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1 Introduction

Over the last several decades, quantum field theories have emerged as the central language
in which modern theoretical physics is formulated. For instance, quantum phases of matter
may succinctly be defined as equivalence classes of quantum field theories, and a given
quantum model is a concrete realization of a phase. Topological quantum field theories
(TQFTSs) form a subclass of quantum field theories that are particularly tractable. Indeed,
topological theories are much simpler than conventional theories as they associate finite
dimensional Hilbert spaces to codimension-one submanifolds and have trivial Hamiltonian
evolution. From a mathematical point of view, TQFTs can usually be reformulated al-
gebraically in terms of finite sets of data. Such a reformulation, which bears a strong
category theoretical flavour, was initially pioneered by Atiyah in [1] who defined a TQFT
as a symmetric monoidal functor from a certain category of bordisms to the category of
finite dimensional vector spaces.! This proposal was further developed by Baez and Dolan
in [2] who suggested that higher category theory was the correct framework to capture the
local structure inherent to quantum theory. More precisely, they proposed that a (d+1)-
dimensional fully extended TQFT, which is capable of capturing locality all the way down
to points, should be understood as a (d+1)-functor between a higher (d+1)-category of
bordisms? and a higher symmetric monoidal (d+1)-category. This came to be known as
the cobordism hypothesis [3-5]. These mathematical definitions that are motivated by topo-
logical invariance on the one hand and locality on the other hand severely constrain the
structure of TQFTs, and can therefore be used as a classifying tool for topological theories
in a given spacetime dimension.

'For example, a (d+1)-dimensional TQFT Z is a symmetric monoidal functor that assigns to every
oriented closed d-manifold M a vector space Z[M] over the field k and to every bordism B : M1 — Mo
between two oriented closed d-manifolds a linear map of vector spaces Z[B] : Z[M1] — Z[Ma], together
with the following isomorphisms

Zlol~k , Z[MiUMs]~ ZMi]® Z[Ms].

This data is subject to some coherence relations that ensure the topological nature of the theory. Moreover,
it can be readily generalized to accommodate manifolds with additional structure such as spin structure or
framing by suitably replacing the category of oriented bordisms.

Tt is a category of extended bordisms whose objects are points, 1-morphisms are 1-bordisms between
disjoint union of points, 2-morphisms are bordisms between 1-bordisms, and so on and so forth.



It is believed that at long wavelengths gapped phases of matter, i.e. phases that have
a spectral gap above the ground state that persists in the thermodynamics limit, are de-
scribed by equivalence classes of topological quantum field theories.? Therefore, the above
mentioned mathematical constraints turn out to have profound physical consequences and
serve as an organizational tool for the space of gapped phases of matter. Furthermore,
given a TQFT describing deep infrared physics, it is often possible to construct an exactly
solvable model in terms of a lattice Hamiltonian projector. The model may then be de-
formed away from its exactly solvable projector in order study dynamical properties within
the corresponding phase. This is one of the reasons why understanding topological theories
and building the corresponding exactly solvable models is a worthwhile endeavor.

Naturally, the map from the space of ultraviolet models to the space of TQFTs is
surjective. Since quantum models are understood in terms of correlation functions of the
observables that they furnish, going from the ultraviolet to the topological infrared is
performed by a map that only retains the topological part of the correlation functions. As
a matter of fact, it is a defining feature of topological theories to be blind to operators
that are irrelevant under the renormalization group. Therefore, perturbing a TQFT away
from its deep infrared fixed point, while maintaining its gap, may be thought of as going
towards the ultraviolet regime.

There is a particular class of fully extended TQFTs, known as Dijkgraaf- Witten the-
ories [7], that are mathematically well-defined in all dimensions. These theories are con-
structed from finite groups and have a topological gauge theory interpretation. Given a
(d+1)-manifold M and a finite group G, they depend on a single datum, namely a co-
homology class [w] € HYTY(BG,R/Z) where BG is the classifying space of the group G,
which has the property that its only non-vanishing homotopy group is the fundamental
group and it equals the group G itself. Dijkgraaf-Witten theories can be cast in two equiv-
alent ways: (i) as topological sigma models whose target space is BG and the sum in
the partition function being performed over homotopy classes of maps from the spacetime
manifold M to BG, (ii) as topological lattice gauge theories defined on a triangulation of
the spacetime manifold together with a G-coloring, i.e. an assignment of group elements in
G to every 1-simplex of the triangulation that satisfies compatibility conditions. Although,
the first approach (i) is more mathematically succinct, the latter point of view (ii) has
the advantage of being more physically transparent, i.e the fields, observables and gauge
transformations can be more explicitly defined and studied. This happens to be very useful
when studying for instance the excitations of the theory and their properties.

The equivalence between the two aforementioned approaches is conceptually straight-
forward and yet slightly subtle: the topological action for the sigma model approach is
provided by integrating the pullback of the cohomology class [w] onto the manifold M,
while in the lattice gauge theory picture, the topological action is provided by evaluating
the cocycle on each G-colored (d+1)-simplices of the triangulation. But this relies implic-
itly on the fact that for discrete groups the cohomology H*!(BG,R/Z) as an algebraic

3Nevertheless, it is not completely clear whether there is a bijection between physically realizable gapped
phase of matter and TQFTs. The subtle relation between TQFTs and gapped phases was carefully studied
in [6] for theories displaying a global symmetry.



description. More precisely, it uses the fact there is an equivalence between the cohomol-
ogy H™(BG,R/Z) of simplicial cocycles of BG and the cohomology H1(G,R/Z) of
algebraic group cocycles of G. Instead of representing (d+1)-cochains as simplices, they
are then defined as functions from G%*! to R/Z, and the coboundary operator is modified
accordingly. This second approach in terms of group cohomology is naturally the one used
in order to construct exactly solvable models that are lattice Hamiltonian realizations of
Dijkgraaf-Witten theories [8, 9]. It turns out that a similar correspondence can also be
established for topological theories that have a higher gauge theory interpretation. It is
however not as straightforward as we explain at length in the present manuscript.

It is possible to define different sigma models that generalize the Dijkgraaf-Witten
construction by choosing different target spaces. The most natural generalization is ob-
tained by replacing the classifying space BG of the discrete group G by the ¢-th classifying
space B1G.* The ¢-th classifying space BG is an example of FEilenberg-MacLane space
K (G, q) which has the property that only its ¢g-th homotopy group is non-vanishing and
equals the group G itself, i.e. m,(K(G,q)) = d,nG [10, 11].° Interestingly, the same way
Dijkgraaf-Witten theories have a lattice gauge theory interpretation, a topological sigma
model whose target space is an Eilenberg-MacLane space K(G,q) can be interpreted as
a g-form topological lattice gauge theory, i.e. a theory that contains (g—1)-dimensional
symmetry operators instead of point-like ones. Theories displaying a (¢—1)-form gauge
invariance have a gauge field that is locally described by a ¢-form. A further generalization
involves building topological sigma models whose target spaces are provided by Postnikov
towers. A Postnikov tower is a topological space constructed as a sequence of fibrations
of simpler topological spaces. For instance Postnikov towers can be built as fibrations of
Eilenberg-MacLane spaces. In analogy to Dijkgraaf-Witten theories, these may be under-
stood as topological higher group gauge theories that contain several gauge fields. More
specifically, for every Eilenberg-MacLane space K (G, q) contained in the Postnikov tower,
the gauge theory will include a corresponding g-form gauge field. In the lattice gauge the-
ory picture, a ¢g-form gauge field is defined by coloring the g-simplices of the triangulation
with elements of the group G that satisfy some consistency criteria in the form of cocycle
conditions. The precise form of these cocycle conditions is obtained from the data that
goes into building the Postnikov tower. The corresponding gauge transformations are built
from the same data. These different generalizations are presented in section 2.

Throughout this manuscript, we focus most of our attention on (3+1)d topological
sigma models with the second classifying space B2G as the target space where G is a finite
abelian group, or equivalently discrete (341)d 2-form topological lattice gauge theories. As
explained above, such higher form gauge theories arise naturally from a mathematical point
of view. But they also happen to be physically motivated. For instance, it is known that
Yang-Mills theory is confining and the gauge bosons are gapped at long wavelengths, and
it was argued in [12] that the infrared physics of the confining phase is captured by a non-
trivial 2-form topological gauge theory. The gauge group of this 2-form gauge theory is the

4Since the partition sum is built by summing over homotopy classes of maps to BG, we really mean
B?G up to homotopy equivalence here.
®The classifying space BG is thus an example of Eilenberg-MacLane space K (G, 1).



magnetic gauge group that survives in the infra red [13, 14]. These 2-form gauge theories
have also appeared in various other contexts in the literature [15-25]. One particular
reason for the interest in such TQFTs resides in the fact that they host a topologically
ordered surface.

Given a finite abelian group G, 2-form topological theories are classified by a single
datum, namely a cohomology class [w] € H*(B%G,R/Z). Tt was shown by Eilenberg and
MacLane in a series of seminal papers [10, 11] that the cohomology group H*(B?G,R/Z)
is isomorphic to the group of (possibly degenerate) R/Z-valued quadratic functions on G.
This result allows for an explicit expression of the topological action in terms of a quadratic
form and a quadratic operation known as the Pontrjagin square on H*(M,G) that is the
space of fields of the 2-form theory [14, 26]. Moreover, the topological order living at the
surface can be described in terms of a categorical structure whose input data is the same
as the one labeling the bulk theory, namely a finite abelian group and a quadratic form. If
the quadratic form is degenerate, then the topological order is non-trivial.® Furthermore,
abelian Chern-Simons theories are labeled by precisely the same data. As a matter of fact,
it was shown in [16] that the 2-form theory is precisely the anomaly theory for the framing
anomaly within the abelian Chern-Simons theory. Therefore, we may interpret abelian
Chern-simons as a framed topological quantum field theory or as a TQFT along with the
corresponding (3+1)d 2-form topological gauge theory.

Besides topological gauge theories, there exist other TQFTs which have been exten-
sively studied. For instance, in (241)d it is possible to define a topological theory from any
modular tensor category using the Turaev-Viro construction [27-29] and the corresponding
Hamiltonian realization is provided by the Levin-Wen models [30]. Similarly, in (3+1)d
it is possible to define a topological theory for any premodular tensor category” using the
Crane-Yetter construction [31-33] and the corresponding Hamiltonian realization is pro-
vided by the Walker-Wang models [17]. But, when the input data of the premodular
category is a finite abelian group and a quadratic form, the Walker-Wang model provides
a Hamiltonian realization of a 2-form gauge theory that describes the topological order
mentioned above.

It is often possible to embed discrete gauge theories, especially the ones built from
abelian groups, into continuous gauge theories. This embedding, if possible, is such that
partition function of the discrete gauge theory and the one of the continuous theory are
equal. A well-known example of such a procedure is the embedding of a Z,,-gauge theory in
(d+1)-dimensions into a BF theory with a U(1)-connection 1-form A and a U(1)-dynamical
field (d—1)-form B.® A special example of this scenario is the embedding of the toric code
model, i.e. a Zy-gauge theory, into a U(1) BF theory. Similarly, discrete 2-form gauge
theories may also be embedded into continuous U(1) gauge theories. But in this case the

SWe define non-trivial topological orders as the ones that have long-range entanglement, non-trivial
ground state degeneracy that depends on the topology and fractionalized excitations.

"By premodular category we mean a braided fusion category. A premodular category is then modular if
its S-matrix is non-degenerate.

8The action of the continuous BF theory reads S = 2mwin f B A dgr A where dgr is the usual exterior
derivative on forms so that dqr A is the curvature 2-form.



gauge structure is not the usual one. Indeed, gauge connections are now locally described
by some number of 1-form and 2-form fields that do not transform independently under 0-
form and 1-form gauge transformations. We review the construction of such gauge bundles
in appendix E and show that they form so-called strict 2-group bundles [34-37]. This can
be done carefully by constructing the configuration space of g-form U(1) connections using
the technology of Deligne-Beilinson cohomology [38—40] and then building the configuration
space of strict 2-group bundles by taking a certain twisted product of 1-form and 2-form
gauge bundles. Although the continuous formulation thus obtained gives access to powerful
tools familiar to quantum field theories, it is sometimes more convenient to work in the
discrete within the Hamiltonian formalism. This takes us to the approach followed in
this paper.

Our approach involves defining a 2-form gauge model Hamiltonian realization directly
in terms of a cocycle in H*(B2G,R/Z). More precisely, the model is defined in terms of a
cocycle in a cohomology that is the algebraic analogue of H4(B?G,R/Z), i.e. a cohomology
of algebraic cocycles on GG that is in one-to-one correspondence with the cohomology of
simplicial cocycles on B?G. We dubbed this cohomology of algebraic cochains 2-form
cohomology and its definition relies on the so-called W -construction of Eilenberg-MacLane
spaces K(G,2). After reviewing basic facts regarding Eilenberg-MacLane spaces as well
as the general W-construction in section 3, we define precisely this 2-form cohomology
in section 4. The 2-form Hamiltonian model is finally constructed in section 5. Using
solely the cocycle conditions, it is possible to show explicitly how a 2-form 4-cocycle can be
reduced to a group 3-cocycle a and a group 2-cochain R that satisfies the so-called hexagon
equations. Together, o and R define an associator and a braiding, respectively, which are
precisely the isomoprhisms entering the definition of a certain premoludar category, namely
the premodular category of G-graded vector spaces. As a matter of fact, it can even be
shown that the set of equivalence classes of pairs («, R) is isomorphic to the cohomology
HYB?G,R/Z7).

The algebraical correspondence mentioned above between a pair («, R) of associator
and braiding on one side, and a 2-form 4-cocycle on the other, can also be displayed
graphically: in the lattice Hamiltonian picture, the 2-form cocycle arises as the amplitude
of local unitary transformations performed on fixed point ground states. In (34+1)d, these
local unitary transformations are expressed in terms of 2-3 and 1-4 Pachner moves [41].
But we show in section 5 how these moves reduce to the moves defined in the context of
the Walker-Wang model whose amplitudes are provided by the associator and the braiding
isomorphisms. This algebraical and geometrical correspondence can then be used to show
explicitly how our Hamiltonian model is related to the Walker-Wang model for the category
of G-graded vector spaces. This is the purpose of section 6. Most interestingly, we can
display how the ad hoc splitting into three-valent vertices required for the definition of the
Walker-Wang Hamiltonian is now directly encoded in the definition of the 2-form cocycle
itself. This makes the definition of our model more compact and more systematic.

Organization of the paper. In section 2, we first review the definition of the Dijkgraaf-
Witten model both as a sigma model and as a lattice gauge theory. We then present a



generalization obtained by choosing the target space to be the ¢-th classifying space of a
discrete abelian group. In particular, we briefly review known material about sigma models
whose target spaces are provided by the second classifying space of a finite abelian group
and review their classification. We then move on to the study of the lattice realization of a
2-form topological gauge theory. In section 3, we review the theory of Eilenberg-MacLane
spaces as well as their so-called W-construction. We use the W-construction in section 4
to define the 2-form cohomology. The lattice Hamiltonian of the (3+1)d 2-form model is
defined in section 5 and the excitations yielded by the Hamiltonian are briefly discussed.
Finally, in section 6 our lattice model is compared to the Walker-Wang model for the cate-
gory of G-graded vector spaces. The paper also contains several appendices: in particular,
appendix D provides further detail regarding the operators, the quantization and the in-
vertibility of 2-form theories. In appendix E, we introduce Deligne-Beilinson cohomology
and show that the ¢g-th Deligne-Beilinson cohomology group is isomorphic to the space of
gauge inequivalent g-form U(1) connections. This is then used to construct strict 2-group
connections that naturally appear when trying to embed theories based on finite abelian
groups into continuous toric gauge theories. In appendix F we propose explicit expressions
of g-form topological actions using the language of Deligne-Beilinson cohomology.

2 Topological gauge theories as topological sigma models

In this section, we introduce different topological theories as sigma models. We also explain
how these can be formulated as lattice (higher) gauge models. This lattice interpretation
will be at the heart of the study carried out in section 3 onwards.

2.1 Dijkgraaf~-Witten theory

Dijkgraaf and Witten defined in [7] a topological gauge theory for a finite group G in general
spacetime dimension (d+1).? They showed that different topological G-gauge theories were
classified by a single datum, namely a cohomology class

w] € H*Y(BG,R/Z) (2.1)

where BG is the classifying space of the group G that has the distinguished property that
its only non-vanishing homotopy group is the fundamental group m (G), and 71 (G) equals
the group G itself. The gauge theory is built as a sigma model with the target space being
BG. The partition sum is performed over homotopy classes of maps [y] : M — BG where
M is an oriented (d+1)-manifold. To each map -y, we associate a topological action that
is the integral over M of the pull-back v*w € H™1(M,R/Z) of w. The partition function
takes a simple form

1 ok
ZB9IM] = e o e M (2.2)
v]):M—=BG

9 Although their paper only discusses (241)d, generalization to any dimension is very straightforward.



where by is the 0-th Betti number, [M] € Hyi1(M,Z) the fundamental homology cycle
of M and (e, e) the canonical pairing defined as (y*w,[M]) = [, v*w. Since the only
non-vanishing homotopy group of BG is its fundamental group, homotopy classes of maps
from M to BG are homomorphisms Hom(mi (M), m(BG) = G)/ ~ where the equiva-
lence relation ~ is generated by null homotopic maps. The partition sum can therefore
be rewritten

1 .
SOV o
AceHom(m (M),G)/~

where A is a representative in a homotopy class [y] and w(A) the evaluation of v*w on A.
When the group G is abelian the partition sum is over a cohomology group which is the
natural abelianization of the homotopy group. In other words, maps v become G-valued
1-cocycles and the null homotopic maps are G-valued 1-coboundaries (written as d¢) so
that the configuration space of the sigma model is H'(M,G).

Alternatively, (2.3) can be recast as a lattice gauge theory. In order to do so, let
us endow M with a triangulation A. Thanks to the path-connectedness of BG, one can
smoothly deform maps  so that the space of paths in BG that is G up to homotopy can be
mapped to the 1-simplices of A. The contractible paths are then mapped to the identity
group element. In practice, this means that we assign to every l-simplex (zy) C A a
group element g, such that for every 2-simplex (zyz) whose boundary is associated with
a contractible path, the flatness condition (or 1-cocycle condition) (dg, (zy2)) = gy - 9o -
gzy = 1 is imposed. This is merely the statement that a flat G-connection can have non-
trivial holonomies along non-contractible closed paths only. Non-trivial group elements are
thus assigned to non-contractible cycles of M so that each assignment is an element of
Hom(71 (M), G). We refer to such an assignment of group elements as a G-coloring and
we denote by Col(M, G) the set of G-colorings. The Dijkgraaf-Witten partition function
then reads

ZE6IM] = — S [ el (2.4)

e
g€Col(M,G) Ad+1

where |A%| is the number of O-simplices. The topological action is given by S, [g, A1) :=
(AT (w(g), A1) such that e(A%1) = +£1 is determined by the orientation of the
(d+1)-simplex and (w(g), A1) is the evaluation of the cocycle w on the colored simplex
Nd+1

So there are multiple constructions of the Dijkgraaf-Witten partition: (i) As a topo-
logical sigma model with target space the classifying space BG which gives the formu-
lation (2.2). (i) Upon noticing that the homotopy classes of maps satisfy [M, BG] ~
HY(M,G), one obtains (2.3). (iii) After endowing the space-time manifold M with a
triangulation, a lattice construction can be obtained which leads to (2.4). The relation be-
tween g € Col(M, G) and A € Hom(m;(M),G)/ ~ is that A corresponds to an equivalence
class of ¢g’s where the equivalence relations are gauge transformations.



2.2 Generalized topological gauge theories

The compact expression (2.2) for the Dijkgraaf-Witten partition function can be readily
generalized to the scenario where BG is replaced by some other space X. For several
different choices of X, the space of homotopy classes of maps [M, X]| is isomorphic to a
generalized cohomology group on M. One then may study topological sigma models, with
the space X as the target space, that provides generalizations of conventional topological
gauge theories. Similar to the Dijkgraaf-Witten partition functions above (2.2)—(2.4), such
generalized gauge theories can also be built as lattice (higher) gauge theories on triangulated
space-time manifolds. We first describe the construction of these generalized gauge theories
as sigma models and then as topological lattice theories.

A topological sigma model can be constructed by generalizing the Dijkgraaf-Witten
partition function as follows:

ZX M= L 3 (2l (M) (2.5)
[v]€mo[Map(M, X))

where w € C1(X,R/Z) is a (d+1)-cochain, M is a compact oriented (d+1)-manifold,
[M] € Hyy1(M,Z) its fundamental homology cycle and Ny is a normalization constant
that depends on the manifold and the choice of target space X. The sum in the partition
function is over homotopy classes [v] of maps v from M to X.

Naturally, the choice of (d+1)-cochain w is constrained: given an oriented (d+2)-
bordism W : M U Mgy — Mas, it is required that [7, 42]

Tw, [Mu]) + (7w, [Ma]) = (Yw, [Ms])
*w, [OWV])
“dw, [W]) (2.6)

0= (v
(v
(v

where d : C4X,R/Z) — C91(X,R/Z) is the coboundary operator on the space of
cochains. Condition (2.6) is required to hold for every bordism W which implies that

w must be a cocycle in Z9T1(X,R/Z). When M is closed, modifying the cocycle w by a
coboundary d¢ where ¢ € C%(X,R/Z) has clearly no effect. However, when M is an open
manifold, this alters the action by a boundary term that can be absorbed into a U(1) phase
upon quantization of the theory. Correspondingly, the redefined Hilbert space preserves am-
plitudes and as such describes the same theory. Putting everything together, we obtain that
distinct topological sigma models are classified by cohomology classes [w] € HT1(X,R/Z).

Let us now consider several examples of sigma models that correspond to different
choices of target space X:

Example 2.1 (X is the g-th classifying space B1G of a finite abelian group G). This exam-
ple is the immediate generalization of the Dijkgraaf- Witten theory obtained by considering
the target space X to be the so-called q-th classifying space BYG of a finite abelian group G
for ¢ > 1.1% This space satisfies the defining property m,(BIG) = 0, ,G. Similarly to the

OExplicit constructions of classifying spaces are provided in section 3.



above construction, one can build models which have a higher-form topological gauge the-
ory interpretation by providing a cohomology class [w] € H¥(BIG,R/Z). The partition
sum looks almost identical to the Dijkgraaf-Witten partition function:

1 il
quG[j\/l] = 7|G’b0~>q71 Z e2mi(y*, (M) (2.7)
N):M—=BIG

where by_q—1 = Zf;& bg—i(M)(=1)" and b;(M) is the i-th Betti number of the manifold
M. Like the classifying space BG, the q-th classifying space BYG can be constructed as a
simplicial complex so that the simplicial map ~v: M — BiG is furnished by o G-valued q-
cocycle A. The null homotopic maps can be extended to a cone above M and take the form
dp € BI(M,G). These null homotopies represent the (q—1)-form gauge transformations
in the q-form gauge theory, i.e A ~ A+ d¢. Hence the homotopy classes of maps are
isomorphic to the cohomology classes [M, BIG] ~ HI(M,G).

In the following sections, we restrict ourselves to the study of the sigma models whose
target space are provided by the second classifying space B2G of a finite abelian group G.
Such models have a natural interpretation in terms of 2-form gauge theories. Nevertheless,
before going into the details of these theories, it is enlightening to sketch out some further

generalizations.

