
Prog. Theor. Exp. Phys. 2014, 091B01 (6 pages)
DOI: 10.1093/ptep/ptu115

Letter

Chiral anomaly for V-A fields in four- and
six-dimensional curved space

Satoshi Yajima∗, Kohei Eguchi, Makoto Fukuda, Tomonori Oka, Hideo Taira,
and Shinji Yamashita

Department of Physics, Kumamoto University, 2-39-1 Kurokami, Chuo-ku, Kumamoto 860-8555, Japan
∗E-mail: yajima@sci.kumamoto-u.ac.jp

Received May 13, 2014; Revised July 15, 2014; Accepted July 20, 2014; Published September , 2014

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
The chiral U(1) anomalies associated with a fermion of spin 1

2 interacting with nonabelian vector
and axial-vector fields in four- and six-dimensional curved space are given in tensorial form.
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
Subject Index B31

1. Introduction

The chiral U(1) anomaly has been derived by calculating some Feynman triangle diagrams of
fermions in four-dimensional quantum electrodynamics [1,2] and is studied in quantum field theory
because it is a fruitful topic. The anomaly is obtained from the chiral transformation of the Euclidean
path integral measure for gauge theories with fermions [3,4]. The derivation of the anomalous axial-
vector Ward–Takahashi identities in the method has attracted some attention [5]. The anomaly is
related to the chiral magnetic effect and topological insulators in condensed matter physics [6–9].

In quantum field theory, several fermionic loop corrections are perturbatively described by a
fermion propagator with a background field. The chiral U(1) anomaly in four-dimensional curved
space [10] has been obtained using the heat kernel [11], by which the propagator should be
given. Some anomalies for chiral fermions interacting with gauge fields in higher even-dimensional
curved space can be calculated using this method. The chiral U(1) anomaly in six dimensions has
topologically similar features to that in ten dimensions because of the index theorem [12,13].

In d = 10, N = 1 supergravity [14,15], the Rarita–Schwinger field ψμ describes a gravitino by
fixing a gauge suitably, and the evaluation of the anomalies requires the heat kernel for a fermion
with spin 3

2 [16–20]. However, by regarding the vector index “μ” of ψμ as that of the representation
matrices of gauge group SO(10), the heat kernel for a spinor with spin 3

2 can be expressed by that
for a spinor with spin 1

2 . Moreover, the Lagrangian in the supergravity contains not only the minimal
interaction between the gravitino and the gravitational fields but also four-gravitino interactions.
In the fermionic one-loop diagram, the four-gravitino vertex is connected by two internal and two
external lines. Then, by regarding the two fermion external lines as a boson line, the four-gravitino
interaction is treated as two-gravitino interactions with bosonic background fields, which are odd-
order tensors. The totally antisymmetric tensor of the highest order 2n − 1 in even 2n dimensions is
rewritten as the axial-vector by contracting the Levi–Civita symbol with its tensor.
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A fermion on which the projection matrix (1 ± γ2n+1)/2 acts is expressed by the Weyl spinor with
either positive or negative chirality, which corresponds to an eigenstate with right- or left-handed
helicity in massless fermions, respectively. In the Dirac operator of the Weyl fermion, the gauge
fields are separated into two types of boson by the projection. However, we must note the Hermiticity
of the bosonic coupling in the Dirac operator /D because, to evaluate the correctness of the result of
the anomaly, it is necessary to calculate by replacing /D2 with /D /D† + /D† /D; if the Dirac operator
is not Hermitian, /D† �= /D. In contrast, the gauge bosons in /D and /D† are described by a suitable
linear combination of the vector (V) and axial-vector (A) fields. The chiral U(1) anomaly for the
Weyl fermion is half of that for the Dirac fermion, up to the sign of the chirality of the Weyl fermion.
Therefore, it is simple to begin the derivation of the anomaly with the Hermitian gauge couplings in
the Dirac operator. In this article, we consider the chiral U(1) anomalies for the Dirac fermion of spin
1
2 interacting with Hermitian and nonabelian V-A fields in four- and six-dimensional curved space.

