!nj m
<[[10nj(xj)>= (d) (Ul\/ﬁ) > f(F)<[[107j(zy')>

covering map I'

where
e d is the number of elements that (71,79, ...,7y) truly act on.

o The summation is over all covering map I' with ramification indices n; at the respective
insertion points x;, that is, around z; (z is the coordinate of the covering surface) we
have:

I(z)=zi+ai(z—2z)" +... (D.3)

o f(I) is a factor determined by the covering map I'. This is in fact a Weyl factor that
accounts for the non-trivial (induced) metric on the covering space. If the covering
surface has genus 0 (we will focus on this simplest case), it can explicitly be computed

as:
2
<

JI S (D.4)

m _c(wi+1)  c(wi—1)

f(r): Hw‘ 24, 2

% %
i=1

hq

where a; is the coefficient determined in (D.3) and IT is the product of the residues of

the covering map:
1,

Z— Zg

I =[], I'(z) ~ +0(1) (D.5)

o < ;":1 O, (z])> is the correlator of gauge dependent operators, lifted up to the covering
surface.

The covering surfaces in the summation can have higher genus (and even be disconnected)
and its genus g can be determined by the Riemann-Hurwitz formula:

1—n+

g > (nj—1) (D.6)
j=1

N | =



Then in the large N limit, the power of N is determined as:

N\ [ /(N —=n)ln; _gm
e R

Thus the normalization factor results in a large N expansion controlled by the genus of
the covering surface.
E Conventions for the seed theory

In this section, we set our conventions for the seed theory:

4
Rg x su(2)y—2 x four free fermions x (U(l)(1)> (E.1)

which is a product of an N = 4 linear dilaton theory and an A" = 1 T*.

Bosonic linear dilaton. For a bosonic linear dilaton ¢ with background charge Q, the
defining OPE of the U(1) current i0¢ is:

1
10 0 ~— E.2
iD0)iD0w) ~ (5.2
with background charge Q, the stress-energy tensor is modified to be:
T(z) = —5 : 0606 : () — —=Q0°0() (£.3)
z)=—=": 2 (2) — — z .
2 V2
as a consequence, the central charge is also modified:
c=1+6Q? (E.4)
A vertex operator eV20% has conformal weight:
(V%) = a(Q — a) (E.5)

N = 4 linear dilaton. The OPEs among the generating fields: d¢, J%, ¢ of a N’ = 4
linear dilaton theory is:

1
(z —w)?’
6&7665

P (2)9 (w) ~ :

z— W

k—2

2(z —w)?’

JE(w)

3 +

T ()T (w) ~ T,

k—2 273
2w

i0¢(2)i0p(w) ~

J3(2) T3 (w) ~

J(2)J ™ (w) ~

(z —w) z—w

,50,



The generators of the small N' = 4 superconformal algebra are:

T=-— a¢a¢>— r82¢>+ (J3J3 (J+J—+J—J+)) +%eweﬁaa¢a@w
G = = (000) = (o (77 37U 7 ST (o
K= Jo e (E.7)
with the fermionic currents defined as:
I = (0 e P), IO = (0N )  (E)

The torus theory. For the torus theory, the OPEs among its generators are:

X)X (w) ~ —6%log(z — w),
5ab (EQ)
A ()N (w) ~ ——, a,b=1,2.

Z—w

This theory has a small N' = 4 superconformal symmetry with ¢ = 6, whose generators are:

T(z)=— > 0XToX'+ Z (OATA* — AToA%)
=1,2 a=1,2
2
G“:\/il ot 18X”+\f[ 13)(2*
_ it ir2t
a __ 1t 27

Jh= —% (ATAZ 4 AN
(AlT)\ZT . /\1)\2)

(AIAT 4 A2a21)

J? =

J? =

N — DN —

The small N = 4 generators of the full seed theory will be the sum of the corresponding ones
n (E.7) and (E.10) (an appropriate scaling is also needed to have a standard normalization
of the algebra.).
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