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1 Introduction

Perturbative Quantum Field Theory (QFT) has proven to be one of the most powerful

tools in making predictions about physical quantities. Starting from a lagrangian and

by applying a finite set of rules, we are able to compute observable quantities with a

great precision (at least in the perturbative regime). In particular, the formalism allows,

via the Quantum Effective Action and the LSZ formula, to obtain the expression for the

scattering matrix (S-matrix) of any given theory, an object which presumably contains all

possible information on physical observables of an interacting theory about a flat space-

time. However, there is a big conceptual gap between the Lagrangian and the S-matrix, and

one could question if there exist a single choice of Lagrangian for every given S-matrix. In

other words, how many different lagrangians could lead to the same physical predictions or,

rephrasing it in yet another way, what are the minimal requirements for a given lagrangian

to reproduce what we know from experiments and basic assumptions. This is of particular

relevance in fields where our available data is limited or even meagre, as it is the case

for Beyond Standard Model (BSM) physics or for the quantum regime of gravitational

interactions. The lack of data in these fields have led to a fruitful development of multiple

alternative theories and effective field theories, which aim to explain a very reduced number

of observations, whenever these exist, and to produce a new set of predictions that could

be contrasted in future experiments, altogether with possible solutions to open theoretical

problems.

One of these everlasting problems is the cosmological constant problem [1, 2]. In partic-

ular, the fact that radiative corrections to vacuum energy, even those coming from Standard

Model or BSM particles in absence of Quantum Gravity, are brobdingnagian when com-

pared to the experimental value derived from observations. Although in the presence of a

– 1 –



J
H
E
P
1
2
(
2
0
1
8
)
1
0
6

bare cosmological constant in the gravitational lagrangian this is just a fine tuning problem,

the fact that we need to adjust the value of the cosmological constant Λ with a precision of

120 orders of magnitude, makes this an unpleasant hierarchy problem much worse than the

one of the Higgs boson mass. Likewise the latter, the existence of supersymmetry (SUSY)

could relax the numerical clash, but the absence of any clue of the existence of SUSY in

LHC data puts this solution in tension with naturalness.

Another possible solution that has attracted attention in the recent years although it

is almost as old as GR itself1 is provided by modifying the infra-red limit of gravitational

interactions in Unimodular Gravity (UG) [4–9]. The core idea of UG relies on the fact

that the Einstein equations of GR are not independent, but only their traceless part is

dynamically non-trivial. Bianchi identities must be always satisfied though, and they

provide an extra constraint in order to recover the trace part and the whole set of equations.

The cosmological constant, being contained only in the trace part, decouples and it is

substituted in the solutions to the equations of motion by an integration constant unrelated

to the vacuum energy at all. Thus, fixing its value is a matter of fixing initial and boundary

conditions.

From a lagrangian point of view, UG does not differ much from GR [10]. It is obtained

from the Einstein-Hilbert action, which must be however varied under the condition of unit

determinant for the metric tensor |g| = 1 and thus, as a requirement for this constraint to

hold, the theory is only invariant under volume preserving diffeomorphisms. Additionally,

since
√

|g| = 1, any coupling to the cosmological constant, or to any vacuum energy

and its radiative corrections, is dropped out of the dynamics of the theory at any loop

order. The effective cosmological constant of the theory is, again, an integration constant

obtained when solving the equations of motion for the mean field. In the weak field limit,

the dynamics of the theory is described by an action with a gauge symmetry being the

product of transverse infinitesimal diffeomorphims and local rescalings,2 a group that has

been dubbed WTDiff in previous works.

In the recent years there have been various interesting advances in understanding UG

and the solidness of its proposal as alternative to GR. These extend from exhaustive studies

of how to embed cosmological models into it [11–14] to a thorough research of the ultra-

violet regime of the theory [15–19]; passing by several consistency studies of its interaction

with matter fields [20–27]. Extensions of the idea of UG to higher spin fields have been

also explored [28, 29]. Of particular interest is the work of [30], where it is proven that a

WTDiff invariant theory is the only other possible Lorentz invariant theory with a massless

spin two field, besides the weak limit of GR, that can be completed to a non-linear theory

by following Deser’s recipe [31–34]. Of course, the completion they find is Unimodular

Gravity.

Motivated by the fact that Unimodular Gravity seems to be as good as General Rela-

tivity for classical matters, while it seems to provide a solution to the cosmological constant

1The equations of motion of Unimodular Gravity were actually proposed by Einstein himself in 1919 [3],

although his goal was not to solve the cosmological constant problem but to try to explain the structure of

the electron.
2These act by shifting the value of the graviton field hµν by a quantity proportional to its trace hµν →

hµν + φηµν with φ an arbitrary function.
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problem, we wish to investigate this dichotomy from the viewpoint of massless gravitons

and their S-matrix. Explicitly, we wish to revisit the standard lore that relativistic massless

gravitons lead uniquely to the weak field limit of GR [35, 36], a fact that cannot be true in

full generality precisely because of the existence of UG. Thus, we will study what are the

minimal requirements to build a theory of massless gravitons and where the bifurcation

appears. Additionally, we will answer two long standing questions about UG that are not

well-understood in the literature yet — how does the equivalence principle arises in the

theory [37] and what is the relation of its S-matrix with the one of GR.

The content of this paper is organized as follows. In section 2 we review several basic

notions about physical states of gravitons and we derive the transformation rules for the

polarizations. Later on, in section 3 we derive the form of the on-shell gauge invariance

preserved by the physical states by requiring unitarity and Lorentz invariance of the S-

matrix. In section 4 we use this to derive a weak field lagrangian which leads to a covariant

interaction and we show how this lagrangian corresponds to the gauge fixed limit of known

theories in section 5. Finally, we devote section 6 to discuss about the non-linear completion

of the theory for gravitons and we draw conclusions in section 7.

2 Integer spin particles

We will closely follow [35, 36] in what follows. Although we are interested in gravity and

thus in gravitons, it will be useful to consider also photons, since their construction is

similar and they serve as a good simpler example of what we are studying.

We introduce photons and gravitons as massless particles with integer spin that move

along a light-like trajectory in flat space-time with momentum qµ satisfying3

q2 = qµqµ = 0 . (2.1)

The physical polarizations of a given particle with spin s are objects ǫµ1µ2...µs that

transform under the irreducible representations of the Lorentz group that preserve the

on-shell condition (2.1). This is the little group L, whose elements Lµ
ν thus satisfy

Lµ
νq

µ = qµ (2.2)

where qµ is any light-like vector. In particular, to give a clear characterization of L, we

can take a particular momentum Kµ in the (t, x3) plane

Kµ = (κ, 0, 0, κ) (2.3)

with κ arbitrary.

