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rived when an ultra-violet flavour theory is assumed to break to global Abelian symmetries
in Standard Model fermion masses and new Yukawa-like terms sourced by the leptoquark
representation. The phenomenology of different classes of these ‘simplified models’ can
be explored without reference to explicit model-building assumptions, e.g. the nature of
flavour symmetry breaking or any additional field content associated to it, and are also
capable of explaining hints of lepton non-universality in R (. Assuming experimentally
interesting CKM and PMNS matrix elements, our algorithm finds an abundance of pre-
dictive non-Abelian flavour groups and therefore provides promising directions for future
model building in the flavoured leptoquark space, regardless of whether the anomalous
R (») measurements withstand further experimental scrutiny.
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1 Introduction

Flavoured phenomena are amongst the best measured, and least theoretically understood,
of the Standard Model (SM) of particle physics. Accounting for Dirac (Majorana) neu-
trinos, the SM permits at least 20 (22) free parameters associated to fermionic mass and
mixing, and all but one (three) have reliable constraints provided by experiment — early
hints at the leptonic Dirac CP-violating phase exist, albeit with large uncertainties (see
e.g. [1]). Furthermore, while all of these unexplained free parameters are associated to
Yukawa terms, the strong and electroweak interactions of the SM are otherwise flavour
blind; gluons, W*, and Z gauge bosons couple equally to each fermion species. The SM’s
flavour expectations are therefore strikingly different between its scalar and vector inter-
actions, with the former furnishing the so-called flavour problem described above, and the
latter providing opportunities for precision tests of fermion universality through the decays
of heavy mesons.



Ratio | Bin (GeV?) Data Experimental Reference

Rx 1.1, 6] 0.84610 0290015 LHCb [2]

. [1.1,6.0] | 0.6850 46a £0.047 LHCb [3]
[0.045, 1.1] 0.6670 53 & 0.03 LHCb [3]

Table 1. Ry as measured by the LHCb collaboration. Also see footnote 1.

Intriguingly, recent hints from LHCb [2, 3] indicate deviations from SM predictions
through lepton non-universal (LNU) decays of B-mesons, in particular in the ratio observ-
ables R ),

Sy de? [dr(B = K ) /dg?]
[P dg? [dT(B — K®etem)/dg?)

(1.1)

Ry [ap) =

Here ¢ is the invariant mass of the dilepton final state, and [a, b] represent bin boundaries
in GeV?2. Experimentally, (1.1) is measured as a double ratio with respect to the resonant
high-statistics J/W¥ channel for dilepton production, in order to cancel uncertainties in the
measurement efficiencies of the signal modes, and is further shown to only probe LNU in
flavour changing neutral current (FCNC) decays by testing explicit universality in the J/¥
production channels, which are observed to be consistent with the SM [4]. Coupling this
robust experimental strategy with rather precise predictions in the SM, where scale and
other theory uncertainties for the individual decay channels cancel in the ratio [5], it is
broadly agreed that one can safely regard (1.1) as clean tests of LNU. Since LHCb results
for both R and Rg+ deviate individually between 2-3 o from the SM expectation [5, 6]
— cf. table 1 — it is then worth considering the sorts of new physics that can generate
these early hints of LNU.

Several theory papers have addressed the anomalous data in table 1, including model-
independent fits to the operators of low-energy effective field theory (EFT) [7-14] as well as
concrete beyond-the-Standard Model (BSM) constructions employing composite- or multi-
Higgs, leptoquark, or Z’ fields (to name a few) [15-42]. In what follows we explore scenarios
where the SM’s flavour problem is addressed alongside of RK<*),2 and we will do so by
incorporating one of the following leptoquark representations into the SM Lagrangian:

As~(3,3,1/3), A ~(3,1,2/3), AL~ (3,3,2/3), (1.2)

where the charges given are those of the SM gauge group defined by G = SU(3)¢ %
SU(2)r x U(1)y. We will respectively refer to the states in (1.2) as the scalar triplet,
vector singlet, and vector triplet, and all can account for Ry < 1 [11]. Moreover, they
can be motivated by extended symmetry frameworks like unification theories or new gauge

!While the Rk results from [2] remain at a ~ 2.50 tension with the SM if both Run 1 and Run 2 data
sets are included, the Run 2 data appears consistent with unity when analyzed alone.

2Note however that the formalism we develop is generic, and can be applied to other Lagrangians
addressing different combinations of experimental signals.



interactions [43, 44]. When added to the field content of the SM they source the following
new Ggy-invariant terms in the Lagrangian:

~C 1, L ~C 1, L
Az : Lo yi‘izLj Lzaeab(TkAlg)bcLJLc_i_ZgﬂLj Lzaeab((TkAg)T)ch]LC+h.C.
Al L2 afhQu Y Ay LY + ot dpy" Ay pely + 2T FuRy Ay vk + hc.
_ ab .
AL LD xé%QZL’a’y“ (TkA’g,H) L%b +h.c. (1.3)

where {a,b} are SU(2) indices, {i,j} are flavour indices, and k = 1,2,3 for the Pauli
matrices. As can be seen, the scalar triplet generates a diquark operator that can source
proton decay, and the vector singlet introduces new physical interactions between right-
handed (RH) fields — see [45] for a thorough review of the physics of leptoquarks.

Critically, the coefficients in (1.3) are 3 x 3 complex matrices in flavour space, just
like the Yukawa couplings of the SM. Particular textures in (e.g.) a:lLé or yiL will then
generate different phenomenology [46-49], and so only special patterns for these couplings
are capable of explaining R -y < 1 (or any other observable sensitive to their inclusion).
Predictions in such models therefore require that one either 1) assume a particular form for
xfé, yg%L or 2) structure them within an extended theoretical framework, perhaps including
a flavour symmetry Gr. Only the latter allows one to simultaneously address the observed
scalar and vector LNU, and to that end multiple collaborations have attempted specific
‘flavourings’ of the SM and its R (. -inspired leptoquark extensions (see e.g. [15, 17, 21,
22, 30-32, 34, 36, 37, 40, 41]). Our goal is to instead determine what sorts of Gr can
generate successful patterns of CKM, PMNS, and leptoquark mixing matrices (associated
to xf%, y&L) in a model-independent fashion.

Although we want to determine viable Gr without committing to specific model-
building assumptions, e.g. the dynamics of flavour symmetry breaking, we will focus on a
particular class of Gr: non-Abelian discrete symmetries (NADS), which are well-motivated
by both infrared (IR) and ultra-violet (UV) physics. Furthermore, we will study NADS in
the context of the residual flavour symmetry (RFS) mechanism, where one assumes that
Gr breaks to global Abelian flavour symmetries G, (a € {u,d,l,v}) in some or all of the
SM mass terms and (now) also the leptoquark-sourced terms in (1.3). The residual G, then
control the shapes of the relevant Yukawa-like couplings in the IR, and the specific forms
of the generators that action them can be used to ‘reconstruct’ the parent Gr. The RFS
framework generalizes the symmetry-breaking patterns of entire classes of popular flavour
models, and as a result has become a useful tool for studying flavour both analytically and
numerically within the SM [50-73] — reviews can be found in [74-76]. In fact, two of us re-
cently used RF'S to define a novel set of ‘Simplified Models of Flavourful Leptoquarks’ [15],
where (highly-restrictive) consequences were derived when the same RFS representations
are assumed to act in SM and leptoquark terms. However, in [15] we did not use the
generators of G, to reconstruct viable Gr. Here we perform this closure using a bottom-up
and automated technique developed in [64, 67], both for the symmetry breaking described
in [15] and for a highly natural relaxation of it, i.e. where the leptoquark couplings are
driven by only one residual symmetry relation (these models are highly natural in a simple



flavon EFT enhancement). The method employs scripts written with the computational
finite algebra package GAP [77, 78], and we will use them to scan over NADS capable of
sourcing interesting phenomenology.

Importantly, our approach is applicable to any flavoured leptoquark scenario, and
therefore will remain relevant regardless of the experimental status of R (). In particular,
the method developed here allows one to structure the leptoquark patterns while address-
ing the SM fermionic mixing by identifying different suitable discrete non-Abelian flavour
symmetries. This may be used for instance if other deviations from the SM flavour pre-
dictions are observed, like for instance R ). Moreover, our approach is the first use of a
flavour symmetry scan for BSM application, which could pave the way for further studies
on different models.

The paper develops as follows: in section 2 we review the RFS mechanism, first in
the context of the SM alone and then when leptoquarks are included. We also distinguish
two specific symmetry-breaking environments (labeled SE1 and SE2) to scan over, and
further derive the ‘leptoflavour basis’ where all relevant physical mixings in the theory
can be communicated to our GAP scripts. In section 3 we review our bottom-up approach
for scanning NADS and give details regarding the current BSM leptoquark application.
Finally, we perform the GAP scans for SE1 and SE2 respectively in sections 4-5, where
additional details relevant to each are presented and a plethora of Gz are discovered.
Closing remarks are provided in section 6.