2. Heat kernel

The heat kernel K (d)(x, x ′) for a fermion of spin 1
2 in d dimensions is defined by

∂

∂t
K (d)(x, x ′; t) = −H K (d)(x, x ′; t), (1)

K (d)(x, x ′; 0) = 1 |h(x)|− 1
2 |h(x ′)|− 1

2 δ(d)(x, x ′), (2)

where δ(d)(x, x ′) is the d-dimensional invariant δ function, 1 is the unit matrix for the spinor, and
h = det ha

μ, in which ha
μ is a vielbein in curved space. Here H is the second-order differential

operator corresponding to the square of the Dirac operator /D for the fermion ψ ,

H = /D2 = DμDμ + X, /D = γ μ∇μ + Y, Dμ = ∇μ + Qμ, Qμ = 1
2{γμ, Y },

X = Z − ∇μQμ − QμQμ, ∇μψ = ∂μψ + 1
4 ω

ab
μ γab ψ, γa1···a j = γ[a1 · · · γa j ],

Z = 1
2 γ

μν [∇μ,∇ν] + γ μ∇μY + Y 2, [Dμ, Dν]ψ = �μν ψ, (3)

where ωab
μ is Ricci’s coefficient of rotation. When in d = 2n dimensions the fermion interacts with

vector and axial-vector fields that do not commute, the Dirac operator contains the coupling of these
bosons in Y :

Y = γ μVμ + γ2n+1γ
μAμ, Vμ ≡ V a

μT a, Aμ ≡ Aa
μT a, γ2n+1 = inγ 1γ 2 · · · γ 2n. (4)

Here T a is the representation matrix of a gauge group, and V a
μ (A

a
μ) is purely imaginary (real),

because of the Hermiticity of the Dirac operator. The quantities Qμ, X , and �μν are expressed in
the following tensorial form:

Qμ = Vμ − γ2n+1 γμρ Aρ, Fμν = ∂μVν − ∂νVμ + [Vμ, Vν],

X = −1

4
R + 2(n − 1) AμAμ − γ2n+1 Aμ:μ + γ μν

(
1

2
Fμν + 2n − 3

2
[Aμ, Aν]

)
,

�μν = 1

4
γ ρσ Rρσμν + Fμν − [Aμ, Aν] − 2 γμν Aρ Aρ + 2 γ[μ|ρ{A|ν], Aρ}

+ 2γ2n+1 γ[μ|ρ Aρ :|ν] − 2 γμνρσ Aρ Aσ , (5)

where Rαβμν stands for the curvature tensor, and the colon (:) represents the Riemannian covariant
differentiation ∇μ . The completely antisymmetric product γμνρσ of γ matrices in the last term of
�μν is rewritten as −εμνρσ γ5 and − i

2εμνρσκλγ7γ
κλ in four and six dimensions, respectively.
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The differential equation (1) of the heat kernel for the fermion interacting with the general boson
fields is not strictly solvable. Therefore, the heat kernel is usually calculated by using De Witt’s
ansatz [21], which automatically satisfies (2),

K (2n)(x, x ′; t) ∼ �1/2(x, x ′)
(4π t)n

exp

(
σ(x, x ′)

2t

) ∞∑
q=0

aq(x, x ′) tq , (6)

where σ(x, x ′) and �(x, x ′) are half of the square of the geodesic distance and the Van Vleck–
Morette determinant between x and x ′, respectively, and aq(x, x ′) are bispinors. Note that the
coincidence limit of a0 is limx ′→x a0(x, x ′) ≡ [a0](x) = 1, and that the metric tensor in curved space
is gμν = ha

μhb
νηab with ηab = −δab in flat tangent space.

3. Chiral U(1) anomaly

The formal expression of the chiral U(1) anomaly A(2n) in 2n dimensions is derived from the path
integral measure [3,4] using the coincidence limit of the bispinor an of the heat kernel,

∇μ〈ψ̄(x)γ μγ2n+1ψ(x)〉 = A(2n)(x) = 2i

(4π)n
Tr (γ2n+1 [an](x)) , (7)

where Tr runs over both indices of the γ matrices and representation matrices T a of the gauge group.
The concrete form of [an] is given as follows [22]:

[a2] = 1

12
�μν�

μν + 1

6
X!μ

μ + 1

2

(
1

6
R + X

)2

+ · · · , (8)

[a3] = 1

60

(
−1

3

(
X!μ

μ
ν
ν + X!μν

νμ + X!μν
μν

) − 1

3
�μν

!ν�μρ !ρ − 4

3
�μν!ρ�

μν!ρ − 4�μν�μρ
!ρ
ν

− 10

3
Rμν�μρ�ν

ρ + Rμνρσ�μν�ρσ − 6�μ
ν�ν

ρ�ρ
μ

)