With this given vector, the little group corresponds to all those transformations that

take the euclidean plane (x1, x2) onto itself. That is, we have L = E2. Any element of this

3Throughout this work will use the mostly-plus convention for the signature of the flat metric ηµν =

Diag(−1, 1, 1, 1). Greek indices run in the range {0, 1, 2, 3}, while latin indices run only over space directions.
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group will consist of a translation plus a rotation, with the latter being represented by a

unitary operator

U [L] = eiJ3θ[L] (2.4)

where J3 is the helicity of the particle along the x3 direction, which for massless particles

is aligned with their spin, and θ[L] is the rotation angle, different for every element of the

little group L.

For concreteness, any element of the little group can be described by the rotation angle

θ[L] and a vector X = (0, X1, X2, 0) through the matrix

E =















cos θ[L] sin θ[L] 0 0

− sin θ[L] cos θ[L] 0 0

0 0 1 0

0 0 0 1





























1 0 −X1 X1

0 1 −X2 X2

X1 X2 1− (X1)2+(X2)2

2
(X1)2+(X2)2

2

X1 X2 − (X1)2+(X2)2

2 1 + (X1)2+(X2)2

2















. (2.5)

The corresponding polarizations can now be constructed easily in the frame where

qµ = Kµ starting from the corresponding ones for a spin one particle. There, the orthogonal

euclidean plane can be parametrized by using the following basis

e
µ
± =

1√
2
(0, 1,±i, 0) (2.6)

which can be directly taken to be the polarizations of a spin one particle (photon herein

after) in this frame. For a different momentum qµ we just need to act on e
µ
± with the

rotation R
µ
ν(q) which aligns the x3-axis with qµ

ǫ
µ
±(q) = Rµ

ν(q)e
ν
± . (2.7)

From this construction, it is easy to see that the photon polarization satisfies the

following properties

(ǫµ±(q))
∗ǫ±µ(q) = 1

ǫ
µ
±(q)ǫµ±(q) = 0

(ǫµ±(q))
∗ = ǫ

µ
∓(q)

ǫ0±(q) = qµǫ
µ
± = 0 . (2.8)

Polarizations for higher spin particles belong to irreducible representations of the direct

product of ǫµ±(q). For the particular case of a spin two particle (graviton herein after), the

two polarizations can be taken to be

ǫ
µν
± (q) = ǫ

µ
±(q)ǫ

ν
±(q) (2.9)

and they satisfy a set of properties inherited from (2.8). The ones that will be relevant for

the rest of this work are

ηµνǫ
µν
± (q) = 0

qµǫ
µν
± (q) = 0

ǫ0ν± (q) = 0

ǫ
µν
± (q) = ǫ

νµ
± (q) . (2.10)
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Note that altogether these properties imply that the polarizations can actually be writ-

ten by using purely space indices as ǫij±(q) and that they are both traceless and transverse.

In this section we will keep the full space-time greek indices thought, but we will resort to

space indices later on this work.

Although it carries a Lorentz index, the photon polarization ǫ
µ
±(q) is not a vector, since

it does not transform homogeneously when acting with a Lorentz transformation upon it.

In other words

αµ
νǫ

ν
±(q) 6= ǫ

µ
±(αq) (2.11)

where α
µ
ν is an arbitrary Lorentz transformation.

In order to find what is the real transformation rule, let us go to the frame where we

take the momentum to be Kµ by means of a Lorentz transformation defined as

qµ = Λµ
ν(q)K

ν . (2.12)

Here Λµ
ν(q) is the result of combining the rotation R

µ
ν(q) in (2.7) with a boost along

the x3-axis which takes the vector to the appropriate length Λµ
ν(q) = R

µ
α(q)Bα

ν(q). By

using it, we rewrite the former inequality as

αµ
νΛ

ν
ρ(q)e

ρ
±(q) 6= Λµ

ν(αq)e
ν
± (2.13)

where we must note that the boost leaves any polarization unaffected, since they are blind

to the length of the momentum.

Multiplying by the inverse of the operator in the l.h.s,

e
µ
± 6= [Λ−1(q)]µν [α

−1]νρ[Λ(αq)]
ρ
σe

σ
± . (2.14)

Therefore, in order to study how ǫ
µ
±(q) behaves under a Lorentz transformation, it is

enough to find what is the action of the operator in the r.h.s. of the former expression

Ξµ
σ = [Λ−1(q)]µν [α

−1]νρ[Λ(αq)]
ρ
σ . (2.15)

By taking into account the definition (2.12), we see that Ξµ
ν is an element of the little

group L, satisfying Ξµ
νK

ν = Kµ. Its action over e
µ
± it is obtained from (2.5) and can be

written as a rotation, as given in (2.4), plus a translation along Kµ

Ξµ
νe

ν
± = e±iθ[Ξ]e

µ
± +X±K

µ (2.16)

where X± are the components of the translation and J3 = 1 for a spin one massless particle.

Acting with Ξµ
ν on e

µ
± and applying Λµ

ν(q) on both sides, this can be rewritten as

[α−1]µνǫ
ν
±(αq) = e±iθ[Ξ]ǫ

µ
±(q) +X±q

µ . (2.17)

The form of X± can be obtained by setting µ = 0 in this expression, which allows us

to rewrite it as
(

[α−1]µν − [α−1]0ν
qµ

|q|

)

ǫν±(αq) = e±iθ[Ξ]ǫ
µ
±(q) (2.18)

where |q| is the length of the space component of the momentum qi.
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Note that if it where not because of the second term on the l.h.s., we would have

found an homogeneous transformation, with the Lorentz transformation corresponding to

a rotation around the x3 axis. This second term is precisely what makes the polarization a

non-covariant object and corresponds, note the 0 index, to a boost, yielding the transfor-

mation group non-semi-simple. However, this is a no-loss situation for us, since requiring

the non-homogeneous parts to cancel for any physical quantity will lead to constraints that

will reduce the space of possible physical theories compatible with our assumptions.

In the case of higher spin particles, the corresponding transformation rules can be

derived by considering the action of the operator Ξµ
ν on the different pieces of the direct

product.