2 Residual flavour symmetries with leptoquarks

Before continuing to study the SM when enhanced by a new leptoquark field, we first
review the RFS mechanism in the context of the SM alone [50-73]. As stated above,
the core assumption in the RFS framework is that, regardless of the symmetry-breaking
mechanism or any dynamics associated to it, a UV flavour symmetry Gr breaks to global
Abelian flavour symmetries G, in some or all of the SM mass terms:

(2.1)

where for illustration we have sketched a symmetry-breaking chain to all four fermion fam-
ilies through two intermediate non-Abelian symmetries Gz o that control only leptons or
quarks. Other breaking patterns are of course also conceivable. Regardless, the scenario
outlined in (2.1) appears quite natural as, after all, the mass terms of SM charged fermions
and (if present) Dirac neutrinos already exhibit accidental U(1)3 global symmetries asso-
ciated to independent rephasings of each generation. If neutrinos are instead Majorana
fields they respect an accidental Zs x Zo Klein symmetry. To see this explicitly we write
down the SM Yukawa sector after EWSB, in the fermion mass basis:

1 _ _
ﬁill\;[ss D §DEmV1/L+ElelL+dRmddL+ﬂRmuuL+ h.c. (2.2)



where for now we have included a Majorana neutrino mass term, as may be generated in
a Type-I seesaw mechanism [79], to illustrate our point. Here m, are all diagonal matrices
of mass eigenvalues. We now observe that (2.2) is invariant under the following operations
on its fields:

v — Tyvy, with T, =diag(1,-1,-1) and Ty, =diag(—1,1,-1),
f—=T:f, with Ty = diag (eiaf,eiﬁf,e”f> for f € {ERr,ly,dRr,dr,ur,ur}.
(2.3)

In (2.3) we have simply arranged the action of the aforementioned accidental Abelian
symmetries into (reducible) triplet representations whose diagonal elements distinguish
different generations. To clarify, in doing this (and throughout the text) we are always con-
sidering that the abstract group element of the parent Gz, such as T above, is implicitly
represented by a (reducible or irreducible) triplet representation in Gr. This necessarily de-
composes into irreducible singlets of the residual symmetries, which are Abelian subgroups
of Gr and would simply correspond to multiplication by the respective phases (e.g. in the
tables of section 4, 5). Clearly T}, , generate the Klein four-group and T generates the
respective U(1)3 of Dirac fermions.? If one instead wishes to identify a discrete subgroup
of U(1)3, as we will below in order to identify NADS, the free phases get quantized as

{0, 8,79} = %{a, b,chy (2.4)

with m the order of the cycle symmetry Z,, being generated. Cyclic product subgroups
with more than one generator are also possible and potentially interesting.

Critically, in the RFS framework, the symmetries described by (2.3) are no longer
accidental — they represent the infrared (IR) signatures of a complete flavour theory
controlled by Gr, which commutes with the entire SM (or any BSM completion, e.g. an
SU(5) grand unified theory). For example, G, may appear when, in some or all SM Yukawa
operators, scalar flavon fields break Gr via vacuum expectation values (VEVs) aligned along
special directions of flavour space. Thinking from the top down, these special alignments
(and therefore the particular G, realized) are a consequence of the form of a (Gr x Q(B) SM)-
invariant scalar potential. On the other hand, from a bottom-up perspective, different
phase configurations for the RFS generators T,, once ‘chosen,” correspond to different
(phenomenologically relevant) configurations of fermion mixing matrices.

This latter point is best seen in the SM flavour basis, where the charged-current inter-
actions of the SM are diagonal, but its mass matrices are not:

1 _ _
ﬁ%g/\[, D ileU;mVUJVL + ERUEmlUlTlL + dRUDmdUgdL + ﬁRUUmuUJuL + h.c. (2.5)

3Note that, in a generic flavour symmetry framework, the right-handed (RH) fermions need not transform
under the same representation as the left-handed (LH) ones. It is after the flavour symmetry is broken
(either to residual subgroups or not) that the mass term requires LH and RH fermions to transform in a
related way.



The U transformations are 3 x 3 unitary matrices, and the physical CKM and PMNS
mixing matrices of the SM are defined in terms of those acting on the LH fields participating
in the charged interactions:

Uckm = Ul Uy, Upnins = UlT Uy. (2.6)
One now observes the following invariance of (2.5):
a— Tyra with T,y = UT,U;, (2.7)

with a representing all fermions, including neutrinos. This invariance is interpreted as a
symmetry of the mass matrix,
MaU = T:{UmaUTaUa (28)

where the Hermitian conjugate ‘t’ gets replaced with a transpose “I” for Majorana
neutrinos.

One now also sees how the mixing of particle species can be connected directly to
the parent group structure. In (2.7), the generators are written explicitly as functions of
the physical mixing matrices. Assuming that our flavour symmetry Gz breaks down to
the RFS present in (2.1), then one can ‘reconstruct’ the Gr as the group generated by
{Tyiv, Tiv, Tqu, Tyu} or any allowed combination therein (in the event Gr does not break
to all four families). This bottom-up approach to studying flavour is not merely a math-
ematical trick. It describes the symmetry-breaking patterns of entire classes of flavour
models,* including the famous Altarelli-Feruglio model of leptonic mass and mixing [81].
There, Gy, = Ay is broken by flavon fields whose VEVs align themselves in different direc-
tions in the charged lepton and neutrino mass terms, leaving residual Z3 o symmetries® (to
be identified as G ,) in these respective sectors. The associated mass-basis generators 1; ,,
when rotated through (2.7) with U, = Urgy,° the tri-bimaximal mixing matrix [82] that
the model predicts, immediately close the original A4 group!

2.1 Isospin decomposition of leptoquark couplings

We now wish to extend the above analysis to include the leptoquark representations of (1.3),
although for brevity we will typically only show details for the scalar triplet As; the vector
singlet and triplet analyses follow in precisely the same way, and any special caveats will
be mentioned when relevant. Also note that we assume only one new leptoquark in the
Lagrangian, which is motivated by our expectation that they are singlets under Gz, the
same assignment that Higgs fields typically take in most flavour models, and as they are
in the explicit leptoquark models of [17]. Adding multiple singlets or a multiplet under

“These are referred to as ‘direct’ and ‘semi-direct’ models in the taxonomy of [74]. Other ‘indirect’
models, where the accidental symmetries of (2.3) and (2.7) are not controlled by subgroups of Gr, are of
course also popular in the flavoured model-building literature — see [80] for a successful and recent example.

5Note that in the original model, one of the Z, residual symmetries is accidental and is generated by
the absence of a specific flavon representation. In Ss models however, the Z2 symmetry can be obtained
directly as a subgroup of the parent symmetry.

5Note that in [81] the charged lepton mass matrix is already diagonal, so U. = 1 and therefore U, =
Upmns.-



Gr would add several intricacies, whereas with a single generation of leptoquarks, we
are always dealing with leptoquark mass eigenstates and we avoid replication of coupling
matrices between the leptoquark and fermions.

As in [45], we define new combinations of the isospin components of Ag as

AP = (ab—ind) V2, AP = (A +iad) V2, A=Al (29)

with exponents denoting electric charges and SU(2) indices on the left- and right-hand
sides, respectively. Contracting SU(2) indices, we can write the scalar triplet Lagrangian
in (1.3) explicitly in the mass basis of the SM fermions, obtaining

LE S —(UTyEU,); dS AP —V2(UT YUY dF AP,
—_———

Adv Adl
_CiAan—2/3 4 _Cial/37
+ VUL YU, )i af AP —(UT g5 ) af A7,
—_———
Auy )‘ul
+ h.c. (2.10)

where we leave aside the diquark operators, although the residual symmetries can also
apply there.” Here it is clear that the Agr, combinations we have defined can all be written
in terms of a single coupling,

1 1
Ay = —=Aq U s Aw = —=Ug& Ay Aww = UG Ay U . 2.11
d 7 a1 Upmns ! 53U cKkn dl M At Upvins (2.11)

We have chosen to normalize to Ay, the matrix we can constrain via measurements of
R (), and where we have used the definitions of the CKM and PMNS matrices in (2.6).
The analogous relationships for A% are given by

A = —V2AR Upains, A3 = —V2Uckm Ay, M2 = —Uckum Ay Upuins,  (2.12)

where we have distinguished these from the scalar triplet through the additional ‘V3’ label
(the conjugation structure of the fields in (1.3) yields a slightly different normalization
for the d — [ coupling: )\gf = —(U;rngUl).). On the other hand, we only have one such
correspondence for the vector singlet, since we do not have RH analogues to the CKM and
PMNS matrices:

A = Uckn gt Upnins, (2.13)

with the redefined d — [ coupling now given by )\}ifll = (U[}leLUl). As it turns out, the
SU(2) relationships in (2.11)—(2.13) are extremely important not only in determining the
overall shape of the relevant RFS generators in a chosen basis, but also in restricting the
experimentally allowed phases controlling the order of any given generator.

7 As discussed in more detail in [15], the RFS can also shape the diquark couplings 2EL by forcing zeros
in the matrix elements controlling first-generation (or indeed all) transitions, and thereby protect against
proton decay. The phase equalities required in the RFS generators T, 4 are compatible with those derived
from the quark-lepton couplings seen below in table 2.