+ 1

6

(
1

6
R + X

) (
−1

2
�μν�

μν − X!μ
μ − 1

5
R:μ

μ + 1

30
RμνRμν − 1

30
Rμνρσ Rμνρσ

)

− 1

12

(
1

6
R + X

)
!ρ

(
1

6
R + X

)!ρ

− 1

6

(
1

6
R + X

)3

+ · · · , (9)

where the exclamation mark (!) represents the modified covariant differentiation Dμ, and some terms
without a γ matrix are omitted from (8) and (9). After a straightforward calculation, the tensorial
form of the anomalies in four and six dimensions is obtained as

A(4) = i

8π2 tr

[
εαβγ δ

(
− 1

48
Rαβρσ Rγ δρσ − 1

2
FαβFγ δ − 2

3
Aα:β Aγ :δ − 2

3
[Aα, Aβ]Fγ δ

)

+
(

− 2

3
Aν:μ

μ + 1

3
R Aν + 8

3
Aν AμAμ

):ν]
, (10)

A(6) = i

4π3 tr

[
− i

8
εαβγ δκλ

(
1

48
Rαβρσ Rγ δρσ + 1

6
FαβFγ δ

)
Fκλ

+
(

1

180

(
Aμ:μν

νρ + Aμ:μν
ρν + Aμ:μ

ρν
ν

)
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+ 1

6

(− FμνFμν Aρ + {Fμν, Fρν}Aμ
) − 1

72
R Aμ

:μρ

+ 1

120

(− R:ρ Aμ
:μ + R:μAρ:μ + R:μAμ:ρ) − 1

90
RρμAμ:ν

ν

+ 2

45
Rμν Aμ:νρ + 1

30

(− Rρμ:ν + Rμν:ρ) Aν:μ − 1

36
Rμνλρ Aμ:λν

+ 1

36
RμνRμλνρ Aλ − 1

180
RμνκρRμνκλAλ + 1

40
RμνκλRμνκλAρ

+ 1

90
RμνRμρ Aν − 1

72
R Rμρ Aμ + 1

288
R2 Aρ

)
:ρ

− i

12
εαβγ δκλ

(
Fαβ Aγ :δAκ

):λ

+
(

11

15
AμAμAρ:ν

ν + 4

3
AμAμAν

:νρ − 19

15
AμAμAν

:ρν

− 1

10
{Aρ, Aμ}Aν :μν + 3

10
{Aρ, Aμ}Aμ:ν

ν + 1

30
{Aρ, Aμ}Aν :νμ

+ 1

3
{Aμ, Aν}Aμ:ν

ρ + 1

15
{Aμ, Aν}Aρ :μν − 11

30
{Aμ, Aν}Aμ

:ρ
ν

− 1

15
{Aμ:ρ, Aμ:ν}Aν − 1

2
{Aμ:ν, Aν:ρ}Aμ − 1

30
{Aρ:μ, Aμ:ν}Aν

+ 4

5
{Aρ:μ, Aν:μ}Aν − 1

10
{Aμ:μ, Aν:ρ}Aν + 1

15
{Aμ:μ, Aρ:ν}Aν

+ 1

15
Aμ:μAν :ν Aρ + 2

5
Aμ:ν Aμ:ν Aρ − 2

15
Aμ:ν Aν:μAρ

− 49

30
Fνρ[AμAμ, Aν] − 2

5
Fμν{AμAν, Aρ} − 2

15
Fμν AμAρ Aν

+ 29

45
RρμAμAν Aν − 1

45
Rμν AμAν Aρ − 1

18
R AμAμAρ

)
:ρ

− i

20
εαβγ δκλ

(
AαAβ Aγ Aδ:κ

):λ

+
(

1

5
AμAμAν Aν Aρ − 1

3
AμAν AμAν Aρ + 2

5
AμAν Aν AμAρ

)
:ρ

]
, (11)

where tr runs only over the internal group indices. We note that the terms of three degrees of Aμ
in (11) can be rewritten using the identities of the curvature tensor and the properties of matrices, as
follows:

tr
[
(AλAλAρ):νν − (AλAλAν):ρν

]
:ρ = 0,

Rλαβρ tr
[{Aα, Aβ}Aλ

]
:ρ = 0,

tr
[
AλAλ(Aν

:ρν − Aν
:νρ)− Rνρ Aν AλAλ

]
:ρ = 0, (12)

although these terms may naively appear with an ambiguous constant factor. Using similar identities,
the anomaly terms may give equivalent expressions, though those seem to be different forms.