Example 2.2 (X is a two-stage Postnikov tower). Following the theory of Postnikov
towers [43], let us denote the qi-th classifying space of a finite abelian group Gy by Ey :=
B%'Gy. As described in the previous example, a topological (qi-form) gauge theory can
be built wherein the local fields are cocycles Ay € ZT (M, G1) which represent maps from
v : M — Ey. Furthermore, the null homotopic maps are captured by coboundaries dg, €
BT (M, Gy). Since the partition sum is over homotopy classes of maps, we must identify
Ay ~ Aj + d¢1 which we recognize as the (q1—1)-form gauge invariance so that gauge
inequivalent configurations are isomorphic to H1*(M,G). The target space Fy is referred
to as a one-stage Postnikov tower. Things get more interesting if we consider a 2-stage
Postnikov tower Ey = Ey x4, B2Gy where [ag] € H2TY(Ey, Go) such that Eo fits in the
ezxact sequence

0 — B2Gy - Ey - E1 — 0 (2.8)

whose extension class is [ag]. A map from M to Es is furnished by a tuple of local data Ay
defined as by = {(A1, A2) € CT(M,Gy) x C®(M,Ga)}. Furthermore, it is required that
Ag is in the kernel of a differential operator denoted by Dg,, i.e. Dp,As =0, such that

Dg, : C1(M,Gy) x C2(M,Gy) — CTTYM,Gy) x CETH (M, Gy)
(Al,AQ) = AQ — DE2A2 = (dAl,dAg — 012(/11)) . (29)

In other words, A1 and As satisfy some cocycle conditions twisted by the extension class
[ag]. Similarly, a null homotopy is provided by the image of an operator DE’E2 that acts on



a tuple & = { (41, d2) € CU 1M, G1) x C=7H (M, Ga)} via

Dy ¢ C1 7Y M, Gy) x C27H(M,Gs) — C1(M,G1) x O (M, G2)
(P1,P2) = b — DEQ% = (d¢1,doo + (2(A1,¢1))  (2.10)

where (2(A1, ¢1) is a descendant of ag satisfying
az (A1 + dd1) — az(Ar) = dGa (A1, é1) - (2.11)

We can easily check that Dg, o D?b = 0 so that one can define a cohomology HgQ (M) =
k:eTDEQ/imDJbE2 where ¢ = (q1,q2). Homotopy classes of maps [y] : M — Es are in one-to-
one correspondence with the equivalence classes of the cohomology we just defined. Given
a class [w] € H¥(Ey,R/Z), we can thus define a topological gauge theory whose partition
function reads

1 )
E _ 2mi{w(A2),[M])
ZUJQ[M] - ’Gllboﬁql,wGQ‘bo%bil gﬂ e 2 . (212)
[AQ]GH%Q(M)

In the case where g1 = 1 and ¢ = 2, the previous construction reduces to a (weak) 2-
group bundle which has been recently studied in several papers, see for instance [20, 21, 44,
45]. Topological gauge models built from 2-group connections can be found in [20, 44, 46—
49]. This construction can be even further generalized to so-called k-stage Postnikov towers
(see appendix A).

2.3 Topological lattice (higher) gauge theories

In order to build a lattice (higher) gauge theory which corresponds to a certain topological
sigma model described above, we can proceed as follows: let the target space of the sigma
model be X and let us endow the space-time manifold M with a triangulation A. For each
non-vanishing homotopy group 7y, (X) = G;, we introduce a Gj-valued ¢;-cochain on M.
Locally, this amounts to labeling the g;-simplices of the triangulation with elements in Gj.
Furthermore, we introduce constraints on the labelings of the different simplices that are
analogous to the cocycle conditions satisfied by the data representing a homotopy class of
a map from M to X. Labelings satisfying such constraints are referred to as X-colorings
of the triangulation M and the set of all colorings is denoted by Col(M, X).!'' Denoting
a given coloring by g € Col(M, X), the partition function takes the form

Z3[M] = % S st (2.13)
Nx g€Col(M,X) Ad+1

where N ? is a normalization constant and S,,[g, A%*1] is the topological action whose value
depends on the local data g as well as a representative of the class [w] € H*(X,R/Z).

11 Actually this set has a monoidal structure which makes it a group or a generalization thereof.
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Example 2.3 (q-form lattice gauge theories). Let us construct the lattice realization of a
q-form topological gauge theory that corresponds to a topological sigma model with target
space BYG. Flat g-form connections (dubbed flat G|q-connections) can have non-trivial
q-holonomies along non contractible closed q-paths only. Therefore, a flat Gq-connection
can be defined as a homomorphism from the g-th homotopy group my(M) to G. Locally,
this means that a flat Gig-connection is fully characterized by a g-cochain valued in G
satisfying dg = 0, with 0 € G the unit element. In practice, we assign to every q-simplex
Al = (vg...vq) C A a group element gu,..o, = (g, (vo...vq)) such that for every (q+1)-
simplex NI = (vg . .. Vg+1) C A, we impose the g-flatness condition

q

(dg, (V0 +-vg1)) = Y (=1) Gugtyvg s = 0 (2.14)
i=0
where the notation e indicates that the corresponding vertex is omitted from the list. Such
a labeling is referred to as a Gg-coloring and the set of Gig-colorings is denoted by
Col(M,G[q]). Note that a (q—1)-form gauge transformation is defined as a gauge pa-
rameter ¢ which acts on such colorings as

QS > g’UO...Uq = gvo...vq + <d¢7 (UO et Uq)> . (215)

The topological action is provided by pulling back a class representative in a cohomology
class [w] € Hd“(G[q],[R/Z) = H™Y(BIG,R/Z) and evaluating it on a choice of Glq-
coloring g € Col(M, Gg). The partition function finally looks like

G 1 : d+1
Z M] = |GUA0—>‘1—1| Z H e2miSu[g, AT (2.16)
g€Col(M,Gq)) Ad+1

where |[AO7971| .= 23;01 |ATTHM)| (1) such that |[AY(M)]| is the number of i-simplices
in the triangulation /\ of M.

In the following sections, we focus our attention on 2-form topological gauge theories
and their lattice realization as defined in the previous example. More specifically, in sec-
tion 3, we carefully build the cohomology group H**1(BIG,R/Z) for the case ¢ = 2 so as
to provide a more explicit expression for (2.16) which can be used to construct a lattice
Hamiltonian realization of this topological theory. As before, this lattice construction can
be readily generalized to sigma models whose target space is provided by a Postnikov tower
(see appendix A).

2.4 2-form topological action

Let us explore in a little bit more detail topological sigma models that have a 2-form
gauge theory interpretation. In particular, we wish to emphasize the role played by the
classification of the relevant cohomology group in terms of quadratic forms.

We explained above how 2-form topological gauge theories for a finite abelian group
G can be built as topological sigma models with target space the second classifying space
X = B%G of G. Homotopy classes of maps [M, B?G] can be labeled by B € H*(M, G) and
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the homotopies of these maps are gauge transformations B ~ B+d¢ where ¢ € C1(M, Q).
The partition function is provided by (2.7) which we repeat below:
B2G[ 41 _ 1 2ri(w(B),M)
zZB° ¢ M| = GO Yoo : (2.17)
BEH2(M,G)
Restricting to (3+1)d, the topological actions are classified by [w] € H*(B?G,R/Z). But,
since H3(B2G,Z) = 0, we may write
HY(B*G,R/Z) = Hom (H4(B*G),R/Z)
= Hom (I'(G),R/Z)

where T'(G) ~ Hy(B?G,7) is known as the universal quadratic group for G [10, 11]. Before
stating the defining property of I'(G), let us first recall the definition of a quadratic form:

Definition 2.1 (Quadratic form). A quadratic form on a finite abelian group G valued in
R/Z is a function q : G — R/Z such that q(g) = q(—g) and

b:(g,h) = a(g) +aq(h) —alg +h)
is bilinear, i.e. b(g1 + g2,h) = b(g1,h) + b(g2, h), Vg1, 92,h € G.

Conversely, any lattice with a symmetric bilinear form b defines a quadratic form via
q(x) == %b(m, x). Furthermore, it can be checked that the value of b and g on the generators
of G completely determine these forms.

The universal quadratic group I'(G) is uniquely defined by the property that any
quadratic function ¢ : G — R/Z may be written as the composition ¢ = g o v where
v:G = T'(G) and ¢ € Hom(T'(G),R/Z). For instance, the universal quadratic group of Z,
is I'(Z,,) = Z,, or Zy,, for n an odd integer or an even integer, respectively. The universal

quadratic group of any finite abelian group of the form G' = &7, is then

@ F(Z”I) @ Zng(nth)] (2.18)
I

I<J
where ged(ny, ny) is the greatest common divisor of ny and ny. It was shown by Eilenberg

N(G) = ®

and MacLane [11] that the cohomology group H*(B2G, R/Z) is isomorphic to the group of
quadratic functions. Following the above discussion, the topological action in (2.17) can
thus be defined as the composition of a canonical quadratic operation B : H?>(M,G) —
H*(M,T(G)) known as the Pontrjagin square, with a homomorphism ¢ from I'(G) to
R/Z, ie. w(B) = ¢ B(B) € HY(M,R/Z) (see [12, 14, 16] for more details). The form of
the topological action w(B) = @B (B) € H*(M,R/Z) naturally depends on a choice of
homomorphism ¢ € Hom(I'(G),R/Z). Since the universal quadratic group for Z,, depends
on whether n is even or odd, without loss of generality let us write our gauge group
G = @, Z,, such that n; is even if I < K and odd for I > K. An element of o € I'(G)
takes the form o = {as, ar;} where

(0,....2n7— 1}, if I <K
ar € .
{0,...,n; =1}, ifI>K

ary € {0,...,ged(nr,ny) — 1} . (2.19)
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Similarly, a homomorphism ¢ € Hom(I'(G),R/Z) ~ T'(G) is prescribed by {pr,prs}

{{0 2n1—1} if 1<K

{0 -1}, ifI>K
prg € {0,... ,gcd(nj,nJ) -1} (2.20)
via the map
Z plaf pIaI prjarg ' (2.21)
1<K S fopeedngng)

Then, for a field configuration B! € Z2(M, Z,,) the action takes the form
Sp[B', M] = 2mi / a;m(ZBf)

§~ 2rins , 2rips / ;
B B
R COEDS P

I<K I>K

2
T i LA mipLI /BIvBJ (2.22)
I<chd nr,ny)

It can be checked that B(B! + d\!) — B (BT) L) (mod nj or 2ny) when ny is odd or even,
respectively. There is also a 2-form global symmetry B! +— B!+ 3! where 5! € Z2(M, Z,,)
and Sq?(B’) = 0.! The partition function for the above topological gauge theory was
computed in [14, 16] for the case where M has vanishing torsion in all its homology groups.
In that case, we may write

b2(M) bl n
Bl = —aa 2.2
> 229
a=1
where h, is a basis element in H?(M, Z). The topological action evaluates to

) pr (b)) T 10 2mipr(b) T 10! 2mipry (b') T 17
Y I gl e ML e ) 224
SP[ 7M] ny + Z nr + Z ng(nI’nJ) ( )
I<K I>K I<J

where b! € (Z/2n;2)"M) when n; is even and b! € (Z/n;Z)»™) when n; is odd. The
object | defined as (I)ap = [,,ha — hy is the intersection pairing in H?(M,Z). The
partition function finally reads

1 ST
zZBG ) = Splb" M 2.95
v M= o woa) %:e (2:25)

So we reviewed the derivation of the partition function of 2-form topological theories,
where the classification in terms of quadratic forms plays a prominent role. Since this
model is constructed from a finite group, it is most naturally defined on a lattice as we are

128q% : H*(M,Z,,) — H*(M,Z,,) as [8'] — [B'] — [B']. Therefore we need to impose that [37] —
[37] =0 € H*(M,Z,,) so that the action is invariant under the global symmetry transformation.

~13 -



about to see in the next sections. More precisely, in the following we construct the lattice
Hamiltonian realization of the theory, where the classification of the relevant cohomology
group also plays a fundamental role. Nonetheless, it is often desirable to have a continuous
formulation of a theory. Such a formulation, if it exists, may give one access to powerful
and sometimes familiar tools of quantum field theory. We review this point as well as some
other aspects of the theory in appendices C, D and E.

3 Eilenberg-MacLane spaces

This section provides some review material for algebraic topology in order to motivate the
construction of the 2-form cohomology presented in the next section. More specifically, we
review the algebraic structure of Eilenberg-MacLane spaces that are defined as:

Definition 3.1 (FEilenberg-MacLane space). Let ¢ € N and G a group (abelian if ¢ >
2), then an Eilenberg-MacLane space K (G, q) is a connected topological space such that
7¢(K(G,q)) ~ G and m,(K (G, q)) ~ 0 if n # q, where m, denotes the n-th homotopy group.

Eilenberg-MacLane spaces satisfy the following fundamental property:
Property 3.1. Eilenberg-MacLane spaces are unique up to homotopy equivalence.

Therefore, we will often abusively refer to any Eilenberg-MacLane space K(G,q) as
K (G, q) and, in particular, we identify thereafter the ¢-th classifying space B?(G), which is
a space K (G, q), with K(G, q). There exists different constructions of Eilenberg-MacLane
spaces [10, 11, 43, 51-54]. In this paper, we define them as simplicial abelian groups and
we focus specifically on the so-called W-construction. This is the formulation we will use
in section 4 in order to define the 2-form cohomology.

3.1 Abelian simplicial groups

Let us first present the general definition of an abelian simplicial group and then illustrate
it by constructing the space K(G,1), with G a finite group. An abelian simplicial group
can be succinctly defined as a simplicial object in the category of abelian groups [53].
Nevertheless, we provide below a more explicit definition. Let us first introduce the notion
of simplicial set:

Definition 3.2 (Simplicial set). A simplicial set X is a collection { Xy, }nen of sets, together
with homomorphisms

0 =0":X, > Xp1, i=0,...,n,n>0, (3.1)

mi=n": X, > Xpe1, i=0,....n,n>0, (3.2)
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subject to the identities

0,0; = 0;_10; | if i<, (3.3)
N = Nj+17i » if 1<y, (3.4)
dinj = nj-10; , if i<y, (3.5)
Oimi = Oiyam = 1d (3.6)
0in; = n;0i—1 , if i>j5+1. (3.7)

The maps 0; and n; are referred to as face and degeneracy operators, respectively.
The elements of X, are usually referred to as n-simplices and i, j in the equations above
label the faces of these simplices. Given a simplicial set X, we define the boundary map
=01 :X, - X, 1 as 99 =0forn=0, and for n > 0 as

o) = -0+ -+ (=1)"0, . (3.8)

From the identity (3.3) follows the usual rule 9 o9 = 0. The simplest example of simplicial
set is provided by the standard n-simplex:

Example 3.1 (Standard n-simplex). Let us first define an n-simplex A™ as the smallest
convex set in R™ containing n+ 1 points denoted by vy, . . ., v, such that they do not lie in a
hyperplane of dimension less than n. The points v; are 0-simplices and are identified with
the vertices of the n-simplex. In the following, we denote such n-simplex by (vg...vp).
Furthermore, the vertices are endowed with an ordering which induces an orientation of
the edges (viv;), i < j, according to increasing subscripts. We then define a face of an
n-simplex A" as a subsimplex defined by the vertices which form a subset of {vo,...,v,}.
The i-th face of the n-simplex can be defined as the image of the map 0; such that

0i(vg -..vp) = (Vg .. O o) = (V0 ... Vi1 Vig1 --. Un) (3.9)

where the notation e indicates that the corresponding vertex is omitted from the list. The
oriented boundary of an n-simplex is then obtained as the image of the operator 0 defined
according to (3.8) as

0" (g .. vp) =Y (1) (vg ... Bi ... V) - (3.10)

=0
Furthermore, the i-th degenerate simplex of an n-simplex is obtained as the image of the
map n; defined as
ni(vo ... vp) == (Vo ... Vim1 Vi V; Vig1 ... Ug) (3.11)
The set of n-tuples (vg ... vy) together with the face and degeneracy maps introduced above
naturally form a simplicial set that is referred to as the standard n-simplex.

We can now straightforwardly define a simplicial group:

Definition 3.3 (Simplicial group). A simplicial group is a simplicial set X such that each
X, is a group and the degeneracy and face operators are homomorphisms between them. If
all the X, are abelian, then X is an abelian simplicial group.
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Given a simplicial group X, since the face and degeneracy maps are group homo-
morphisms, the boundary map 0 defined as in (3.8) is also a homomorphism. Therefore,
together with the property 0 o @ = 0, the simplicial group X defines a chain complex
with chain groups {X, }nen [51]. This last remark is the main reason why the study of
Eilenberg-MacLane spaces, which are examples of abelian simplical groups, is relevant to
group cohomology and its generalizations.

3.2 Classifying space BG

Let us now illustrate the concepts introduced above with the construction of the classifying
space BG = B(G) of a finite group G that is an Eilenberg-MacLane space K(G, 1), i.e.
its fundamental group m(BG) is equal to G and every other homotopy group vanishes.
We follow an admittedly minimal (but hopefully pedagogical) approach to define such
classifying space, however this is enough for the purpose at hand. More details can be
found in [10, 11, 43, 51-54].

The construction of the classifying space B(G) of a finite group G mimics the con-
struction of the standard m-simplex such that the n-simplices are now abstract simplices
whose vertices are labeled by group variables:

Definition 3.4 (Classifying space). Let G be a finite group and E(G) the simplicial set
such that E(G), = G"*'. The n-simplices of E(G) are therefore identified with the ordered
(n+1)-tuples (go, - - -, gn), with g; € G. The boundary of an n-simplez (go, ..., gn) reads

n

0" (go, .. gn) =3 _(=1)(g0s- -1 Gir - n) (3.12)
=0

and the i-th degenerate simplex of an n-simplex reads

772‘(90; s 7971) = (907 -3 9i-1,9i5 iy Git1s - - - 7gq) . (313)

The group G has a left action on E(G) by left multiplication such that for all g € G,

9> (90,---9n) = (9905 - -, 99n) - (3.14)

The classifying space B(G) of G is finally defined as the quotient space B(G) = E(G)/G.
The simplical set structure of B(G) is inherited from the one of E(G). Furthermore, because
of the homeomorphism between B(G x G) and B(G) x B(G), the classifying space B(G)
inherits the multiplication rule on G as the composite B(G x G) ~ B(G) x B(G) — B(G),
so that B(Q) is a simplicial group.

By definition, the n-simplices of B(G) satisfy the equivalence relation (go,...,gn) ~
(990, - - -, 9gn) which implicitly identifies all the 0-simplices (or vertices) of B(G) so that
it only contains a single O-simplex, namely (g). The presentation of B(G) as constructed
above is sometimes referred to as the homogeneous one as opposed to the non-homogeneous
one that we will now present.
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Let us consider n-tuples [g1,...,gn] of elements g; € G. To each such tuple, we
associate an n-simplex of the simplicial group B(G) as follows

91, 9n) — (1,91,9192, -, 91" Gn) (3.15)

where 1 denotes the group identity. Conversely, to each n-simplex (go,...,gn), We can
assign an n-tuple according to

(907--~7gn) — [90_191791_1927'-'797:—11971] (316)
which provides a one-to-one correspondence between the n-simplices (go, ..., gn) and the
n-tuples [g1,. .., gn]. In the following, we regard each n-simplex of B(G) as such an n-tuple

so that ordered products of g; variables label the 1-simplices of B(G). It is straightforward
to see that the action of the boundary map @ can now be rewritten

n—1
a(n) [glv v ,gn] = [925 v 7gn] + Z(_l)z[glv - 9i-1,9i9i+1, Ji+25 - - - ’gn]
=1
(=)™ g1 s ga] - (3.17)

Since the definition of the classifying space mimics the one of the standard n-simplex, it is
easy to see how we can represent geometrically the relations presented above by drawing
simplices and labeling their edges with group variables and product of group variables
(when working with the non-homogeneous presentation). Note that given a 2-simplex, the
oriented product of the group variables labeling its boundary 1-simplices is always equal to
the identity,'® hence the correspondence with (1-form) flat connections on the lattice. The
fact that we can represent n-simplices of B(G) graphically will turn out to be very useful
in the following when dealing with more complex formulas.

As we alluded earlier, a simplicial group together with a boundary homomorphism
satisfying 0 o 0 = 0 forms a chain complex whose chain groups are given by G™ in the case
of B(G). Consequently, we can think of an n-tuple [g1,...,9,] as an n-chain which we
choose to be valued in a G-module A, which is an abelian group, defining the space of n-
chains Cy,(B(G), A). We obtain the dual cohomology by defining an n-dimensional cochain
over the group A as a function which associates to each n-simplex of the simplicial group an
element of the group A, so that an n-cochain can be thought of as a function of n variables
on G valued in A, and by dualizing the boundary operator. The resulting cohomology
turns out to be identified with the so-called group cohomology whose definition is recalled
below so that algebraic cocycles on G are equivalent to simplicial cocycles on B(G):

13This follows directly from the definition of the non-homogeneous presentation. Let us consider the
2-simplex [g1, g2]. By applying the boundary map (3.17), we obtain

9191, 2] = [g2] — l9192] + [91] (3.18)

which informs us that the 1-simplices bounding [g1, g2] are labeled by g2, g1g2 and g1, respectively. Note

that the orientation of [g1g2] is opposite to the one of [g1] and [gz] so that the oriented product is indeed
—1 -1

92-92 91 -g1=1
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Definition 3.5 (Group cohomology). Let G be a finite group and A a G-module which is an
abelian group. The group G has an action > on A which commutes with the multiplication
rule of A. We call an n-cochain a function w, : G — A and we denote by C™(G,A) the
space of n-cochains. We define the coboundary operator d™ : C™(G, A) — C"1(G, A) via

d™w(g1,. .., gns1) (3.19)

n

_1\n+1
= g1>w(ga, - gnr)w(grs 5 92) T [ wlon - 0im1, 9igi1, giv2s s g
=1

)(*1)1

where we chose to write the product rule in A multiplicatively. An n-cocycle is then defined

as an n-cochain that satisfies
d™w, =1. (3.20)

In the following, we refer to (3.20) as the group n-cocycle condition and the subgroup of n-
cocycles is denoted by Z™(G, A). Given an (n—1)-cochain w,—1, we define an n-coboundary

as an n-cocycle of the form
wp =d®" Ve, . (3.21)

The subgroup of n-coboundaries is denoted by B"(G,A). We finally construct the n-th

(group) cohomology group as the quotient space of n-cocycles defined up to n-coboundaries:

. Z"G, A ker(d(™
(6,4 DAGA),_derld) 32)

It turns out that the construction of the classifying space B(G) as presented above is
not confined to finite groups. Indeed, it is possible to generalize it so as to assign to each
abelian simplicial group X a classifying space B(X). This generalization is usually referred
to as the bar construction [10] of the classifying space of a simplicial group. In the case
where X is chosen to be a finite abelian group, B(X) is itself an abelian simplicial group so
that the procedure can be iterated. More precisely, starting from the canonical simplicial
group constructed out of a finite abelian group G, and under this bar construction, it is
therefore possible to define the ¢-th classifying space B(G) of G recursively as

BG)=G , BYG)=B(B"qQ)) (3.23)

which is an Eilenberg-MacLane space K (G, q), i.e.

Tn(BYUG)) = Tt (BIHG)) = ... = 1_g(G) = {i ioftgejwle . (3.24)

We do not expose the details of this bar construction here since it does not serve our purpose

well. Instead, we will make use of an alternative construction which we now present.