2.2 The fermion mass basis

Including all relevant terms, the full Yukawa sector of our As-enhanced Lagrangian, in the
mass basis of the SM fermions, now reads

1 _ _
Loinass O iﬂzmuVL‘i‘ElelL"‘dRmddL‘i‘ﬁRmu’U«L
+ ng Aalr, A;L/g + ng v VI, Aé/g + ﬁg Auln A;)/S + ﬂg Auv VI A§2/3
+ h.c. (2.14)

with m, diagonal matrices of mass eigenvalues, and the Agy, defined as in (2.10) and (2.11).
Since we are in the fermion mass basis, the leptoquark Yukawa couplings are generically
non-diagonal, with rows and columns identifiable in a generation specific way. For example,
Adi can be written as [17]

)\de )‘du )\d’r
—V2 (U7 y55U) =Xt = | Ase Asp Asr | - (2.15)
)‘be )\bu Ab7’

Given (2.15), the starting assumption of our analysis is that
T !
3{Q, L}, Téz oL To = Aor, (2.16)

where T is transposed ‘1”7 (daggered ‘1’) when considering scalar (vector) leptoquark(s).
That is, we assume that residual symmetries also constrain the matrix elements of at least
one leptoquark coupling, and of course in what follows we will always include Ag;, so that
we have theoretical control over R j(+). (2.16) further implies that the same generator rep-
resentations T, acting on fermion fields in their respective SM mass terms also action the
RFS in (at least one of) the new leptoquark couplings. This assumption is of course not
required from the model-building perspective, however it is highly plausible. So, while
building explicit models that realize (2.16) is beyond the scope (and in fact antithetical to
the purpose) of this paper, we will briefly mention possible explanations for its origins be-
low, where we consider two interesting cases of (2.16) that have also already been explored
in the literature, either directly or indirectly. Namely, we study (2.16) in the following
‘symmetry environments:’

1. Symmetry Environment 1 (SE1) — Fully-Reduced Matrices: the same RFS hold in all
four SM mass terms and all four SU(2) related leptoquark couplings. This scenario
corresponds to the ‘Simplified Models of Flavourful Leptoquarks’ presented in detail
in [15], where it was shown that the arbitrary 3x3 complex matrices of \gz are
simplified to matrices with only a single real parametric degree of freedom, as shown
in table 2. These ‘fully-reduced’ matrices can be realized, e.g., in effective models
where the operators in (1.3) are enhanced to include 1) flavon(s) to structure the
Agr, via their VEVs, and 2) other scalars that can distinguish the members of SU(2)
doublets after EWSB (in a way that preserves (2.11)).



2. Symmetry Environment 2 (SE2) — Partially-Reduced Matrices: RFS hold in some or
all of the SM mass terms, but only SM down quark and/or charged lepton symmetries
are active in the leptoquark sector, controlling the shape of A\g.® Symmetries are
respected by Mgy w1 because they are inherited from Ay via SU(2) relations. These
represent relaxed versions of the simplified models of [15], and generalize the complete
models written down in [17], which are realized by inserting a single flavon in the
terms in (1.3), yielding effective operators of mass dimension five. Hence they do not
require additional non-trivial SU(2) scalars, and in this sense may be more minimal
than models constructed in SE1. However, as their name suggests, the resulting Agr,
have more parametric degrees of freedom — they are only ‘partially reduced.’

In both SE1 and SE2, the T generators are again represented by diagonal matrices with
three phases, such that an equality of the following form appears (e.g.) for Ay [15]:

eilaatay) e eilaa+B) Ay etlaat+m) Air Ade Ay Adr
¢iBarar) N eiBatB) N it A | 2 | Ao Ay Aer |- (2.17)
elhvatan) N ei(’m+/5z))\bu ettvatm) N, Noe Aoy Abr

In the event that only quark or lepton symmetries are active in SE2, then only the phases
associated to Ty or 1) are non-zero in (2.17), respectively. Importantly, the solutions
to (2.17) that are LNU (following the implications of R j(»)) and which distinguish multiple
generations in each family, as would be expected for a family symmetry, are few in number.

The matrix elements of (2.17) are of course also constrained by a variety of different
experimental observables, in particular lepton flavour violating (LFV) processes (e.g. u —
e7y), B-meson mixing, and indeed the LNU ratios R ;) — see [7, 11, 15, 17, 46, 83] for their
specific implications on Ag. Furthermore, when one considers the combined application
of (2.11) and (2.17) as is required in SE1, the measured values of the PMNS and CKM
matrices become relevant, as the RFS may want to enforce a zero in Ag; that cannot
be realized experimentally. All of these considerations have been made in [15], where the
allowed patterns for Agr were derived in SE1, assuming that they distinguish at least two
of three fermion species and that leptoquark couplings mimic SM ones (couplings to heavier
fermions are taken to be larger than those to lighter ones). The explicit matrices obtained
in [15] for Ay, as well as all of the associated phase relationships amongst the generators
T4, for the three leptoquarks considered here, are catalogued in table 2. We scan
over various NADS that can predict these patterns alongside of special PMNS and CKM
matrices in section 4. On the other hand, SE2 represents a relaxation of the assumptions
made in [15]. We will discuss the consequences of this relaxation below and in more detail
in section 5, where we also perform another scan to find predictive NADS. However, both
sets of scans described in section 4-5 require us to find a basis where our RFS generators
know about the physical mixing patterns we want to connect to Gr, precisely as we did
above when we rotated to the SM flavour basis in (2.5), so that T,y was an explicit function
of Upmns. We now write this basis down.

8We consider then that any other symmetry present is understood as accidental, i.e. not controlled by
an explicit subgroup of Gr. This scenario is again analogous to the Altarelli-Feruglio model [81], where the
neutrino mass matrix predicted is invariant under a p — 7 operator generating a Z, symmetry that is not
a subgroup of Aj.



AgrL Phase Equalities Adl
Aj { Bas va, —aw, =B, —au, Bus Yu } 0 00
AGL | A { Bas v, o, By s Buy vu b Abe | =322 00
AL Baraar Y { s BoBusva } booo
Az { Ba, va, —aw, =By, —au, o, Yu } 0 00
AGP | Ay { Ba, va> aw, B, 1y iy Y } Abe %b 00
Af { Bayvasau } { aw, Buy s v } booo
Az { Bas vay —aw, =B, —au, ;s Bu } 0 00
NGE | A { Ba, va, aw, Bus s, Bu '} Ave | =72 00
AL {Bavacn ) { o Busau, B ) boo
Az | { Bas Yar —Bus —Vvr =1, =B, Bus Yu } 0 0 0
ALt LAY { Bas vas Bus o 01, Brs Bus v } Ao | Yo Ui Van g
A { Bayvascaus B ¥ { Bus s Bus Yu } o 1o
Az | { Ba, vas —Bus —Vvs —us =By Quy Yu ) 0 0 0
Aor” | Ay { Bas Vas Bus Yos 01, Bry s Yu } Ao | G2 et — Y2 0
AY { Basvas ;s B } { Bus Yo s Yu } o 1o
Az | { Bas vy —Bus —Yvr =t =15 Bus Yu } 0 0 0
MG | AL { Bas va» Bus Yor a1, V15 Bus Yu } Mor | B 0 —
AY { Ba,va o, } { Bus s Bus v } o 01
Az | { Bas vas —Buy =Y, —us =W Qu, Yu b 0 0 o
NG | AY { Bas vas By yos 01y Vi 0wy Yu ) Mo | g 0 — et
Al { Ba,vas i { Bus s Qus Yu } o 01
Az | A Bas vas —Bvy =Yor =B, —Vt5 Bus Vu } 0 0 0
Aot | Ay { Ba, va, Buy Y5 B Vi Bus Yu Aor [0 g put — gt
Af { Ba,va, B, ¥ { Boy v, Bus Yu } 0 -mr 1
Az | { Bas Yar —Bvs —Vor =Bt =V, Qus Yu } 0 0 0
NorT | A { Bas vas Bus Yos Biy Wis Qus Yu Abr i
Af { Basva, Bisv L B vvs Qus vu } 0 _gi !

Table 2. The ‘fully-reduced’ patterns derived in [15] after the application of SE1 symmetry and
experimental constraints, including associated phase equalities required in the generators T, for all
leptoquarks considered in this paper. All phases listed in brackets {} in the third column are forced

to be equal to one another. NOTE: Up)ng = Ui; and (UgKM)* = V;;. For the vectors A

replace V;; — V7.

~10 -

m
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2.3 The leptoflavour basis

We will in general have new rotations that appear in our leptoquark extension of the SM,
namely those that further diagonalize (2.15). And so, in order to use the reconstruction
technique outlined in section 3, we must find a basis where information about these new
rotations (and hence about \y) can simultaneously be extracted along with information
about the CKM and PMNS matrices of the SM.

Let us begin in the mass basis of (2.14), where the special patterns of table 2 were
derived, and where each generation of quark and lepton can be uniquely identified. We
recall that here the charged-current interactions of the SM are given by
with the CKM and PMNS matrices defined in (2.6) as the mismatch between up/down
and charged lepton/neutrino mixing matrices, respectively. In moving to a basis where Ay

Z_LUPMNS”)/MVLWM_ + JLU(TJKM"}/M’LLLW/: + h.c. (2.18)

is generically diagonal, one must be sure to label any further rotations in a manner that
respects this (physical) definition. One way to do so is to rotate fields such that the SM
charged currents are simultaneously diagonal with Ay, which we refer to as the leptoflavour
basis.? This can be achieved by reabsorbing any misalignment introduced in the charged
currents by rotations in the charged lepton and down quark sectors via transformations on
the neutrino and the up quark fields. We therefore construct the leptoflavour basis via the
following operations:

I, — A1}, dp, — Ndy, v = UbynsAve,  un — UckmAlul,
Er — ALER, drp — Ahdy,  vr — AL, up — A, (2.19)
where by definition we obtain a new diagonal matrix /\;” given by
Mg = Mg (2.20)

Note that while the RH rotations in (2.19) are not physical in the SM, they can become so
in its leptoquark extensions although, for the particular case of the scalar triplet written
explicitly below, they are again redundant. However, this is not the case for the vector
singlet, and we therefore include them in all associated equations below for completeness.