4. Discussion

In this article, the first calculation of the chiral U(1) anomaly in the nonabelian V-A model in four- and
six-dimensional curved space was performed. The covariant gauge anomaly G for the left-handed
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Weyl fermion is also derived by a similar method:

Dμ〈ψ̄(x)γ μ 1 − γ2n+1

2
T aψ(x)〉 = G(2n) = − i

(4π)n
Tr

(
T aγ2n+1 [an](x)

)
. (13)

The general form of the gauge anomaly in the model in four-dimensional flat space is well
known [24–33], and the chiral U(1) anomaly is easily given from the gauge anomaly. However,
in curved space, a new term appears containing the Riemann curvature tensor Rab

μν with the
axial-vector Aμ.

The leading terms of the chiral U(1) anomaly in any even-dimensional curved space are known to be
expressed by a combination of the Dirac genus by the curvature tensor Rab

μν and the Chern character
by the field strength Fμν of the vector gauge field [34]. The anomaly A can be rewritten as the
total derivative ∇μCμ because of the index theorem when { /D, γ2n+1} = 0 [3–5]. As is well known,
the anomaly provides explicit chirality-breaking terms for the gauge-invariant and general covariant
current. Although the modified current Jμ ≡ ψ̄γ μγ2n+1ψ − Cμ satisfies ∇μ Jμ = 0, the current Jμ

does not preserve these symmetries. If the phase factor of the anomalous Jacobian from the functional
measure of the path integral leads the θ vacuum in the presence of instantons, the zero-mode sector of
the measure behaves abnormally. However, the anomaly terms containing the axial-vector field do not
affect the relationship between the instanton and the θ vacuum because the terms are the divergence
of the covariant quantities, and the Pontryagin index of the terms vanishes. In supergravity in higher
even dimensions, the gravitino and gaugino may interact with odd-order tensors constituted by the
fermions. The chiral U(1) anomaly in the model has similar topological properties. One may retain
some of the leading terms of the anomaly in a model if one wants to explain physical phenomena.
Note that then breakdown of the chiral and/or other symmetries appears.

In (10) and (11), the matrix T a is not restricted. When T a is traceless, all the terms contain-
ing Fμν and Aμ, which are reduced to a linear T a , disappear. If T a is abelian, the trace operation
yields the dimension number factor of the matrix; a commutator vanishes, and an anticommutator
of the two fields becomes twice their product. In the special case that only Aμ is abelian in (10),
A(4) corresponds to the chiral U(1) anomaly in curved space with torsion, which is the three-order
antisymmetric tensor and is rewritten by the dual axial-vector in four dimensions [23]. Then, the
term containing εαβγ δ tr([Aα, Aβ]Fγ δ) in (10) would disappear. (Note that the dual torsion tensor in
dimensions higher than six is an antisymmetric tensor of order larger than three.) When only T a in
(13) is a unit matrix, the gauge anomaly agrees with our resultant form (10), up to twice the dimen-
sion number of T a . Then, there is no term containing Aμ of the same degree as the spatial dimensions
because of the property of matrices in the trace formula and the contraction of the Levi–Civita sym-
bol with the product of Aμ. In contrast, the gauge anomaly should add terms containing the nonzero
commutator of T a and Aμ to the U(1) anomaly.

The anomaly Aν expresses quantum breaking by the general coordinate transformation,

Dμ〈Tμν(x)〉 = A(2n)
ν = 1

2
Tr [γ2n+1 (2 [an!ν] − [an]!ν)(x)] . (14)

The tensorial form of the anomaly is also a total derivative because of the structure of the gravitational
anomalies. The last part of it contains the covariant derivative of the U(1) anomaly. However, the
explicit form of the anomaly in the model of this article has not been shown yet because the term
obtained from [an!ν] should be of a nontrivial derivative form. A clarification of the tensorial form
of the anomaly would be of interest in order to estimate the validity of the models.
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