3.3 W-construction

In this section, we introduce a construction where the Eilenberg-MacLane space B¢T(G)
(or K(G,q+ 1)) is obtained recursively from B?(G) via a uniform process denoted by
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W. This construction is different but equivalent to the bar construction mentioned
above. It provides us with a specific presentation for the n-cycles of the homology group
H,(BY(G),.A) which, after dualization, will be used to define what we will call the g-form
cohomology group H" (G, A). This cohomology group is identified with the cohomology
group H"(B4(G), A) the same way as the cohomology of a finite group is identified with the
cohomology its classifying space.'* The reason why this W -construction is more relevant
than the bar construction is because the corresponding n-cochains are naturally defined
as functions of a certain number of variables that is equal to the number group variables
necessary to define a flat g-form connections on an n-simplex. More specifically, under this

construction a 2-form m-cochain depends on @ group variables as expected from the

study of 2-form flat connections.'®

In general, given a simplicial group X, we define a new simplicial group denoted by
W(X) via the recursive formulas

W(X)o={0} » WX = Xn @ W(X), (3.25)

where () denotes the single element of W (X )y and W (X),, the set of n-simplices of W (X).
It is also possible to define W (X),, directly without recursion. Indeed, we have

W(X)y=Xp19Xp 2®---®Xp . (3.26)
We denote the elements of an n-fold product by
(Tn—1,Tn—2,.,20) = Tn-1 @ Tp2 @ - VT () (3.27)

such that z; € X;. Furthermore, the face and degeneracy operators W (X),, satisfy the
following properties

no() = (1o)
9i{wo) = ()
Oo(Tn—1,-..,20) = (Tp—2,...,T0)
0i(Tn-1,--,70) = (0i1%n—1,0;2Tn—2, ., O1Tn_it1, Tn—i—1 - O0Tn—i> Tn—i—2;- - -, T0)
(3.28)
On(Tpn—1,...,20) = (On—1%Tn—1,0p—2Tpn—2,...,0121)
No{Tn—1y--,20) = (Ipn—1,Tn—2,...,20)
Ni(Tn—1,--->20) = Mi-1Tn—1s-- - M0Tn—is Ln—is Tn—i—1,- .., Z0)

1 Note that the group does not need to be abelian as long as we are only interested in the (first) classifying
space and, a fortiori, the group cohomology.

15Recall that given a finite abelian group G and a manifold M equipped with a triangulation A, we defined
a flat 2-form connection by assigning to every 2-simplex (012) C A, a group element go12 = (g, (012)) such
that for every 3-simplex (0123) C A, the cocycle condition {dg, (0123)) = g123 — go2s + go1s — go12 = 0 is
n(n—1)

2

imposed. It follows that given an n-simplex of /A and a flat 2-form connection, only variables are

independent.
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where 1; denotes the identity element of X;. Regarding B(G) = G as a simplicial group
where the n-simplices are identified with the elements g; € G, such that 0,9 = g = n;g,
then W (B%(G)) ~ B(G) is the simplicial group whose n-simplices are the n-tuples

(In—1,---,90) = [gn—1,-- - 90] (3.29)

which matches exactly the non-homogeneous bar construction of the classifying space
sketched earlier (this equality is only valid for BG). Applying the uniform process W
one more time then provides B?(G). It follows directly from the definition (3.26) that

n(n—1) n

an element of (B%(G)), explicitly depends on Y7~ o @ = 25—~ = (}) variables in G, as

expected. Let us now illustrate these definitions by looking at the first 2,3, 4-simplices
of B%(G):

Example 3.2. Let us first consider a 3-simplex A3 := {(g3, 92), (1), ()) € (B*(G))3 =
BGy ® BGy ® BGy. The boundary of this simplex is obtained via 93 = 3,(—1)'0; us-
ing (3.28) such that

DA% = (g1, (), AL’ = (924 91,()) s DL’ =(g3+92,()), BA>= (g3 ())
(3.30)

where we chose to write the product rule in G additively since the group is abelian. It
follows that the boundary of the 3-simplex ((g3,92),{(g1), ()) reads

4

OB AY =3 (=1)'0i((g3. 92), (91), () (3.31)

i=0
= (91, ()) = {92+ 91, () + (g3 + 92, () — (93, ()) -
Example 3.3. Let us now consider a 4-simplex A* := {({(ge,g5,94), (g3, 92), (g1), {)) €

(B%(G))s = BG3 ® BGy ® BG1 ® BGy. The boundary of this simplex is obtained via
oW = 3".(=1)'9; such that

oA4 ({93, 92): (91), () (3.32)
= ((g5 + g3, 94 + 92), {g1) {)) (3.33)
= ({96 + 95, 94), (92 + 91), ()) (3.34)
= ({96, 95 + 94), (93 + g2), ()) (3.35)
84A = ({96, 95), (93), () - (3.36)

For the sake of clarity, let us develop one of the computations. For instance, we have

92((96, 95, 94), (93, 92 (91), ()) = (01(96, 95, 94), Do(g3, 92) - (91), ()) (3.37)
= ((Ooge + g5, 94), (92) - (91), ()) (3.38)
= ({96 + g5, 94), (92 + 91), () (3.39)

where we used the fact that 0,9 = g.
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Example 3.4. Let us consider a 5-simplex A5 = ((g10, 99, 98, 97), (g6, 95, 94), (93, 92),
(1), ()) € (B3(G))s = BG4 ® --- ® BGy. The boundary of this simplex is obtained via
9B = 37.(=1)'9; such that

50&5 ((965 95, 94), (93, g2, (91), () (3.40)
= ({99 + g6, 98 + g5, 97 + 94), (93, 92), (91), () (3.41)
= ({910 + 99,98, 97), (95 + g3, 91 + 92) (91), ) (3.42)
33&5 = ({910, 99 + 98, 97), (96 + g5, 94), (92 + g1), () (3.43)
0aS° = ({910, 99, 95 + 97): (g6, 95 + 94), (93 + g2), () (3.44)
B % = ((g10, 99, 98), (96, 95), (g3), () - (3.45)

As for the classifying space B(G), since 0 is a homomorphism of the group struc-
ture of B(G) inherited from G and since 0 o 0 = 0, we can define a homology theory
of the simplicial group by considering finite chains valued in a G-module A which we
identify with the n-simplices. More specifically, we assign for instance to a 4-simplex
(96,95, 94), (93, 92), {g1), {)) a 4-chain. Similarly, we can define a cohomology theory by
defining an n-dimensional cochain over the G-module A as a function which associates to
each n-simplex of B%(G) an element of the G-module A and by defining the coboundary
map d dual to 9. Using the W-construction of B?(G), this provides n-cochains as functions
of "("271) = (g) variables on G valued in A, as required from the definition of flat 2-form
connections. We refer to this cohomology as the 2-form cohomology whose fundamental

properties are explored in the next section.

4 2-form (co)homology

In the previous section, we recalled the construction of the classifying space of a finite group
G as a simplicial group, and explained how this becomes a chain complex when identifying
the n-simplices with n-chains, from which we can define the cohomology H™(BG, A) of
simplicial cocycles that is equivalent to the cohomology H"(G,.A) of algebraic cocycles.
In this section, we use the W-construction of the second classifying space B2(G) of a
finite abelian group G in order to define the so-called 2-form cohomology H"(G|g),.A) that
is the cohomology of algebraic cocycles identified with the cohomology H"(B?(G),.A) of
simplicial cocycles.

4.1 Definition and 2-form cocycle conditions

Let G be a finite abelian group and A an abelian group that is a G-module whose product
rule is written multiplicatively. We assume for notational convenience that G has a trivial
action on the abelian group A.' We call a 2-form n-cochain a function w, : G(g) — A.
We denote by C"(G[y, A) the space of 2-form n-cochains. Given a 2-form n-cochain w €
C" (G, A), we make use of the following notation

WGy 91 19(n 1)1 193, 92191) € A (4.1)

2

16Relaxing this assumption could allow to explore orientation-reversing elements.
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where the presence of bars | is there to remind of the underlying tensor product structure
of the corresponding n-simplices according to (3.26). We find this notation convenient in
order to make the algebraic structure more manifest but this can easily be omitted as well.

We then define the 2-form coboundary operator d™ : C™(Gpap, A) — C"HGyp, A)
as the canonical dual of the boundary operator 0 on the space of 2-form n-chains, where
0 is inherited from the boundary operator of the simplicial group B?(G) as provided by
the W-construction. More precisely, we think of a given evaluation of the n-cochain w €
C™(G[a),A) as a pairing between w and the corresponding n-simplex in B?(@G) identified
with the relevant n-chain, i.e.

W(g(my g(my—ar- - l9(nsrys- - 1198, 92l91) =2 (w, A7)

with

A" = <<g(n),g(n)71, ce) <g(n71), ey (93,92), (91), ()

2

€ (B*G)), = BG,_1 ® --- ® BGy (4.2)

so that the action of the coboundary operator can be defined directly in terms of the
boundary operator on the n-simplex via Stoke’s theorem

(dMWw, ALY = (@, D ARHLY (4.3)
In particular, it follows from ex. 3.2, 3.3 and 3.4 the action of the 2-form coboundary
operator d®:

4 5(able) = (dP5, (e, (0, 0) = (53,09 (a0 (0, 00) = e P02 (0

the action of the 2-form coboundary operator d®):

d,elf)ala+b,cle+ f)ala,bld)
(b+d,c+e|f)ala,b+cld+e) ’

®a(a,b, cld, el f) = X
8]

and the action of the 2-form coboundary operator d®:

dYw(a,b,c,dle, f, gh,il)
_wie, f,glhyilj)wla+b,e,d|f + h, g +il5) wla,b,c +dle, f + glh +1i) > (4.6)
wb+e,c+ f,d+glh,ilj)w(a,b+c,dle+ f,gli + j)w(a,b,cle, f|h)

respectively, where a,b, ... i,j € G. Using the general recursive definition (3.28) together
with the correspondence spelled out above, we can then find the defining formula of any
2-form coboundary operator d™ . Nevertheless, we will only make use of the previous
three formulas in this work. A 2-form n-cocycle is then defined as a 2-form m-cochain
that satisfies

d™w, =1. (4.7)

The subgroup of 2-form n-cocycles is denoted by Z"(G|g),.A). Given a 2-form (n—1)-cochain
wn—1, we define an n-coboundary as a 2-form n-cocycle of the form

wp =d™ Dy, . (4.8)
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The subgroup of 2-form n-coboundaries is denoted by BY(G[y, A). We finally construct
the 2-form ¢-th cohomology group as the quotient space of 2-form n-cocycles defined up to
2-form n-coboundaries:

~ Z"(GpppA) - ker(d™)

H"(Gp, A) == B (G A)  im(de D)

(4.9)

4.2 Geometric realization

We mentioned above how we can think of a given evaluation of the cocycle w as a pair-
ing between w and the corresponding n-simplex identified with the relevant n-chain so
that a 2-form n-cocycle assigns to each n-simplex of B%(G) an element of the group A.
This can be used in order to provide a geometric interpretation to the cocycle conditions
presented above.

In order to do so, we need the geometric realization of B?(G) which is, loosely speaking,
obtained by identifying a given n-simplex of B?(G) with a standard n-simplex together with
a Gg-coloring, i.e. an assignment of group elements g € G' to every 2-simplex such that for
every 3-simplex the 2-cocycle constraint dg = 0 is satisfied. Let us for instance consider
the 3-simplex ((gs, g2), (g1), {)) € (B*(G))3. Recall that its boundary reads

09 (g3, 92), (g1), ()) = (91, ) = (92 + 91, () + {93 + 92, () — (93, () (4.10)

so that (g1, ()), {g20 + g1, ()), {go1 + g20, {)) and (go1, {)) are 2-simplices. Let us now think
about the 3-simplex ((g3, g2), (g1), ()) € (B%(G))3 as a standard 3-simplex (0123) so that 0,
1, 2 and 3 label its vertices, together with a Gg-coloring which assigns to every face (zyz)
the group element g,,. = (g, (xryz)). From the expression of the boundary of the 3-simplex
({g3,92),(g1), ()), we read-off the correspondence

g123=91 , Yoz =¢g2+g1 , go13=93+9g2 , Goi2 =93 (4.11)

We can check that this coloring automatically satisfies the cocycle constraint dg = 0 since
(dg, (0123)) = g123 — go23 + go13 — go12 = g1 — (92 + g1) + (g3 + g2) — g3 = 0. So given a 3-
simplex of B%(G), we can assign to it a standard 3-simplex whose Ggj-coloring is provided
by (4.11). Conversely, given a standard 3-simplex (0123) with a given G|y-coloring, we
assign to it a 3-simplex of B2(G) which reads ((go12, 9013 — go12), (g123), ()). Since a 2-
form 3-cocycle assigns to a 3-simplex of B?(G) an element of the group A, we can use the
previous correspondence to further assign to the standard 3-simplex (0123) the evaluation

(o, (0123)) = (9012, 9013 — go12|g123) - (4.12)

Note that we use a slightly abusive notation since we treat the standard 3-simplex (0123)
as ({go12, 9013 — go12), (g123), ( )) in light of the identification we have just made. The same
procedure can be iterated so as to assign to a given standard n-simplex together with a G-
coloring the evaluation of a 2-form n-cocycle. For instance, we will make extensive use of the
following correspondence between a 2-form 4-cocycle and the standard 4-simplex (01234):

(w, (01234)) = w(go12; Y013 — G012, Yo14 — 9013|9123, G124 — G123]9234) - (4.13)
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Similarly, the evaluation of a 2-form 5-cocycle assigned to the standard 5-simplex
(012345) reads

(m, (012345)) = 7(go12, 9013 — Jo12; 014 — Y013, 9015 — Jo14|9123,

9124 — G123, 9125 — G124]9234, 9235 — 9234|9345

from which we can easily read-off the structure underlying this construction and therefore
‘guess’ the subsequent formulas.

Let us now use this correspondence in order to provide a geometrical interpretation
to the cocycle conditions. It turns out that an n-cocycle condition is associated with a
so-called n-dimensional Pachner move [41]. Given a piecewise linear manifold M and its
triangulation A\, a Pachner move replaces /A by another triangulation A’ associated with
a manifold M’ homeomorphic to M. Given two triangulations of a given manifold, it is
always possible to relate one to the other by a finite sequence of Pachner moves. In three
dimensions, we distinguish two Pachner moves, namely the 2-3 and the 1-4 move denoted
by Pay3 and P4, respectively. The 1-4 move subdivides a 3-simplex into four 3-simplices
by introducing an additional vertex inside, while the 2-3 move decomposes the gluing of
two 3-simplices into three 3-simplices. Graphically, this latter move can be represented as

0 0

3 2 3 2

where the initial 3-simplices (0123) and (0234) are replaced by (0124), (1234) and (0134). Let
a be a 2-form 3-cochain. Using the correspondence (4.12), we assign to each one of the five
3-simplices A? = (wryz) a term (o, (wryz)), and we finally obtain the 2-form 3-cocycle

condition as
5

[T(e. 23«40 =1 (4.15)

=1

where ¢(A3) = 41 is a sign factor which depends on the orientation of each 3-simplex as
determined by the following convention:

Convention 4.1 (Orientation convention of a 3-simplex). Pick one of the 2-simplices
bounding the 3-simplex A3 and look at the remaining vertex through this triangle. If the
vertices of the 2-simplex are ordered in a clock-wise fashion, then the orientation is positive,
otherwise it is negative. For instance, we have

(LA -0 (A, (w10

where ® represent the fourth vertex as seen from behind the triangle.
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Putting everything together, the 2-form 3-cocycle condition associated with the Po. 3
move (4.14) reads

d® a(go12, 9013 — Jo12, Jo14 — Go13|9123, G124 — 9123]9234)

_ a(g123, 9124 — 9123]9234) (9013, go14 — G013]9134) (G012, G013 — Go12]g123) (4.17)

a(go23, go24 — go23]9234) @(go12, go14 — Go12|g124)

which reproduces exactly (4.5) when choosing gp12 = @, goiz — go12 = b, go14 — go13 = ¢,
gi123 = d, g124—¢g123 = e and goz4 = f. Similarly, we can provide a geometrical interpretation
for any cocycle condition. In the following, these geometrical interpretations will be put
to use in order to define our lattice Hamiltonian model.

4.3 Normalization conditions

In the following section, we construct a lattice Hamiltonian model whose input data is a
finite abelian group G and a 2-form cohomology class [w] € H 4(G[2], U(1)). Before doing
S0, it is convenient to derive some normalization conditions for 2-form cocycles. This will
allow us to greatly simplify some formulas but also to provide useful information regarding
the algebraic structure of the cocycles. The list of normalization conditions presented here
may not be exhaustive but these are all the ones we need for our purpose.

By definition, [w] € H" (G, U(1)) is an equivalence class of 2-form n-cocycles defined
up to 2-form n-coboundaries and in order to represent the class [w|, we can choose any
cocycle w € [w]. The purpose of this section is, given an equivalence class [w], to find a
representative w € [w] which satisfies as many normalization conditions as possible. Since
the data entering the definition of our lattice model is a 2-form 4-cocycle, we will focus our
attention on the cohomology group H 4(G[2},U(1)) but the strategy presented here is very
general and can be applied to any 2-form cocycle.

Let [w] be a 2-form cohomology class in H*(Gy, U(1)) and let w,w’ € [w] be two
different representatives of this class. By definition, 4-cocycles within the same cohomology
class are equivalent up to 4-coboundaries, and therefore there exists a 2-form 3-cochain «
such that

W (a,b,cld, el f) = w(a.bcld, el f) - dPax(a, b,cld, el f)

_ a(d,e|f) a(a+b,c e+ f) afa,bld)
= wla,b,cld,elf) - alb+d,c+el|f)ala,b+c|d+e)

(4.18)

In other words, given a representative w € [w], we can obtain another representative w’ € [w]
by choosing a 2-form 3-cochain o € C? (Gjg),A) and apply formula (4.18). For instance,
choosing « such that «(0,0[0) = w™1(0,0,0/0,0/|0), we obtain a representative w’ such that
w'(0,0,0[0,0[0) = 1. Therefore, it is always possible to choose a 4-cocycle w such that
w(0,0,0[0,0/0) = 1. This is the simplest normalization condition. We will now apply the
same strategy to derive several additional normalization conditions.
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Let us consider equation (4.18) for which a =b = ¢ = 0:

a(d,e|f) a(0,0,]e + f)a(0,0|d)
a(d,e|f) a(0,0]d + e)

a(0,0,]e + f) a(0,0[d)
a(0,0[d + e)

w'(0,0,0|d, el f) = w(0,0,0|d, e|f) -

= W(O, 0, O|d> €|f) :

(4.19)
By choosing a € CS(GM,U(l)) such that «(0,0/x) = w(0,0,0/0,0/z)"! and using the
cocycle condition

w(0,0,0R,i|j) w(0,0,0[h, i[j) w(0,0,0[0, 0] + 7)
w(0,0,0[h, i[5) w(0,0,0[0,0i + j) w(0,0,00,0[R)

d™w(0,0,0,00,0,0/h,i|j) = =1 (4.20)
we obtain that w'(0,0,0|d,e|f) =1 for all d,e, f € G. So we can always choose a 4-cocycle
w which satisfies w(0,0,0/d, e|f) = 1. Consider now the following equation:

(0, b]0)

(0, b = w(0,b R

(4.21)

Choosing a € 03(G[2],A) such that a(0,2]0) = w(0,z, —2[0,0/0)~! and using the cocycle
condition

W(O, b7 _b’07 0|O>
w(0,b+ ¢, —b — ¢|0,0]0) w(0, b, c|0, 0]0)

dWw(0,b, ¢, —b — ¢|0,0,0[0,0]0) = =1 (4.22)

we find that w’(0,b,¢|0,0[0) = 1. Similarly, it is always possible to find an w which satisfies
w(a,0,c|0,0[0) =1 = w(a,b,00,0|0).

Let w € Z4(G[2],.A) be a 2-form 4-cocycle which fulfills all the normalization conditions
derived above. It then follows directly from the cocycle condition that it also satisfies

w(a,0,c|0,e]|0) = w(0, b, ¢|0,0]f) = w(a,0,0|d,0[0) = w(a,b,0|d,0[0) =1. (4.23)
We can find another representative of the cohomology class [w] according to

a(a,0le) a(a, 0, |d)
a(a,0ld + e)

W'(a,0,0ld, e|0) = w(a,0,0|d, e|0) - (4.24)
Choosing a € CS(G[Q]’M) such that a(x,0[z) = w(x,0,0[0,0/z)~! and using the cocycle
condition d®w(a,0,0,0(0,0,0/h,i|0) = 1, we have w’(a,0,0|d,el0) = 1 for all a,d,e € G.
Similarly, considering

a(d, 0]f) a(b,0,[f)
a(b+d,o0lf)

w’(O, b, O‘da O‘f) - w(07 b, 0‘d70’f> ) (425)

and  choosing  «a(z,0|2) = w(z,0,0[0,0|z)"" with the cocycle condition
d®Ww(0,b,0,0|e,0,0[0,05) = 1, we have «w'(0,b,0/d,0[f) = 1 for all b,d,f € G. Let
us also remark that the normalization conditions above imply that

(0, ,0f,910) = w(b, £.910,00) " and  w(0,0,cl0, £1i) = w(0,c,01f,il0) . (4.26)
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These last two identities will turn out to be very useful in the following. Putting everything
together, it is always possible to find a 2-form cocycle w € Z4(G[2],A) which satisfies the
following normalization conditions

w(0,b,¢|0,0[0) = w(a,0,¢|0,0]0) = w(a, b, 0]0,0[0) = 1 = w(0,0,0|d, e| f) (4.27)
w(a,0,0|d, e|0) = w(a,b,0|d,0[0) = w(0,b,0]d,0|f) =1 (4.28)
= w(a,0,c|0,e]|0) = w(0,b,c|0,0]f)
for all a,b,c,d,e, f € G.
Let us close this section with a few remarks regarding 2-form 3-cocycles. Let us consider

[a] € H*(Gy}, A) and let a € [a] be a representative. By definition « satisfies the 2-form
3-cocycle condition

a(d,e|f)al(a+b,cle+ f)ala,bld) = a(b+d,c+e|lf) ala,b+ c|d+ e) (4.29)

from which immediately follows that «(0,0/0) = 1. Similarly, by looking at the cocycle
conditions d® a(a,0,0]0,0/f) = 1 and d® (0,0, ¢[0,0[0) = 1, we obtain that

a(a,0]f) =1 = a(0,c|0) (4.30)
for all a,c, f € G, respectively. Let us furthermore consider the following cocycle condition

«(0,0[0) a(a + b, ¢, |0) a(a, b|0)
a(b, c|0) a(a, b+ |0)

Using the fact that «(0,0/0) = 1, we deduce that 3 € Z%(G,U(1)) where B(a,b) =
a~1(a,b0). In other words, the 2-form cocycle a evaluated on ({a,b), (0),()) satisfies

d®af(a, b, c|0,0/0) = =1. (4.31)

the group 2-cocycle condition, i.e.

B(b,c)B(a,b+c)
B(a+1b,c)B(a,b)
We further deduce from the cocycle condition d®a(0,b,0/0,e/0) = 1 that a(b,el0) =
a(0,ble)~! which together with d®a(0,0,¢|d,0[0) = 1 provides
(c,dl0) _ Bldc) _
(d,clo) — B(c,d)

so that £ defines a symmetric group 2-cocycle. This special 3-coboundary will be important

d?B(a,b,c) = =1. (4.32)

d® (0,0, ¢|d, 0[0) = z (4.33)

in the following.

So we have defined in detail the so-called 2-form cohomology, both algebraically and
geometrically. In the following, we use these definitions in order to construct explicitly the
lattice Hamiltonian realization of the theory.