Upon applying (2.19), the corresponding As-enhanced Lagrangian is then found in the
leptoflavour basis as

_ _ 1
Lo Ll Wy + Ldyul, Wy + =0 A Ui mu U ML

V2 V2 2

— — / 1
+ ERAEmlA;rl/L + dRADmdA;rldlL + ﬂRAUmuUCKMAIlU}J + —

V2

- / — 1 /
+ dENAG AT AYE - ap A AT, AT+ 750 ARG ALY
+h.c., (2.21)

dENEAG ATV, AYP

9This is essentially a basis where all the flavour violation is in the mixing matrices. The physical
information is the mismatch between the different sectors and is present in any basis, but the leptoflavour
basis is required because the method we employ uses the mixing matrices and thus we need the physical
mismatch to be entirely encoded in them.
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where we have already utilized the SU(2) equalities of (2.11). We now recall the main
assumption of the paper, namely that the SM RFS control (at least one of) the Yukawa-
like terms in (2.21) sourced by the leptoquark representation. In the mass basis this is
enforced on the leptoquark terms via (2.16), and there is a corresponding relationship in
the leptoflavour basis:

T, I s /
TS AL Th = Agr, (2.22)

with XQ ;, generically denoting the leptoquark Yukawa couplings in the new basis (cf. (2.20)
for the d — [ coupling). The extent to which (2.22) is explicitly enforced depends on the
breaking of Gr to G, in a complete model, and so we now explore it for the two environments
discussed above.

RFS invariance in SE1. In the scenario with fully-reduced matrices, (2.22) holds
vV {Q, L}, and from (2.21) we can then read off the explicit expressions for the leptoflavour
basis RFS generators, obtaining

T, = NTA], T, = MUpins T UbynsA, Ty = MTahl, T, = AUl TuUckuAl,
(2.23)
for the LH generators and

Ty = AgT AL, Tp=AgT AL, Tp=ApTyAl,, Ty = AyT,Aj, (2.24)

for the RH generators (T holds only in the case of Dirac neutrinos). One can easily show
that these leave the Lagrangian invariant, as seen explicitly (e.g.) for the d — v term:

1 < * 1 - * *
NG AN A AL 72dede AT A G A M Upnins T, Uy s A vy AY?

TENSTT DaUpains] T Upyns A v A8

S-Sl

TEAS NaUpnins) Ui A vy A3

_ %JL‘:AZ)\dlAZTV’LA;/ QED. (2.25)
In moving from the second to third lines we used (2.11) (the bracketed term is simply
V2\g,) and (2.22). Similar equalities hold for all other terms in (2.21). We therefore iden-
tify (2.23) as the generating set for Gr when RFS are active in all four fermion families, with
the phases of T}, 4, constrained as per table 2, and we use them to scan over various pos-
sible Gr in section 4 below. Also note that in the limit where Ay; — 1, i.e. the leptoquark
couplings are diagonal in the fermion mass basis cf. (2.20), the leptoflavour basis coincides
with the flavour basis, and (2.23) returns the generators required to reconstruct a Gr that
controls SM mixing only, as expected! Finally, it is easy to show that the transformations
in (2.19) and the resulting generators in (2.23) also hold when considering vector singlet
and triplet leptoquarks, since conjugation differences in the corresponding Lagrangians get
compensated by the differing SU(2) relationships between couplings, cf. (2.11)-(2.13).
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RFS invariance in SE2. In the scenario with partially-reduced matrices one only de-
mands that (2.22) hold for Q@ = d and L = [. As mentioned above, this can happen
when (1.3) is enhanced by a single flavon, whose VEV then leaves an overall RFS in yit
after flavour symmetry breaking. In this case and upon decomposing isospin indices, mov-
ing to the fermion mass basis, and normalizing all couplings to Ay, one can easily derive
that the RFS acting on the leptoquarks are actioned by:

TdLQ = Tj, TlLQ =1, TuLQ = Uckm TdLQ UéKM? TIJLQ = UlJfr’MNS TlLQ Upnmns;

(2.26)
where in general we have been careful to label these operations with ‘LQ’ to distinguish
them from the RFS controlling the SM masses, but where in the first two equations we have
also already identified the down quark and charged lepton actions with their SM counter-
parts T;; (one of our assumptions). Now, (2.21) of course knows nothing about any RFS,
and so the generic shape of the generators in (2.23) also hold in SE2. However, we must
now be careful to distinguish the actions on the SM and leptoquark components of (2.21).
Plugging (2.26) into (2.23) (with appropritae ‘LQ’ labels implied), one immediately sees
that the neutrino and up quark generators become redundant:

TR — ey e — ke — (2.27)

This is to be expected, since in this symmetry environment we have no way of distinguishing
the components of the SU(2) fermion doublets in (1.3). To see that the invariance of (2.21)
still holds under RFS, we repeat the sample calculation above for the d — v term:

1

V2

TENAGA VLAY — —dE A TT AT AZA G AT A TIAT V) AL

1
V2

1 - 1/3

— —_dATT Dy TIATY, A
\/ide[dl]llL 3
1.

= —dfNA gV AY® QED. (2.28)

V2
In the second line one notes the subtle difference with respect to (2.25): the symmetry at
work in the d — v term is coming from the equality Tf Aail; L Adl, not Tg Aav Ty L Adys
which corresponds precisely to the difference in the symmetry assumptions between SE1
and SE2! The same is true for the © — v and v — [ terms not shown, and all invariances
again proceed analogously for the vector A‘é’b}) Lagrangians.'?

Of course, the up quark and neutrino mass terms may still be controlled by a respective
RFS, and those will still be given by the second and fourth terms in (2.23). Therefore,
practically speaking, the complete set of generating matrices in the leptoflavour basis are
still given by (2.23)—(2.24). However, there are no longer any phase relationships in T3, 4,
(cf. table 2) between any two sectors other than (potentially) the down quarks and charged
leptons. One is also not required to include all four TL, div in the generating set of Gr, as
it is conceivable that Gr only breaks directly to RFS in certain fermion families. We will
consider three such possibilities in section 5.

1ONote that the distinction between SE1 and SE2 is not meaningful for the RH terms of the vector singlet,
as these do not involve SU(2) doublets from the outset. They are in any event not included in the scans
below.
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2.4 On Dirac vs. Majorana neutrinos

While we have chosen to include a Majorana neutrino mass term in the above equations,
the analysis proceeds equivalently in the presence of a Dirac mass, whose form is given by

L D vpmyvg, (Fermion mass basis)

L D UrArm, UEMNS A}L v, (Leptoflavour basis) (2.29)

where we have written it in both the fermion mass and leptoflavour bases. In this case, the
neutrinos are Dirac and we do not have the seesaw mechanism at play, we thus require 3
RH neutrinos. Applying (2.23) to the latter, one recovers the original expression as desired:

U Apmy, Uby g M v, — Dy Ap T A AR my, U yng AT A Upnins T, Uy g Al 14,
= Vg AR [TJ my TV} Ubins Al V2
= Uy Apm, Ubyns Al v QED. (2.30)

Recall that the equality between the second and third lines is just the natural RFS of the
SM masses, cf. (2.3). Hence the form of the RFS generators given in (2.23) is the same
for both Dirac and Majorana neutrinos. However, we have already seen in (2.3) that the
phases of the fermion mass-basis generators T, potentially differ between the two scenarios,
as the maximal RFS for a Majorana mass term is given by a Klein Zy x Zs [50]. Indeed,
the tacit assumption throughout sections 2.2-2.3 is that G, is generated by a single matrix
representation 7T,, regardless of whether or not neutrinos are Dirac or Majorana. In the
event it is instead described by a cyclic product group of the form

Ga~ZLx7%x ..., (2.31)

then (2.22) must be met for each associated T/, whose shape is again given by (2.23), up
to the differing phases of the individual T}.

2.5 On unambiguous mixing predictions

We now wish to emphasize that the complete three-generation fermionic mixing matrices
cannot be fully controlled by the RF'S of G unless all three fermion species are distinguished
by the respective G,. For SM mixing patterns this is perhaps easier to see in the flavour
basis (2.7), where the generators T,y are functions of the mixing matrices U, predicted.
However, if T, has equal phases in its (7,j) entries, then T,y is equivalent to the same
matrix rotated through the (i, j) sector:

- in @ e 10ij
TaU — Ua TaZZ:]j U['li‘ — Ua RZ] Télz‘]j R‘ZIZ* Uly Wlth sz = ( COS 07,] Sin 9” e 2045 ) ‘

—sin Gij €i6ij COS gij

(2.32)
This invariance translates to an ambiguity in the change of basis itself, leading to additional
free contributions to the CKM and PMNS matrices. Explicitly, one can write down the
transformations to pass from the mass basis to the flavour basis as

fa— RIUTf2, (2.33)
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where fU is the usual flavour eigenstate. One immediately sees that in this case the RFS
generator transforms as shown on the r.h.s. of (2.32), meaning that Gr cannot unambigu-
ously control fermionic mixing, as the predicted CKM and PMNS matrices may still exhibit
a dependence on Rflj,

Uckm & RI* Uckum R™, Upnins < RJ™ Upnns RI™, (2.34)

that Gr cannot distinguish. In (2.34) we are of course not implying that the degeneracies
need to be in the same plane for either T, ; nor T,,, and clearly R, = 1 if T}, has three
eigenvalues. That is, the RFS controls portions of the mixing, but permits additional free
parameter(s). In this case a product group like (2.31) would be required for the RFS to
pin down an exact U,, and in fact this is always true for Majorana neutrinos, since a Zo
symmetry only has two distinct eigenvalues. Finally, we note that the ambiguity in (2.34)
also holds in the leptoflavour basis that we reconstruct Gr in.

Of course it is entirely plausible that in a complete model the RF'S does not control all
of the observed mixing, but instead allows free parameters to be fit to data or includes some
other mechanism (perhaps auxiliary symmetries) not captured in our simplified framework
that solidifies the prediction. This happens in [81], for example, where Gr only breaks to
G, ~ Z4, but the model unambiguously predicts Upyins = Ursm. We will therefore state
clearly our assumptions in each relevant scan presented in sections 4-5.