3 On-shell gauge invariance

Let us now turn our attention to the interacting theory. In such a QFT where a set of

massless particles interact in flat space-time, any individual process can be described by

the corresponding element in the S-matrix. For a process with n incoming and m outgoing

particles, this element will take the following schematic form in momentum space4

Sn→m = (ǫi1(qi1))
∗(ǫi2(qi2))

∗ . . . (ǫim(qim))
∗ǫj1(qj1)ǫ

j2(qj2) . . . ǫ
jn(qjn)M

j1j2...jn
i1i2...im

(3.2)

where the various ǫk(qk) represent the polarizations of the different particles, with ik, jk

interpreted as sets of indices. These are contracted with the scattering amplitude M j1j2...jn
i1i2...im

,

which might be computed, in the perturbative regime, with the help of Feynman diagrams

if we had a given lagrangian at our disposal. The scattering amplitude is thus a true tensor,

transforming homogeneously under the action of the Lorentz group, and can only depend

on the momentum and helicities of the particles involved in the scattering process. The fact

that the full S-matrix element, and not only the pertubative amplitude, can be expressed

in this way is proven in appendix B of [35].

Consider now a simple process of emission of a graviton of momentum qµ by the

interaction of a set of fields. The S-matrix element of such a process will be just

S±(q) = (ǫµν± (q))∗Mµν . (3.3)

This structure is pretty simple. All details of the interacting theory and of the sources

leading to graviton emission will be contained in the scattering amplitude Mµν , while con-

traction with the polarization selects only those terms which produce the physical graviton

with light-like momentum.

In the following we will assume that the QFT producing such a S-matrix element is

unitary. Moreover, since we are looking to transitions with different number of external

4This representation corresponds to a choice of normalization for the states in the Hilbert space of

the form

〈q|p〉 = 2 q0(|q|) δ(3)(q − p) . (3.1)

– 6 –
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legs, while keeping all the details of the interaction into the undetermined amplitude Mµν ,

these elements have to independently lead to unitary transitions.5 Thus, S± has to satisfy

S±S
†
± = I (3.4)

in any physical frame. In particular, this implies that acting with a Lorentz transformation

on S±(q) can, as most, modify it by adding a phase

S±(q) = e±2iθ̄S(αq) (3.5)

where θ̄ depends on the particular Lorentz transformation applied.

However, according to the particular representation (3.3), when acting with a Lorentz

transformation and using (2.9) and (2.18), we find instead

S±(q) = e±2iθ[Ξ]

(

[α−1]µρ − [α−1]0ρ
qµ

|q|

)∗(

[α−1]νσ − [α−1]0σ
qν

|q|

)∗

(ǫρσ± (αq))∗Mµν . (3.6)

For an infinitesimal Lorentz transformation α = δ + ω this reduces to

S±(q) = e±2iθ[Ξ]S(αq)− e±2iθ[Ξ]ω
0
α

|q|
[

(ǫµα± (q))∗qν + (ǫνα± (q))∗qµ
]

Mµν +O(ω2) . (3.7)

As we see, the first term precisely corresponds to the transformation (3.5) imposed by

unitarity. The second piece, coming from the boost part in the transformation (2.18) of

the polarization, must thus drop out. Since the Lorentz transformation that we used is

completely arbitrary, the only possible way to solve this discrepancy is to ask the scattering

amplitude to satisfy

(ǫµα± (q))∗qνMµν = 0 (3.8)

which enforces the condition

qµMµν = σqν (3.9)

where σ is an undetermined proportionality factor.

What we have derived here is no other thing than the on-shell Ward identities for

the scattering amplitude. These are required, when going from the lagrangian description

to the S-matrix, to drop the non-physical polarizations out of any physical process. The

word on-shell here, stating that this is satisfied only by physical states where q2 = 0, is

important, since off-shell and on-shell gauge invariance do not need to agree, as we will see

later.

In order to understand this point, let us repeat the same construction for the S-matrix

of emission of photons, whose polarization is ǫ
µ
±(q). The computation is identical to the

one just showed for gravitons, one just needs to substitute the polarizations at all steps

5Details such as intermediate processes in perturbation theory are hidden inside Mµν , which represents

ideally the full non-perturbative amplitude. Moreover, we are not considering internal propagation of

gravitons in Mµν , which justifies that the S-matrix is diagonal in the external base of states. Alternatively,

in [35] it is shown that (3.5) also follows from the transformation law for one-particle states.

– 7 –
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and take into account that the scattering amplitude now carries a single index Mµ. The

on-shell Ward identity equivalent to (3.9) is

qµMµ = 0 (3.10)

which agrees with the usual requirement of transversality for the scattering amplitude.

This implies that any shift of the polarization of the form

ǫ
µ
±(q) → f(q)qµ (3.11)

with f(q) an arbitrary function, will vanish and wont contribute to the S-matrix and,

therefore, to any physical process. The polarization is not universally determined but

instead there is a redundancy in choosing it corresponding to what we usually call a gauge

symmetry. Actually, the transversality condition qµǫ
µ
± = 0 can be regarded as a gauge

choice for this symmetry, which is of course preserved by the physical states due to the

fact that q2 = 0, which makes the shift (3.11) irrelevant.

The situation is slightly more subtle for gravitons, though. In this case, the on-shell

Ward identity (3.9) allows for a similar gauge redundancy as with the photon

ǫ
µν
± (q) → qµfν + qνfµ (3.12)

where, in order to preserve the gauge choice qµǫ
µν
± = 0, the vector fµ must have only

transverse components, satisfying qµf
µ = 0.

If we were deriving this S-matrix from General Relativity in its weak field version, the

Fierz-Pauli lagrangian of metric perturbations hµν , we would have assumed that the gauge

symmetry had to be the linearised diffeomorphisms group, corresponding to

hµν → qµlν + qν lµ (3.13)

which looks similar to what we have found except for a little difference. The vector lµ is

not constrained to be transverse but it also contains a longitudinal part. However, this

longitudinal part can be always written as

l
µ
L = qµL(q) (3.14)

with L(q) corresponding to a function of the momentum. This piece satisfies the constraint

qµl
µ
L = 0 as an identity due to the on-shell condition q2 = 0 and thus it does not need to be

imposed as a constraint on the scattering amplitude for what it concerns to the S-matrix.

