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1 Introduction

It is widely believed that one of the defining characteristics of classical black holes is that
they have no “hair”. The concept of black-hole hair is a very broad one but, for the
stationary black holes we will be concerned with in this paper it can be defined as any
parameter that enters the metric and which cannot be eliminated through a coordinate
transformation which is not a function of the charges of the theory which are conserved
by virtue of a local symmetry (mass, angular momenta, electric charges) or a topological
property (magnetic charges) or the asymptotic values of the scalars (moduli).

Scalar charges, typically defined through the asymptotic behavior at spatial infinity
of the scalars in the black-hole spacetime, are not protected by any conservation law. In
ungauged theories the only local symmetries scalar fields transform under are diffeomor-
phisms but the conserved charges associated to them are the gravitational ones: mass
and linear and angular momenta. Scalar fields only transform under global symmetries of
the action or of the equations of motion only to which we will refer to as dualities. How-
ever, the charges associated to those symmetries in stationary black-hole spacetimes vanish
identically. They seem to have nothing to do with the conventionally-defined black-hole
scalar charges. Gauging the global symmetries does not help because the gauge symmetry
would be associated to some 1-form gauge fields and the conserved charges would have the
interpretation of electric and magnetic charges.

Therefore, according to our definition of hair, scalar charges are understood as hair and,
according to the no-hair conjecture, no black-hole solutions with regular horizons (hence-
forth to be referred to as “regular black holes”) carrying scalar charges should be expected.
Any scalar charges possessed by gravitationally collapsing matter should be radiated away



in the black-hole formation. However, there are many regular black hole solutions carrying

non-vanishing scalar charges such as dilaton black holes and their generalizations.!

The solution to this apparent counterexample of the no-hair conjecture lies in the
distinction between primary and secondary hair [2]: in all the regular black-hole solutions
with non-vanishing scalar charges, those charges are not independent parameters but very
specific functions of the independent conserved charges which are allowed by the no-hair
conjecture and they are (by definition) secondary hair. In the solutions in which the scalar
charges are truly independent parameters, such as the Janis-Newman-Winicour solution [3]
or the Agnese-La Camera solutions [4] and their generalizations [1], there are no regular
horizons but naked singularities unless the scalar charge takes the value of the specific
function of the conserved charges we mentioned above (simply zero in the JNW solution).
This kind of scalar hair is, by definition, primary hair and it is the one which would actually
be forbidden by the conjecture.

The scalar charges which are allowed by the no-hair conjecture remain, nevertheless,
quite mysterious: what are the values of the scalar charges allowed in a given theory?
Why are those values allowed and no others? And, even more basic: is there a coordinate-
independent definition of scalar charge?

This mystery only deepened when Gibbons, Kallosh and Kol (GKK) showed in ref. [5]
(see also ref. [6]) that the allowed scalar charges occur in the first law of black hole me-
chanics [7] as thermodynamical potentials conjugate to the variations of the moduli. While
it is not clear which kind of physical process may result in a change of the moduli,? it is
a fact that varying the black-hole entropy formulae of known solutions with respect to the
moduli one finds the scalar charges as coefficients of those variations.

Wald’s formalism [8-10] opened a new venue for the study of black-hole thermody-
namics that can be used to explore the role of scalar charges into it. The main observation,
realized in the context of purely gravitational (matter-free) theories invariant under dif-
feomorphisms is that the properties of the Noether (d — 2)-form charge associated to the
invariance under diffeomorphisms (Noether- Wald charge) can be used to prove the first law
of black-hole thermodynamics.

In theories with matter, this law includes work terms proportional to the variations of
conserved charges and the GKK scalar term proportional to the variations of the moduli.
In the last few years we have extended the formalism to handle theories in which there
are matter fields with gauge symmetries coupled to gravity showing how the electric work
terms appear [11-13],> showing how extended black-hole thermodynamics arises in this
context [24, 25], how to include magnetic charges in the first law [26] and how to construct
Komar integrals from which Smarr formulae can be derived [24, 27]. In all those cases
each new work term in the first laws is associated to a gauge symmetry or an equivalent
topological property. Since, as we have seen, scalar charges are not associated to neither,

'For a review with many references, see ref. [1].

2The same could be said about magnetic charges.

3 A slightly different approach to the one taken in those papers, which is the one used here as well, is the
point of view of “invariance up to gauge transformations”, taken in refs. [16, 19-23].



it is unclear how the GKK work term can be recovered in Wald’s formalism.* The absence
of a good coordinate-independent definition for the scalar charge complicates this problem.

In this paper we are going to show how this problem can be solved taking into account
hitherto ignored contributions to the integrals at spatial infinity and using a definition of
scalar charge as the integral of a (d — 2)-form which is manifestly coordinate and gauge
independent and which satisfies a Gauss law in stationary black-hole spacetimes. This
definition relies in the existence of conserved charges associated to global symmetries and
in the existence of a timelike Killing vector whose Killing horizon coincides with the black-
hole’s event horizon and whose action leaves invariant all the physical fields. Therefore,
there is a scalar charge associated to each global symmetry, and, therefore, the number of
charges may or may not coincide with the number of scalar fields.