3 Closing finite groups: the bottom-up approach

We now have all relevant information required to close NADS capable of explaining
fermionic mixing in the SM and special patterns of leptoquark Yukawa couplings, and to
do so we will follow a bottom-up approach that tracks the symmetry breaking backwards
in (2.1), using the generators of G, to close the larger Gr. We will effectively automate
this procedure by taking particular forms for the relevant mixing matrices in question,
discretizing the free parameters in those matrices and all phases of T,, and scanning over
experimentally allowed ranges using the GAP computational finite algebra package [77, 78].
This is a naive but powerful way to quickly gain information about phenomenologically
relevant Gr, and has been applied to matrices in both the lepton [64] and quark [67] sec-
tor. We detail the basic steps below for completeness and to highlight any special points
relevant to this new application to leptoquarks.

3.1 Approximating the CKM and PMNS matrices

A key input to (2.23) are the CKM and PMNS mixing matrices of the SM, for which one ex-
pects the RFS of G to have some control over. The RFS mechanism was in fact pioneered
to search for Gr that can predict their parameters in a model-independent way, and multiple
collaborations have used GAP or other tools/techniques to find such predictive NADS [50—
73]. The take-away conclusions from those papers are, within the strict (semi-)direct
symmetry-breaking approach embodied in (3.14)-(3.19), that only large groups of O(10?)
are capable of predicting all three measured mixing angles of the PMNS matrix 9%, while
even larger groups are required to explain complete CKM mixing angles 67 (or even PMNS
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mixing simultaneously with the Cabibbo angle).!! Hence it may be more natural to consider
smaller groups that quantize these matrices to ‘leading order’ (LO), thereby controlling only
the dominant observed mixing. Other smaller mixing angles are then left unconstrained by
the RFS, and can either be fitted to free parameters the RFS allows or be realized via other
mechanisms that the RFS cannot describe, e.g. Renormalization Group evolution (RGE)
from the flavour breaking scale or next-to-leading order (NLO) terms in the operator prod-
uct expansion (OPE) in flavons defining the effective theory of flavour, which are expected
to softly break the RFS. As regards the former, RGE effects have been well studied,'?
especially in the context of the SM and its supersymmetric extensions (see e.g. [88-95]),
with the conclusion that the magnitude of the quark and lepton sector runnings are highly
uncertain due to unknown parameters in both the SM (e.g. the absolute values of the low
energy neutrino masses) and SUSY (e.g. the value of tan ) — significant running in the
CKM and PMNS matrix elements can be expected from high scales where Gr is expected
to break. This is especially true in the lepton sector with (nearly-)degenerate neutrino
masses.

Regardless, following the discussion in section 2.4 it is clear from table 2 and (2.23)
that none of the models in SE1 are capable of predicting all three angles in either the
CKM or the PMNS matrices anyway; not only do the isolation patterns predict «9[13 =0,
but degenerate phases exist in both the quark and lepton sectors, although they are aligned
such that the Cabibbo angle of the CKM can (potentially) be predicted in all models except
/\6(5’5 All two-columned SE1 patterns also permit a free parameter in the (1,3) element
of the PMNS matrix which is, when instead predicted by the RFS, partially responsible
for generating the large (undesirable) groups mentioned above, due to the smallness of the
‘reactor’ angle 0l13. We will further see in section 5 that SE2 environments also require
degenerate phases in the quark sector to account for R (..

It therefore makes sense for us to approximate the forms of the PMNS and CKM
matrices in (2.23) in a way that 1) is more likely to recover small, natural Gr and 2) that
can actually capture the unambiguous predictions of most of our simplified models. To
that end we assume the following LO forms:

1 V2 cos 0,r V2 sin 0, 0
Upmns ~ Upyr = —= | —sinf,, cosb,, 1| +0O (9113> , (3.1)
V2 sin 6 —cosb,, 1
T uT

cosbc sinfo 0
—sinfc cosfc 0 | + O (9(2;, 0‘%) . (3.2)
0 0 1

Uckm ~ Uc

11 Again, flavour models that do not exhibit the symmetry-breaking patterns in (2.1) are not considered
in these statements. Indirect models like that of [80] can control complete three-generation mixing with
small finite groups, although NLO terms in the OPE still become relevant for the model’s phenomenology.

120f course, in a complete low-energy phenomenological analysis of leptoquark models one should also
consider the RGE of the leptoquark operators/couplings themselves, and not just that of the SM mixing
elements. While it is beyond our scope to do so here, multiple studies (see e.g. [84-87]) have considered
this evolution when applying models to R observables and/or electric dipole moments. In [87], for example,
it was found that RGE constraints were in fact less restrictive than LFV constraints in the regime of
perturbative couplings for the vector singlet leptoquark.
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The p — 7 invariant matrix in (3.1) can still provide an excellent description of leptonic
mixing up to the small correction required from 9l13. It includes many popular patterns
explored in prior leptonic flavour models, including the tri-bimaximal [82], golden ratio [96,
97], bi-maximal [98], and hexagonal matrices [99, 100]:

Urgm = tand,, =

S

UsmMm = tanH”T =1 or 9“7_ — %
UHT (0[1,7‘) — UGR1 <:> tan 0#7_ = (1?2\/,5) (33)

Ugr, =04 =

oy

Ugv < tanf,, = % or 0, =%

One observes that any model allowing a free rotation in the (2,3) or (1,3) sectors of this
matrix can then successfully account for all experimental constraints on Uppns.

Similarly, the Cabibbo matrix in (3.2) describes the dominant CKM mixing between
first and second generation quarks excellently, and exterior off-diagonal elements are any-
way suppressed by one or two orders of magnitude in comparison. While free parameter(s)
introduced through RFS-allowed rotations of the form in (2.32) can further quantize addi-
tional element(s), especially in the (2,3) sector, the large hierarchies present in the CKM
matrix could also indicate a sub-leading origin for some (or all) of the missing matrix
elements in (3.2).13

Following on these assumptions we then discretize the free parameters in (3.1)—(3.2)
using the schemes in (3.8a)—(3.8b). Sets of matrices that fulfill the phenomenological
constraints we impose, namely

0.5 <sinf,, <0.72, (3.4)
0.2 < sinfo < 0.225, (3.5)

are then collected to form unique mixing matrices, which are then used to form 7}, and T},
in (2.23). We have chosen a relatively large window for sin 6, that encompasses all of the
L.O. patterns in (3.3), and a much narrower window for the (extremely well measured, and
typically RGE stable [88, 89, 91]) Cabibbo angle.

3.2 Symmetry assignment and discretization

We assign the simplest possible (discrete) RF'S to each family sector, namely that mediated
by a single cyclic group:
W =20 (3.6)

with n, the order of the symmetry. Accordingly, the matrices represented by (2.23) are

the core group-theoretic and phenomenological engines of our study.

13While it may seem strange to simultaneously assume a non-zero f¢ and zero 6%5, which are similar in
magnitude, we recall that the RFS controlling these elements are expected to come from different flavons
in different effective operators, and so it is more pertinent to consider the relative power suppressions of
mixing elements within either the CKM or PMNS matrices.
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Continuing, we want to find NADS by closing structures generated by the multiple
Abelian subgroups of (3.6). We therefore construct the explicit representations found
in (2.23). We also intend to exploit the SmallGroup library of finite groups documented in
the GAP package, so we must choose a scheme where the free parameters of these matrices
(e.g. ag, By -, Ours O, - ., Xse/Nbe, - - .) are explicitly quantized, otherwise we would not
close finite groups. Hence we must choose a ‘discretization scheme’ which can be scanned
over. In previous studies [64, 67] the generator representations depended only on phases
and trigonometric functions (fermionic mixing angles). For the matrices in (2.23), however,
we must also include the types of parameters entering Ag;, which are just the (generically
speaking, unknown) values of ratios of the matrix elements of A\y. We therefore choose the
following schemes for the different types of parameters in 7/, where in all cases we take
{n,m} € Integers:

o Leptoquark matrix elements: for the ratios of Ay matrix elements we choose a simple
‘root-rational’ discretization scheme:

A= <+ ”) (3.72)

m

where the square root operation in GAP is given by ‘E'R’ for a rational number, i.e.
vn/m < ER(n/m). We are therefore implying that these couplings are real, which
can be derived as a consequence of SE1 [15], but represents a further assumption
in SE2. However, since we have little knowledge of the structure of Ay other than
weak bounds on the overall magnitude of some of its elements, this simple scheme
will prove sufficient for our current purposes.

o Fermionic mizing angles: all mixing angles appearing in Uckym and Upyinsg are quan-
tized as either

0; = (%)Z or (3.8a)

tan(f;) = <+, /%) . (3.8)

In the first scheme we restrict ourselves to 6 € [0, 27] to avoid degeneracy, and in the
second we restrict ourselves to the unit circle. Of course, these appear in different
trigonometric functions in most parameterizations of Ucky and Upyng, So we also
give the corresponding GAP objects for cosines and sines that we construct. For (3.8a)
one finds

E(2m)" + E(2m)™"
2 Y

E@2m)" — E(2m)™"
2E(4) ’

cos(nm/m) =

sin(nm/m) = (3.9)

~ 18 —



with E(N) = '~ , whereas for (3.8b) one obtains
cos(f) = ER<1 - n>’
m
. n
sin(f) = ER<> (3.10)

m

Since in (3.8b) we restricted ourselves to the unit circle, n/m € [0,1) there and
in (3.10).

e Free phases in RFS generators: we also quantize the free phases to multiples of 27
in all fermion mass-basis generators T:

¢i = 27r<:1> (3.11)

Hence we simply create GAP objects of the form
T = diag (E(m)"*, E(m)"™, E(m)"™) (3.12)
in our scripts.

These simple schemes are well-motivated by the representation theory of finite groups, and
indeed in sections 4-5 we will show that they are sufficient to reconstruct of a diversity of
non-Abelian Gr.