5 Hamiltonian realization of 2-form TQFTs

In this section, we use the results of the previous section in order to construct and study
an exactly solvable model whose ground state is described by a topological lattice 2-form
gauge theory. In the next section, we will study how this model turns out to be related to
the Walker-Wang model for abelian braided fusion categories.
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5.1 Fixed point wave functions

One can in general define gapped phases of matter in terms of equivalence classes of many
body wave functions under local unitary transformations [30, 55]. Given a graph or a lattice,
these local transformations can be used so as to implement a wave function renormalization
group flow. Defining equivalence classes of wave functions under such transformations then
boils down to finding so-called fized point wave functions. By definition, these fixed point
wave functions are expected to capture the long-range entanglement pattern which is the
defining feature of intrinsic topological order.

Levin and Wen introduced in [30] so-called string net models as a way to systematically
construct fixed point wave functions in two dimensions. A string net is essentially defined
in terms of a graph labeled by objects satisfying compatibility conditions such that each
graph with a given consistent labeling represents a state (or many-body wave function).
The linear superposition of spatial configurations of string nets define the Hilbert space of
the model. Local unitary transformations are defined at the level of the graph and uniquely
specify the fixed point wave functions. These fixed point wave functions are then found to
be ground states of given Hamiltonians.

In this section we follow an approach similar to Levin and Wen to construct an ex-
actly solvable model whose fixed point wave functions define the ground states of a lattice
Hamiltonian which has a 2-form gauge theory interpretation. Our setup is the following:
let M be a compact oriented four-manifold and 3 a closed three-dimensional hypersurface
equipped with a triangulation A. Each 2-simplex A% = (zyz) C A of this triangulation is
decorated by a group element g,,. € G with G a finite abelian group such that the group
identity 0 € G is the vacuum sector. Furthermore, we define compatibility conditions
referred to as branching rules at every 3-simplex of the triangulation: given a 3-simplex
A3 = (wwyz) C A\, the branching rules impose that the oriented product of the super-
selection sectors labeling the 2-simplices vanishes, i.e. gry. — Guyz + Gwzz — Gwzy = 0. Using
the differential on cochains and the canonical pairing between simplices and cochains, this
can be rewritten: V (wxyz) C A, (dg, (wzyz)) = 0. A labeling of the 2-simplices of A such
that the branching rules are everywhere satisfied is said to be consistent and we refer to it
as a (gj-coloring. The set of Gyj-colorings is denoted by Col(%, G[Q]) and defines a local
description of the set of flat 2-form connections.

Since the branching rules effectively reduce to the group multiplication, the input data
of our lattice Hamiltonian model is particularly simple, namely a tuple {G, [w]} where G
is a finite abelian group and |[w| € H 4(G[2],U(1)) a class of 2-form 4-cocycles valued in
U(1). Since the model is defined in terms of a 2-form 4-cocycle up to 4-coboundaries, we
can choose whichever representative of the class we want to carry out our calculations:
we choose it so as to satisfy the normalization conditions (4.27) and (4.28) derived in
section 4.3. Furthermore, the fixed point wave functions are defined as the states satisfying
the following relations under the corresponding local unitary transformations:

0 0

! 1 >: ST (w, (01234)) @129 1 > (5.1)

9014,9134
g124
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where the Ggj-coloring is left implicit. These two equations dictate how a fixed point
wave function is modified under a 2-3 Pachner move Ps_,3 and a 4-1 Pachner move
Pi—1, respectively. The equations associated with the opposite moves, namely P32 and
P14, are obtained in an obvious way. Both equation (5.1) and (5.2) depends on a fac-
tor (w, (01234))i5(01234) that is the pairing between the 2-form 4-cocycle w and the 2-form
chain identified with the standard 4-simplex (01234) C A that is the 4-simplex bounded
by the 3-simplices appearing in the corresponding Pachner moves. The sign factor €(01234)
depends on the orientation of the 4-simplex. Since the convention for the P41 follows
from the one of the Ps, .3, we only explain the latter one in detail:

Convention 5.1 (2-3 Pachner move). Pick one of the 3-simplices in the source complex
and assume that it is labeled by (wxyz) such that w < x < y < z. The remaining vertex of
the source complex is labeled by 0. We denote by e(wxyzo) the sign factor associated with the
corresponding 2-3 Pacher move. First, determine the orientation e(wzyz) of the 3-simplex
(wxyz) according to convention 4.1, then consider the list of vertices {o,w,xz,y,z}. If it
takes an even number of permutations to bring this list to the ascending ordered one, then
e(wzyzo) = +e(wryz), otherwise e(wryzo) = —e(wxyz). The same convention applies to
find the orientation of a 4-simplex.

Applying this convention to equation (5.1), we find that €(01234) = €(0123) = —1.

The constraints (5.1) and (5.2) satisfied by the wave functions under local unitary
transformations are only valid together with the corresponding consistency conditions. We
will show later that these are guaranteed by the fact that w is a 2-form 4-cocycle, but before
doing so we are going to investigate in more detail these local unitary transformations. First
of all, let us present an alternative presentation for these mutations which is closer related
to the original formulation of Levin and Wen for 2d string net models as well as the one
of the 3d Walker-Wang model which we review in section 6. Instead of working with
the triangulation A\, we consider the one-skeleton of its dual polyhedral decomposition
denoted by Y such that the 2-simplices A% C A are dual to links | C T and the 3-simplices
A3 C A are dual to nodes n C Y. The branching rules or (compatibility conditions or
2-flatness constraints) are now encoded at every node. Because we now work on the dual
graph, it is inconvenient to keep the labeling completely implicit, thus we label each link
by its dual 2-simplex. Note, however, that it is not strictly necessary to specify explicitly
the orientation of each edge since it can be easily deduced from the definition of the
constraint (dg, (Wxyz)) = guy: — Gwyz + Gwzz — Juwzy = 0. In terms of the dual graph T,
equation (5.1) becomes

(034) (234) (024) (034)  (234)  (024)
‘ (023) >_ Z (w, (01234)) 7" (5.3)
9014,9134
9124

(01%) (123) (D12)
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while equation (5.2) now reads

(034) (234) (024)

> = (w, (01234)) "1

> . (5.4)

Now is a good time to recall that the pairing between the 2-form 4-cocycle and the standard

(023)

4-simplex identified with the corresponding 4-chain (of the simplicial group B?(G)) is
explicitly given by

(w, (01234)) = w(go12, 9013 — Y012, Jo14 — 9013|9123, 9124 — G123|g234) - (5.5)

In the following, we are interested in special cases of the equations above which correspond
to setting some of the group variables appearing in (5.5) to the identity. In particular, we
study what these special cases reveal about the algebraic structure of 2-form 4-cocycles
using arguments similar to the ones presented at the end of section 4.3. Let us for in-
stance consider the Ps,,2 move dual to the P, 3 move depicted in (5.3) but with different
distribution of vertices and such that gg13 = g134 = g234 = go12 = 0:

o) _(014)
aN = {w, (01234))| (o
' ' (023)

(024) " (024 (023)

where the dashed line represents links (or 2-simplices) labeled by the vacuum sector. Fur-
thermore, we set go14 = go34 = b and gga23 = g123 = g124 = a so that

(w, (01234)) = w(0,0, b|a, 0[0) . (5.6)

It should be obvious from this presentation that when setting go13 = g134 = g234 = go12 = 0,
the Po.,3 move effectively reduces to a braiding move. The 2-form 4-cocycle correspondingly
reduces to a group 2-cochain R : (a,b) — w(0,0, bla, 0]0) such that

. (014) ) . (014)
.(123) '
‘,,.("1"24) := R(go23, go14) (034) (5.7)
' ' (023)
(024) " (024) (023)

which can effectively be represented in terms of string diagrams as

a

b\ a b a b /a b
a a)~!
( R&;) \( | ? R(b,_)) \( (5.8)
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where the r.h.s. corresponds to the situation where the left strand undercrosses the right
one. Note that instead of starting from the Ps, .3 move, we could have considered a special
case of the Py move instead and it would have led exactly to the same result.

There is another interesting special case of the same Ps_,5 move that is obtained by

setting gio4 = gass = g134 = g2z = 0:17

(023)  (034) ' (023) (034)

'(024) > .

(014) (019) (014)\"

> = (w, (01234)) 71

Let us furthermore set gpi2 = a, go23 = b and gg34 = ¢ so that
(w, (01234)) = w(a, b, c|0,0|0) . (5.9)

It should be obvious from this presentation that when setting g124 = g234 = g134 = g123 = 0,
the P53 move effectively reduces to a 2-2 Pachner move P, o if we were to consider the
two-dimensional triangulation dual to the three-valent graph defined by the bold edges.
Indeed, the 2-form 4-cocycle reduces to a group 3-cochain « : (a,b,c) — w™1(a,b, c|0,0[0)
such that

(023) (034) , (023) (034)
> = (9012, 9023, J034) '(024) >
(014) (019) (014).."

which can effectively be represented in terms of string diagrams as

a b c a b c
\</ a@)c) \?/ . (5.10)

What we have just shown, from a graphical point of view, is how the local unitary trans-
formation associated with a 2-form 4-cochain reduces to a braiding move or a 2-2 Pachner
move. In the following subsection, we study the coherence relations of these transforma-
tions which allows us to make this correspondence more precise.

"Note that we use yet another distribution of vertices compared to the one in (5.3). Nevertheless, it
obviously does not matter how we choose such labeling and we could have performed the same analysis
with any other. However, we always choose the one which makes the evaluation (w, (01234)) as simple as
possible. In general, because of the inherent redundancy of the algebraic structure underlying the 2-form
4-cocycle, there are many ways to write the same thing. We tried to choose our examples so as to make
the results as manifest as possible.

~ 31—



5.2 Consistency conditions

We presented earlier the equations that fixed wave functions must satisfy under local uni-
tary transformations. However, for these equations to be self-consistent, some coherence
relations must be satisfied. We are now going to study these coherence relations with an
emphasis on the correspondence put forward at the end of the previous subsection.

Let us consider the union of three 3-simplices. There are two different sequences of
three P53 moves which lead to the same complex that is the union of six 3-simplices. This
situation is represented in figure 1 where the direction of the arrows is decided according
to convention 5.1. According to equation (5.3), the amplitude of the map performing
each Po,3 move is given in terms of the 2-form 4-cochain w or its inverse. Applying
this definition to the two sequences of Ps,3 and requiring that any composition of maps
yielding the same final configuration must be identified, the coherence relation implies the
following equality:

(w, (02345))(w, (01245)) (w, (01234)) = (w, (01235))(w, (01345))(w, (12345)) . (5.11)

It turns out that this equality is nothing else than the 2-form 4-cocycle condition and
figure 1 its graphical interpretation. The coherence of the local unitary transformation is
therefore ensured by the fact that w € Z4(G 2, U(1)). To check explicitly that this is indeed
the cocycle condition d®w(a,b, ¢, dle, f,glh,i|j) = 1 as written in (4.6), we just need to
use (4.13) and label the face variables as follows: gpi12 = @, go13 = a+ b, goia = a+b+c,
gois = a+b+c+dgias =€ groa=¢€e+f, g125 =€+ f+g, gasa = h, gags = h+1
and g345 = j. Note that there is another way to interpret the 2-form 4-cocycle condition
following the lines of section 4.2. Indeed, considering a 3-3 Pachner move and identifying
each one of the oriented six 4-simplices with a 2-form 4-cocycle, we would obtain (5.11) as
well. This relies on the fact that there is a canonical way to assign a cyclic sequence of five
Pao o moves to a Po, 3 move, a cyclic sequence of six Ps, .3 moves to a P33 move, and so
on and so forth, as exploited in [20].

In the same way we investigated earlier special cases of the Py, .3 move, we will now
study special cases of the cocycle condition d®w(a,b,c,dle, f,glh,i|j) = 1. In particu-
lar, we are interested in the graphical interpretation of these special cases in light of the
correspondence between (5.11) and figure 1.

Let us consider the 4-coboundary d®w(a, b, c,d|0,0,0|0,0[0) which yields the cocy-
cle condition

w(0,0,0]0,0[0) w(a + b, ¢, d|0,0]0) w(a, b, ¢ + d|0,0[0)
w(b, ¢,d|0,0]0) w(a, b+ ¢, d|0,0[0) w(a, b, c|0,0]0)

=1. (5.12)

First of all, according to the normalization conditions satisfied by w, one has
w(0,0,0]0,0/0) = 1. It then follows straightforwardly that the group 3-cochain « defined
as a: (a,b,c) — wt(a,b,cl0,0]0) is a group 3-cocycle in H3(G, U(1)) satisfying the group
3-cocycle condition

ala+b,c,d)ala,b,c+d) = a(b,c,d) a(a,b+ c,d) ala,b,c) (5.13)
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Figure 1. Consistency condition of the 2-3 Pachner move whose amplitude is given by the 2-form
4-cocycle w € Z*(Gy, U(1)). Starting from the union of three 3-simplices, there exist two different
successions of 2—3 Pachner moves which lead to the same union of six 3-simplices. On each arrow
we indicate the 4-simplex bounded by the five 3-simplices involved in the Pachner move, on which
the 2-form cocycle is evaluated.

also referred to as the pentagon relation in the context of monoidal category theory. To-
gether with the relations (4.26) derived directly from the normalization conditions, this
yields the following set of equalities

ala,b,¢) = wla,b,cl0,0]0)~! = w(0,a,0[b,c0) = w(0,0,al0,b|c) (5.14)

which we use several times below. Equation (5.14) is a good example of the inherent
redundancy underlying the W-construction of B2(G). This redundancy is the main reason
why we need to choose carefully our examples and our conventions in order for the results
to be manifest and not to be lost in the redundancy of the description.

Let us now consider the 4-coboundary d(4)w(0, 0,c¢,d|e,0,0]0,0[0) which yields the co-
cycle condition

w(e, 0,0]0,0[0) w(0, ¢, d|0,0[0) w(0, 0, c + d|e, 0]0)
w(e, ¢, d|0,0[0) w(0, ¢, dle, 0]0) w(0, 0, cle, 0]0)

=1. (5.15)

Firstly, it follows from the normalization conditions (4.27) satisfied by w that
w(e,0,0[0,0/0) = 1 and w(0,¢,d|0,0]0) = 1. Secondly, we recognize terms which reduce
to the group 2-cochain R and the group 3-cocycle a. Thirdly, we define a group 3-cochain
denoted by ¢ as ¢ : (a,b,¢) — w(0,a,b|c,0[0). Putting everything together, the cocycle
condition (dWw, (012345)) := dPw(0,0, ¢, d|e,0,0/0,0/0) = 1 reads

R(e,c+d)ale,c,d)
c(e,d,e) R(e, c)

=1 (5.16)
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such that (w, (02345)) = a(e,c,d)™, (w, (01245)) = ¢(c, d, ), {w, (01235)) = R(e,c + d) and
(w, (01234)) = R(e,c). In figure 2 (top panel), we provide a graphical interpretation to
this 2-form 4-cocycle condition. In order to obtain this figure, we proceed as follows: (%)
Reproduce figure 1 but for the one-skeleton of the polyhedral decomposition T dual to
the triangulation A and for a different (judicious) numbering of the vertices. (i) Identify
the 2-simplex variables from (5.15) using the correspondence (4.13) and draw the dual
links with a dashed line when the corresponding labeling vanishes. Focusing on the bold
edges appearing in figure 2, we can draw several remarks: firstly, as expected, the two
Pa3 moves associated with the 4-cocycle evaluations normalized to one do not modify the
combinatorics of the diagram. Secondly, two P35 effectively reduce to a braiding move
which is consistent with the fact two R-matrices appear in equation (5.16). Thirdly, one
Pa3 effectively reduces to a Po,o which is consistent with the presence of the group 3-
cocycle a in equation (5.16). Finally, there is the move corresponding to the term ¢(c, d, e).
Putting everything together, the 2-form 4-cocycle condition can effectively be graphically
interpreted in terms of string diagrams as

c(c,d,e)

T

d\ e c d\ e c d e c d
R~ 1(e,c) \@ a(e,c,d) \</ R(e,c+d) \</
(

where we omitted the trivial maps. Note that this equation makes sense on its own,

€

5.17)

independently from figure 2, according to (5.8) and (5.10).

We will now repeat the previous analysis starting from a different cocycle condition
in order to provide an alternative decomposition for the map ¢. Let us consider the cocy-
cle condition

(dDw, (012345)) := dYw(0,0, ¢, 00,0, g|h, 0]0)
_ w(0,0,g|h,0]0) w(0, ¢, 0], g|0) w(0,0, |0, g|h)
 w(0,¢,9]h,0]0) w(0, ¢,0[0, g[0) (0,0, g]0, 0] )
_ R(h,g)ale, h,g)
c(c,g,h) alc, g, )

=1 (5.18)

such that (w,(12345)) = R(h,g), (w,(02345)) = c(c,g,h), (w,(01345)) = a(c,h,g) and
(w, (01235)) = a(c,g,h)~!. We made use between the first and the second line of the
normalization conditions as well as (5.14). As before, this cocycle condition can be repre-
sented graphically (see lower panel of figure 2) by identifying all the 2-simplex variables and
make a judicious choice of numbering of the vertices which dictates, among other things,
which Po,3 move each term of (5.18) corresponds to. In terms of string diagrams, this
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effectively boils down to:'®

c(c,9,h)

— T

c g h c g h c g h c g9 h
\ \
\é aleh.g) \/ R(h.g) \P/ o egh) \</
— — —

where we omitted as before the trivial maps.

5.19)

Let us summarize what we have shown so far: using two special cases of the 2-form
4-cocycle condition, together with their geometrical interpretation that relies on the fact
that the map performing a 2-3 Pachner move evaluates to a 2-form 4-cocycle, we have
obtained two different decompositions for the map ¢ : (a,b,c) — w(0,a,blc,0/0) in terms
of the group 2-cochain R and the group 3-cocycle a, both algebraically and geometrically.
Equating these two decompositions, we obtain

a(a,b,c) R(c,a+b) a(c,a,b) = R(c,a) a(a,c,b) R(c,b) (5.20)

which is nothing else than one of the hexagon relations appearing in the definition of a
(abelian) braided monoidal category. This equation is the consistency condition for the
braiding move whose amplitude is provided by the 2-cochain R, the same way (5.13)
is the one for the Po_,o move. We can deduce very easily the corresponding graphical
interpretation in terms of string diagrams and it reads:

a b c a b ~
\< o(e,a,b) AN
<;

a(am b %@b)

a b c a c
\?/ ~
R(c,b)
<;

8The correspondence between figure 2 and the effective string diagrams is not as obvious as earlier

where it was directly provided by the bold links of the dual complex. Indeed, because of the presence
of additional links labeled by non-trivial group variables, the correspondence is not quite as transparent.
However, by looking carefully at the value of each 2-simplex (or dual link) variables, the reader should be
able to convince itself that it does reduce to the equation in terms of string diagrams. First of all, it should
be clear that the links labeled by (014) and (024) are irrelevant from a combinatorial point of view in the
top-left, top-right and right complexes (of the lower panel). Furthermore, from (w, (01245)) = w(go12, go14 —
9012, go15 — go14|gi24, g125 — g124|g245) = w(0, ¢, 0|0, g|0), we read off in particular that go14a = go1s = ¢ and
goas = g145 = g so that we can effectively ‘forget’ about the links labeled by (014) and (015) in the left and
bottom-left complexes.
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It turns out, there is another hexagon equation which can be obtained similarly starting
from two others special cocycle conditions:

R(c+a,b)a(c,b,a) = a(b,c,a) R(c,b) afc, a,b) R(a,b) (5.21)

whose graphical interpretation can be derived by proceeding as before.

Thinking of w, R and « as isomorphisms, what we have essentially shown in this part
is that the input data of our model, namely {G,w}, reduces to the input data of an abelian
braided monoidal category, namely {G, R, a}, and that the consistency conditions of the
constraints satisfied by the fixed point wave functions under P53 moves reduce to the
consistency conditions of R and «. Note that a similar analysis has been carried out for
instance in [56-58] but using the bar construction of B?(G) instead of the W-construction as
we did. The computations are in this case more straightforward. However, because the bar
presentation does not yield a geometrical interpretation in terms of 2-form flat connections
defined on a triangulation, it is neither possible to show this correspondence from an
intuitive simplicial point of view, nor to define the corresponding lattice Hamiltonian model
as we are doing. We will provide more category theoretical details in section 6 and exploit
this result to show to which extent our model is related to the Walker-Wang model.

5.3 Lattice Hamiltonian

In this subsection, we introduce our lattice model which is an Hamiltonian realization
of the 2-form topological invariant (2.16) whose ground states are described by the fixed
point wave functions satisfying (5.1) and (5.2). These ground states correspond to the
physical states (as defined in appendix D) that span the Hilbert space Hx obtained upon
quantization of the 2-form TQFT on a manifold of the form M =% x R.

We introduced in section 2.3 a general formula (2.16) for the partition function of
topological g-form lattice gauge theories. We reproduce below this formula for the case
q = 2 in a slightly different form:

G 1 (A4
Z,MM] = CIETTA > JJlw, oA (5.22)
geCol(M,G[Q]) A4

where w € Z*(Gpy, U(1)) is the 2-form 4-cocycle, (w, ALY = 5 [AY] is the topological
action such that e(A*) = £1 is determined according to conv. 5.1, and Col(M, Gjg)) is the
set of Gg-colorings of M, i.e. an assignment of group elements g € G to every 2-simplex
which satisfy the 2-cocycle condition dg = 0 where (dg, (Wxy2)) = goy> — Juwyz + Gwzz — Gway-
Note that we are now considering cocycles valued in U(1) instead of cocycles valued in R/Z,
this is merely a choice of convention. Furthermore, we now pick a cocycle in the cohomology
H4(G[2], U(1)) instead of H*(B?(G), U(1)), which is the same by construction. The 2-form
4-cocycle condition ensures the topological invariance of the partition function.

Let us now define an Hamiltonian realization of this topological field theory on a space-
like three-dimensional hypersurface > endowed with a triangulation A whose 2-simplices
are labeled by group variables in the finite abelian group G. To every 3-simplex of A, we
associate a projector B(asy which enforces the zero-fluz condition. To every l-simplex of
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Figure 2. Graphical depiction of the 2-form cocycle condition d®w(0,0, ¢, d|e,0,0]0,0/0) = 1 and
d®w(0,0,¢,00,0,g|h,0]0) = 1. The dashed line are labeled by the identity group element 0 € G.
Each arrow of the diagram is labeled by a 4-simplex (abcde) such that (w, (abede)) is the evaluation
of the 2-form 4-cocycle w that is the amplitude of the corresponding 2-3 Pachner move, as well as a
symbol «, R or id depending on whether the 2-3 Pachner move effectively reduces to a 2-2 Pachner
move, a braiding move or a trivial move, respectively. Together, these two consistency conditions
effectively reduce to a so-called hexagon relation.

A\, we associate a projector A1y which enforces the twisted 1-form gauge invariance. The
zero-flux condition is particularly simple for our model since it boils down to the branching
rules. In other words, it enforces the fact that the labeling of the 2-simplices define a G-
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coloring, i.e. a local description of a flat 2-form connection. Given a state | (0123)) that is
the state of a labeled 3-simplex whose vertices are numbered 0, 1, 2 and 3, the action of
the operator B(a3) explicitly reads

B (0123) P ‘ (0123) > = 5g123*g023+g013*g01270| (0123)> : (5'23)

The action of the operator A(a1y is a little more subtle but there is a particularly convenient
way of defining it via a so-called tent mowve in terms of the state-sum invariant. Given a

2-simplex (zy) C A, the operator A, ) acting on (zy) can be written succinctly as'”

Nay) = |G\ ZS ) Uj cl(zy)] (5.24)

9zyz

where Sy[A] = [Jascn (W, AMAY g the topological action, cl(zy) is the minimal sub-
complex of A that contains all the simplices such that (zy) is one of their subsimplices,
and Ll denotes the join operation [59].