In other words, on-shell states are blind to the existence of this longitudinal piece and

therefore its presence is not required for consistency of the on-shell symmetry. Indeed, it

was shown in [38, 39] that the transverse transformations are enough to reduce the number

of polarizations of the massless graviton down to two.

The transverse transformations form a group that has been named TDiff before [39]

and they consist on the linearised version of volume preserving diffeomorphisms. Adding

the longitudinal piece represents, when off-shell, the embedding of this in a bigger group,

the linearised version of the whole diffeomorphism group. This means that, although the

– 8 –
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extra piece is invisible for on-shell dynamics, it will make a difference when defining off-

shell fields, since their action needs to be invariant under the whole symmetry group that

we choose to carry on.

This is one of the main points that we want to address here. Lorentz invariance of the

S-matrix does not enforce the longitudinal part of the linearised diffeomorphim group to

be a symmetry of physical states. Of course, it can always be taken to be so, as it is done

in [35, 36], but then this would lead eventually to the weak field limit of GR as the only

possible lagrangian theory to describe the system. Here instead we will not impose the

longitudinal part as a symmetry but we will solely stick to the transverse transformation

imposed by (3.9).

4 The lagrangian description

Let us now to try to derive the most general off-shell lagrangian which leads to the dynamics

of gravitons described by the polarizations ǫµν± (q) and enjoying the on-shell gauge invariance

that we have just derived. In order to do this, let us introduce the concept of a vacuum

state |0〉 and ladder operators a†(q), a(q) which create and annihilate quanta of particles

with momentum qµ. The fields that give rise to gravitons are then given by

Āµν [x] =
∑

±

∫

d3p

(2π)3
ǫ
µν
± (p)

(

a(p)eip·x + a†(p)e−ip·x
)

(4.1)

where we are summing over polarizations in order to create a parity even field.6

At this point, we can give a new interpretation to the on-shell gauge invariance (3.12).

Since the field is built in terms of the polarization, it means that it will not transform

homogeneously under Lorentz transformations, but instead it will enjoy a transformation

inherited from (2.18). At an infinitesimal level α = δ + ω, this transformation reads

ǫ
µν
± (q) = ǫ

µν
± (αq)− e±2iθ[Ξ]ω

0
α

|q|
[

(ǫµα± (q))∗qν + (ǫνα± (q))∗qµ
]

+O(ω2) (4.2)

which can be rewritten as

ǫ
µν
± (q) = ǫ

µν
± (αq) + qµfν + qνfµ (4.3)

with fµ satisfying qµf
µ = 0, and given by

fµ = −e±2iθ[Ξ]ω
0
α

|q| (ǫ
να
± (q))∗ . (4.4)

We again find, although from a different point of view, the already known result that

on-shell gauge invariance is precisely the redundancy required in order to cancel the non-

physical degrees of freedom which obstruct Lorentz invariance of the theory.

6Alternatively we could construct a parity odd field by using ǫ
µν
+ −ǫ

µν
−

. However, parity odd fields couple

to anti-symmetric sources, which do not exist in flat-space. Thus, we will refrain to study those in what

follows and we will stick to the even combination.

– 9 –
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From the transformation rule of the polarization, we derive the corresponding one for

the field

Āµν [x] → Āµν [x] + ∂µΦν + ∂νΦµ (4.5)

where Φµ is the Fourier transform of fµ as given in (4.4), satisfying ∂µΦ
µ = 0.

At this point, let us note that the field here constructed satisfies Ā0µ = Āµ0 = 0,

besides being traceless, symmetric, and transverse on its both indices. In what follows

we will forget about full space-time indices and we will separate time, denoted by a zero,

from space coordinates, which we will denote with latin letters. Therefore, we introduce

the field7 Āij to describe the physical polarizations of the graviton, satisfying the following

equations

∂iĀ
ij = 0 (4.6)

δijĀ
ij = 0 (4.7)

�Āij = (∂i∂
i − ∂2

t )Ā
ij = 0 (4.8)

where the last line is just the statement that the field is on-shell, satisfying the Klein-

Gordon equation and propagating massless degrees of freedom with a dispersion relation

(q0)2 = |q|2, which was our starting assumption.

We wish to find which possible lagrangians allow for external gravitons of the kind we

have described. For that, we will consider weak field lagrangians of at most second order

in the fields and of the form

Lphys = −1

2
ĀijDijklĀ

kl + ĀijJij (4.9)

with Dijkl a differential operator and Jij being the source to which the graviton field

couples.

If we were given this Lagrangian and insert it in a path integral, we could integrate

out the fields by means of its propagator, which basically amounts to invert the operator

Dijkl, and obtain a effective interaction between the sources of the form

V [J ] =
1

2
Jij(Dijkl)

−1Jkl . (4.10)

Here we will do the opposite. Starting from what we know of gravitons we will compute

the interaction and, by requiring it to be Lorentz covariant, we will find which constrains

we must impose on the lagrangian description. Note that since we want to derive a fully

covariant lagrangian, Jij must be the spatial part of some symmetric covariant source Jµν ,

which couples to the field through

∫

d4xĀµνJµν . (4.11)

7We will omit the x dependence of the fields in position space for the rest of this work. It will be showed

only when required for clarity of the discussion.
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Moreover, since we do not want the non-physical gauge degrees of freedom to carry any

interaction, we must require the coupling between the field and the source to be invariant

under the on-shell transformation (3.12)

∫

d4x ĀµνJµν → 2

∫

d4x ∂µΦνJµν = −2

∫

d4xΦν∂µJµν (4.12)

where we have used the symmetric character of the source and integrated by parts in the

last step. Therefore, in order to cancel this coupling for arbitrary Φ, we must require the

source to satisfy

∂µJµν = ∂νX [x] (4.13)

so that the integral vanishes after integration by parts, since ∂µΦ
µ = 0. Here X [x] is an in

principle arbitrary function of the space-time coordinates.

It is important to note that gauge invariance here does not completely fix the form

of the source, but instead allows for the existence of an arbitrary function. If we were

repeating the same computation with a photon, or by assuming that the on-shell gauge

invariance corresponds to the whole linearised diffeomorphisms group, as discussed in the

last section; we would have found a different result, implying the whole conservation of the

source and thus setting X [x] = 0. However, TDiff invariance allows for this extra function

and we will keep it arbitrary in what follows.