Given these core parametric inputs, our automation scripts must then have a range
of values for {n,m}; to scan over. These domains will not only determine the number of
quantizations of Upyns,cxm and Ag; entering T, but also even the order n, of the cyclic
groups Z, that get distributed to each family sector. In all scans in sections 4-5 we choose
the following:

{n,m}ye{1,1...5}, {n,m}y, €{1,14...15},
{n,m}e, €{0...14,2... 04}, {n,m}e,. €{1,1...5}, (3.13)

with A in the first line sometimes called x or y below, and ¢, representing an arbitrary
free phase in a fermion mass-basis generator 7,. While these windows may seem small,
they generate a wealth of different group structures, and in any event can be trivially
changed given updated experimental or theoretical input. We then scan across all relevant
combinations of (3.13), and then cull results that do not give phenomenologically relevant
quantizations. This procedure yields a finite number of generating sets {7}, where the
number of matrices in each set is determined by the symmetry-breaking patterns assumed.

3.3 Group closure and analysis

The output of sections 3.1-3.2 are representations for the generators of our RFS that
incorporate all relevant symmetry and experimental constraints applicable to the simplified
models under consideration. They are sets of 3 X 3 unitary matrices without any free
variables — all have been quantized under one of the above discretization schemes. Our
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scripts then collect these unique sets of generators and insist that a parent symmetry Gr
is formed from their closure. To do so we call the GroupWithGenerators command of
the GAP language. In SE1 we assume the symmetry-breaking patterns in (2.1), and so the
generating set includes four matrices. On the other hand, in SE2 we are free to assume
a variety of different symmetry breaking situations. For example, it is plausible that the
mechanism or symmetry responsible for PMNS mixing could have origins independent of
that controlling CKM mixing. For each special pattern of Ay considered, we therefore close
the groups generated by the following matrices:

(SE1: Leptoquarks, PMNS, & CKM):  Gp ~ {13, T],T.,T.}
(SE1: Leptoquarks, PMNS, & CKM):  Gp ~ {T}, T} x {1}, T.}
(SE2: Leptoquarks, PMNS, & CKM):  Gp ~ {T}, T/, T.,T.}
(SE2 ): Gr ~ ATy T} x {1}, 1)}
): Gp ~{T],T}}
). Gr ~ ATy, T}

: Leptoquarks, PMNS, & CKM):
(SE2: Leptoquarks & PMNS):
(SE2: Leptoquarks & CKM):

where we have indicated that these closures respectively treat the cases where a single
flavour symmetry Gr addresses fermionic mixing and R ) (3.14)—(3.17) or either PMNS
or CKM mixing alongside of Ry (3.18)—(3.19). For (3.14) and (3.16) we ask that a
single NADS be closed by the generators of all four residual symmetries, whereas in (3.15)
and (3.17) we consider the case sketched in (2.1), where Gr = Go x G,. Note that this is
not equivalent to simply taking the products of (3.18) and (3.19), since additional phase
equalities are required amongst T, when all G, are active — Gg X G represents a subset of
the product of (3.18) and (3.19). In principle we could also define the group Grqg ~ {1, T]}
in SE2, which would have control over Ag and therefore R j(.), but no control over fermionic
mixing in the SM. However we have found that Grg can only be Abelian given our
assumptions above and below in section 5 — TC'“ are always diagonal — and so we cannot
reconstruct a NADS for Gy unless these are softened.

As our CKM parametrization using Cabibbo mixing form only reproduces mixing
among the first two generations, we expect that the groups closed using hadronic flavour
generators (namely setups (3.14)—(3.17)) will have 2-dimensional irreducible representa-
tions. Groups with 2-dimensional irreducible representations, such as S3 for example, can
also lead to predictions for the leptonic sector, for instance U, (see table 8).

Upon closing the groups in (3.14)—(3.19) we must still do some culling, as not all will
be finite, non-Abelian, of small order, etc. GAP includes a number of internal commands
that can be used to filter results based on user-defined preferences. We impose cuts such

that we only reconstruct relatively small,'*

1YWe note that this will have an impact on the order of the RFS likely to generate the parent group —
allowing larger parent groups will typically yield larger-order Ty,. For this reason, we often find Z5 34 RFS
in the tables of section 4.
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and non-Abelian finite groups, and then identify the remaining flavour symmetry candi-
dates with the GroupI D and StructureDescription commands.'® The latter often returns
non-Abelian product structures in terms of Abelian subgroups, and so we recall the corre-
sponding isomorphisms for many common finite group series (see [101] for a comprehensive
mathematical review of NADS):

Y(3N?)

A(3N?)

I

( (Zn X ZN) X Zo,
( (ZnN X ZN) X Zs,
A(6N?) = ((Zn X ZN) % Z3) X Za,
(3N?) = Zy x A (3N?) for N/3 # Integer,
N(3-33%) 2 (Z3 x Z3 x Z3) X Zs. (3.21)

e 1R

12

Note that for brevity we will only report unique combinations of NADS and physical
parameter quantizations. That is, we will not report two results where the same symmetry
Gr predicts the same physical parameter(s), but with different phase configurations in the
RFS generators T,. Of course these phases are relevant to the additional free parameters
that the model allows, cf. (2.32), and so in certain cases we make specific demands about
their alignments; this will be noted when relevant below. Finally, we also omit results of
the form Zn x D, where D is a NADS already identified by the scans.

In addition to giving this information on Gz, our scripts also carefully archive the
parameters associated to it. In this way we have all relevant information on the represen-
tations of the residual generators, which is necessary if one wishes to construct a consistent
model from our results.

4 Scanning fully-reduced matrices in SE1

In this section we investigate the different viable leptoquark patterns derived in [15]. By
computing the explicit shape of the leptoquark mixing matrices Ag;, and using the CKM
and PMNS assumptions from (3.1) and (3.2), we obtain representations for the RFS gen-
erators in the leptoflavour basis, which can then be closed to specific group structures as
described in section 3.3
We obtain Ag; by utilizing a Singular Value Decomposition (SVD) algorithm, which
relies on the fact that a generic matrix M is diagonalizable by two unitary matrices U
and V,
MP =UMVT, (4.1)

where MP is diagonal. In the event M is symmetric (or Hermitian, for a C-matrix), only
one matrix is required. In this way we diagonalize the various leptoquark patterns from
table 2 and extract the Ay and A; mixing matrices corresponding to the transformation

Ny = NdaA], (4.2)

15Observe that StructureDescription is not an isomorphism invariant command; two groups that are
not isomorphic can return the same string while isomorphic groups in different representations can return
different strings. The GroupI D command is unique, however.
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Electron Isolation and Fermionic Mizing in SE1

{to,..,0c} T Ty T Ti GAP-ID Gr A/B
&} 1,1,-1] | [-1,1,1] | [-1,1,1] | [1,1,-1] 56, 5] Dsg IV
{te,..0c} T T T T GAP-ID Go xGr A/B
{x %} Lwswi] | [-1,1,1] | [-1,1,1] | 1,1,-1] | ([N.d],[6,1]) Dy x S3 VIV
{x I} 1,1,-1] | [-1,1,1] | [-1,1,1) | [1,1,-1] | ([N,d},[8,3]) Dy x Dg IV
{xZ} Lwswa) | [-1,1,1] | [-1,1,1] | [1,1,—1] | ([N,d],[10,1]) Dy x Dig s
{x~Z} 1,1,-1] | [-1,11] | [-1,1,1] | [1,1,w4] | ([N,d],[32,11]) Dy x 3(32) v IV
{x %} lwa,wa] | [-1,11] | [-1,1,1] | 1,1ws] | ([N,d],[36,6]) | Dn x (Z3 x (Z3 % Zy)) | V' /Y
{x I} (1,1,-1] | [-1,1,1] | [-1,1,1] | [1,3ws] | ([N,d],[50,3]) Dy % (Zs x Dyg) s
{xZ} [Llws] | [-1,01] | [-1,11] | [1,1w4] | ([N,d],[96,67]) Dy x (SL3 x Zy) IV
{x %} lws,ws] | [-1,11] | [-1,1,1] | 1,1ws] | ([N,d],[100,6]) | Dn x (Z5 x (Z5 X Zy)) | V[V

Table 3. Flavour symmetries controlling /\Efl?’x]7 U., and portions of U, in SE1. NOTES: N €

{28, 30} for all leptoquarks in Pattern A, N = 14 for Aé“) in Pattern B, and N € {14, 28} for Af

in Pattern B. The corresponding phase alignments are those of A:(),” ) in Pattern A. Also, {c,d} =

{N/2,3} for Dy—(28,30), and {c,d} = {N,1} for Dy—14. Finally, the v"* notation indicates that
the result does not appear for N = 28, for A} in Pattern B.

where A/, is diagonal. We will present the explicit forms of Aq and A; in all cases, before
performing the GAP scans.

In what follows we will first study the isolation patterns of table 2, and then move on
to the two-columned matrices. We will form groups according to (3.14)—(3.15). In all cases
we restrict the RFS generators to

2<O(T,) <5, 2<O(T.q) <3, (4.3)

which, when combined with the phenomenological parameter and group-order bounds of
sections 3.1-3.3, yields thousands of generator combinations. In particular, we scan over
23880(4620) and 42864(8664) RFS generator combinations for Aé“) and Al respectively,
in the isolation(two-columned) patterns . In all cases we present our results in tables that
include, from left to right, the relevant quantization of the mixing parameters GHT,C,M the
phase alignments of all four RFS generators T, 4;,, the corresponding GAP SmallGroup
ID of the NADS closed, the common name (GAP StructureDescription) for the NADS,
and an indication of how many of the (A, B, C) patterns from table 2 are predicted.