In this paper we have studied 4-dimensional theories® whose scalar kinetic terms are
described by symmetric sigma models in which the scalar fields map spacetime into a target
space which is a symmetric Riemannian homogeneous space G/H. These kinetic terms are
very common in supergravity theories. Furthermore, our theories include Abelian 1-forms
and we are going to assume that the couplings of the scalars to those 1-forms are such that
the equations of motion, enhanced with the Bianchi identities satisfied by the 2-form field
strengths are invariant under the duality group G.% Again, this is a fairly common situation
in supergravity and include simple theories such as the Einstein-Maxwell-Dilaton ones. In
these theories we can associate a conserved scalar charge to each of the generators of G,
even if some of the transformations (the electric-magnetic duality rotations in particular)
do not leave the action invariant. As a result, according to our definition, there are always
more scalar charges than scalars. Nevertheless, we are going to show that the conventional
scalar charges can be recovered as combinations of the ones we have defined and we are
going to check these relations in particular black-hole solutions.

In this framework we are going to proof the first law of black-hole thermodynamics
recovering the GKK results and, as a byproduct, we are going to find a general expression
for the scalar charges in terms of the conserved charges and the position of the horizon,
thus answering one of the long-standing questions posed above.” Observe that, since our
definition of scalar charge satisfies a Gauss Law, the value obtained for those charges is the
same whether we calculate the integrals over the horizon or at infinity.

This paper is organized as follows: in section 2 we review the kind of theories that
we are considering, their duality symmetries, the Gaillard-Zumino theorem [36] and the
construction of the Noether-Gaillard-Zumino (NGZ) currents which will be used in section 3

*In extended thermodynamics there are work terms associated to the variation of dimensionful constants
which, apparently, unrelated to gauge symmetries. However, those constants can be dualized into (d — 1)-
form potentials with a gauge freedom (for the cosmological constant, see refs. [30, 31]) and this description
leads to the work terms [24, 25, 28, 32, 33].

5The extension to higher dimensions and higher-rank forms is straightforward using the results of ref. [34]
for the Noether-Gaillard-Zumino currents.

5The general form of the theories that we consider is identically to that of the theories considered by
GKK in ref. [5] but, in our approach it is crucial to know the global symmetries of the theory.

" After completion of this work, we found that a similar definition of scalar charge and similar result had
been found in ref. [35] in the context of the dilaton black holes of the EMD theories.



to define the scalar charges. In section 4 we derive the first law recovering the GKK results
and the general expression of scalar charges in terms of conserved charges and the position
of the horizon. In sections 5 and 6 we test our results on dilaton and axion-dilaton black
holes respectively. Section 7 contains a discussion of our results.

2 The theory

In this section we are going to review the theories we are going to consider and their duality
symmetries. Most of this material can be found elsewhere, but here we adapt it to our
needs and conventions.

Throughout this paper we are going to consider 4-dimensional ungauged supergravity-
inspired theories containing ng scalar fields ¢* that parametrize a symmetric coset space
G/H and ny 1-form fields AN = A?  dx# with 2-form field strengths

FA = gA? | (2.1)

coupled to gravity which we will describe through the Vierbein e* = e, dz". Up to two
derivatives, they can be described by the generic action

1 1 1 1
S = 7(4)/ {_ * (e A e’) A Rap + 5 Jaydd” Axdg! — 5IAEFA AxFE — 5RAEFA A FZ
167Gy

_ /L7 (2.2)

where the kinetic matrix I = (Ixyx) is negative-definite and we are going to assume that
the positive-definite o-model metric g, (¢) is invariant under the action of G (the duality
group) which also leaves invariant the set of all equations of motion plus the Bianchi
identities of the theory. This assumption will be translated into conditions for the scalar-

dependent matrices I = (Ipx) and R = (Ryy) shortly.

We will set G%) = 1 and we will ignore the normalization factor (167)~! for the time

being.
The equations of motion are defined by (here ¢ stands for all the fields of the theory)

58 = / {Bu A be® + B,06° + B0AN +dO(p,09)} | (2.3)
and given by

E, =14 % (e’ A €¥) A Ry + %g;cy (14d¢° x ¥ + d™ A 1 x do¥)
- %IAE (zaFA A*FE — FN A g FE) , (2.4a)
By = —guy {dx d¢¥ + T,,Yde" A xdp®} — %&CIAEFA A*E> — %(%RAEFA AFE | (2.4b)
E\ = dFy, (2.4c)
where we have defined the dual 2-form field strength

F\ =I5 *x F¥ + Rys F™> . (2.5)



Furthermore,
O(p,5p) = — % (€* A e®) A Swap + guy * dP*6¢Y — Fp N SAN. (2.6)

The original and dual 2-forms can be combined into a symplectic vector of 2-forms®

FA
(1) = <FA) | (2.7)
and the Bianchi identities of the original 2-form field strength F*
dFr =0, (2.8)
and the Maxwell equations Ep = 0 can be written as
dFM =0. (2.9)

These equations can be interpreted as Bianchi identities implying the local existence

(AM) - <ji> : (2.10)

FM — gAM (2.11)

of 1-form potentials

such that

The set of equations (2.9) is invariant under arbitrary GL(2ny,R) transformations
FM! — M pN | (2.12)

but we have to take into account the rest of the equations and an important constraint: the
components of F™ are not independent and, therefore, FM satisfies the following twisted
self-duality constraint

*x FM = —QMN MypF? | (2.13)

where M sy is the 2ny X 2ny symmetric symplectic matrix

I+RIT'R —RI!