Let us illustrate the definitions of cl(e) and LJj with a simple example in one lower
dimension. Let (0) be a 0-simplex shared by only three 2-simplices, namely (012), (023) and
(013). The operation (0") L; cl(0) then reads

0/
3 b )
3
2
2

Let us now consider the situation where one 1- simplex is shared by three 3-simplices.?’
Let us write down the action of the operator A,,) = el G‘ > Goys Ag;; which enforces at this

1-simplex the twisted 1-form gauge invariance. Using (5.22), one obtains

5
Aoay > > > S, A ] > (5.25)
1 go4s 2 1 2
3 3 3
0
B (w, (02345)) (w, (01245))
N 9024; (w, (01345)) . 2 > (5.26)

3

YInstead of defining the operator A in terms of the topological action and an explicit sum, it would have
been possible to define it directly in terms of the partition function so that only the group variables labeling
faces in the bulk of the simplicial complex obtained via the join operation LJ; are summed over.

20We focus our definition of the Hamiltonian model on this special example in order to show later on how
it is related to the Walker-Wang model. We postpone a more through study of this lattice Hamiltonian to
another paper.
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where go45 = 9345 = G145 = 0.2 Tt is not obvious from the drawing but the complex
(5) Us cl(04) does not contain the 2-simplex (123) and as such it only contains three 4-
simplices, namely (02345), (01245) and (01345).

Let us further suppose w.l.o.g that we have the following initial G'g)-coloring: go12 = a,
gois = a—+0b, go1a =a+b+c gio3 =€, gioa = e+ f and go34 = h and we denote the
1-form gauge parameter by goss = d. Denoting the initial state in (5.25) by |tinit.) and
the final state in (5.26) by |¢gn.), the amplitude of the operator A?O 4 for such coloring
explicitly reads

w, (02345)) (w, (01245
<¢ﬁn.!A?04) |[Vinit.) = o, @, ()2)1<345()> )
~ w(b+e,c+ f,dlh,0[0)w(a,b+ c,dle + f,0]0)
N w(a+ b, c,d|f + h,0]0)

where we used the correspondence (4.13). As it turns out, we could have anticipated this
result. Indeed, if we embed the initial complex made of four 3-simplices meeting at (4) in
a four-dimensional manifold, we can think of it as a 4-simplex (01234). But the topological
action assigns to this 4-simplex an amplitude

(w, (01234)) = w(go12, G013 — Y012, Jo14 — 9013|9123, G124 — g123|9234)
= w(a,b,cle, flh) (5.27)

together with the Gg-coloring defined above. Upon 1-form gauge transformation at the
edge (04), one has go14 — go14 — o4, go2a — go2a — boa and goza — goza — Oos so that the
topological action transforms as

w(a,b,cle, flh) = w(a,b,c +dle, f|h) (5.28)

where 6y = —d. We can then deduce from the 2-form 4-cocycle condition

d(4)w(a,b, ¢, dle, f,0lh,0/0) = 1 that the topological action is modified under this trans-

formation by the following factor

w(b+e,c+ f,dlh,0]0)w(a,b+ ¢ dle+ f,0[0)
w(a+b,c,d|f + h,0/0)

w(a,b,c|e,f|h) — -w(a,b,c|e,f|h) (529)

which is exactly the amplitude of the operator as obtained above from the tent move.
It follows from the 2-form 4-cocycle condition that the operators Aa1) and Bias) as
defined above commute®? and the lattice Hamiltonian projector finally reads

H= =) Anny— > B - (5.30)
Al A3

21The operator A acts on the 1-simplex (04) only so that we must have gozs = go24+goas, G035 = o34+ goas
and goi1s = goi4 + goas. It then follows from the 2-cocycle condition dg = 0 that goas = gsa5 = g1a5 = 0.

22The only non-trivial case occurs when the operator A acts consecutively on two 1-simplices that bound
the same 2-simplices. The amplitude of these consecutive actions is obtained as the partition function for
the simplicial complex obtained via two consecutive join operations. Depending on the ordering of these
consecutive actions, the corresponding simplicial complexes differ but they share the same boundary. It is
therefore possible to go from one simplicial complex to another via a sequence of three-dimensional Pachner
moves. The topological invariance of the partition function then ensures that the amplitude of the action
of the operator A is the same for both cases, hence the commutativity.
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The fact that the ground states of this Hamiltonian satisfy equations (5.1) and (5.2) under
local unitary transformations follows directly from the topological invariance of (5.22), or
more precisely from the 2-form 4-cocycle condition.

5.4 Excitations

Given a closed three-dimensional hypersurface > endowed with a triangulation A\, the
lattice Hamiltonian is provided by (5.30), the states are defined as superpositions of labeled
graph states, and the ground states of the Hamiltonian are defined as states |¢) satisfying
Apry > [9) = [) and Biasy > [¢h) = [¢) for each A, A® € A. The Hilbert space of ground
states on X endowed with the triangulation A is denoted by Ha.

Recall that the two conditions enforced by the operators B(a3) and A(a1) are the 2-form
flatness condition and the twisted 1-form gauge invariance, respectively. But, flat 2-form
connections on ¥ can be defined as homomorphisms from the second homotopy group m3 (%)
to G, so that non-trivial 2-holonomies can only be found along non-contractible 2-paths.
This means that by imposing the 2-form flatness condition at every A3 C A, we make
the implicit assumption that each A3 is associated to a contractible 2-path. We define an
excitation as a local neighborhood of the triangulation where the energy density is higher
than that of the ground state, i.e. a state for which the conditions Aa1) > [¢)) = [¢) and
Basy > [1) = |[¢) are violated in a local neighborhood. We refer to a state for which one
constraint Aa1)>[1p) = [) is violated as an electric charge excitation and a state for which
one constraint Bz > |1) = |[¢) is violated as a magnetic flux excitation.

Let us first focus on magnetic excitations. By definition, these excitations occur when
a given state violates the 2-form flatness condition at one or several 3-simplices. But, if we
want the 2-form connection interpretation to persist, this violation must be associated with
a non-contractible closed 2-path. Given a closed three-dimensional manifold 3, such a non-
contractible 2-path can be produced by removing an appropriate three-manifold B from 3,
hence turning ¥ into an open manifold ¥\ B whose boundary is given by the boundary 08
of the three-manifold B. For instance, this can be done by removing a solid two-torus or
a solid two-sphere from X. The resulting manifold would then have a torus boundary or a
sphere boundary, respectively, that can support point-like magnetic flux excitations.

So we constrain the magnetic excitations to occur at boundary components of the three-
manifold. Similarly, we restrict the electric charge excitations to occur at the boundary.
More specifically, we endow each component of 03 that has at least one non-contractible 1-
cycle with a marked link for each non-contractible 1-cycle and allow for the 1-form twisted
gauge invariance at a 1-simplex to be violated if and only if it coincides with a marked
link. So the lattice Hamiltonian yields point-like magnetic flux excitations and string-like
electric charge excitations, both located at the boundary of the manifold. Given a closed
three-manifold ¥ equipped with a triangulation, we can remove three-manifolds from it
and we think of the states defined on the resulting manifold as being excited with respect
to the ground states defined on .

It is well-known that in such context manifolds of the form N x [0,1] play a spe-
cial role [37, 60—64]. For instance, in two dimensions, the Hamiltonian realization of the
3d Dijkgraaf-Witten TQFT yields point-like electric and magnetic excitations located at
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punctures. The twice-punctured two-sphere (or cylinder), i.e. T[S!] = St x [0,1] is then
the simplest topology supporting both type of excitations. Moreover, the gluing of two
cylinders results in a manifold homeomorphic to a cylinder, hence defining an algebra on
the Hilbert space of states that is referred to as Ocneanu’s tube algebra [65, 66]. By defin-
ing specific excited states on the cylinder, we can confirm explicitly that this algebra is
equivalent to the twisted Drinfel’d double of the gauge group G [67-71]. The irreducible
representations of the twisted Drinfel’d double then classify the anyonic excitations of
the theory. Similarly, in three dimensions, the Hamiltonian realization of the 4d Dijkgraaf-
Witten TQFT yields point-like charge excitations and string-like flux excitations supported
for instance by torus-boundaries. The manifold T[T?] = T2 x [0, 1] obtained by cutting open
the three-torus supports states satisfying a higher-dimensional version of Ocneanu’s tube
algebra which yields an extension of the twisted Drinfel’d double referred to as the twisted
quantum triple [37, 72, 73]. The irreducible representations of this algebraic structure then
label the excitations of the theory.

It turns out that the number of independent excited states on a manifold of the form
N x [0, 1] corresponds to the ground state degeneracy on the manifold A" x S!. Therefore,
there is a systematic way to compute the ground state degeneracy of a given lattice Hamil-
tonian on a manifold of the form N x S!: consider the tube algebra of TN] =N x [0,1],
derive its irreducible representations, and find the ground states degeneracy as the number
of such irreducible representations.

The strategy outlined above has been extensively employed to study gauge models of
topological phases. But it can also be used in the context of 2-form topological models. We
briefly sketch such strategy here and postpone to another paper a more thorough treatment.
Let us first consider the manifold T[S?] = S2 x [0, 1]. The two-sphere 52 has the following
Betti numbers: by = 1, by = 0 and by = 1. In other words, 52 has a single connected
component, zero non-contractible 1-cycle and one non-contractible 2-cycle. In our context,
this means that the tube ‘I[SQ] can only support a single point-like magnetic excitation.
In order to have a manifold that supports both electric and magnetic excitations, it is
necessary to introduce non-contractible 1-cycles. The natural choice would be to consider
the manifold T[T?] = T? x [0, 1] obtained by cutting open the three-torus. This manifold
would actually support one type of magnetic excitation and two types of electric excitations.
However, the structure of the excitations associated with this manifold is rather involved.
Therefore, as an intermediary step, we could focus instead on the three-pseudo-manifold
T[S2,] = S2, x [0,1] where G2, is the nodal sphere obtained after identifying two points
of the two-sphere 52, This pseudo-manifold is homeomorphic to a pinched two-torus and
can be graphically depicted as

00O

The manifold G2, that possesses one non-contractible 2-cycle and one non-contractible
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l-cycle (as opposed to the manifold T[T?] that possesses two non-contractible 1-cycles)
supports one point-like flux and string-like charge. As a matter of fact, we can think of
T[S2,] as a special case of T[T?] in the sense that some of the excitations supported by
T[T?] are condensed. As such, the study of the algebra associated to this tube cannot reveal
as much information about the excitation content of the theory. It is however considerably
simpler and constitutes an interesting intermediary case. We will compute in a follow-
up work such tube algebras for several boundary manifolds and derive the ground state
degeneracy on the corresponding closed manifolds. But let us conclude this section by
computing explicitly the tube algebra for the nodal sphere in the case where the 2-form
cocycle is trivial.

So we are interested in the algebraic structure underlying the states defined on the
manifold T[S2,] = S2, x [0,1]. Let us first find a basis for these states. To do so, we
need to introduce a presentation of this pseudo-manifold. Since the two-sphere can be
discretized by a 2-gon whose edges are identified, we can present the nodal sphere as a
2-gon whose edges and vertices are identified from which a discretization of T[S2 ] can
easily be obtained. Representing identified edges and identified vertices by an identical
arrow and an identical dot, respectively, we have the following presentation:

Each nodal two-sphere bounding T[S2, ] corresponds to a non-contractible 2-cycle, hence
supporting a flux excitation. Furthermore, each nodal sphere is equipped with a marked
closed link which coincides with the edges of the discretization so that the 1-form gauge
invariance is there relaxed. The electric excitation is captured by the face variable b € G,?3
while the magnetic excitation on the upper nodal sphere is captured by the face variable
a € G. It follows from the 2-flatness condition imposed on the 2-cycle ‘between the two
spheres’ that the face variable labeling the bottom sphere is also a € G. This defines a
basis of states associated with the manifold T[S2, ] that is labeled by two group elements.

Let us denote by Hg(sz | the Hilbert space spanned by these states. We can decompose
this Hilbert space in terms of boundary colorings as follows

Hasz, | =: @ Hyisz, )la:al
a€Col(SZ,. x{0},G2)

Z3If we were to enforce the gauge invariance at the edges located at the boundary, we could ‘gauge fix
away’ the degree of freedom materialized by b € G. This confirm that the variable b € G indeed captures
an electric excitation, i.e. a violation of the 1-form gauge invariance.
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where we implicitly made use of the fact that the 2-form flatness condition implies
Col(S3,, x {0}, Gy) = Col(SE, x {1}, Gy). The Hilbert space Hsz [o,1][a,a] is therefore
spanned by states labeled by one group variable and is denoted by (aim) € Hg[g%ol][a, al.

In general, the tube algebra for a manifold $[N] is defined by gluing two copies of T[N]
along one of the boundary components. This gluing operation must be performed such that
the marked links on the boundary are identified. The result is a manifold homeomorphic
to the initial one. This yields an algebra product denoted by x which consists of two
operations: (i) A gluing map & which identifies the boundary configurations, (ii) the
projection via Aa1) onto the subspace of states satisfying the 1-form gauge invariance
everywhere but at the marked links on the boundary.?* The projection step (i) is required
since after gluing there are new bulk 1-simplices, namely the ones that coincide with the
marked links that are identified, which are not located at the boundary anymore and thus
at which the 1-form gauge invariance must be enforced. Once the gauge invariance is
enforced, the constraints are everywhere satisfied in the bulk of the resulting manifold
so that the corresponding states satisfy the equations (5.1) and (5.2) under local unitary
transformations. It is therefore possible to perform Ps, 3 moves in order to simplify the
triangulation of the resulting manifold so as to obtain a state living in T[A] again. Putting
everything together, this definition in the case of T[S2, ] reads

6 ext. A
x My ) ®Hasy ) — HEg o ws) 0 T Has, )/~

b b b b b b
(a1 = a1) @ (az =3 az) — Oaya(a1 —>a1) @ (a1 —a1) > Gay.anAB (a1 —>a1) @ (a1 —>ay)

where H%’E&é | Ues T[S2, ] is the Hilbert space of states defined on the pseudo-manifold
no. Sto. no.

resulting from the gluing such that the 1-form gauge invariance is not yet enforced at the

new bulk 1-simplex. Since the cocycle is taken to be trivial, both steps in the definition of

the algebra product are particularly simple and the algebra simply reads
b b bi+b
(a1 —1>a1) * ((12 —2—>a2) = 5a1,a2 ((11 ﬁ)al) . (531)

Finding the irreducible representations is immediate and the ground state degeneracy on
the manifold S2, x S! is thus |G|? as expected. Naturally, the situation is considerably
more complicated when the 2-form 4-cocycle is not trivial and this will be the subject of a
follow-up work.

6 Correspondence with the Walker-Wang model

We exposed in the previous section how the local unitary transformations whose ampli-
tudes are given in terms of a 2-form 4-cocycle can be reduced to a 2-2 Pachner move
or a braiding move. Furthermore, we showed, algebraically and geometrically, how the
2-form 4-cocycle condition yields the so-called pentagon and hexagon relations which are

24 A technicality we omitted is that for this gluing operation to be well-defined the two submanifolds
which are identified must have opposite orientations and, correspondingly, the state spaces associated with
these boundary submanifolds must be dual to each other.
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the defining equations of a certain braided monoidal category. But it turns out that this
braided monoidal category is the input data of another lattice Hamiltonian model, namely
the Walker-Wang model [17].2° In this section, we first provide further detail regarding
the interplay between the 2-form cohomology group H 4(G[2],U(1)) and abelian braided
monoidal categories, then we study to which extent our 2-form gauge model is related to
the Walker-Wang model.

6.1 Braided monoidal categories

First let us provide some basic definitions of category theory. More details can be found
for instance in [74]:

Definition 6.1 (Monoidal category). A monoidal category is a sextuple (C,®,1,4,r, «)
where:

o C is a category whose collection of objects is denoted by Ob(C) and for z,y € Ob(C),
the collection of morphisms between them is denoted by Home(x,y).

o ® 4s a bifunctor ® : C x C — C referred to as the tensor product.
o 1 € Ob(C) is a unit object.
o «, £ and r are natural isomorphisms:

Azye: (TOY) Q2 2 2@ (Y©2)
ly:1l@r S

re iz ®1 S

referred to as the associator, the left unitor and the right unitor, respectively. These
natural isomorphisms are subject to some coherence relations that we omit for now,
namely the pentagon relation and the triangle relation.

In this article, we are only interested in a specific monoidal category, namely the
category C—Vecg of G-graded vector spaces over the field of complex numbers, where G
is a finite abelian group.? We define a G-graded vector space as a vector space V which

satisfies V = € V4 and the tensor product of two G-graded vector spaces reads

geG

(VeW),= @ Vi @ Wy .

h,keG
h+k=g

The category C—Vecq has finitely many simple objects provided by the 1-dimensional G-
graded vector spaces which are in one-to-one correspondence with group elements g €

Z5More precisely, the input data of the Walker-Wang model is a unitary fusion braided category. It is
possible to endow the monoidal category we are interested in, namely the category of G-graded vector
spaces, with the structures necessary to turn it into a unitary fusion braided category. However, for this
specific example, it is not required to do so as far as the definition of the Hamiltonian is concerned.

26 As mentioned earlier, the category C-Vecg is actually an example of fusion category but we do not
need the corresponding additional structures in order to define the Walker-Wang model and show the
correspondence with our 2-form gauge model.
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G. We denote these simple objects by d,c and they satisfy by definition End(d,) = C,
Naturally, the tensor product of simple objects boils down to the group multiplication:
dg @ Op = bg4n. Since it is enough to define the associator of the category on the simple
objects, we are looking for an isomorphism determined by a function a : G® — C* such that

agnk = a(g hk)-ids ,, ., : (6, ® ) ® 6 = 0y @ (6, @ ) -

The pentagon relation then implies that « is a group 3-cocycle in H3(G, C*) (which is the
same as H3(G,U(1))). The triangle relation implies that if the left and the right unitors
are trivial, then the 3-cocycle « is normalized, i.e. a(g,1,h) =1, Vg,h € G. We will now
turn the category C—Vecq into a braided monoidal category:

Definition 6.2 (Braided monoidal category). Given a monoidal category C, a braiding on
C is a natural isomorphism R, , : v ®y =y ® x that is subject to the so-called hexagon
relations. A braided monoidal category is then defined as a pair {C, R}.

In order to turn C—Vecg into a braided monoidal category, we only need to add a
braiding, i.e a group 2-cochain R € C?(G,C*), satisfying the hexagon equations which
are exactly (5.20) and (5.21). Interestingly, the set of associators and braidings as defined
above enters the definition of the following cohomology:

Definition 6.3 (Abelian cohomology group). Pairs {«, R} satisfying (5.13), (5.20)
and (5.21) are referred to as abelian cocycles on G and we denote the set of all abelian
cocycles on G by Z3 (G,C*). Let B € C*(G,C*), we call an abelian coboundary a pair
{a, R} such that

B(b,c) B(a, b+ c) B(a,b)
Bla+b,c)B(a,b) B(b,a) -

The set of all abelian coboundaries is denoted by B3 (G,C*). We finally define the abelian
cohomology group as the quotient space:

ala,b,c) = R(a,b) = (6.1)

H3 X\ — ZSb(Gvcx) ) 9
5609 = e (62)
It results from the definitions above that isomorphism classes of braided monoidal
categories whose simple objects form an abelian group G are classified by H, Sb(G, Cx).
Using these definitions, we can rephrase our previous result: given a 2-form 4-cocycle
w, the group cochains « : (a,b,c) — w(a,b,c|0,0/0)~ and R : (a,b) — w(0,0,b|a,0[0)
form an abelian cocycle. Furthermore, it follows from (4.31) and (4.33) that the pair
{d®a(a,b,c|0,0]0),d® (0,0, alb,0[0)} forms an abelian coboundary. Putting everything
together, it should not surprise the reader that there is a bijection between H 4(G[2], U(1))
and H3 (G,U(1)).%
If the relationship between H*(Gy, U(1)) and H3 (G, U(1)) is natural in light of our
derivations in the previous section, a complete proof of this bijection would require more

2THere we are implicitly making use of the fact that when the group is finite, there is no difference between
the cohomology of abelian cocycles valued in U(1) and in C*.
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care. Since our work does not strictly rely on this bijection, we refer the reader to [56]
instead. Nonetheless, let us assume this result until the end of this subsection and let
us pursue our analysis. Recall that we defined earlier quadratic forms on a finite abelian
group G valued in C* as a function ¢ : G — C* such that ¢(g) = ¢(—g) and

q(9) a(h)

b:(g,h) g+ 1)

is bilinear. We denote the group of quadratic forms on G by Quad(G). Given a braided
monoidal category whose simple objects form the abelian group G (such as C-Vecg), we
can construct easily a quadratic form ¢ : G — C* such that for all g € G, ¢(g9) = R(g,9) €
Aute(g ® g) = C*. Tt follows directly that

H3 (G,C*) = Quad(Q)
{R,a} = q(9) = R(g,9)

is a homomorphism. But, and this is a result by Eilenberg and MacLane presented in a
succinct way in [74], this homomorphism turns out to be an isomorphism. This means
that abelian cocycles are classified by quadratic forms. Since we assumed that there was a
bijection between H*(G[g, U(1)) and H3 (G, U(1)), this also proves that H*(G[y, U(1)) is
classified by quadratic forms on G. Despite the numerous gaps we left, we hope this brief
review provides some intuition as to why this is the case. This analysis thus completes the
study initiated in section 2 where we made use of the same bijection in order to write down
explicitly the action of a 2-form gauge theory in terms of a quadratic function ¢ and the
Pontrjagin square 3. In any case, we do not need this result to display how our 2-form
gauge model is related to the Walker-Wang model for the braided monoidal category of
G-graded vector spaces.

6.2 Walker-Wang model for the category of G-graded vector spaces

The Walker-Wang model was first introduced in [17] as a generalization of Levin-Wen
models to 3+1 dimensions. In general, the input data for the Walker-Wang model is a
unitary braided fusion category. Crucially, the properties of the corresponding topological
phase depends on whether the category is modular. Indeed, if the category is modular,
then the model is trivial in the sense that it displays neither ground state degeneracy nor
fractionalized excitations. In this section, we are only interested in the Walker-Wang model
based upon the braided (fusion) monoidal category of G-graded vector spaces whose input
data is a finite abelian group G, a group 3-cocycle o and a group 2-cochain R which together
satisfy the pentagon and the hexagon relations. In light of the correspondence between
abelian braided monoidal categories and the cohomology class of 2-form 4-cocycles, we
want to emphasize how our 2-form gauge model is related to this Walker-Wang model.
The lattice Hamiltonian introduced by Walker and Wang was originally defined on a
cubic lattice such that all the nodes are six-valent. Crucially, in order to define the action
of the commuting operators, it is necessary to split the six-valent nodes into three-valent
ones so that the action of the plaquette operator can be expressed in terms of 2—2 Pachner
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moves (or F-moves) and braiding moves. The Hilbert space of the model is then spanned by
all graph states obtained by labeling the edges of the graph obtained after such splitting.
Different splittings must lead to equivalent models as they all match in the continuum
limit, but a specific choice needs to be made nonetheless and it is referred to as a choice
of resolution of the vertices. Note that this model can be generalized to richer input data
such as G-crossed braided fusion categories, see [59].