Now we focus on computing the propagator for the field Āij . This is easy, since we

know that Āij is transverse and traceless, and it propagates massless degrees of freedom,

thus its propagator must have a pole in q2 = 0. The only option in momentum space is8

Gijkl(q) = − Πijkl

q2 − iǫ
(4.15)

where we are using the usual iǫ prescription for the Feynman propagator.

The projector Πijkl must project over those fields that are both symmetric in the pairs

{i, j} and {k, l}, as well as under {i, j} ↔ {k, l}; while at the same time being traceless

and transverse in both pairs of indices. It can be constructed in the following way. We

introduce the transverse projector Πij

Πij = δij − qiqi

|q|2 (4.16)

which ensures that we will select the transverse part of any element which we act upon

with it. Thus, the following construction satisfies all the required conditions

Πijkl =
1

2

(

ΠikΠjl +ΠilΠjk −ΠijΠkl
)

. (4.17)

8We will define the propagator as

DijklG
klab = −(δiaδjb + δ

ib
δ
ja) . (4.14)
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Now, this is not covariant, in particular because of the presence of only space com-

ponents, so it wont lead to a covariant interaction when contracted with the sources. In

order to guess what is happening here, let us use the trick of [36] and introduce a time-like

vector nµ = (1, 0, 0, 0) so that we can rewrite the spatial momentum qi in terms of the full

four-momentum qµ

(0, qi) ≡ qµ − nµq0 . (4.18)

The transverse projector can equally be rewritten as

Πµν =

(

0 0

0 Πij

)

≡ gµν +
nµqν + nνqµ

|q|2 q0 +
nµnν

|q|2 q2 − qµqν

|q|2 (4.19)

and therefore the propagator can be cast into the form

Gijkl(q) ≡ Gµναβ(q) = −1

2

(

ΠµαΠνβ +ΠµβΠνα −ΠµνΠαβ
) 1

q2 − iǫ
(4.20)

which, let us stress, is not a covariant object due to the presence of the time-like vector

nµ. The advantage of this form is that we can now compute the effective action for Jµν

easily as

V [J ] =
1

2
Jµν

Πµναβ

q2 − iǫ
Jαβ (4.21)

which splits in three parts

V [J ] =
1

2

1

q2 − iǫ

(

JµνJ
µν − 1

2
J2 + 2XJ − 4X 2

)

+
1

2|q|2
(

2J 0
µ J

µ
0 + 2X 2 − JX − JJ00

)

− q2

2|q|4
(

1

2
(J00)

2 + XJ00 +
1

2
X 2

)

(4.22)

where J = ηµνJµν and we have used the source conservation constraint ∂µJ
µν = ∂νX .

Before going further, let us note that the interaction (4.22) can be rewritten in a

simpler form

V [J ] =
1

2

1

q2 − iǫ

(

T̃µν T̃
µν − 1

2
T 2

)

+
1

2|q|2
(

2T̃i0T̃
i
0 − T̃00T̃00 − T̃iiT̃00

)

− q2

4|q|4 T̃00T̃00

(4.23)

where T̃µν = Jµν − Xηµν .

This new source T̃µν is not only symmetric, but also conserved, due to the fact that

∂µJµν = ∂νX . Since the only conserved symmetric source available in flat space-time is the

energy-momentum tensor Tµν , this must differ from it as most in a constant piece, which

can be always absorbed in the arbitrary function X . Thus, we can identify T̃µν and Tµν ,

having

Jµν = Tµν + Xηµν . (4.24)
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This intermediate result, that X drops out from the interaction when written in this

way, was to be expected, since it is no more than the statement of the weak equivalence

principle in the weak field approximation — gravitons interact only with the conserved

energy-momentum tensor, regardless of what other details or technical tools we are in-

troducing in the theory. What we have done here is deriving the weak version of the

equivalence principle from the propagation of massless gravitons. We leave out the ques-

tion of the strong version of the principle, though. For that, we would need to introduce a

self-consistent interaction between gravitons which preserves all the hypothesis previously

discussed. Although it seem plausible, we will not get into that matter here.

Now, let us come back to the interaction (4.22). The first element in there represents

indeed a covariant interaction propagated by a massless particle, thus the pole in q2 = 0.

The other two, however, are more problematic. First of all, they are not covariant, and

even worse, they contain poles in |q|2, so they will lead to instantaneous interactions and

non-local contributions when taken to position space by a Fourier transform. Clearly, if

we were to formulate a theory containing only the variables that we have carried all along

until here, we would be in danger, unable to find a covariant interaction.

The problem can be solved by appending to Āij a new set of auxiliary variables in such

a way that their contribution to the interaction will cancel the dangerous terms in (4.22).

It is important to stress, though, that we are not adding new degrees of freedom by doing

that, because their propagators, producing the last two lines of (4.22) with opposite sign,

will not have poles in q2 and therefore they will not propagate physical excitations.9

We thus introduce three new auxiliary variables, two scalars A00 and Aii, and a vector

Ai0, which must couple to T00, Tii and Ti0 respectively through a Lagrangian

Laux = −1

2
(A00, Aii, Ai0)M







A00

Ajj

Ai0






+
(

A00T00 +Ai0Ti0 +AiiTjj

)

(4.26)

where M is a matrix valued differential operator. In principle we could choose a different

combination of couplings in the scalar sector, for instance

(A00, Aii)

(

a b

c d

)(

T00

Tii

)

(4.27)

with a, b, c and d constants. However, we can always rotate the fields A00 and Aii to

diagonalize this interaction, ending up with (4.26) after a rescaling. Note that for all these

rotations to be equivalent, we must demand the matrix in the middle to be diagonalizable

9It is instructive to take a look to the situation for photons. In that case, the interaction will be between

a transverse field Ai and a source ji, and takes the form

V [j] =
jµj

µ

q2 − iǫ
+

(j0)
2

|q|2
. (4.25)

The requirement to cancel the non-covariant piece leads to the introduction of a fourth component A0

whose equation of motion is the Coulomb’s law ∂i∂
iA0 = −j0.
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and thus invertible. Singular transformations will play an important role later, but for the

moment we will consider only invertible ones.

The value of M must be chosen carefully in order to cancel the non-covariant contri-

butions in (4.22). Thus, we have in momentum space

M
−1 =

1

|q|2







− q2

|q|2
− 2 −1 0

−1 0 0

0 0 4






. (4.28)

Inverting this matrix we have

M =







0 −|q|2 0

−|q|2 −q2 − 2|q|2 0

0 0 |q|2

4






(4.29)

so the lagrangian in position space is

Laux =
1

4
Ai0∆Ai0 − 2Aii∆Ajj +Aii

�Ajj − 2Aii∆A00 +
(

A00T00 +Ai0Ti0 +AiiTii

)

.