M= (Mpyn)= )
—I7'R 1
(2.14)
! I'R
M= (M) = 7 T M0 = ,
RI''T+RIT'R
and
0 Loy xny
Q= (Quy) = , Q= (). (2.15)
_ﬂnvxnv 0

8The symplectic nature of this vector will be proven shortly.



As a consequence, the set of Maxwell equations and Bianchi identities will only be
invariant under the subset of GL(2ny,R) transformations that preserve this constraint,
which is possible provided that M transforms as

M = (27159) Ms, S=(sMx) . (2.16)

It is convenient to analyze the invariance of the Einstein equations first.
Using the identity

MuniaFM A <FN = I (zaFA A*FE — FA Ny % FE) , (2.17)

and the twisted self-duality constraint eq. (2.13), the energy-momentum tensor of the 1-
forms can be written in the form

— Quinta * FM ARFN (2.18)
which is left invariant by the transformations that leave invariant €2
sTQs =q, (2.19)

that is, by transformations that belong to Sp(2ny,R) [36]. Defining the ny x ny blocks of

AB
S = <CD> : (2.20)

the symplectic nature of .S implies the following conditions for them:

the symplectic matrix S

ATc -cTA=0, (2.21a)
BTD-DT'B =0, (2.21Db)
DTA—BTC =1,,xn, - (2.21c)
It is not difficult to see that, if S symplectic, so is ST. The symplectic nature of ST
implies
BAT — ABT =0, (2.22a)
pcT —cpT =o, (2.22D)
DAT —CBY =1, xn, - (2.22¢)

On the other hand, eq. (2.19) implies
Qs =517, (2.23)
and, going back to eq. (2.16), we find that
MYV =SMmEST. (2.24)
Defining the ny X ny, symmetric, period matrix

N =R+il, (2.25)



it can be seen that the transformation of M eq. (2.24) is equivalent to the following
generalized fractional-linear transformations of N:

N'=(C+DN)(A+BN)". (2.26)

It is clear that these transformations of the period matrix are associated to trans-
formations of the scalars which we are going to study in their infinitesimal form. The
transformations of the scalars that leave the equations of motion invariant must necessar-
ily be generated by the Killing vectors of the o-model metric g,,, which we are going to
denote by {ka®(¢)}.” In some cases it is convenient to include in this set some vectors
which are identically zero so that the index A can be used to label also transformations
of the 1-form fields that do not involve the scalars, if necessary. Of course, additional
conditions involving the kinetic matrices (hence, the period matrix) need to be satisfied.

The infinitesimal transformations of the 1-form fields are

A
S~ ]12nv><2nV +a TA7

Tats Tat™ (2.28)
Ty = (TAMN) =
Tans Tan”
S is symplectic if
TATQ+ QT4 =0, = (QTW)" =Ty, (2.29)

(so Qpy pTa® N is symmetric in M N ) which implies, for the block matrices

Tans =Tasa,
Tty = —Tus™, (2.30)

TS =7 B
Then, the infinitesimal form of eq. (2.26) is
5aNxs = Tas + Tan"Nas — NaaTas — NarTa " Nos (2.31)
and, for the kinetic matrices,

5aRxy = Tans + Taa"Rox — RaoTa%s — RarTa ™ Ros + InrTa ox,  (2.32a)
Salns = Tan"Iox — IngTa"s — 2R\ rTa gy, - (2.32b)

9These transformations leave exactly invariant the energy-momentum tensor of the scalars, which is the
only piece of the Einstein equations that we had not studied and transform covariantly the first two terms
of the scalar equations of motion:

5a{dxdd® +Ty."de? Axde*} = Ok’ {d* dg®” + Ty dd? A +dd®} . (2.27)



Then, it can be easily seen that the whole scalar equations of motion transform as

0AE; = —0,kA"E, , (2.33)
under the transformations
Sad” = ka”, SAFM =Ty My FN | (2.34)
provided that
ka®0N = 64N, (2.35)

where 4N is the infinitesimal generalized fractional-linear transformation in eq. (2.31)
(or equivalently, in eqs. (2.32a) and (2.32b) for the kinetic matrices). This equivariance
condition of the kinetic matrices is the condition we announced when we defined the theory.

3 A definition of scalar charge

Not all the symmetries of the equations of motion that we have studied are symmetries of
the action: those generated by T4™> do not leave the action invariant. Those generated
by T4 px leave it invariant up to a total derivative. However, as shown in ref. [36], there
is an on-shell conserved current for each of them, the so-called Noether-Gaillard-Zumino
(NGZ) current. The simplest way to construct them is by contracting the scalar equations
of motion with the Killing vectors that generate them. Using the Killing vector equation
and the equivariance conditions egs. (2.32a) and (2.32b) we get [34]

A 1
ka"By = —dxka — §QMPTAPNFM AFN
3.1)
~ 1 1 (
= —d [*k?A + §QMPTAPNAM VAN FN} + §QMPTAPNAM AN EN,

where we have collected in a symplectic vector of 3-forms the Maxwell equations and

(BY) = <Ei> : (3.2)

and where we have denoted by k4 the pullback of the 1-form dual to the target space

Bianchi identities:

Killing vector k4
ka = ka®guydsY . (3.3)

Therefore, we find that the NGZ currents
“ 1
*jAE—*k’A—igMPTAPNAM/\FN, (3.4)
are conserved on-shell

1
d*ja =ka"Eg — 5QMPTAPNAM AEN =0. (3.5)



The conservation of these currents follows from a global symmetry and the associated
charges are expressed as integrals over spacelike hypersurfaces (volumes)

qa N/ *JA - (3.6)
23

However, it is not difficult to see that in static black hole solutions with non-trivial
scalar fields ¢* whose charges X% are conventionally defined!” through the asymptotic
behavior of the field at spatial infinity

T—00 x*
the NGZ charges not only do not reproduce the charges 3% (or combinations of them) but
vanish identically.