In this section, we study the Walker-Wang model based upon the monoidal braided cat-
egory of G-graded vector spaces. However, instead of working with a cubic discretization,
we define the model on the one-skeleton of the 2-complex Y dual to the triangulation A.
Naturally, since A is obtained as a gluing of 3-simplices all the nodes of the one-skeleteon
of T are four-valent. Therefore, it is still necessary to perform a (single) splitting of the
nodes in order to obtain a graph whose nodes are all three-valent. The lattice Hamiltonian

Hww =~ A=) B, (6.3)
n p

such that to each three-valent node, we assign an operator A, which enforces the oriented

is given by

product of the group variables labeling the edges meeting at the node n to vanish, and to
each plaquette, we assign an operator B, which modifies the group configuration of the
edges adjacent to p by ‘fusing’ a loop of defect into the boundary of p. We can define more
precisely the action of By using some graphical calculus in a way which is reminiscent of
(24+1)d string net models. To do so, we consider a special example, namely the triangular
plaquette that is the one-skeleton of the dual graph of the union of the three 3-simplices
(0134), (0124) and (0234) as depicted in (5.25) so that we have the correspondence:

(6.4)

3

where the 2-simplex (123) is not part of the 2-complex on the left-hand-side. Without loss
of generality, we make the following choice of splitting into three-valent nodes:

b+c
a+b e+b

c c+f

where in the second drawing we kept some labeling implicit as they can be deduced from the
branching rules implemented at each node by the operator A,. Furthermore, the orientation
of the edges is also kept implicit, however it is always such that the group variable associated
with an unlabeled link is obtained as the sum of the group variables labeling the other two

47 —



links meeting at this node. We write the plaquette operator B, = ‘—(1” Y dec [Bg where the

action of [Bg is defined graphically via the insertion of a loop of defect d as follows:

where the last state is obtained by fusing the loop defect labeled by d into the plaquette
via trivial Py 9 moves.

It now remains to use local unitary transformation so as to obtain a state whose
underlying graph is identical to the initial one. To do so, we first perform three R-moves
in order to move aside the links labeled by e + f, f + h and h, so that Ps, o moves can
be performed (as in 2d) without worrying about non-trivial braidings. Once all the Pa. 9
moves are performed, the links labeled by e+ f, f4h and h are brought back to their original
positions using three R-moves. Putting everything together, these transformations read

(6.8)
e+f
B R(C, f + h) a+b /1 \ e+b (6 9)
" R(b+ce+ f)R(c+ [, h) f+h ” , '
fAhtctd
B R(c,f+h)
" R(b+ce+ f)R(c+ f,h) 1 ot f (6.10)
a(a,b+c,d)a(f +h,c,d)afe +b,c+ f,d)| T S 611
alet fbtedalatbedalhet fd)| ; (6.11)
f+h+c+d
_ R(b+c+d,e+ f)R(c+ f+d,h)R(c, f +h) (6.12)
~ ROb+cet f)Rle+ fh)Rlc+d, f+h) | ‘
btc+d
ala,b+c,d)a(f +h,c,d)ale+bc+ f,d)| 8 etb 6.13
“ale+ f,b+c,d)a(a+b,c,d)a(h,c+ f,d) - (613)
c+d c+f+d
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Denoting the initial state in (6.8) as |Yinit.) and the final state in (6.13) as |¢gy,.), the
plaquette term for this configuration is (¢gy, | IB‘; |¥hinit.) and reads

Rb+c+d,e+ f)R(c+ f+d,h)R(c, f +h)
R(b+c,e+ f)R(c+ f,h) R(c+d, f+ h)
ala,b+c,d)a(f + h,c,d)a(e+b,c+ f,d)

“ale+ fib+c,d)afa+b,c,d)alh,c+ f,d)

The example we chose in order to illustrate the definition of the plaquette operator is

(Vfin.| BE |Yinit.) =

admittedly very special but it can be generalized easily to any other situation (in particular
with a different distribution of legs pointing inward or outward the plaquette). But, since
this special configuration is the one corresponding to the situation chosen to illustrate the
definition of the operator Aa1) of the 2-form gauge model in section 5.3, we are now able
to draw a correspondence between the two Hamiltonian models.

6.3 From the 2-form gauge model to the Walker-Wang model

In this section, we sketch the correspondence between the 2-form gauge model whose input
data is {G,w € Z4(G[2],U(1))} and the Walker-Wang model for the braided monoidal
category of G-graded vector spaces whose input data is {G, (o, R) € Z3, (G, U(1))}. We
will not prove this correspondence in its full generality but merely focus on the specific
example used above to define the two models.

First of all, notice that the operator A, of the Walker-Wang model and the operator
B3y of the 2-form gauge model are essentially the same, both implement the branching
rules. Therefore, our focus is on the action of the operator By and Aa1y, More specifically,
we want to compare their amplitude in the case of the configuration (6.4). It is clear that
both of them enforce a twisted 1-form gauge invariance. Furthermore, it follows from the
duality relation between A and Y that a twisted 1-form gauge transformation at the 1-
simplex (04) as performed by Aa1) acts on the same 2-simplex variables as the plaquette
operator B, via a loop of defect, namely (014), (024) and (034). However, it is not clear
how the amplitudes of these two operators match, especially in light of the fact that the
Walker-Wang model requires a splitting of nodes into three-valent ones.

We reproduce below the amplitude of the operator A‘(io %

w(b+e,c+ f,d|h,0]0) w(a,b+ c,dle+ f,0]0)

Ad init.) = e
<¢ﬁn’ (04) W} t~> w(a—i—b, C,d|f+h70‘0) (6 )

where we recognize that the same term appears three times, but for different variables.
First, recall that the 2-form 4-cocycle w € Z4(G[2], U(1)) reduces to the group 3-cocycle
a € Z3(G,U(1)) and the R-matrix R € C?(G,U(1)) such that a(a,b, c) = w™(a, b, c|0,0/0)
and R(a,b) = w(0,0,b|a,0|0), respectively. Now, let us consider the cocycle condition

w(0,0,0|h,0[0) w(a, ¢, d|h,0[0) w(a,0,c+ d|0,0|h)

dYw(a,0,¢,d|0,0,0[h,0[0) = =1 (6.15
w(a, 0,¢,d]0,0,0h, 010) = = = 010 w(a. &, dJo, 0[0) w(a, 0, [0, 0[h) (6.15)

and let us rewrite it as follows
w(a, c,d|h,0[0) = s(a, ¢, h) a(a, c,d) c(c,d, h) s~ (a,c+d, h) (6.16)
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Figure 3. Graphical depiction of the 2-form cocycle condition d®w(a,0,¢,d|0,0,0|h,0[0) =
(d®w, (012345)) = 1. This illustrates how the term w(a,c,d|h,0]0) = (w,(01345)) encodes all
the defining steps of the plaquette operator in the Walker-Wang model: the splitting of the four-
valent node into three valent ones, the combination of Ps, o moves and braiding moves as well as
the recombination of three-valent nodes into a single four-valent one.

where we defined s(a,b,c¢) = w(a,0,b|0,0,|c). Moreover, we showed in (5.16) that
c¢(e,d,h) = w(0,¢,d|h,0[0) = R(c + d,h)a"t(h,c,d)R7 (¢, h) so that (6.16) provides an-
other expression for the terms appearing in the amplitude of the operator A?O 1) in terms of
a, R and a group 3-cochain s that we have just defined. If we use equation (6.16) in (6.14),
we can rewrite the amplitude of the operator A‘(io g 85

R(b+c+d,e+ f)R(c+ f+d,h)R(c, f + h)
R(b+c,e+ f)R(c+ f,h) R(c+d, f+ h)
ala,b+c,d)a(f+h,c,d)ale+b,c+ f,d)

“ale+ f,b+c,d)a(a+b,c,d)alh,c+ f,d)

s(b+e,c+ f,h)s(a,b+c,e+ f)s(a+b,ec+d, f+h)
s(b+e,c+ ft+dh)s(a,b+c+de+ f)s(a+be f+h)

<¢ﬁn.‘ A?oz;) ’winit.> —

(6.17)

which reproduces exactly (Yay | [Bg |tVinit.) up to the s-terms.

So we are left to explain the role played by s. To do so, we use the same technique
as in section 5.2, i.e. we identify dYw(a,0, ¢,d|0,0,0|h,0[0) with (dYw, (012345)) and rep-
resent graphically the cocycle condition. However, this time the cocycle condition is not
obtained as an equality between two sequences of P ,3 moves but by equating two se-
quences composed of two P14 moves and one Po,.3 move so that each term appearing in
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<d(4)w, (012345)) = 1 corresponds to a Pa, 3 move or a Pj,,4 move. The 2-simplex variables
are identified using the correspondence (4.13) and we represent by a dashed line vanishing
variables. The result is represented figure 3. We recognize that the different Po 3 and
P14 moves reduce to: a move which splits the 4-valent node into two 3-valent ones whose
amplitude is given by the function s, a trivial move which does not change the combina-
torics of the graph built out of the bold links, a combination of braiding moves and Ps, 9
whose amplitude is given by the function ¢ as represented in (5.17), a Po2 move, and
finally a move which puts together two 3-valent nodes into a single 4-valent one whose

1

amplitude is given by s~'. We deduce that the effective action of s can be graphically

interpreted in terms of string diagrams as

a a

s(a,b,c)
a+b4~—b+c — a+bJL’— btc - (6.18)

Cc c

The presence of the s-terms in (6.17) is therefore explained by the fact that the definition
of the operator By, in the Walker-Wang model requires an ad hoc splitting of the nodes into
3-valent nodes while our model is defined directly in terms of the 4-valent initial ones.

So to summarize, the analysis carried out in this part confirms two things: (i) The
correspondence between our model based on a 2-form 4-cocycle w € Z4(G[2],U(1)) and
the Walker-Wang model for the category of G-graded vector spaces, (ii) The fact that
the ad hoc resolution of the vertices required to define the plaquette term in the Walker-
Wang model is directly included in the definition of the 2-form 4-cocycle. Furthermore,
our approach makes transparent the fact that the plaquette operator of the Walker-Wang
model for the case of the category C—Vecq actually implements the invariance under twisted
1-form gauge transformations at the 1-simplex dual to the plaquette, as it is obvious from
the definition of the operator Aa1y of our 2-form gauge model.

7 Conclusion

Gauge and higher gauge models of topological phases of matter have been under intense
investigation in the past years, one reason being that they seem to encapsulate most of the
known models displaying non-trivial topological order in (3+1)d. In this paper, we studied
in detail models that have a 2-form gauge theory interpretation.

We explained that 2-form topological theories as sigma models whose target space
is provided by the second classifying space B2G of a finite abelian group G. These are
classified by cohomology classes [w] € H*(B%G,R/Z). Tt turns out that this cohomology
group is isomorphic to the group of (possibly degenerate) quadratic functions on R/Z
allowing for a more explicit expression of the partition function. Then, we defined a
lattice Hamiltonian realization of a 2-form gauge theory. To do so, we introduced the 2-
form cohomology of an abelian group that is isomorphic to the cohomology of its second
classifying space as provided by the W-construction, and derived its properties. We showed
in particular how a 2-form 4-cocycle reduces to an abelian 3-cocycle that is the input data
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of an abelian braided monoidal category. But these monoidal categories are classified by
quadratic functions on the group, hence closing the loop with the results obtained in the
first part. Correspondingly, we explained how our 2-form gauge model is related to the
Walker-Wang model. Interestingly, we displayed how the ad hoc splitting into three-valent
vertices required for the definition of the Walker-Wang Hamiltonian is now directly encoded
in the 2-form cocycle itself.

The tools developed in this manuscript can be generalized and used for other purposes.
For instance, the strategy followed to define the 2-form cohomology can be extended to
define a weak 2-group cohomology. As a matter of fact the study of weak 2-group gauge
models of topological phases as initiated in [20] was one of the motivations for the present
work and we believe that this work is useful to study more systematically these higher group
gauge theories. Furthermore, in light of the correspondence between 2-form 4-cocycles and
abelian braided monoidal categories, we believe that the tools developed in this manuscript
could be used to study the braiding of higher-dimensional excitations from a cohomological
point of view. More specifically, we anticipate 2-form 5-cocycles to be related to the braiding
statistics of loop-like excitations [75-80].

Apart from phases displaying intrinsic topological order as studied in this manuscript,
it is possible to define symmetry protected topological phases of matter (SPTs). In gen-
eral, SPTs are gapped phases of matter that are short-range entangled and have a global
symmetry acting locally so that the phase can be adiabatically connected to the trivial one
upon breaking the symmetry. It is possible for SPTs to contain operators that are localized
on (g—1)-dimensional submanifolds (see e.g. [81, 82]), in which case the global symmetry
is referred to as a (¢—1)-form global symmetry [14]. Gauging such a (¢—1)-form global
symmetry requires the introduction of ¢-form flat connection and the resulting theory is a
g-form topological gauge theory. This gauging process was studied in [20] both at the level
of the action and in terms of its lattice realization, and could be reformulated in light of
the constructions presented in this paper.
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A Postnikov towers and sigma models

In this appendix, we present further generalizations of the sigma models introduced in
section 2 where the target space is provided by a k-stage Postnikov tower.
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As the name suggests, the k-stage Postnikov tower Ej can be built in a sequence of
k steps. The first stage is provided by a classifying space Fy = B%Gy. The second stage
is provided by a fibration over F; with the fiber being isomorphic to B%(G2. This step is
captured in the sequence

0 — B2Gy - Ey - E1 — 0 (A1)

whose extension class is [az] € H21(Ey, Gg). At the third stage, we build a space F3 as
a fibration over E5 so that

0 — B2G3 — E3 — E5 — 0 (A.2)
whose extension class is [ag] € H® 4 (Fy, G3).28 This sequence proceeds iteratively until
0— B*Gy, - E, —» E_1—0 (A.3)

whose extension class is [ay] € H*TY(Ej_1,Gy). A homotopy class of map from M to Ej
is provided by a k-tuple Ag

A =A{(A1, A, ..., Ag) € OT(M, G1) x CB(M, Gg) X - - x CT(M,Gr)} . (A4)

Furthermore, we require that A, € ker(Dpg,) which amounts to imposing the following
cocycle conditions

dA1 =0
dAy = ag(Al)
dAz = az(Aq, Ag)

dAp = ap(A1, Ag, ..., Ag_1) . (A.5)

There is a gauge redundancy A, ~ Ay + D%k ¢, generated by the null homotopy D?Ekdbk
where ¢, is the k-tuple

b = {(¢1, 02, .., ) € CUTHM, G1) x CTTHM,G2) x -+ x C" 1M, Gy)} . (A.6)
The definition of DbEk is such that Ay ~ A + D%k &y, implies

Ay~ Al +doy
Ay ~ Ay + dpa + (2(Ar, ¢1)
Az ~ Az + dos + (3(Ar, ¢15 Az, ¢2)

Ap ~ A +dér + (A1, d15 Ao, dos o5 Ap—1, dr—1) (A.7)

28Throughout we assume that ¢1 < g2 < ng < ... < qx.
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where (; is a descendent of the j-th Postnikov class «, i.e
dGi(Ar, o153 Aj_1,¢5-1) = (A +ddrs ..o s Ajoy +doj1) —aj(Ars ..o 5 Ajor) .

One can check that D, o D%k = 0 so that we can define the cohomology

7 ker(Dg,)
H%k (M) := - » . (A.8)
im(DF, )
where ¢ = (q1,q2, ..., qx), so that cohomology classes label isomorphism classes of data Ay.

Finally, we may build a generalized topological gauge theory by constructing a topological
action from a cohomology class [w] € H!(E}, R/Z) whose partition function reads

1 mi(w
2B M) = — o p,  erlwiM, (A.9)
Hj:l ‘G]’ J q
[AJeHE, (M)

Following the examples provided in section 2, we know that we can obtain a lattice
realization of a topological model whose target space is given by a k-stage Postnikov tower
by reproducing the construction above, except that we now work with a triangulation A
of M and that instead of summing over cohomology classes in a generalized cohomology
group Hg;k (M), we sum over colorings g € Col(M, Ei). An element g = {g1,92,..., 9k} €
Col(M, Ey,) is such that g; is a coloring of the g;-simplices of AA. These colorings are such
that the corresponding group variables satisfy local constraints which are the analogue of
the (twisted) cocycle conditions presented earlier that depend on the cohomology classes
ap, € H*(E, 1, G,). Using the differential on cochains, these local constraints read

<dglv AQ1+1> =0
(dgo — az(g1), A=) =0
(dgr — ar(g1, g2, -, gr), A% H) =0 (A.10)
Finally, the partition function is provided by
1 )
ZHM] = S [ Eseleat (A1)

Hk ’G‘UAO%quw
j=11YJ g€Col(M,Ey) Nd+1

B Pontrjagin square
In this appendix, we collect some important properties of the Pontrjagin square 3 [83]:

Property B.1. If f € Z%(M, Z,,), then R(f) € Z4 M, Z,) with n even, while with n odd
we have P(f) € ZHM,Z,). An explicit expression for PB(f) can then be written in terms
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of Steenrod’s higher cup products® as
f—f+f—df, ifniseven
B(f) = o (B.2)
f—f if n is odd
where f is the integer lift of f, i.e f € C2(M,Z) such that df = nu for u € B3(M,Z) and
f= f mod n.
We can check that P(f) as defined above is indeed closed. We consider the two cases
separately. When n is odd, dB(f) = df — f + f—df =0, and when n is even
aB(f) =d|f—f+ [f—df
= df =T + f—df +df —df + f—df — df=T
=2nf—u+nu—iu=0 (mod 2n). (B.3)
Property B.2. The Pontrjagin square refines the bilinear form 2f—g. Indeed, let f,g €
Z32(M,Z,). If n is odd, one has

B +9)—PB(f) —PBlg) =f—g+g—f
=2f—g+d(f—19)
Lof g (B.4)

where 2 is an equality up to exact terms. If n is even, we write df = nu and dg = nv,
and we get

B +9) = B() = PBlo) = F—g+3—F +n(f—1v+g—1u)
= 2f — §+d(f—19) +n[—u—1g — f—T0 + fo—10 + g—11]
=2f — G+ d(f—1§) — 2nu—1§ — nd (u—29) — n®u—ov
Lof g (mod 2n) . (B.5)

1
1

Property B.3. For a group G = @; Z,,, we write f1 € Z*(M,Z,,) and the Pontrjagin
square satisfies

m(fo) IO Sy (B.6)
I I

1<J
C Continuous embedding of topological theories for finite groups

Topological gauge theories for finite abelian groups can be naturally embedded into con-
tinuous toric gauge theories. The simplest example of this statement is the Zs topological
gauge theory in (d+1)-dimensions, or equivalently the G = Zy Dijkgraaf-Witten theory
with a trivial cohomology class in H4'(BG,R/Z).3° The continuous topological gauge

PGiven f € CP(M, A) and g € C1(M, A), we write f—;g € CPT77*(M, A) to denote Steenrod’s higher
generalization of the cup product [84] that satisfies in particular the property

feig— (—D)P g f = ()P A(f —igag) — df —ip1g — (—1)P f—itadg] - (B.1)

30Tn 2 4 1 dimensions, this is described by the familiar toric code Hamiltonian [85].
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theory that embeds 7o gauge theory is the BF theory described by the action

M

where A is a 1-form U(1) gauge field, B is a (d—1)-form U(1) gauge field, and dux is the
usual exterior derivative on differential forms. One obtains the Zy gauge theory by simply
integrating over B in the path integral. Indeed, integrating over the globally defined field
configurations imposes that dsz A = 0, i.e A is a locally flat U(1) connection while summing
over the topological sectors (monopole configurations) of B imposes that the holonomies
of A are 75 quantized. This makes A a Z5 gauge field and reduces the BF theory to a
cohomologically trivial Zo gauge theory.

Such formulations of (3+1)-dimensional Dijkgraaf-Witten theories in terms of (muli-
component coupled) BF theories have been studied at length in recent years [78, 86-89].
Next we discuss embedding the above finite gauge theory into a continuous topological
gauge theory built from toric U(1) 1-form and 2-form gauge fields. See for example [14, 90]
for earlier works studying this theory. For the above parameters {pr, pr;}, the continuous
action takes the form

S,[Al BT M] = 2ri / 1878 AdwA” + Y P BT A B
M I<K 2

+ Z prmrBY A B+ Zp[ﬂcm(n[,nj)B] A B‘]> (C.2)
I>K I<J

where lem(ny,ny) is the lowest common multiple of ny and ny. The partition function
evaluated for (C.2) matches with (2.25). This can be shown quite explicitly, at least for
manifolds with vanishing torsion: integrating over A’ enforces B! to be flat with holonomies
on closed non-contractible surfaces restricted to integer multiples of 1/N;. In other words,
B! € Hom(H3(M, Z), Zy,) which is simply a flat 2-form Z y,-bundle. But this continuous
formulation of the 2-form gauge theory has an interesting gauge structure due to the
presence of the cohomological twist. The conserved charges (or Gaufl operators) that
generate the gauge transformations take the form

1
Qpr = 2mmy [y A+ py B+ S PO ) g
7 nJ

1
Qi = 2mmy ((du A 1 2py B! 1 Y PRI ) g
J nJ

Qa1 = 2mnydys BY. (C.3)

These charges generate the non-standard U(1) 0-form and 1-form gauge transformations

1
A ATy N — ! = S A ) gy e

J nI
1
Al A N — ot — 3 PO ) gy e
7 i
Bl = Bl 1+ dy, 0! (C.4)
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where M are circle-valued scalars and 6! are 1-form fields. Both these gauge transfor-
mations have quantized periods, i.e d\l € Q5 (M) and df! € Q2(M).>1 Hence we see
that embedding the discrete 2-form theory into a continuous theory indeed has a non-
trivial effect on the gauge structure. The 1-form and 2-form fields no longer transform
independently under gauge transformations. This is due to the fact that although the
canonical commutation relations of the theory (C.2) are the usual BF type-commutation
relations, the charge operators are modified and consequently the gauge transformations
are modified as well. We may write the constraints (C.3) as dA! + [t(B)]' = 0 where
t € Hom(U(1)™,U(1)¥) ~ GL(N, Z) is parametrized by {ps,prs} and N is the number
of flavor fields (I = 1,...,N). Putting all this together we realize that (C.2) actually
describes a gauge theory built from a strict 2-group rather than ordinary groups. A strict
2-group G is built from four pieces of data G = {G, H,t,>} where G, H are groups (H is
necessarily abelian), ¢ € Hom(H,G) and > : G — Aut(H). The gauge transformations of
a strict toric 2-group have exactly the form (C.4). Hence we realize a non-trivial fact that
the partition functions for topological gauge theories, one a toric strict 2-group theory and
the other a finite 2-form theory are dual to one another.

D Operators, quantization and invertibility of 2-form topological theo-
ries

In this appendix, we review some of the properties of the 2-form topological theory intro-
duced in section 2. More precisely, we consider the partition function (2.25) of the 2-form
gauge theory formulated as a continuous topological field theory, construct its gauge in-
variant operators, quantize it and study its invertibility. We follow closely the analysis
of [14, 90].

In order to keep the notations lighter and focus on the physical aspects, we consider
the simpler case of a 2-form gauge theory with gauge group Z,. Let us consider the
topological action

M
which is exactly (C.2) for G = Z,, where p prescribes a choice of homomorphism in

Hom(T'(Z,),R/Z). Instead of differentiating the cases for n being an odd or even integer,
we work with general n and restrict the values of p. More precisely, one takes p € Z when
n is even, and p € 2Z when n is odd. Since p ~ p + 2n,3? there are n distinct topological
gauge theories for n odd and 2n distinct topological gauge theories for n even. This agrees
with the order of the universal quadratic group for Z,,. Usually gauge invariant operators in
(3+1)d topological gauge theories are defined on closed lines and surfaces. Such operators

31We use the notation Q% (M) to denote the space of ¢g-forms with integer periods on any p-cycle £ ¢
Zp(M, Z) i.e for some £ € QY (M), §.) € € Z.