(4.30)

To this, we need to append the Lagrangian for the physical modes Āij . This is simply

Lphys = −1

2
Āij

�Āij + ĀijTij + λ
(

∂iĀ
ij∂kĀ

k
j

)

(4.31)

where λ is a Lagrange multiplier that cancels the longitudinal components out in the limit

λ → ∞, ensuring transversality of the field.

The whole lagrangian Lphys + Laux now satisfies all the requirements that we want.

It propagates physical massless gravitons and it leads to a covariant interaction in the

effective action for the source. However, the interaction piece does not look covariant at

first sight. In order to solve this, let us rescale the auxiliary fields in the following way

Ai0 → −2Ai0 Aii → 1

3
Aii . (4.32)

Since this is just a global rescaling, it will not lead to any new dynamics, but it allows

us to rewrite the lagrangian as

L = Ai0∆Ai0+
2

9
Aii∆Ajj+

1

9
Aii

�Ajj−2

3
Aii∆A00−1

2
Āij

�Āij+λ(∂iĀ
ij∂kĀ

k
j )+AµνTµν

(4.33)

with a now covariant interaction term, after defining the field

Aµν =

(

A00 Ai0

Ai0 Aij

)

(4.34)

where Aij = Āij + 1
3A

kkδij .
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However, the real source of the theory is not Tµν but Jµν = Tµν + ηµνX . For the

physical field there is no difference, since we have seen that all dependence in X cancels out.

However, it makes a difference for the auxiliary fields in the scalar sector, modifying (4.26)

to be

Laux = −1

2
(A00, Aii, Ai0)M







A00

Ajj

Ai0






+

(

A00T00 − 2Ai0Ti0 +
1

3
AiiTjj + (Aii −A00)X

)

(4.35)

where we have already rescaled the fields. This will induce an extra contribution in the

effective action of the form

Vextra =
X

(

q2(2T00 −X ) + 2|q|2(−T00 + Tii + 2X )
)

4|q|4 (4.36)

where the dependence on X has not cancelled.

The most general lagrangian which propagates spin two degrees of freedom in a Lorentz

invariant way is thus

L = Ai0∆Ai0+
2

9
Aii∆Ajj+

1

9
Aii

�Ajj−2

3
Aii∆A00−1

2
Āij

�Āij+λ(∂iĀ
ij∂kĀ

k
j )+AµνJµν

(4.37)

and leads to the interaction we are looking for but it will also induce the extra piece (4.36)

which cannot be cancelled if we keep the arbitrary character of the source.

5 Off-shell gauge invariance

The lagrangian (4.37) leads to the theory of gravitons that we were looking for and couples

to the right source, defined by on-shell gauge invariance in (3.12). However, the construc-

tion is still not complete, since there is an explicit presence of an undetermined function

X which represents a new source and which induces a new contribution to the effective

potential depending on the value of X .

Additionally, there is the question of the origin of X . It is a source for the gravitational

field, so it must be constructed out of matter fields. However, the fact that it does not

gravitate in the standard sense, the effective action induced by physical degrees of freedom

containing only the energy-momentum tensor in order to comply with the equivalence

principle, tangles up any effort of giving an explicit definition. Since we want our theory to

be precisely defined, we need to eliminate the contribution of X from the effective potential,

erasing the ambiguity.

Looking to (4.36), we see that the simplest way is to enforce X = 0, so that we directly

identify the source with the energy-momentum tensor

Jµν = Tµν . (5.1)
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In this case, the source is now fully conserved ∂µJµν = 0 and, reverting the argument

in (4.12), we see that the field must be now invariant under the whole set of linearised

diffeomorphisms in order to avoid the contribution of gauge modes to the effective action

Aµν → Aµν + ∂µfν + ∂νfµ (5.2)

where now fµ is unconstrained, the transformation containing both transverse and longi-

tudinal diffeomorphisms when evaluated off the mass-shell. Importantly, the longitudinal

part of the transformation acts here by protecting the value X = 0, ensuring stability of

the action under renormalization in the absence of anomalies.

If we do so, the reduced lagrangian obtained from (4.37) can be derived from the

Fierz-Pauli theory, the weak field limit of GR, for a symmetric tensor hµν

LFP = −1

4
hµν�hµν +

1

4
h�h− 1

2
∂µh∂νh

µν +
1

2
∂µh

µν∂αh
α
ν . (5.3)

If we fix the gauge symmetry of this theory, corresponding to linearised Diff and thus

requiring of four conditions, by imposing

∂i

(

hij − 1

3
δijhkk

)

= 0, ∂ih
i0 +

2

3
∂0h

kk = 0 (5.4)

we recover the lagrangian (4.37), up to the use of the equations of motion and total deriva-

tives. Thus, S-matrix unitarity and Lorentz invariance eventually lead to the Lagrangian

of a spin two field that we have known for decades.

Since any combination of the auxiliary scalar fields A00 and Aii can be taken to the

diagonal form that we have used so far, it seems that this is the only option to get a

theory of gravitons — to enforce X = 0 and increase the symmetry to full linearised

diffeomorphisms. However, this is only true for the case in which we can diagonalize the

matrix in (4.27). In principle, we could also consider rotations of the fields which lead to

singular matrices

Ã00 = αA00 + βAii, Ãii = γ (αA00 + βAii) . (5.5)

These cannot be inverted and thus represent an isolated set of theories unrelated to

the invertible rotations. For these transformations, the coupling to X becomes

(γ − 1)(A00 −Aii)X (5.6)

which vanishes only when γ = 1, implying Ã00 = Ãii or, in other words, that the new

Ãµν must be traceless. That is, there exist a singular field redefinition, corresponding to

defining a theory in which the trace is not dynamical, that solves the problem as well.

This seems overkilling and it is indeed subtle, since the field rotation is not invertible

and seems to reduce the number of independent variables in the action. However, the out-

coming theory is perfectly regular. Since we can always adjust the value of X to absorb

any difference in the trace without modifying the value of the on-shell effective action, we
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could always have avoided to introduce the singular rotation and instead have chosen to

define X it as

X = −1

4
J + Y (5.7)

where Y is again arbitrary. By doing this, the interaction part of the lagrangian takes

the form

Lint =

(

Jµν −
1

4
Jηµν

)

Aµν + (A00 −Aii)Y =

(

Aµν −
1

4
Aηµν

)

Jµν + (A00 −Aii)Y

=

(

Aµν −
1

4
Aηµν

)

Tµν + (A00 −Aii)Y (5.8)

where we have used the fact that Jµν = Tµν + Xηµν .