In stationary black hole spacetimes, though, there is another definition of scalar charge
that satisfies a Gauss law. Let us assume that all the fields are invariant under the isometry
generated by the spacetime vector k, dp = 0. This implies, in particular, that & is a Killing
vector and, for us, it will be the Killing vector associated to the Black hole’s Killing horizon.
For the scalar fields it means that their Lie derivatives with respect to that vector vanishes

Sk = — £30% = —1dd® = 0. (3.8)

As shown in [11-13],}! for the 1-form fields, it means that their Lie derivatives with

respect to k plus a gauge transformation with parameter

Xk = A — Py, (3.9)

where the Mazwell momentum map Py, satisfies the Mazwell momentum map equation'?
wF +dP, =0, (3.11)
vanish identically:
ok AM = — £ AM ! = — (ypd + duy) AM + d (5 AM = PM) -
= — (wF™ +apM) =0, 12

by virtue of the Maxwell momentum map equation (3.11).

10Gee, for instance, ref. [5].

"The work terms for the electric charges associated to p-forms were found using the covariant phase
space formalsm in ref. [14]. See also [15] for a different, equivalent, approach based on the mathematics
of principal bundles. The importance of the gauge- and diffeomorphism invariance of the charges and
potentials that occur in the laws of black-hole thermodynamics has been stressed in [16, 18] and in the 5th
chapter of [17].

12The local existence of a Py satisfying this equation follows from the assumption:

0l =L F=—di, F=0. (310)



If all the fields are invariant under dg, so must the NGZ currents be. Furthermore,
since the NGZ currents are not gauge invariant, we must use this definition for dy:

Opxja=—Lrxja+0dy *ja
= — (d + dag) * ja — %QMPTAPN5XkAM NFN
= —du % ja — %QMPTAPNkaM ANFN (3.13)
=d {_Zk *jA — ;QMPTAPNXkMFN}
=0,

by assumption.
The expression in brackets is a 2-form that satisfies a Gauss law. Massaging it a bit,
we find the following manifestly gauge-invariant expression for it:

Qulk] = v * ks + QupTa” yPMFN (3.14)

Now, integrating over 2-dimensional, spacelike, closed surfaces (and restoring the nor-
malization) we get the charges associated to the NGZ currents:

1 ~
QA,k 7y / {’Lk *ka+ QMPTAPNPkMFN} . (3.15)
N2

167G

This is our proposal for scalar charges. Observe that under a duality transformation
generated by k4, T4 with Lie brackets and commutation relations

lka,kp] = —fap“kc, (T4, Ts) = +fas“Tc, (3.16)

these charges transform in the adjoint representation of the duality group:

54Qpk = —fas“Qcy - (3.17)

In what follows we are going to show in several examples corresponding to static dilaton
and axidilaton black holes that their values are non-vanishing and reproduce the values
of the conventionally-defined scalar charges eq. (3.7) but, before we set to do that, let us
observe that this definition depends on the value of the momentum map over the integration
surface. The Maxwell momentum map is defined only up to an additive constant. This
constant can be chosen so that P, ’ = 0. That is the choice that allows us to recover
the values of the conventionally—deﬁne(oioscalar charges eq. (3.7). However, other choices are
possible. The form of the first law that we are going to find includes an additional term
that takes into account that possibility so that the first law is invariant under a change of
asymptotic value of the Maxwell momentum maps.

It is also worth stressing that in the case in which we are considering (a symmetric
o-model) there are always more symmetries than scalar fields. Therefore, there are more
2-forms Qalk| satisfying a Gauss law than scalars. Obviously, not all of them will be

~10 -



independent. In any case, the conservation laws of those currents can be used to reconstruct
the equations of motion of the scalars using the identity

5xy = gABkAkay y (318)

in which g4% is the Killing metric of the duality group G.

It also follows that there are more scalar charges than scalars, but we are going to see
that the conventionally-defined scalar charges 3% can be expressed in terms of the charges
Q4% that we have just defined.

It is worth mentioning that there is a slightly different procedure that allows us to
obtain the same expression eq. (3.14) and that was used in the case of dilaton black holes
in ref. [35]. In that case there is only one scalar and one target space Killing vector k =1
that generates the constant shifts of the scalar which are compensated by rescalings of the
vector field (see section 5). In our case, we have to project the scalar equations with the
different Killing vectors k4” first, as in the first line of eq. (3.1). Then, we take the inner
product of the resulting equation with 2

kA" E, = _de*]%A — QMPTAPNZkFM AFN . (3.19)
If all the fields are invariant under the diffeomorphism generated by k

—de*]%A = dlk*/%A,

3.20
wFY = —dp,M, (3:20)

and, integrating by parts we arrive to dQa[k] = 0.