32This can be seen for example by integrating over the 1-form gauge field A in the path integral which
reduces B to a 2-form Z,, gauge field. Then it is apparent that the topological action for the 2-form Z,,
theory evaluates to the same number in R/27Z for the theories labeled by p and p + 2n.
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assign topological data in the form of correlation functions to certain linked configurations
for the corresponding lines and surfaces. For example, the (3+1)d BF theory assigns a
non-trivial phase to a linked line and surface embedded in the (3+1)-dimensional spacetime
manifold. More interestingly, non-trivial discrete gauge theories, namely Dijkgraaf-Witten
theories, may have topological correlation functions associated to linked configurations of
three or four surface operators (cf. for example [76, 78, 87, 91]). Gauge invariance (C.4)
dictates that the Wilson operators of the 2-form continuous topological gauge theory (D.1)
be defined on closed surfaces £ and closed lines £, which have open surfaces 91 €1
attached to them:

UM(£®) = exp {27riM B} (D.2)
£(2)
weem o71eW) = exp {zmQ f A+ 27ipQ / B} : (D.3)
21 o-1¢1)

It was pointed out in [14] that operators with support on open manifolds are topologically
trivial since open manifolds cannot link with other manifolds embedded in the spacetime
manifold M. Therefore, in a topological field theory, correlation functions of such operators
with all other observables in the theory are trivial. But, for a given choice of parameter
p in (D.1), all Wilson line operators are not trivialized. In fact W (£® §-1¢M) is an
inherent line operator if p- Q@ € nZ. The reason for this is that exp {2m’n fa—l o) B}
is the identity operator so that the operator W& does not have a surface attached to it
(or equivalently has a transparent surface attached to it) and is therefore a genuine line
operator. From the above constraint on genuine line operators, one may read off that
W := Wn/ecd(mp) g the simplest non-trivial line operator and since W™ is trivial, there are
ged(n, p) such non-trivial operators. Similarly, some surface operators can end on closed
lines and are therefore topologically trivial. The number of surface operators that cannot
end on lines match the number of line operators, namely ged(n, p). As a quick illustration
of this last point, let us have a look at two examples:

Example D.1 (n =12 and p = 4). Naively, one would say that the surface operators are
UM(S(Q)) with M = 0,...,12, however, when M /4 € 7, such a surface operator can end on
a line. For instance, if M = 4, one could have the operator exp {2i Poa A+ 8Ti [o0) B}.
Therefore, the number of surface operators modulo the number of trivial surface operators

is ged(n,p).

Example D.2 (n = 12 and p = 5). Following the above argument, we expect to get no
genuine line of surface operators in this case since n and p are coprime. This can be
explicitly checked. Any surface operator U M (2(2)) can be trivialized by attaching a line
with charge @ = 5M (mod 12) to it. Equivalently, a line with charge Q can be trivialized by
adding an open surface with flurx M = 5Q (mod 12) to it. Hence, there are no non-trivial
operators in the theory when ged(n,p) = 1.

Open non-trivial line operators create magnetic point-like excitations whereas open
non-trivial surface operators create string or loop-like electric excitations. These operators
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as well as the states they generate can be constructed explicitly within the lattice Hamil-
tonian formalism. This lattice formalism can then be used to study the braiding statistics
of the corresponding excitations. Within the partition function approach, the non-trivial
operators in the 2-form theory have correlation functions that are identical to an ordinary
BF theory. These correlation function are in turn related to the braiding statistics of the
corresponding excitations as seen from the lattice picture. This is a consequence of the fact
that the cohomological twist (o< B A B) does not alter the canonical commutation relations
of the theory. Therefore, the correlation functions take the form

(D.4)

— iM -0l (2) o)
(UM(£(2))WQ(£(1))> = exp { 2miM - Qlink(£, £47) }

ged(n, p)
where link(£(3), £(1) is the linking number of the 2-cycle £2) and the 1-cycle £ embedded

in the 4-manifold M, and W@ (£(1)) = Ww@n/ecd(mp)  The partition function whose action
is (D.1) then takes the form [14]

M) |H1(M7 chd(n,p))’
|HO(M7 chd(n,p))’

B2G _ n
2y TIMl= (gcd

io(M)/8
e
(n,p)

-ged(n, p)X (D.5)

>X(M)/2
where (M) is the signature of the manifold M and x(M) = Z?ZO(—I)ibi is the Euler
characteristic of M. It is important to note that y(M) can be written as an integral over
purely geometric data and thus it is not topological in the strict sense. It is illustrative
to split this partition function into the product of two terms: the first term Z™ incurs
contributions in the partition sum only from the trivial (transparent operators), whereas

Znon-inv

the second term incurs contributions from the non-trivial operators:

| noo\
Zlnv — 10

7= (et

|Hl (Ma chd(n,p))|

. |H0(_/\/l > . ))’ — ng(n,p)bQ(M)_bl(M)J’_bO(M) , (D_ﬁ)
y Lged(n,p

non-inv M
Zpom i [M] = ged(n, p)XM)

where the last equality follows from the Poincaré which implies that by = by_ in 4d. The
first term Zénv [M] is the partition function for an invertible topological theory.?® This par-
tition function can be thought of as a pure U(1) phase since the term (n/ged(n, p))X(M)/2
can be absorbed into a geometric counterterm wln(n/gcd(n, p)). The second term
Z;}‘m'in" [M] is essentially the partition function for an untwisted Dijkgraaf-Witten theory

with gauge group G = Zgq(n p) (equivalently a Z,.q BF theory) up to a geometric coun-

(n,p)
terterm y (M) In(ged(n, p)), or alternatively is the partition function of a 2-form topological

gauge theory with gauge group G = Zyq(y, p) and trivial cohomology class.

33 A (d+1)-dimensional invertible topological field theory is a TQFT that simply assigns a U(1) phase
to any closed (d+1)-manifold M so that it assigns a unique state on any d-manifold ¥. From a physical
standpoint these TQFTs describe invertible topological (gapped) phases of matter (see for example [92, 93])
that are short-range entangled phases of matter, i.e. they can be smoothly connected to a reference trivial
phase upon stacking with another invertible phase of matter. The TQFT corresponding to the trivial
reference phase assigns the number 1 to every (d+1)-manifold M. A necessary and sufficient condition for

'[I'dJrl

a once-extended TQFT to be invertible is that the partition function assigned to a tori is unity [94].
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By quantizing the theory on manifolds of the form M = ¥ x R, we obtain Hilbert
spaces Hyx of physical states. The dimension of these Hilbert spaces is an interesting class
of objects. Indeed, given a surface X, the dimensions of Hy corresponds to the ground
state degeneracy of the lattice Hamiltonian realization of the theory on . By computing
explicitly the ground state degeneracy, we can then confirm for which values of n and p
the theory is invertible.

By definition, an invertible (3+1)d TQFT assigns a single physical state to any 3-
manifold so that the dimension of the Hilbert space Hy obtained upon quantization of the
theory on ¥ X R incurs a contribution only from the non-invertible part of the theory. Since
the non-invertible part of the partition function can be mapped (dualized) to an untwisted
Zged(np) Dijkgraaf-Witten theory, one has

dim Hy, = Z[2 x S = ged(n, p)F)=b2(%) (D.7)

A basis for the Hilbert space Hy can be labeled by non-trivial line or surface operators on
. Let [£(M]; be a basis in H;(M, Z) and [£()]; the dual basis in Ho(M, Z) such that the
intersection pairing 1([£M)];, [£)];) = 6;;. A convenient basis for the states on ¥ is labeled
by the vector M = (My, ..., My, (s7y) such that

_ 2T M _
uM(1e®1,) |51 :exp{z}M D.8
(1)) 1) ety {1 (D.5)
where the surface operators U are defined according to (D.2). Such a basis can be explicitly
constructed as

b1(X) .
i) = T wi(eW)e) (D.9)
1=1

where the vacuum is normalized to have unit eigenvalue for all the non-trivial surface

operators. A similar basis can be constructed that diagonalizes the line operators W
defined in (D.3). Denoting this basis by |@), one has the following overlap

27rz'c_j-]\7[}

acd(n.p) (D.10)

(G| M) = exp {
that can be viewed as the partition function on a four-sphere S* with the line operators
WQi([£M],) and UM ([£?)];) inserted such that the linking number link([£M];, [£?2)];) =
;5. In order to visualize this, it is possible to start with a four-sphere and hollow out a
four manifold By, whose boundary is 3. Then using standard surgery

C Z[S*\Bx] Uy Z2[5*\Bx]

C (D.11)

where the surgery involves carving out By from S? and inserting line operators in the
carved out By, such as to create the state |@) on ¥. Similarly inserting surface operators
in Z\By such as to create the state |A) on (Z\By) = 3. Then filling in By, into Z\Bsx,
which amounts to the overlap (@| 7). But this is nothing but the $* partition function
with linked configuration of lines and surfaces as described above.
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Since it is known that invertible topological theories are short-range entangled it is
illustrative to compute the topological entanglement entropy [95-99] to confirm this. The
computation is rather straightforward. We are interested in the situation where ¥ = 53
and want to compute the topological piece in the topological entanglement entropy. We
bipartition $% into subregions £; and ¥, such that for 93, = 0¥y = D?. Following a
well-known recipe [99-101] to compute the topological entanglement entropy, we first need
to compute the n-th Renyi entropy Sg?:

st — ! In trpg,
> l—n (tI‘le)n

=In Z[57] (D.12)

where we have used the result from [100] tr(p%, ) = tr(px,) = Z [5%]. Then, the topological
entanglement entropy is defined as Sffpo = limy, 4y SXL) which indeed only captures the
topological piece in the entanglement entropy. This suffices for our current purpose, how-
ever computing the geometrical piece in the entanglement entropy requires more careful

considerations. Using the above expression and (D.5) one gets
S'0P° = —1Inged(n, p) (D.13)

where we have implicitly absorbed the terms that depends on the Euler characteristic
X(M) into local geometric counterterms. So as expected the 2-form TQFT is short-range
entangled (or invertible) when ged(n,p) = 1, and not otherwise.

It is known [17, 18, 90] that when gcd(n,p) = 1, i.e when the quadratic form defining
the topological action is non-degenerate, the theory admits a gapped boundary condition
with non-trivial line operators which form a modular tensor category. On the other hand
when ged(n, p) # 1, there also exist gapped boundaries with non-trivial operators however
these do not form a modular category anymore but a premodular one.

E Deligne-Beilinson cohomology and higher gauge theory

In this appendix, we describe the configuration space of twisted 2-form gauge theory for
a finite abelian group G. As described in appendix C such 2-form gauge theories can be
embedded into U(1) gauge theories that involve both 1-form and 2-form U(1) gauge fields.
However, these different fields transform under gauge transformations in an unconventional
way. In order to have a better understanding of this formulation, it is necessary to have a
systematic understanding of the configuration space of gauge inequivalent configurations.
Here we develop such an understanding using the technology of Deligne-Beilinson (DB)
cohomology [38]. An alternative approach is provided by Cheeger-Simons differential co-
homology [50, 102, 103] that may be employed to systematize the configuration space of
g-form U(1) gauge theory. The two approaches of DB cohomology and Cheeger-Simons
differential cohomology are equivalent [104] however in this work we stick to the former.
In order to be self-consistent we begin by assembling the necessary ingredients to describe
g-form U(1) connections using DB cohomology [39, 40].
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E.1 Preliminaries and definitions

Let us briefly revisit the physical understanding of a 1-form U(1) connection. Locally a
1-form connection A is simply a 1-form field. There is an equivalence relation related to
gauge transformations which are redundancies of the physical description. These gauge
transformations act as A — A + d\ where d\ € QL (M). Hence the gauge invariant
information is encoded in holonomies

hol4(£)) := ?{(l)A (mod Z) , (E.1)
Iy

or equivalently in Wilson operators we (2(1)) ‘= exp {QWiQ fgu) A} where £ is a 1-cycle

on M. Furthermore, for topologically non-trivial bundles, i.e those with non-vanishing

Chern number, there is no globally defined 1-form connection. Instead, one has to work with

a field strength F' € Q%(M). On contractible patches, the field strength and holonomies

agree via

hol4(£W) = / F  (mod Z) (E.2)
o-1e®

where 1€ is a surface that bounds £1). We shall now see that all this data fits

neatly together into the Deligne-Beilinson cohomology group. In order to do so, we need

first to introduce the basic notions of oriented open cover, Cech-de Rham bicomplex and

polyhedral decomposition:

Definition E.1 (Oriented and ordered open cover). Let M be a closed smooth and oriented
manifold defined with an open cover U = {U;}ier such that | ;.7 Ui = M. We denote

overlaps of sets as

Uioil = Uz'o N Uil
Uioiliz = Uio N Ui1 N UiQ

Uigivig...i, = Uig VUi MU -+~ N U, (E.3)

The index of Usyiyiy...i, 18 referred to as the Cech index of this intersection and p € Z as the
Cech degree. We only consider overlaps whose indices are ordered i.e iy < i1 < --- < ip
and refer to U as an ordered cover of M. Let the collection of all non-vanishing overlaps
of ordered (p+1)-open sets be denoted by Uy,. Since M is compact, the cardinality of U,
and of U 1is finite.

We denote by Q"(U,) the space of de Rham r-forms assigned to all elements in U, and
py € Q7(Up) a generic element. The quantity n, € Map(Up, Z) =: Q7 1(U,) denotes an
assignment of integers to all elements of U,. One can define two independent differential
operators that act on y;, namely the de Rham differential d}; and the Cech differential d,,

dig = 2 (Up) = QTH((UP)
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)
cover U = Ui:17273 U;. The 1-chains [El) € U; and 0-chains [1(?) € Uj;.

Figure 4. Polyhedral decomposition of a 1-cycle £1) = Eg’zllgl subordinate to a choice of open

dy : @ (Uy) = @ (Upsn) (E4)

that satisfy the properties dg’;long = 0 and dpy10d, = 0. The action of d/j; is simply given
by the exterior derivative that acts locally on each open set, while the Cech differential
acts as
p+1 .
(dpM;)ioil...ip+1 = Z(_l)] (M;)io~-~ij---ip+1 € Qr([up-i-l) : (E5)

j=0

The Cech-de-Rham bicomplez is a bicomplex of cochains 2"(U,) labeled by two indices r
and p which are the de Rham and Cech degrees, respectively. The maps between cochains
are provided by d; and d, as described above. Furthermore, we define a completion of
the de Rham complex via the differential dp : Q~1(U,) — Q°(U,) where d is simply the
injection of integers into the space of (constant) functions.

Let Z,(M,Z) denote the space of oriented p-cycles in M. In order to integrate p-
cochains on M over p-cycles, we need to introduce the notion of polyhedral decomposition:

Definition E.2 (Polyhedral decomposition). Let £®) pe g p-cycle, then a polyhedral decom-

position of £P) subordinate to a given open cover is given by decomposing £P) = > ()

io ‘io
such that Sz(g) C Ui,. We define a boundary map 0 whose action reads
(» _ (r-1) _ ((p-1)
oy = W~ (E.6)
1
where [Efi_ll) C Uiyi,- The boundary operator further acts as
(r—1) _ (p—2 (r=2) | ((p—2)
3[@@1 = Z [[ifioil) - [z’giQil + [i0pi1i2 (E.7)
i2
where [Ef ;1 222) C Uiyiyiy- This process is iterative and after k iterations, we obtain
() _ N (kD) (k1) (p—k—1)
p—k p—k—1 p—k—1 p—k—1
200811k [ioil...ijflijij+1...ik + [ik+1i0i1...ik + [i0i1...ikik+1 (ES)

=1
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0
i3

(0

0
[]§2§

0 1 0
(i3 i 1,

Figure 5. Polyhedral decomposition of a 2-cycle £(2) = Ef:lll(-l) subordinate to a choice of open
cover U = Ui:1,2,3, 4 Ui. The open cover has not been illustrated in the figure above to avoid clutter

but it is such that the 2-chains [El) € U;, the 1-chains [g) € U;; and the 0-chains [E?,)C € Usjk.
(p—k-1)

where as before G, "+ C Uiy iy, - Note that some of the entries in this sum vanish

(-1 (p-2), :
(e.g. Glio s [iOiQil) stnce we only consider an ordered cover.

In the following, we work with four-manifolds, therefore we do not need to iterate this
procedure defined above more than four times. It is important to note that it is always
possible to find a good open cover with respect to which a given p-cycle admits a polyhedral
decomposition. Let us consider a few simple examples to illustrate the previous definition:

Example E.1. Let £V € 7, (M, Z) be a given 1-cycle as shown in figure 4. The polyhedral
decomposition of £1) can be fized for a given open cover U = {Ui}i. We write £ =
[gl) + [S) + [gl) where [El) € U;. The boundary operator acts as
o™ = ot + o1s) + arV
0 0 0 0 0 0 0 0 0 0 0 0
= (57 =0 + 6 — ) + () — ) + 1) — ) + () — )+ 1) — 1))
0 0 0 0 0 0

= (_[§2) - [33)) + ([gz) - [g:a)) + ([53) + [53))

0. (E.9)

In the third equality, we used the fact that we are working with an ordered cover, therefore
0-chains of the form [Z»?) where j < i vanish.

Example E.2. Let £2) ¢ Z3(M,Z) be a 2-cycle whose polyhedral decomposition is illus-
trated in figure 5. Then £3) = Z?:l [1(2) and 0L = Z?:l @[1(2), where for instance

o = (1) = 6) + (5 — 153 + (6 — 157)
= ) -y -1 (E-10)
It is easy to check that L3 =0 as it should be.

We now have all the ingredients to introduce the Cech-de Rham construction of
Deligne-Beilinson (DB) cohomology:
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Definition E.3 (Deligne-Beilinson cohomology). We call a DB q-cochain a (q+2)-tuple
of data of the form:

(187 0 mg ) € Q9(Ug) X Q97U x - x Q0(Ug) x Q7 (Ugyr)  (B.11)

and denote the space of DB q-cochains by Cg(M, Z). We define two differential operators
D(qfl,q) : Cq_l(M, Z) — Cq(M, Z) and D(q7q) : Cq(M, Z) — Cq+1(M, Z) via

Diy1g) = (do +d%") = (dy +d% %) + -+ (=1)9(dg + dp)

q
=D (FD(di+di" ) (E.12)
=0
Digq) = (do+0) = (dy + %)+ + (~1) 7 (dgyr + )
q+1 ' A
=do+ ) _(~1)'(d; +d") E.13)
=1

where the first index in the subscript is meant to denote the degree of DB cochain that the
given codifferential operator acts on, and the second index denotes the mazximum de Rham

g-149) =0
A DB g-cocycle is defined as a DB q-cochain in the kernel of the operator D(q ), while a

degree in the image of the given operator. It can easily be checked that D4 4) 0 D(

DB g-coboundary is a q-cochain in the image of D1 4. We may then define the q-th
Deligne-Beilinson cohomolgy as the following quotient

k@?"(D(%q))

q _
Hop(M,2) = im(D(g—1,q)) '

(E.14)

The DB cohomology as defined above has degree one lower than corresponding dif-
ferential cohomology defined for example in [50, 103]. Here, we follow the conventions
of [39, 40].

E.2 Configuration space for g-form U(1) connections

We defined above the Deligne-Beilinson cohomology of cochains on a Cech-de-Rham bi-
complex. We will now use this technology in order to define the configuration space of
g-form connections. Below, we illustrate this construction with a couple of examples of
U(1) connections at low form degree and check that they are indeed described by DB
cohomology classes. But, before getting to this we provide some intuition about why
this somewhat intricately defined cohomology group is isomorphic to the space of gauge
inequivalent configurations of U(1) fields.

A g-form U(1) connection is usually defined by specifying g-forms on open sets. How-
ever, for topologically non-trivial bundles, it is not possible to describe a connection via a
globally defined ¢-form, in which case one works with a covering of open sets with represen-
tatives of the connection defined locally as g-forms on each of the open sets. On overlaps of
open sets these ¢-forms need to be glued together via (¢g—1)-form gauge transformations.
The (¢—1)-form gauge transformation fields in turn are only defined on double overlaps
of open sets and not globally. A gluing condition needs to be provided for them on triple

— 65 —



overlaps via a (¢—2)-form gauge field. This process continues iteratively until a specifi-
cation of integers on (g+1)-overlaps of open sets and finally the consistency condition for
this specification requires that the oriented sum of these integers must vanish on the corre-
sponding overlap of ¢+ 2 open sets. All this data defined on open sets as well as overlaps of
open sets at various degrees can be succinctly described as a DB g-cochain. Furthermore,
the various gluing conditions are nothing but the statement that the DB cochain must
actually be a DB cocycle. Finally, there are some redundancies in this description that can
very naturally be understood as the image of a DB codifferential operator acting on the
space of DB (g—1)-cochains. Upon modding out by this redundancy, what we obtain are
the isomorphism classes of gauge inequivalent g-form U(1) fields on M but defined as such
this is nothing but the g-th DB cohomology group. We illustrate this idea through a few
simple examples. Let us first consider the case of 1-form connections:

Example E.3 (1-form U(1) connections). DB 1-cochains are defined by the data A =
(b, 1§, %) where pl are 1-forms defined on local contractible patches, u{ are functions
defined on overlaps of open sets and n% are integers defined on double overlaps. As de-
scribed above, this is precisely the data one requires to build a connection for a 1-form U(1)
bundle. All this data can be glued together by imposing that D A = 0. This cocycle
condition implies

(doru(l))ioil = (/"L(l))'il - (:U’(l])io = (dEl)R N(l))ioil
(dlu(l))iohiz = (M(l))iﬂé - (:u(l))iolé + (:U’?)ioil - (dd_lzlnéﬁohh
(d2né\)ioi1i2i3 = (nA - (né\)ioizis + (né)iohis - (né)ioiliz =0. (E'15)

)i1i2i3

It remains to quotient by the redundancies which physically correspond to 0-form gauge
transformations and mathematically correspond to DB 1-coboundaries. Given A =
(M), mt) € CR(M, Z), we need to impose A ~ A+ Do yA. Eaxplicitly, it reads

(:U*(lJ)io ~ (M(l) + ng )\8)1‘0
(,U(l))ioil ~ (M(l) + dO)‘g - dd_leélA)iliz
(né\)iohiz ~ (né - dlmf)ioiliz (E16)

which are nothing but 0-form U(1) gauge transformations. For completeness, we can
check that

D 1yo Doy = [do— (dy +d0y) + (do +dyp)] o [(do + dSy) — (di + dgy )]
= d2(d2R, - d;Rl)
—0 (E.17)

where the third line follows from the fact that CLg(M,Z) C ker(dy). It is well-known that
the field strength of a U(1) connection is quantized to have integer periods. This can be
readily checked: since diRu(l)’iO —d}, '“(lJ,il =di, o do,u(l)ﬂ-oi1 =0, we can use di, uy as local
representative of the field strength. Let the field strength corresponding to a connection
A be denoted by Fp. Then on an open set U; we may write the local representative of
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the field strength as (Fp)i, := d., ,u(l)vio. Given a 2-cycle £2) together with a polyhedral
decomposition, we obtain

o P2 = 32 f i =3 [ 00
= Z/[m (dod)igin = Zﬂl) (dog 1) ioi

10,81 © “ipil 10,81 © "ioi1

_ 0oy, . . _ -1, A

- E /(0) (dlﬂl)lollm - E /<0) (ddR n2)202112
10,11,12 [101112 10,91,12 [101112

= Z (ddR n2)‘ (0) Sy (E18)
10,11,12 Nz

which is obviously the expected quantization of field stremngth. Note finally that given a
1-cycle £ together with a polyhedral decomposition, the holonomy of A along £M) takes
the form

w?eW) = exp {2m'Q A}
o)