4.1 Isolation patterns

The electron isolation patterns )\EZ?’X], with X = A, B, C, are given by
0 00 v
ABX — ne [zx 00|, with 2y = —V“Xb. (4.4)
100 e

5Tn this section we only consider the (3.8b) discretization of 6,.,, which is sufficiently general. In sec-
tion 5.2 we will study both (3.8a) and (3.8b), observing that the former generates no further groups.
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Performing the SVD decomposition, we find leptoquark mixing matrices of the follow-
ing forms:

Tx 1
1 0 O \/I§(+1 \/I§(+l
= = 0 - 1 1
A 001}, Ag \/acg(-&-lsgn(wx) \/1+
010
1 0 0
Using our approximations for the CKM and the PMNS matrix one finds that x4 = xp =0

(4.5)

B
=

and that x¢ is not defined. The mixing matrices then simplify to

100 001
A=]001|, Aq=]|010]. (4.6)
010 100

Hence the group scans are only (potentially) sensitive to 6, and f¢ via Upnns and Uckwm.

Forming the leptoflavour RFS generators and closing the groups, one finds the results
in table 3. As is clear, only Dsg is closed when a group is formed according to (3.14),
whereas more diverse structures are permitted when Gr = Gg X Gr, albeit even here
only members of the Dihedral series Dy are found for Gg. Given that 1) Dy groups
represent the symmetries of polygons and 2) we consider the Cabibbo approximation for
Uckm, which of course just represents a (discretized) rotation about the angle 6¢ in the
(1,2) plane, these results are entirely unsurprising — see tables below and the results and
discussion in [67, 102]. The results for G, also include Dihedrals, in addition to members
of other common finite group series like Sy and X(2N?2). More complicated structures are
also found, as can be seen in the last four lines of the table.!”

From the phenomenological perspective one observes from the leftmost column that no
groups are closed that predict specific values of 6., as indicated by the ‘x” and as is obvious
in the phase alignments of 7}, — in all cases only the third column of U, is controlled by
the NADS. Given the form of (4.6) and setting 8, = a,,, T, is then represented by

et 0 0
T,=| 0 3(ew+emw) §(—ew e |, (4.7)
0 (e ) f (et e)

which is a generalization of the well-known p — 7 operator, which clearly knows nothing
of 0,-. The matrix (4.7) does however, in the absence of an ambiguity along the lines
of (2.34), predict 63 = 0 and 0, = m/4, and this is consistent with the conclusion in [15]
that the RF'S of isolation patterns in SE1 predict a null leptonic reactor angle. On the other
hand the groups of table 3 do know about specific quantizations of ¢, and one observes
that even if free parameters exist in both the up and down sectors (assuming there is no
other model-specific mechanism that prohibits them), the alignments for As in Pattern A
(those shown) are such that at least the (1,1) element of U, is unaffected. In particular, the
Dy groups can predict both values of the Cabibbo angle we allowed for: ¢ € 7/14,7/15.
This small set is due to the tight experimental bounds in (3.5).

"Note that SL3 is the Special Linear Group of 2 x 2 matrices over the finite field of 3 elements.
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e — i Patterns and Fermionic Mizing in SE1

{ty,.,0c} T Ty T T GAP-ID Gr A/B
{1, = 1,1, -1 | [-1, 1,1 | [-1,1,1] | [-1,1,1] 60, 12] Dso IV
1, = 1,1, -1 | [-1, 1,1 [-1, 1,1 | [-1,1,1] 84, 14] Dy I

{to,..,0c} Ty T# T T GAP-ID Go X Gr A/B
{1, 1,1, -1 | [, 1,10 | [1,-1,1 | [-1,1,1] | (141,[6,1]) | DiaxSs | X/v
1, % 1,1, -1 | [, 1,1 | [-1,1,1] | [-1,1,1] | ([28,3,[6,1]) | DasxSs | v /X
{1, & 1, -1 | [-1,1,1] | [~1,1,1] [-1,1,1] | ([30,3],[6,1]) | Dso x Ss v /X
{1, ﬁ 1,1, -1 | [-1,1,1] | [1, =1, =1] | [1, =1, —=1] | ([28,3],[12,4]) | Dag X D12 | v*/V*

Table 4. Flavour symmetries controlling )\{[;“X], Uc, and U,; in SE1. When a group is found for

both Patterns A and B, the phase assignments given are for Pattern A. These results hold for all
three leptoquarks, spare the final row, which only appears for A{' (hence the v'*).

e — 7 Patterns and Fermionic Mizing in SE1
{to,..,0c} Tl” Téi T TZ GAP-ID Gr A/B
{17% [17 717 1] [717 17 1} [717 1> 1] [717 17 1} [3073] D30 .
=)
{Lﬁ [17 _17 1] [_la la 1} [17 _17 1] [_L la 1} [4215] D42 %
o]
{17% [17 _]-7 1] [_17 17 1} [17 _17 1] [_17 17 ” [60712} DGO ;
n
{17%1 [17 _17 1] [_17 17 1} [_17 17 1] [_17 17 1} [84714} D84
{tq,.,00} T Té Th TZ GAP-ID Go x Gr A/B
(LY L =41 L L1 | [, =11 | =1, 1,1 | (141,[6,1) | DuxSs | X/v
{laﬁ [17 _17 1] [_17 17 1} [_17 17 1] [_17 17 1} ([2873]7[671}) D28 X Sd ‘//X
(L&Y [ =11 | =1, 4,10 | [, =1, =1] | [1, =1, —=1] | ([28,3],[124]) | Dag x D1a | v*/v*
{17% [17 _17 1] [_17 17 ” [_17 17 1] [_17 ]-a ” ([3073]7[631}) D30 X S3 ‘//X
leTX]

Table 5. The same as table 4, but for Aj; ™. For Gr, D3g is only found for Pattern A, and Dy
is only found for Pattern B. The same is respectively true for Dg4 and Dgy when considering Ag“ ),
but both are found in both patterns for A} (we show triplet phases). The v"* notation implies that
this group is only found for Af, and the phases correspond to Pattern A.

4.2 Two-columned patterns

We now investigate the two-columned patterns )\ZZMX], where [,I' = e, u, 7 and X = A, B.
There are in total six viable patterns given by

0 0 0 0 0 O 0 0 0

enlX e e erlX er eT 71X T T
)‘Ellu [ :E[XM yg(“] 0], >‘£ll [ x[X] Oy&-] , )\g; J = Ox[)‘é]y%] , (4.8)

Zlewl 10 Zletho 1 02kl 1
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w— 7 Patterns and Fermionic Mizing in SE1

{to,..0c} T T T T# GAP-ID Gr A/B
{LEZ} | [, -1, -1 | [1, -1, —1] | [1, =1, =1] | [1, -1, —1] [56,5] Dse IV

{J ) | L -1, =1 | [1, -1, =1] | [1, =1, =1] | [1, =1, —1] [60,12] Dy IV

{Jgo ) | L -1 -1 | (L, -1, =1 | [, -1, 1] | [1, -1, —1] [84,14] Dy IV

{to,..0c} T T Ti T GAP-ID Go x G¢ A/B
{1,z 1,-1,-1] | [1,-1,-1] | [-1,1,-1) | [1,-1,-1] | ([N,d],8,3]) Dy x Dg

{75 1,-1,-1] | [1,-1,-1] | [-1,1,-1] | [1,-1,—1] | ([N,d],[12,4]) Dy x D1z :
{1,Z (—1,1,1] [—1,1,1] [1,-1,1] [ws,1,1] (IN,d],[18,3]) | Dn x (Z3 x S3) E
{1,z 1,-1,-1] | 1,-1,-1] | [-1,1,=-1] | [wa—1,—1] | (N,d],[32,11]) Dy x %(32) é
{1,z [-1,1,1] [-1,1,1] [1,—1,1] [ws,1,1] (IN,d],[50,3]) | Dn x (Zs x Dio) ?
{%, T} [ws,1,1] [-1,1,1] [1,-1,1] [ws,1,1] ([N,d],[72,25]) | Dn x (Z3 x SL3) %
{1,%} [wa,1,1] [-1,1,1] [1,-1,1] [wa,1,1] ([N,d],[96,67]) | Dn x (SL3 x Zy4)

Table 6. The same as table 4, but for /\EJ,LZL’TX}- Here N € {14,28,30}, with N = 14 holding for
Pattern B only and N = 28,30 holding only for Pattern A, except when considering A, which also
realizes Pattern B when N = 28, when G is contained in the first five rows of the Gg x G, results.
{¢,d} = {N/2,3} for Dn_(2830), and {c,d} = {N, 1} for Dy—14. The phase alignments in the Gr
section correspond to Pattern A, while those given for Gg in the Gg x G, section are for Di4.

where
:E[lilj] _ Vuxb@ (L] _ _Vuxb Z[lilj] _ _@ (49)

X Vuxs Uil ’ Yx Vuxs’ Uz
Relying on the CKM and PMNS matrix assumptions in (3.1)—(3.2), one finds that

L] ] en] _ tan 9/“- ler] _ tan (9/“- W] _
x = =0, 22zM=—0T— =———  2Z¥i=1 4.10
Performing the SVD decomposition for each pattern, one obtains
z 1 0
\/1+Z2 \/1+22 O 0 1
A= 0 0 1], Aq=1|010], (4.11)
- ——— 0 100
24/ 141/22 \/141/22
A= Y sy 0 JrE | Ag=1010], (4.12)
11
0 NoRRYG) 001
A = 0—%% : Ag=1(010]. (4.13)
1 0 O 100

We see that, unlike in the isolation pattern case, information about 6, is communicated
to the NADS via both Upyns and A;.
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Electron Isolation and Fermionic Mizing in SE2
{ze, tg,,, 00} 17 T Té GAP-ID Gr
2.1,%} [-1,1,—1] | [-1,-1,1] | [1,-1,—1] [12,4] D1y
{1,%,%} [-1,1,-1] | [-1,-1,1] | [-1,-1,1] [24,12] Sy
{1, %, %} [~1wawa] | [-1,-1,1] | [-1,—1,1] [96,64] A(96)
{esto,,., 00} T} T T GAP-ID Go X Gr
{ﬁ, 1,% [-1,1,-1] | [-1,1,-1] | [1,—1,-1] (IN,d],[6,1]) Dy x S3
1,z [-1,1,-1] | [-1,1,—1] | [warws,—1] | ([N,d],[24,12]) Dy x Sy
L1,z [—1wawa] | [-1,1,—1] | [1,—1,—1] | ([N,d],[32,11]) Dy x %(32)
{%, 1,7 [—lwgwi] | [-1,1,=1] | [Lwarws] | (IN,d],[96,67]) | Dy x (SL3 x Zy)

Table 7. Flavour symmetries controlling /\EZO], Ue, and U,y in SE2. In all cases Ty =

diag(1,—1, —1), and the filtered results we present here hold for all three leptoquarks. The variables
{c,d} = {N/2,3} for Dy—(28,30), and {c,d} = {N,1} for Dy—14. The phase alignments shown are
for D1y — send T — [1,—1,—1] for Dag30. M € {1...5}.