4 First law and scalar charges

Taking into account the results obtained in refs. [11-13, 26] for the inclusion of matter fields,
in Wald’s formalism [8-10], the first law of black hole thermodynamics for a non-extremal
black hole whose bifurcate horizon coincides with the Killing horizon of the Killing vector
field k = 0; + Q0,, can be derived by integrating the on-shell identity

dWI[k] =0, (4.1)
where
WIk] = 0Q[k] + 4 O(p,d¢) — @y, (4.2)

over a spacelike hypersurface with boundaries at spatial infinity (S2,) and at the bifurcation
sphere BH and applying the Stokes theorem.

In the above identity Q[k] is the Noether-Wald charge for the Killing vector k, ® (¢, dp)
is the presymplectic (d — 1)-form defined in ref. [8] and wyis defined by'?

97, O(p,00p) = dwy, . (4.3)

13This term arises when the effect of the induced gauge transformations are correctly taken into account
as in ref. [26]. In eq. (4.3) da, stands for all the gauge transformations induced by the isometry generated
by k.

- 11 -



Furthermore, it is assumed that the variations of the fields dp satisfy the linearized equa-
tions of motion in the black-hole’s background.
The first law, thus, follows from the identity

Wikl = | WIK]. (4.4)
52 BH

In previous works, following ref. [10], we assumed that, almost by definition, the first
integral simply gives the variation of the conserved charges associated to the Killing vector
k, that is,

oM —Q6J . (4.5)

A closer look reveals that, in presence of matter fields, it contains additional terms
that contribute to the first law [26]. In particular, as we are going to see, it contains terms
related to the scalar charges that we have just defined.

A standard calculation along the lines of refs. [11-13, 26] gives

Q[k] = (e* A €") Pyap — P Fy, (4.6)

where Py is the Lorentz momentum map defined in ref. [11] and coincides with the Killing
bivector
Pray = Vaky, (4.7)

and P2 is the Maxwell momentum map defined in eq. (3.11). A quick calculation gives
SQIk] = Prapd * (€2 A €) + x(e® A €®)6 Py, ap — FAOP — PLAGF . (4.8)
The presymplectic 3-form is given in eq. (2.6) and another short calculation gives
1,0 = —u % (e A eb) A dwqp — *(€* A eb) N 81Wap + Gayth * AT 00Y
- %szA ASAN — %FA A S AN (4.9)

Since, on-shell, the dual 1-forms obey the same equations as the original ones, we can
define the dual (magnetic) momentum maps Py, 5 through the equation

A +dPpp =0, (4.10)
and, substituting this definition in the above expression and integrating by parts, we get

1,0 = —u % (e A eb) A dwap — *(€* A eb) N 81Wap + Gayth * AT 00Y

4.11
+PkA/\5FA*FA/\6’LkAA, ( )
up to an irrelevant total derivative.
Another simple calculation gives [26]
07,0 = (6o, +6y,)0O
= —0a [#(e" N e®) A Gwap| — Py A3y, 540
(4.12)

= — % (6a A eb) ADooyap — F Ad5XkA
= d{—* (e“ A eb) ANOOLab — FA5XkA} s

- 12 —



where the parameters of the induced Lorentz and Maxwell gauge transformations are,

respectively
0% = 3w — P (4.13a)
it = AN — P (4.13b)
Therefore,
— wp = *(e? A €b) NOOEap + FA(SXkA . (4.14)

Combining all these partial results, we arrive at

WIk] = Prapd * (% A €®) — 1 % (€ A €”) A Swap

A A - (4.15)
— P20, + P pAO0F” + Gaylk * dpFopY .

Let us consider the integral of W{k| at spatial infinity first, restoring the global factor
1/ (167TG§3)). The first two terms give the gravitational contribution
1

—_— Prapd % (e A e®) —ap, % (e* A €b) A dway s = M — Q6.7 (4.16)
167Gy /52, { }

while the third and fourth give'

1

_ / {—PkA(SFA + PkA(SFA} =92 dga + (I)AOO5pA = —QMN‘I)MéqN ,  (4.17)
4) 2 S 00
167Gy 7S

where @é\o and @, ., are the values of the electrostatic and magnetostatic potentials at
spatial infinity.

Let us consider the last term. In the previous cases only conserved charges are involved
and it is natural to use the definition of scalar charges we have proposed here to rewrite
that term. Using the identity g,, = gAPk AzkBy

oyt * dd70¢Y = g™ By x kakp,0¢Y = (Q alk] — QupTal yPMEN ) 54 (4.18)

where we have defined
64 = g"Pkp,00Y (4.19)

Restoring the global factor 1/ (167rG§3)), we find

J.

oo

1
(QA[k'] — M)Q]MPTAPNP]C]MF‘N> 5A = (QAk — QMPTAPN(I)%QN) 5?0 . (420)
167Gy
Then,

Wk] = 0M — Q0 — Qun®M6g™ + (Qa — QupTa"n0MgV) 6% (4.21)
SZ,

1The electric and magnetic Maxwell momentum maps can be identified with the electrostatic and mag-
netostatic potentials ®* and @4, respectively.
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The bifurcation surface is defined by the property k& = 0 and, on it,