= o {2mio( X [ 0o - X0 )} 19

20 20 20,01 Z07'1
which is invariant under (0-form) gauge transformations.
Following exactly the same steps, we define 2-form connections:

Example E.4 (2-form U(1) connections). Deligne-Beilisnon 2-cochains are defined by the
data B = (uo,l/ll,ug,ng?) Similar to the case of 1-form connections, this is precisely the
data one needs to construct/describe a 2-form U(1) connection in the most general case.
However, in order to glue all this data together correctly we need to impose that B is in the

kernel of D(39). Writing D 2B =0 explicitly, we get

(dﬂyg)ioh = (Vg) (VO) (dl Vl)lon

(d1))igivie = W)ivis — (W)igin + (V1 )ioin = — (A9 19)igivis

0 0 0 0
(d2y2)ioi1i2i3 = (V2)i1i2i3 - (V2)i0i2i3 + (V2)i0i1i3 - (V2)i0i1i2 = (ddR n3)lol1l223
4

(d3n5)igiriaisia = ) _(~1Y (n5); 5. 4, =0 (E.20)
7=0

It remains to quotient by 1-form gauge transformations which in the context of the DB
construction implies modding out by coboundaries in the image of D). Given © =
(05,69, mB) € CLg(M, Z), we need to impose B ~ B + D(1,9)0. Explicitly, it reads
(Vg)io ~ (Vg + diR‘gé)io
(Vll)ioh ~ (Vll + do@é - ng 6?)2'01'1
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0 0 0 -1, B
(V2>ioi1i2 ~ (VQ - d101 + ddR mg )i0i1i2

(5 )igivinis ~ (M5 — dams )igivigis - (E.21)

We could check explicitly that D2y o D) = ds(—d}, + d9, — d) = 0 using the fact
that CL5(M,Z) C ker(ds). Similar to 1-form connections, the field strength of a 2-form
U(1) connection satisfies a generalized Dirac quantization condition which means that the
monopole charge is integer quantized, i.e. f ' FB € Z. This can be demonstrated explicitly
using (d*v3)i, as a local representative of Fg on an open set U;. Given a 3-cycle £6)
together with a polyhedral decomposition, we obtain indeed

j{xs) o= Z/“) o) Z/m“) “0)i
= Z/[@) (dov))igin = Z/{m (din V1 )ioin

10,81 © Vil 10,81 © “igil
_ 1y, 0 0y
= § /(1) (d1vq)igiyis = E ﬁn (dar V3)igivi
10,01,12 [i0i1i2 10,81,02 [i0i1i2
—_ E 0y, . E 1
- /(o) (d2’/2)20211223 - ﬁo) (ddR ng )10111213
10,81,12,13 [ioiliQi3 10,81,12,13 [i0i1i2i3
= Y (da na)(@ €. (E.22)
10,41,12,3 ‘o123

Note finally that given a 2-cycle £2) together with a polyhedral decomposition, the (2-
)holonomy of B along £ takes the gauge invariant form

UM(£®) = exp {2m'M f N us}
- exp{27mM<Z/§2) )i /(1 Digin + > ¥/ ‘(m )} (E.23)

20,81 10‘1 10,281,812 i0i1i2

So the space of g-form connections is equivalent to the space of equivalence classes in
the ¢-th DB cohomology H{\5(M,Z), as illustrated above for the ¢ = 1,2 cases. We say
a connection A9 ¢ H{5(M, Z) is flat if it lies in the kernel of the D, 441y operator and
thus we have the following isomorphism:

{ Equivalence classes of flat g-form U(1) connections on M }
~ H](:Z)B (M, Z) N ker(D(%qH)) .
This follows from the fact that a U(1) g-form connection A@ = (ud, pu97", ... 19, Mg y1) €
H 5 (M, Z) needs to satisfy a single extra constraint in order to be in the kernel of D g q+1)
that is

dipd = 0. (E.24)

Hence the curvature of the g-form connection vanishes locally on each open set.
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E.3 Strict 2-group connections

Having described the space of gauge inequivalent configurations of higher form U(1) gauge
theories in terms of Deligne-Beilinson cohomology, in this subsection we explore a scenario
where the group bundle is a non-trivial product of bundles corresponding to 1-form U(1)
connections and 2-form U(1) connections. Here by non-trivial product we mean that locally
the data required on open sets, overlaps of open sets and so on is identical to that of a direct
sum of some number of 1-form connections and 2-form connections. However, the gluing
relations which were previously related to certain DB cocycle conditions are twisted in a way
that we make precise below. Also, the redundancies or gauge transformations which were
related to DB coboundaries are altered accordingly. This is the relevant situation when
discussing the embedding of a finite group 2-form gauge theory into a toric gauge theory.
That particular field theory (C.2) is the motivation for this subsection. By constructing
the Gaufl operators and the gauge transformations within this theory, we inferred that
these transformations correspond to those of a toric strict 2-group bundle. Below we
first briefly describe strict 2-groups and then carefully construct the corresponding strict
2-group bundles.

A strict toric 2-group [34, 35, 37] is defined by four pieces of data, namely G =
{U(l)P,U(l)Q,t,D} where

t: U = U@
>: U = Aut(U1)) . (E.25)

This data needs to satisfy some consistency conditions which ensure that ¢ and > interact
well with one another.?* The consistency relations for some A € U(1)¢ and B € U(1)" are
t(A>B) = t(B) and ¢(B)>B’ = B’. In the following, we choose > = id. A homomorphism
t may be written as

P
tB); =[] n (E.26)
J=1
where I € 1,...,P, J € 1,...,Q and B = (hy,...,hp) € U(1)". In order to build a
G-bundle, we require local data which corresponds to P 2-form U(1) connections and
I-form U(1) connections. Therefore, the local fields are Q DB 1-cochains Al and P DB
2-cochains B”:

LI 01 AT
AI:(,Uo y My 5Ty )

2,J 1,J 0,J  B,J
B = (vy vy v ng ) (E.27)

Henceforth, in order to keep the notation light, we specialize to the case P = () = 1 which
can be readily generalized to P,Q € Z. Although the local data corresponds to a direct
sum of an ordinary 1-form and 2-form U(1) gauge theory, the gluing (cocycle) conditions

34These consistency relations make G equivalent to a crossed module. For details please see [34] and
references therein.
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and gauge transformations are twisted by the homomorphism ¢ € Hom(U(1),U(1)) ~ Z.
We note that since U(1) ~ R/Z fits in the canonical exact sequence 0 - Z — R — R/Z,
the homomorphism lifts to ¢ € Hom(R, R) and ¢t € Hom(Z, Z).> Hence the homomorphism
acts on all the local data of the Cech-de Rham bicomplex. This is an essential ingredient
in writing consistent gluing relations.

The space of strict 2-group G = {U(1), U(1), ¢,id }-connections on M is spanned by
tuples of DB cochains (A, B) € CLg(M,Z) x C35(M,Z) satisfying the conditions

2 1 1 1 0 0
2 ,2) B = (dOVO - ddR 41 )ioil (_d1V1 + ddR V2)i0i1i2

+ (dovy — dig ng)igivigis + (—dsn3)igirigisis (E.28)
0 (E.29)
t(B
D(il))A = (dolu’(l] - ng :u(l) + t(yll))ioil ( dllh + ddR n2 + t(V2))ioi1i2
+ (dang +4(n5)), 10 (E.30)
~0. (E31)

Let us look at the above gluing conditions a bit more closely. For example the 1-form
connection A involves an assignment of (u$); on open sets U;. On the overlap Uy, of two
open sets U;, and U;, the local 1-form representatives are glued together by imposing

(/’L(l))il - (M(l))io = ng (M?)Zﬁ’h - t(Vll)ioh . (E‘32)

Hence the gluing condition for the 1-form connection has been altered by the presence of the
2-form connection. Similarly, the gluing conditions on overlaps of all degrees are modified.
In other words we need to impose that all the parenthesis in (E.31) vanish independently.
Furthermore, this data is defined up to the following gauge transformations
tO) A _.
A ~ A —|— D(O,l)A —. A + D(O,I)A - t(@)
B~B+ D(Lg)@ (E.33)

where A € CL5(M, Z) and © € CEz(M,Z). Note that (E.33) is nothing but (C.4) written
more precisely in terms of the Deligne-Beilinson data. More explicitly, in terms of the local
data, the former equivalence reads

(M(l))io ~ (:u(l) + ng >‘8 - t(e(l)))io

(1D)igin ~ (19 + doA) — digim? — £(07))igis
(ng)ioiliz ~ (né - dl?n‘lA - t(méB))ioillé ) (E'34)

while the gauge transformations for B are the same as those for ordinary 2-form U(1)
connections (E.21). We can readily check that D€171) o DEO,l) = 0 so that one may define
an affine cohomology theory. The space of gauge inequivalent configurations of a strict
2-group G are isomorphic to this cohomology space that we denote by Hél(/\/l)

35We use “t’ for the lifted homomorphisms as well in order to keep the notation light.
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Definition E.4. The affine cohomology group Hél(./\/l) is defined as the group of coho-
mology classes equivalent to isomorphism classes of gauge configurations of a toric strict
2-group gauge theory for the strict 2-group G. Hé’l(./\/l) are spanned by tuples of DB
cochains (A,B) € Chg(M,Z) x C%5(M,Z) that satisfy the condition (E.31) modulo those
that are of the form (D (((J 1))A Dy1,2)0) where (A,0) € CPp(M,Z) x Chz(M, Z).

Having defined Hg’ (M), we then consider the subspace of flat connections. This will
be important in what follows as it is the configuration space of topological G-gauge theories.

Definition E.5. The space of flat strict 2-group G-connections on M is the set of tuples
of DB-cochains (A, B) that satisfy the conditions
D(LQ)A + t([B) - 0

which, in terms of the local data, translates into

D(2,3)IB = (de Vg)io (dOVg - diR Vll)ioli (_dlyll + ng Vg)ioiué
+ (dQVQ ddR n3 )10211213 ( d3n3 )i0i1i2i3i4
0 (E.36)
13(1,2)A =+ t([B) = (d}m M%) + t(Vg)) ; (dO,U(l) - ng M? + t(Vll))iOil
( dllu’l + ddR n2 + t(VQ)) + (d2n§ + t(ng))ioiligig (E37)
~0. (E.38)

101192

It is easy to check that the flatness condition is preserved under the gauge transfor-
mations (E.33). Indeed,

D(l’z)A +t(B) — D(I’Q)A +t(B) + D(1,2) o D(O,I)A (E.39)
— Di1.2yA + £(B)

where we made use of the fact that Dy 9)0D(g1) = (diy + D))o Doy = diy °oD,1) =0
that follows from im(D g 1)) N p' (M) C im(dJy ).

We now want to compute the integral of the curvature of the 2-group connection and
reading off whether it satisfies any quantization conditions. First of all, we can immedi-
ately infer that since the gauge transformations of B are unaltered compared to the case
of the 2-form gauge theory previously studied, the quantization condition also remains

unaltered, i.e.

b, FBeZ (E.40)

where £6) € Z3(M, Z). The situation is different as far as the curvature FJ is concerned.
Let us first try to construct a local representative of Fj. The simplest possibility is di, .
Doing so, we realize that

dar (10)io = dag (H0)io = —din (1)), (E.41)
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so that (Fa)i, == (dig ,u(l)—i-t(yg))io can serve as a local representative since (Fp)i, — (Fp)i, =

0. Using this representative, we may integrate the curvature over a closed 2-cycle £2) in M

1 2
ﬁ@) Fp = Z/() i 1 + () Z/(l) doptg) ioin /(2) t(15)io

20,21 Z()

— 0 0 1 2y
= Z /t(” (dar 11 — t(yl))ioil + /;(2) £(1g)io
0

io,il Qi1
_ 0 2y L
= Z /[(0) (dl’ul)ioilig + /[;2) t(VO)zo E /[(1) (t(yl))i0i1

10,0102 " Nioinia iQ 10,81 7 Mioi1

2 2 :

= Z ddR nz‘ (0) + /(2) t(Vo)io - /;1) 1011 + E VQ’ ©

10,1502 102”2 [io 10,01 [zoLl 10,11,82 101112
st 7{ 5 (E.42)

£(2)

Hence the field strength of a strict 2-group connection is not quantized but rather, as
expected, the quantization is shifted by the holonomy of B.

Since 2-group connections comprise 1-form and 2-form gauge fields, we expect the gauge
invariant operators to be Wilson lines as well as Wilson surfaces. The gauge transformations
for the connection B are the same as the ones entering the definition of a 2-form connection
so that the surface operators are the same as the ones defined in (E.23), i.e

UM(£®?) = exp {27TiM [B} : (E.43)
£(2)

The line operators are a bit more subtle since the naive guess (E.19) is not gauge invariant.
Furthermore, a Wilson line can only be defined for homologically trivial 1-cycles in order
to be (2-group) gauge invariant. Instead, the gauge invariant operator takes the form

wem o71eM) .= exp {2m'Q A+ 27iQ / t([B)} (E.44)
£ o-1lg

where 1€ is a 2-chain whose boundary is £1). The corresponding polyhedral decom-
position can be obtained by attaching a single disc-like region to the 1-cycle £1). Let us
first focus on the Lh.s. term of (E.44) whose integrand only depends on A. As mentioned
earlier, the integral of A over £(!) is not invariant under gauge transformations by itself
due to the modified gauge structure. Indeed, under gauge transformations one has

A — QTFZQZ/ (65)40 —I-Z 90 0)}
i 1021

20,21

exp {27?1'@ A} — exp {2772'@
o)

o)

= exp {2772'@ A— t(@)} . (E.45)

o)

The piece of data on the r.h.s. that depends on B requires a bit more care. We attach a
disc-like region to £ and introduce an open set labeled by Up with the convention that
0 < 17p for all 7g. By introducing this open set, every open set U, in £ becomes an
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overlap of two open sets Up;, in 9712M and in turn every overlap of two open sets Uj,;,
in £1) becomes an overlap of three open sets Uoigi, in o~1e®. We may now integrate
B € C3z(M,Z) over 9~ £(1) and write how it is modified under gauge transformations

exp {2m'Q ﬁlsm t([B)} = exp {27riQt</[(()2)(u3)o— Z/(1> (o + > ygag;gh))}

0,21 © 01y 0,i1,22

— exp {2m’Q /8_12(1> (¢(B) + t(D(1,2)9))}

- exp{QWiQ( /8 B é . t(@))} . (E.46)

This confirms that (E.43) and (E.44) are the gauge invariant operators for a strict 2-group
toric gauge theory. To conclude, we have shown above that the gauge transformations for
the continuous topological gauge theory (C.2) correspond to a strict toric 2-group bundle.
Furthermore, such a bundle can be defined rigorously using methods based on Deligne-
Beilinson cohomology. Above, we constructed such a bundle, studied the quantization
conditions for its topological sectors and constructed gauge invariant functions (operators
in the quantum theory) in terms of local data.

Using the same technology, it is possible to write down rigorous actions for higher-
form topological phases in terms of Deligne-Beilinson cocycles. Some explicit examples
are provided in appendix F. Note that this construction can also be adapted in order to
describe flat connections for weak 2-group bundles and more generally for models built
from Postnikov towers.

F Topological actions in terms of Deligne-Beilinson cocycles

In this appendix we derive expressions for various topological actions built from Deligne-
Beilinson cohomological data.

F.1 (2+41)d BF theory

First, let us consider BF theory in (241)d. The BF topological action is commonly writ-

ten as

S[A, B, M] = 27Tm'/ BAdy A (F.1)
M

where n € Z is a parameter of the theory, B and A are 1-form U(1) connections and
M is an oriented 3-manifold. But this expression does not make sense when we include
topological sectors of A and B. To give a more precise definition of the BF topological
action, we consider A, B € H}\ 5 (M, Z) together with the following pairing:

HBp(M,Z) x Hhg(M,Z) — H3(M,R/Z) ~R/Z . (F.2)

Let the local data that defines A and B as DB 1-cochains be denoted by A = {u(l), ), né\}
and B = { 1/3, Y nﬂf}, respectively, and the corresponding gauge transformations be
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parametrized by DB 0-cochains A = {\J,m{} and © = {63, mF}. Then, the BF topo-
logical action can be derived term by term. The first term is the usual BF expression on
3-chains that are contained within open sets as per usual for a polyhedral decomposition
of a 3-manifold:

Ti=3 [ (A, - (F3)
0

Under gauge transformations pud — ud + dy A and v — 1§ + d9, 69, the term 77 trans-
forms as

1 0, g1 1
T =T+ Z /8[(3) 0 ANdy ), =Ti+ Y / (doB9 A din 1) .5, - (F.4)
10 iQ 10,11 © Mgl
To compensate for the variational term we need to add the term
_ 041 1
T2 =— Z AQ) (VlddR/LO)iOil ) (F5)
10,21 = 101

however, 77 + 75 together is not yet gauge invariant, indeed it transforms as

B
TATs Tt Tty [, (nfdb),,
20,21 ion
B, 1

=Ti+Ta+) o (7000)

20,21 1071
— B, 1
=TTt Z (1) h (ml Mo)i0i1i2

i0,81,82 7 igi1d

B B

- 7-1 + 7-2 + Z (1) (dlml :U’(lJ — my do/i(l))ioiliz : (Fﬁ)

10,81,02 © igi1ig

Using the gluing cocycle conditions (E.15) for DB 1-cocycles, the last term is integer-valued
and can therefore be dropped as the action in (F.1) is valued in R/27Z. Then, in order to
cancel the gauge non-invariant contribution in (F.6), we add a third term

_ B, 1
72’) - Z /(1> (nQ No)ioilig (F7)
20,21,22 10l112

which itself transforms as

=T+ . / LN H. (F.8)

10ty
10,241,952

And finally, in order to cancel the term which prevents the gauge invariance of T3, we add

721 - Z /;0) (néBM?)ioiligig : (Fg)

10,91,12,83 © "ipi1igiz
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To summarize, the BF topological action (F.1) written in terms of Deligne-Beilinson cocy-
cles takes the form

S[A,B,M] = 271in(Ti + To + T5 + Ta)

_ - 1 1 1 0 1 1
_ 2mn<z /{( S ndd), - /[( L nd),,
0 0 0,81 * Mgty
B, 1 B, 0
+ Z Al) (n2'u0)i0i1i2 o Z Ao) (n2 Ml)ioilizi3> ’
10,81,82 ” igi1ig 10,81,12,83 © “igi1igi3

(F.10)

The quantum partition function for a theory defined via the action (F.10) is the same as
that for an untwisted Z, gauge theory. In order to see this, we integrate over B in the
path integral. Firstly, integrating over v4 imposes d', ub = 0, and since pd is defined on a
simply connected open set, we can always write u = diy @ that can be gauged away by
choosing A\J = —a{. Hence, one obtains u$ = 0. This sets the first three terms in (F.10)
to zero. Secondly, upon performing a sum over néB € Z, we obtain a delta function which
imposes that 4 is an integral multiple of 1/n. Putting everything together, one obtains a
Z,, connection from the BF theory. This should be viewed as living on a triangulation that
is dual to the Cech complex, i.e the open sets are vertices of the triangulation, overlaps are
1-simplices, and so on and so forth.

Note finally that the Z,, gauge theory has an electromagnetic-duality, which is manifest
in the BF theory formulation, under the exchange A <+ B. This duality may be understood
as an embedding of the quantum double D(Z,,) into a U(1) x U(1) gauge theory which is
the gauge group of the ‘level’ n BF theory. As a corollary, one may integrate over A instead
of B and obtain a Z,, gauge theory for the Pontrjagin dual group Zn ~ 7,. Performing an
integration by parts together with the gluing relations (E.15), we can rewrite (F.10) as

S[Av IBaM] = 27””(2 /[;3) (diR Vé N :U’(l))m - Z /(1) (Vé N dlu’[l))zozl
i0 i0

10,81 © “iptl

+ Z /[(1) (ngV?/\u?)ioilig_ Z /[(0) (né\y?)ioiligi;;)’

10,81,82 © 'igi1ig 10,81,12,43 © “igi1igiz

(F.11)

The integral over pf imposes d, vt = 0, hence v} can be set to zero by making gauge choice.

Then, the integral over p! imposes that di = 0. Finally, the sum over n% imposes that

N e %Z. Together this makes B a Z,,-valued Cech 1-cocycle.

F.2 (341)d BF theory

Let us now consider U(1) (3+1)d BF theory. The theory is built from a 1-form U(1)
connection A and a 2-form U(1) connection B

M
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However, when evaluated on topological sectors of the U(1) bundles, the above integral
does not make sense. This calls for a more rigorous definition of the BF topological action
using a DB 2-cocycle B = {I/g, ull, VS, n?} and DB 1-cocycle A = {,u(l), ,u(l), né‘} as defined for
the (2+1)d case. The gauge transformations of A and B are labeled by DB 0, 1-cochains A
and ©, respectively, as described in section E. The topological action can be defined term
by term as before. On 4-chains contained within open sets, we define the term

Ti= 3 [ 08 A dhusbi (F.13)

10 iQ

Under the gauge transformations py — ud + d9 A and 12 — 12 + di, 6, the term T;

transforms as

T Tie S [ Ondd), =T+ 3 [, (@ ndium),,,
) ig ‘

10,81 © “igil

To compensate for the variational term, we need to add the term

=X [, O ndib),, (F.14)

10,81 © i1

however, 71 + 72 is not yet gauge invariant, indeed it transforms as
0 g0 A g1 1
Ti+T—=Ti+Ta+ Y. /m (dar 07 A dar 190) 1,5,
to,81 7 Mgy

(69 A dyg 119)

1011

—7'1+75+Z/

(3)
10,81 B[ioh

=Ti+Ta+ Y /(2> (d169 A diy 110)

10,81,82 7 Migi1ig

(F.15)

101112

where we have used d%, odl, uy = 0. In order to cancel the gauge non-invariant contribu-
tion, we add a third term

T3 = Z /(2> (1/8 A d}iR :u(l))z'oi”‘2 (F'16)

10,81,82 © "ipi1ig
which itself transforms as
1 B, 1
Ts — Ts + Z /(2) dir (mz ,UO)
10,11,12 [i0i1i2

= 7-3 + Z /8[(2) (mgué)m“m

10,81,12 igiig

T X[, (el + mEdud)

10,81,12,83 © “igi1igi3

101172

(F.17)

Q0114213
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And finally, in order to cancel the term which prevents the gauge invariance of T3, we add

721 - = Z /[(1) (nga’u(l))ioilmh

10,81,12,83 © “igi1igiz

E Z /(0> (nggu(l))ioiﬂgigu : (F.18)

20,21,22,23,24 ~ *0?1?2?3%4

Eventually, the topological action (F.12) takes the form S[A, B, M] = 2min 235‘:1 T;. Sim-
ilar to the case of (2+1)d BF theory, B can be readily integrated out in the partition
function in order to obtain a 2-form Z, gauge theory. This can be implemented by first
integrating over 12 that sets u ~ 0 (by fixing a gauge). This sets the first four terms
T1,2,3,4 to zero. In the last term, n? can be summed over which enforces ,u(f € %Z.

Similarly we may first perform an integration by parts and then impose the gluing
relations. Doing so A can be integrated out instead of B. This reduces B to a Z, valued
Cech 2-cocycle. Thus establishing the duality between 1-form and 2-form gauge fields
within the (34+1)d BF theory.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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