In this way we isolate all the arbitrariness in the definition of X into the interaction with

the trace of the graviton field, while the physical source Jµν only couples to the traceless

part of Aµν . This again shows that it is enough to define a theory for this traceless part

in order to recover the interaction (4.22) and at the same time get rid of the problems

associated to the arbitrariness of X , forgetting about introducing any interaction with the

trace, which is dynamically irrelevant at this level. Being this equivalent to performing the

singular transformation (5.5), the latter must lead to a perfectly regular theory.

Let us then introduce the change of variables that makes Aµν explicitly traceless,

corresponding to the covariant realization of the singular field rotation (5.5)

Aµν → Ãµν = Aµν − 1

4
ηµνηαβA

αβ . (5.9)

The result, which can be read from (4.37) after elementary algebra, also corresponds to

a known lagrangian. Incidentally, it corresponds to the gauge fixed version of the only other

known Lorentz invariant lagrangian which propagates a single spin-two physical degree of

freedom, the WTDiff lagrangian of [39]

LWTDiff = −1

4
hµν�hµν +

3

32
h�h− 1

4
∂µh∂νh

µν +
1

2
∂µh

µν∂αh
α
ν + Tµνh

µν . (5.10)

This is a theory that, besides being invariant under TDiff, also enjoys a linearised Weyl

invariance hµν → hµν + φηµν with φ an arbitrary function, which ensures the irrelevance

of the trace and thus the W in its name. By taking the WTDiff lagrangian and fixing

the gauge by using the traceless version of (5.4), one recovers exactly the traceless version

of (4.22). Again, the increased symmetry, in this case the Weyl part of the linearised gauge

group, protects the dynamics of the theory not by forbidding X this time but by ensuring

its irrelevance at the dynamical level.

The WTDiff theory, besides being completely equivalent at the dynamical level to the

Fierz-Pauli theory [4, 40], also keeps the arbitrary character of the source in its core as a

consequence of Weyl invariance. Any shift of the form Tµν → Tµν + ηµνX is non-physical.

As such, it does not source the equations of motion and thus vacuum solutions, defined as

solutions to the equations of motion when the sources vanish, are still solutions even for
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non-vanishing X . This is contrary to what happens in General Relativity, or the linearised

Fierz-Pauli theory, where X sources the trace of the (linearised) Einstein equations and

modifies the solution. Of course, this comes at the cost of having a more complicated gauge

structure, leading to an open algebra in the ghost sector and requiring more sophisticated

techniques for its quantization [16], but maybe it is not such a big prize to pay.

Finally, it is worth to comment and emphasize that the two options here discussed,

the Fierz-Pauli and WTDiff lagrangians, are the only possible theories that describe dy-

namical gravitons and that can be found with this method,10 corresponding to invertible

transformations and to the unique singular rotation that solves the issue. Any other option

will lead to the extra interaction (4.36) which cannot be cancelled unless we set X = 0 or

we perform the traceless transformation (5.5) with γ = 1.

6 The non-linear theories

The two theories that we have derived in the previous section correspond both to the weak

field limit of known gravitational theories. In the case of the Fierz-Pauli lagrangian, it is

known that it reproduces the lowest order in the weak field limit of General Relativity.

Indeed, let us take the Einstein-Hilbert action

S = M2
p

∫

d4x
√

|g|R (6.1)

with Mp being the Planck mass. The weak field theory is defined by expanding the metric

around flat space-time

gµν = ηµν +
1

Mphµν
(6.2)

where the factor of Mp is included in order to get a canonical kinetic term for hµν . After

plugging this expansion into (6.1), the second order action exactly corresponds to the Fierz-

Pauli lagrangian (5.3), while higher orders will contain interactions leading to reproducing

the full dynamics of GR.

This derivation goes in the direction from GR to Fierz-Pauli. There is a way to perform

the converse, though, introduced in [32].11 Starting from the Fierz Pauli lagrangian and

by introducing consistent self-interactions, the author in [32] is able to re-sum the series,

eventually finding the Einstein-Hilbert action.

For years, it was thought that this path was unique. That starting from graviton

self-interactions, the only possible non-linear theory to be found was GR. However, this

claim was shown wrong in [30], where the authors show that the WTDiff theory is equally

consistent and can be completed to the action of Unimodular Gravity

SUG = M2
p

∫

d4xR|g|=1 (6.3)

10We allow for the possible existence of some exotic theory that might violate our assumptions here,

although it seems difficult for such a theory to exist as a local QFT.
11There are some concerns, however, with the structure of certain terms in the expansion of the graviton,

since they seem to be non-analytic in the coupling constant. See discussion in [31, 41].
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which is written as the Einstein-Hilbert action constrained to metrics of unit determinant.

For computational purposes, it can be recast to an unconstrained form where we make the

unimodular condition explicit by a change of variables [42]

gµν → |g|− 1
4 gµν (6.4)

so that we have

SUG = M2
p

∫

d4x|g| 14
(

R+
3

32

∇µ|g|∇µ|g|
|g|2

)

(6.5)

where none of the variables here is constrained any more. Remarkably, this change of vari-

able corresponds, for the weak field approximation, to the traceless transformation (5.9).

In this form, the action of Unimodular Gravity is invariant under volume preserving

diffeomorphisms12 as well as under Weyl transformations

gµν → Ω2(x)gµν . (6.6)

The linear version of these symmetries are precisely the gauge symmetries of the WT-

Diff theory and its full lagrangian can be obtained from (6.5) by performing a weak field

expansion like in (6.2).

As we discussed, the advantage of the WTDiff theory over Fierz-Pauli is the fact that,

thanks to the arbitrariness of the function X in the definition of the source, a possible

cosmological constant cannot have an effect on the dynamics and does not prevent flat

space-time to be a solution of the equations of motion around which to define a sensible

perturbative QFT. This property emerges in the action (6.5) because Weyl invariance

forbids the coupling
√

|g|Λ at the level of the lagrangian. Moreover, because of Weyl

invariance and trace irrelevance, UG only couples to the traceless part of Tµν , so that the

presence of vacuum energy sourced by matter fields is also irrelevant.