BH
Prab = KNab (4.22)
where n% is the binormal to the horizon wit the normalization n®ng, = —2 and & is the
surface gravity. Therefore,
1
W[k] = 7(4)/ {Pkabé*(e“/\eb) —PkAdFA—i—PkAéFA}
BH 167Gy /BH
k6 Any A \ (4.23)
= D70qn + PapOp”
271Gy

where A4 is the area of the horizon and @4\_[ and ®, 4 are the values of the electrostatic
and magnetostatic potentials over the horizon (constant according to the generalized ze-

roth law).
We arrive at our main result:!?
KA
oM = 721) +Q6J — Quy (@% - @%) g™ — (QAk - QMPTAPN(I)gqN) 0% (4.24)
8rGy

In this expression the object 5;40 is unusual, but it just reflects the different forms in
which the dualities of the theory can modify the values of the moduli at infinity, which are
also naturally associated to the charges that we have defined.

The last term involving ® is also unusual, but it has to be there if we are going to
allow for potentials which do not vanish at infinity. In the examples that we are going to
study explicitly, @% = 0 and the scalar charges take the expected value. Furthermore,
in that case, the scalar term can be brought to the form found in ref. [5] (up to the
normalization of the charges):

1
— Qakdl = —Qarg kBl gayccddls = =7 5" gay o0l (4.25)

where the scalar charges defined through the asymptotic expansions, % are related to the
ones associated to the duality symmetries Q4 by

7 = 4Q4g4Pkp" . (4.26)
Finally, observe that, on the bifurcation surface
BH
Qulk] = QupTal NP FY, (4.27)

and, therefore
QAk = —QMPTAPNCI)%QN . (428)

This formula, which is our second main result, gives a universal relation between the
scalar charges of a black hole and the electric and magnetic charges and potentials evaluated

15The overall sign of the electric and magnetic terms is unconventional. It is due to the definition of Fj
with a negative-definite kinetic matrix Iox. It can be easily be changed, but the relative sign between the
electric and magnetic terms can only be changed at the expense of losing explicit symplectic invariance.
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on the horizon generalizing the result found in ref. [35] in a gauge-invariant way. Observe
that The existence of a bifurcate Killing horizon is crucial: in other spacetime backgrounds
the scalar charges may take arbitrary values in agreement with the no-hair “theorem” and
the interpretation of the non-trivial scalar fields of these black-hole solutions as secondary
scalar hair [2].16

If we plug that formula back into the first law we arrive at

SM = LM(Z‘) 1 O6T — Qun (@% - q)ﬁ) 5¢~ — QupTul y (@% - @%) gVoh | (4.29)
8GN
which is manifestly independent of the choice of asymptotic value of the potentials.

Notice that the right-hand side of this expression only contains the variations of quanti-
ties which are independent physical parameters of the black-hole solutions. The variations
of the scalar charges cannot and do not appear. The scalar charges actually pleay the roles
of thermodynamical potentials.

In the next two sections we are going to compare the scalar charges we have defined
with those obtained through the asymptotic expansion and the first law that we have
obtained with the first law obtained through the variation of the entropy with respect to
the physical parameters in two sets of solutions: static, electrically-charged black holes and
static axion-dilaton black holes.

5 Static dilaton black hole solutions

Dilaton black holes are solutions of the family of models defined by the action!”
1 a b 1 |
S[e,A,qﬁ]:m—ﬂ_/ —x (e Ae)ARab+§d¢A*d¢+§e FANXF 3| (5.1)

which depends on the real parameter a and determines the strength of the coupling of the
dilaton and the Maxwell field. The static black-hole solutions'® of this model were found
in refs. [37-39] and can be written in the form

05 = H @ Wdf? — Hom [Wldr? 4 02d0%, | |
Ay = ae®®=2(H™' — 1), (5.2)

2a

6—47 — e_¢ooH1+a2 7

where the functions H and W take the form

h
H=1+", W:1+%, (5.3)

16Static, spherically-symmetric solutions of pure gravity and dilaton gravity with primary scalar hair
(i.e. scalar fields with charges which are independent parameters of the solutions) can be found in refs. [3, 4]
(see also the higher-dimensional generalizations in chapter 16 of ref. [1]) and are singular.

1"Sometimes they are called Einstein-Maxwell-Dilaton (EMD) actions. We set G%) = 1 throughout all
this section.

!8Related solutions with primary scalar hair were found in ref. [4].
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and the integration constants h,w, « satisfy the following relation
w=h1—(1+a*)(a/2)?] . (5.4)

In terms of the physical parameters M, q, ¢oo (ADM mass, electric charge and modulus)
and the coupling constant a, the integration constants h,w and « are given by

a’+1
_ 2 2 adoo g2
h__a2—1{M_\/M +4(a? — 1)es? q},
2
W= {a2M — \/M2 + 4(a? — l)e“%oq?} : (5.5)

a= —4qea¢°°/2/h,

for a # 1 and
po det=a
M
M? — 2e%>q?
o= 9 ePeq ’ (5.6)
M

o= —e*%"/QM/q.

The scalar charge Y, computed using the conventional asymptotic definition

b))
takes the value -
a
Y= .
a?+1 (5-8)

We have chosen the sign of the square roots in h and w so as to always have h > 0 and
w negative if certain non-extremality conditions are met: for all values of a

M? > aboog? 5.9
R (5.9)
In that case, there is an event horizon at
r=-—-w=rg, (5.10)
with Bekenstein-Hawking entropy
2a2 2
S =mrg " (ro + h)=THL (5.11)
and Hawking temperature
)
T=—. 5.12
45 ( )

We can derive the first law for these families of black holes by varying the entropy with
respect to all the independent physical parameters, including the modulus ¢oo:

1 4 1
— oo /2
0SS = T oM + @+ 1) e oq + 742&2500 , (5.13)
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for a® # 1 and

1 2 1
68 = 5 [8M + = e/ + N | | (5.14)

for a? = 1.

In the above expressions X is the scalar charge defined through the asymptotic expan-
sion eq. (5.7).

These theories are invariant under the global transformations generated by

5= —1, SA = —%A, (5.15)
and eq. (3.14) takes the form
1 a ah
=—— —Pe k= 1
Q= ~ 147 {Z’“*dqﬂr g ke ¥ } Sr(a2 1 1)@ (5.16)

where w(y) is the volume form of the round 2-sphere of unit radius. It is evident that these
2-forms satisfy a Gauss law and they give the same value when they are integrated over

2-spheres of any radius:

ah 1
Q) = i _127 (5.17)

as expected according to our general arguments. This is, essentially, the result obtained
by Pacilio in ref. [35].

6 Static axion-dilaton black hole solutions

The so-called axion-dilaton model is just a generalization to an arbitrary number of vector
fields ny of pure, ungauged, N' = 4, d = 4 supergravity [40], although this model can also
be embedded in N' = 2,d = 4 supergravity for ny = 2.

We can introduce it as a model with two real scalars ¢! = a (the axion) and ¢? = ¢
(the dilaton) which are naturally combined into the complex scalar (azidilaton)

A=a+ie 2, (6.1)

and where the o-model metric and the period matrix are given by

e 0
(Gay) = (O 4> ; Nas = —Adps - (6.2)

The most general non-extremal, static, black-hole solution of the axion-dilaton
model was presented in ref. [41] and it is a generalization of the solutions presented in
refs. [37, 42-46].19 A very useful feature of this solution is that it is written in terms of
its physical parameters only: the ADM mass M, the asymptotic value of the axidilaton
Moo = Qoo + i€~ 2%> the complex electromagnetic charges I'* (a combination of the real

9The most general stationary, non-extremal black-hole solution of this theory was presented in ref. [47].
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electric charges gy, the real magnetic charges py and the moduli A\) and the complex axi-

dilaton charge T = X +iA. All these parameters are defined by the asymptotic expansions
4)

(GN =1)

oM
gt ~ 1 — — (6.3a)
A~ Ao — o200 21 : (6.3b)
T
1 . etoTA 20 (gy — N5 p")
= [Fh i PRy ]~ = . (6.3c)

The asymptotic behavior of A implies for those of a and ¢

2¢ 20 ImY

a~ Goo + — (6.4a)
ReY
¢~ doot — —, (6.4b)
SO

= 27 2% Q3m(T), 2 = Re(Y). (6.5)

The axidilaton charge is a function of the rest of the physical parameters:

2
T = _7FA *1—\1\* ) .

2 (6.6)

The ADM mass can be defined more rigorously as a conserved quantity through the
ADM [48], the Abbott-Deser [49] or many other formalisms. The electric and magnetic
charges can also be defined as conserved charges by standard methods refs. [50, 51] as

1
A A
Pr=— / A, (6.72)
167G
1
= ——o /FA. (6.7b)
167G

In contrast, as we have stressed, the scalar charges are conventionally defined through
the above asymptotic expansion which is not based on any conservation ( Gauss) law. Our
goal in this section will be to show that the definition of scalar charges that we have
proposed in section 3 gives exactly the same result for the static solutions of the axion-
dilaton model.

The most economical way of presenting this kind of solutions is through the time
components of the original and dual 1-form fields A%, and A, ,, respectively. They contain
enough information to recover the rest of the components of each of them.?° The solution
is, then, [41]

ds* = eV dt* — e ?Vdr® — R*d)}

AT AT

N (6.8)
AN = 2e9=R2[TA(r + 1) + cc],
Apy = —2e?* R T Moor + A2 T) + cc].

20They are computed explicitly in ref. [27].
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The functions e?V and R are given by

U = R —r)(r— 1),

6.9
R2 = ,,42 - |T|2 ) ( )

and the parameters r4 that appear in €2V (actually, the positions of the outer and inner

horizons when they take real values, i.e. when r > 0) are given by
ry=M+ry, with r2 = M2+ |72 — 40 0A". (6.10)

Since we are just interested in the thermodynamics of these black holes, we only need
their Hawking temperature and Bekenstein-Hawking entropy, which are given by

To
T=— 6.11
257 ( 2

S =2m {M? 4 Mro — 20474} (6.11b)

Varying S with respect to the physical charges M, gy, p™ and the moduli A we get
the first law:

SM = T6S + ®ogy — pdp — %%m(T)ew‘”éam — Re(T) 5 (6.12)

The last two terms can be rewritten in two different fashions:

1 2d00 1 * 5)‘00
—§%m(T)e P S0 — Re(Y)dpoo = _§%m <T e_2¢°°)

(6.13)

1
= _ngy(ﬁboo)zx&ﬁgo ;

where Y1, 32 are the asymptotic scalar charges defined in eqs. (6.5). Both expressions are
manifestly duality-invariant.?!