Although this looks overkilling, since it seems to forbid the dynamics driven by vacuum

energy and thus any effect that could lead to the observed accelerated expansion of the

Universe, this is not really true. By deriving the equations of motion of the action (6.5) in

the gauge |g| = 1 we find the traceless part of the Einstein equations

Rµν −
1

4
gµνR =

1

M2
p

(

Tµν −
1

4
gµνT

)

. (6.7)

To this, we must append the fact that the second Bianchi identities must be satisfied not

only as a dynamical consequence of TDiff invariance but also as a geometrical constraint

for the space-time manifold

∇µR
µν =

1

2
∇νR . (6.8)

Taking the derivative of (6.7) and using (6.8) and the conservation of the energy-

momentum tensor, we find the following constraint

1

4
∇µ

(

R+
1

M2
p

T

)

= 0 (6.9)

12That is, those diffeomorphims that preserve the value of
√

|g|.

– 19 –



J
H
E
P
1
2
(
2
0
1
8
)
1
0
6

which implies

R+
1

M2
p

T = 4λ (6.10)

where λ is an integration constant.

Plugging this back on the traceless equations (6.7) we recover the whole set of Einstein

equations

Rµν −
1

2
gµν + λgµν =

1

M2
p

Tµν (6.11)

with the integration constant λ taking the role of a cosmological constant. However, unlike

Λ or vacuum energy, its value is stable under radiative corrections and it therefore does

not suffer from this cosmological constant problem. Its value, whatever it is, must be fixed

solely by the given initial conditions when solving the equations of motion or, in the QFT

language, by an experiment measuring it, after which the result is not renormalized. In

particular, this means that there is no hierarchy problem related to UV sensitivity to the

introduction of new degrees of freedom whose vacuum energy gravitates. Moreover, any

solution of GR can be always found in UG by tuning the value of λ in the proper manner.

7 Discussion and conclusions

Through this work we have studied how much a lagrangian formulation of a theory of

gravitons is constrained by basic properties of the S-matrix. By assuming unitarity and

Lorentz invariance of physical quantities, we have seen that the lagrangian describing mass-

less gravitons is not unique but instead we found two possibilities, corresponding to the

well-known Fierz-Pauli theory and to the so-called WTDiff theory. The key point to un-

derstand this duality is that the on-shell gauge invariance for the physical states is the

same for both theories, the transverse part of the linearised diffeomorphism group, which

we have denoted by TDiff. We have also seen that, regardless of the lagrangian, we need

to append to the physical degrees of freedom a set of auxiliary ones, which do not lead

to the propagation of particles but contribute to the effective action of the sources with

Coulomb-like interactions needed to cancel non-covariant pieces.

In the case of Fierz-Pauli, the symmetry group is enhanced by the presence of a longi-

tudinal transformation, which is tautological on-shell but off-shell leads to the conservation

of the current Jµν of the theory, which becomes then the energy-momentum tensor Tµν .

The other possible completion is provided in the WTDiff theory, where we drop the in-

teraction with the trace of the graviton field while nevertheless finding the same effective

action for the source, which is now the traceless part of Tµν and still satisfies the equiva-

lence principle. Both theories enjoy non-linear completions by following the Deser trick. In

the Fierz-Pauli case, General Relativity emerges from self-interactions, while Unimodular

Gravity is obtained from the WTDiff lagrangian.

At this point it is thus natural to ask ourselves if there is a reason to prefer one theory

over the other, apart from historical reasons. As far as we know, both GR and UG are
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dynamically equivalent both in the weak field limit and classically, and they share the same

S-matrix in flat space. Moreover, they are the only known Lorentz invariant theories that

propagate only a massless spin two degree of freedom and also the only ones that can be

completed from the weak field approximation to the non-linear level.

However, both theories are not identical. In particular, the problem of the radiative

corrections to the cosmological constant appears in a different light in Unimodular Gravity.

By not coupling to the trace of Tµν , vacuum energy does not gravitate at all and the

problem is avoided. The cosmological constant is not a coupling in the lagrangian but an

integration constant whose value must be set by initial conditions. It is true that there is

left the problem of fixing this and to explain why it does take such an unnatural value on

our Universe but at least, once the cosmological constant is fixed, radiative corrections do

not modify its value producing a hierarchy problem.

The other difference that can be pointed out at this level is the fact that symmetry

groups are different for GR and UG. While the former enjoys the full diffeomorphisms as

a gauge symmetry, the latter is invariant only under those that preserve the volume, plus

Weyl transformations. This leads to a problem in identifying physically equivalent solutions

to the equations of motion, since the gauge orbits are different. In particular, this could

lead to radical differences in the interpretation of horizons and the interior of black holes,

where certain changes of frames are needed in order to avoid apparent singularities in the

metric.

Last but not least, it has been pointed out by Padmanabhan [31] that the QFT formula-

tion of Unimodular Gravity could be actually advantageous over that of General Relativity,

since it can be written exactly as resembling a Yang-Mills theory, while this is not com-

pletely possible in GR. In any case, as far as we know, UG is as good as GR for many

matters and leads to the same physics for as far we have tested gravity in our Universe. It

would be good to find a way to discriminate between the two theories.
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[25] S. González-Mart́ın and C.P. Martin, Scattering of fermions in the Yukawa theory coupled to

Unimodular Gravity, Eur. Phys. J. C 78 (2018) 236 [arXiv:1802.03755] [INSPIRE].

[26] R. Percacci, Unimodular quantum gravity and the cosmological constant, in proceedings of

the Black Holes, Gravitational Waves and Spacetime Singularities, Rome, Italy, 9–12 May

2017, Found. Phys. 48 (2018) 1364 [arXiv:1712.09903] [INSPIRE].

[27] R. Carballo-Rubio, Longitudinal diffeomorphisms obstruct the protection of vacuum energy,

Phys. Rev. D 91 (2015) 124071 [arXiv:1502.05278] [INSPIRE].

[28] E.D. Skvortsov and M.A. Vasiliev, Transverse Invariant Higher Spin Fields,

Phys. Lett. B 664 (2008) 301 [hep-th/0701278] [INSPIRE].

[29] A. Campoleoni and D. Francia, Maxwell-like Lagrangians for higher spins,

JHEP 03 (2013) 168 [arXiv:1206.5877] [INSPIRE].
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