We are now going to see how the scalar charges % are related to those defined in
section 3 and how the scalar term in the first law agrees with the one in eq. (4.24).

The Killing vectors of the target-space metric are

1 1 1 1 1
k1 = ad, — §8¢ , ko = 5(1 —a? + 6_4¢)6a + 5(1&;, , k3 = 5(1 + a’ — €_4¢)8a - §a8¢,

(6.14)
and their Lie brackets satisfy the sl(2,R) ~so(2,1) algebra
[ka, kg] = canpn” ke, (6.15)
where (nap) = (n1P) =diag(+ + —) is the SO(2, 1) invariant metric.
The SL(2,R) matrices which act on the 1-form fields are tensor products
A B
S = <0D>®1””"V’ with AD — BC =1. (6.16)

21295\ and T are multiplied by the same phase under SL(2, R) transformations.
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The generators (always ®@1,, xn, ) are

. I _t oo
T = 59 Ty = 59 T3—20, (6.17)

and their commutation relations are
[Ta, T] = —eanpn” ke - (6.18)

It is somewhat simpler to work with the bases ki, k4 = ko £ k3 and 11,14 = T5 £ T5.
We compute separately the 2, * k 4 and QupTal NP,?/[ FN contributions, which in this case
correspond to

QupT NP PN = % (PI?FA + Pk:AFA) ;
OnpTy P NPMFN = —pAFRA (6.19)
QupT - PNPMEN = P \Fy .
In this case we can use as potentials the time components of the original and dual
vector fields given in egs. (6.8)
PM =AM, (6.20)
which vanish identically at infinity.

We are only interested in the pullback of these 2-forms over 2-spheres.??> The results,
: 4 _
after a long calculation are (G’ =1)

1 *
Qui = — g€ ImA\L Twp)
1
Qi = —8762%"%1“)60(2) ; (6.21)

1 *
Q ;= ge%w%m@;r)w(g) ,

Again, it is evident that these 2-forms satisfy a Gauss law and they give the same value
when they are integrated over 2-spheres of any radius, namely

Qi = —5e=ImOLT),
Q)= —%e%w% (1), (6.22)
Q = %e%‘”%m()\’é‘f'f) :

It is now trivial to see that the asymptotic charges eqs. (6.5) are recovered using

eq. (4.26) with the Killing vectors given above and

1 00
(¢*") = 0 0172 |, (6.23)
1/20 0
for the 1,4, — basis.
The first law eq. (4.24) is recovered with

5100 = %64¢m5|A|§0 ) 6-1—00 - 64¢m5aoo ’ 5_00 = _%e4¢m ()\236)‘00 + C'C') . (624)

22There are additional ¢r components that we ignore since they do not contribute to the integrals.
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7 Discussion

Some final comments on our results are in order.

First of all, it is unclear how to give coordinate-independent definitions of scalar charges
satisfying a Gauss law in absence of global symmetries. This limitation led us to focus on
theories with enough global symmetries to account for all the possible scalar charges. On
the other hand, there are not many examples of black-hole solutions in theories with no or
very few global isometries. Most of the general recipes elaborated to construct black holes
in N = 2,d = 4 theories, for instance, [52] are only valid for extremal black holes, which
lie outside the scope of our methods. Working with non-extremal black holes is much more
difficult [53] although some general methods have been developed [54] and they should be
revisited to study this problem.

In general, a Gauss law is not equivalent to a full conservation law. In our case, the
restriction to backgrounds with timelike Killing vectors makes it trivially equivalent to a
conservation law in those particular backgrounds, but not in general. We expect, however,
that the existence of a rigorous definition can be used to study the evolution of scalar
charge or at least its behavior under perturbations.

It is worth stressing the relation between the value of the scalar charge and the existence
of a regular bifurcate Killing horizon. In absence of such a horizon there does not seem to
be a restriction on that value. It is because of this relation that it can be understood as
secondary black-hole hair.

The general procedure that has allowed us to define a (d — 2)-form satisfying a Gauss
law starting from the (d — 1)-form (Noether current) associated to a global symmetry can
probably used in more general settings (fermionic matter, for instance).

As we mentioned before, it should be stressed that these results can be generalized
to higher-rank fields and higher dimensions. The NGZ currents have been determined in
ref. [34] and one simply has to follow the same steps. It also seems that it should also be
possible to find (d — 2)-forms satisfying Gauss laws starting from any standard Noether
current (d — 1)-forms associated to a global symmetry.

Concerning the first law, in order to recover the GKK scalar term it has been essential
to realize that the integral of WIk] at spatial infinity gives more than just the variations
of the gravitational charges at infinity. Often, these contributions have been ignored or set
to zero via convenient boundary conditions at spatial infinity. Often, the integral on the
bifurcation surface has been also identified with the T'§.S term of the firm law ignoring other
contributions (work terms). We think it is now clear that there are different contributions
to the first law coming from that integral as well and that the only one which is associate
to the entropy is the one that takes the form of a conserved Lorentz charge, as we have
pointed out in refs. [12, 13, 26]. Actually, the title of ref. [9] should be replaced by “Black
hole entropy is the (Lorentz) Noether charge.”
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