Tables 4-6 present our results for the e — i, e — 7, and p — 7 patterns, respectively. We
again find that only Dihedral groups are closed when G controls both leptons and quarks
simultaneously, but now the NADS does know about both 6, and 6c. In particular,
for the e — p and e — 7 patterns we see that Dy can control bi-maximal U,, and predict
0c € {m/14,7/15}. Hexagonal mixing U, is also predicted (alongside of the same Cabibbo
]

matrices) for )\gfx . Finally, the same phenomenology is realized when Gr = Ggo x G
for )\Llel’L X1 and )\EZTX], but one notices that tri-bimaximal U, is also realizable alongside
of )\g;TX], when G = Z3 x SL3. As with the isolation patterns, Dy, Ss, ¥(32), and

complicated product groups all appear as leptonic flavour symmetry candidates.

5 Scanning partially-reduced matrices in SE2

The patterns derived in [15] are appealing due to their simplicity and predictive power.
However, the assumptions embedded in SE1 are strong, and can be relaxed in explicit
models of flavour. Hence in this section we scan over patterns derived in SE2. In the
corresponding subsections below we will explore three symmetry-breaking environments
that fall under the SE2 umbrella: one where both quarks and leptons are controlled by
RFS, and two where either quarks or leptons are controlled by RFS. We discuss the al-
lowed matrices for Ay and the corresponding phase constraints on 7, following from these
assumptions in what follows. As before, we also give the associated mixing matrices Ay
derived with an SVD technique, before performing the GAP scans according to (3.16)—(3.19).
We also respect the RFS group order constraint in (4.3), except for in section 5.1 where
we limit 2 < O(7},) < 4, and our tables of results have the same organization as above.
This yields 22680 different combinations of generators getting scanned over in section 5.1
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for each leptoquark we consider (and in both patterns )\([ielo’“ 0}), and either 6640 or 9960

combinations in section 5.2, depending on whether we discretize 6,, according to (3.8a)
or (3.8b), respectively. For the simplified pattern studied in section 5.3 we only scan over
660 generator combinations.

In addition to these restrictions we further impose that, when scanning through (3.17)—
(3.19), the NADS we reconstruct knows about 6, and/or 6c. That is, we demand

T £T?2  and TH AT2 (5.1)
when studying Gr = Gg x G in section 5.1 and G ¢ in sections 5.2-5.3.

5.1 Quarks and leptons

If Gr — {Gu, G4, G, Gu } we must still satisfy (2.17), as in SE1. However, the muon isolation
pattern is no longer forbidden and so we obtain

000 0 A
AZO] =Me | 200 |, AEZO] = Ao | 02, 0], with ax = )\SX' (5:2)
100 010 ox

These patterns respectively correspond to —a; = 83 = 74 and —8; = B4 = 74, for the
scalar triplet. For the vector triplet and singlet the minus signs do not appear in these
equalities (as in table 2). However, we are not subject to any further equalities between
the phases of T, ,, and so our overall generating set is not as constrained as in SE1 —
we are still capable of distinguishing three generations of leptons in both the charged and
neutrino sectors. Also note that the quark splitting parameters xzx are bound by many
experimental constraints — see the discussion in [7, 15, 17]. In our scans we will demand
the following:

1074 <2y <1, (5.3)

and consider for the specific scans presented here numbers no smaller than 1/5 (as seen in
table 7), as this generates a sufficient number of interesting groups. Extending or limiting
this range is a trivial matter and can be tuned in response to further experimental analysis.
Continuing, we derive the corresponding Ag4; rotations from (5.2), where clearly the
[€0]
1

matrices in (4.5) hold for the electron isolation pattern Ay~ with xx — .. For the muon

isolation pattern one obtains

Ty 1
010 0 @ \/Cﬂli-‘rl
A= loo01], Aa= | O 7 Jex | 6
100 "
1 0 0

where as expected only A; changes from the electron analogue.
The results of our scans given these inputs are found in table 7-9.'® For the electron
isolation patterns in table 7 one notices that no ‘four-generator’ group G was found that

8Note that, due to the abundance of viable phase relationships in this symmetry environment, we have
further enforced det(7,) = 1 in this subsection. This is consistent with the natural expectation that the
NADS is a subgroup of a Special Unitary SU(N) group.
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Muon Isolation and Fermionic Mizing in SE2 (Gr Case)

{zu,to,,, 00} T T T% GAP-ID Gr
{1,%,%} [-1,-1,1] | [-1,-1,1] | [-1,=1,1] 8,3] Dy
{1,1,%} 1,-1,-1] | [-1,-1,1] | [1,-1,—1] 8,3] Dy

{1, %,*} 1,-1,-1] | [-1,-1,1] | [1,-1,=1] | [12,4] Dy
{1,1,%} 1,-1,-1] | [-1,-1,1] | [wsw3,1] [12,4] Do
{1 | -1-1] | [1,-11] | [wicw1] | [24,5] Z4 % Sy
{3, %, %} 1,-1,-1] | [-1,-1,1] | [~1,=1,1] [24,6] Doy

{1,1,%} [-1,-1,1] | [-1,=1,1] | [1,-1,—1] | [24,12] Sy
{1,%, &} 1,-1,-1] | [1,=1,-1] | [~1,-1,1] | [28,3] Dog
{1 g5 f5) | [L-1-1] | [L,-1,-1] | [-1,1,-1] | [30,3] D3
{1,%,%} [-1,-1,1] | [-1,=1,1] | [waws,—1] | [32,11] »(32)
{1,1,%} 1,-1,-1] | [-1,—1,1] | [Lwarws] | [32,11] »(32)
{1,1,%} 1,-1,-1] | [-1,-1,1] | [Lwswi] | [36,12] Zg x S3
{1, % =} | 1,-1,-1] | [-1,1,-1) | [-1,1,-1] | [42,5] Dy
{1,%, %} 1,-1,—1] | [1,-1,-1] | [waws,—1] | [56,4] Zy x Dy
{1,1,& 1,-1,-1] | [1,=1,=1] | [1,-1,—-1] | [56,5] Dsg
{11, 74} (1,-1,-1] | [1,=1,—1] | [wa,wa,1] [56,7] | (Z14 X Z2) % Z>
{1,1,%} [1,-1,-1] | [-1,-1,1] | [ws,w3,1] [60,5] As
{3, %,*} [1,-1,-1] | [-1,-1,1] | [-1,1,=1] [60,5) As
{Lx £} 1,-1,-1] | [1,-1,-1] | [-1,-1,1] | [60,12] Dgo
{1, % z 1,-1,-1] | [1,~1,-1] | [1,-1,—1] | [60,12] Dgo
(L g5 fgt | =11 | [L=1,-1] | [1,-1,-1] | [84,14] Dgy
{1,%,%} [wa,—1ws] | [-1,=1,1] | [waws,—1] | [96,67] SLE % Z,
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Table 8. The same as in table 7 but for the muon isolation pattern. Here we only show recon-
structed Gz, i.e. those groups formed from the closure of all four RFS generators.

can simultaneously quantize x., 0, and 6. However, the cubic group S and the popular
A(96) member of the A(6N?) series appear for the first time. These, along with Dja, can
predict the leptoquark coupling ratio x., and D;3 can also control bi-maximal mixing. For
Gr = Go x G one sees that all relevant phenomenological parameters are quantized (as per
our assumptions) — all allowed values of z. and ¢ are possible, but only bi-maximal U,
mixing is found. In particular, we find that any given Gg = Dy is capable of controlling
any value of z. at the same value of 6, a fact that we have checked explicitly with (non-
automated) GAP scripts and an analytic, ‘by-hand’ closure of Dy4 = {T;, T} at differing




Muon Isolation and Fermionic Mizing in SE2 (Gg x G Case)

{zu.to,.,0c} T} T T GAP-ID Go % Gr

{#.1,2 1,-1,-1] | [-1,1,-1] | [ws,w?,1] [N,d],[6,1] Dy x S5

( )
{ar 5y | =11 | [1,1,-1) | [-1,1,-1] | (INd],[6,1]) Dy x S3
( )

(LnTy =11 | == | [1,-1,-1) | (N,d)[8,3] Dy x Dg

{ar 5 5 | =11 | [-11,-1) | [1,-1,-1] | (IN.d],[124]) | Dy x D12

{ﬁ,l,% [-1,-1,1] | [-1,1,-1] | [wa,wa,1] | ([N,d],[24,12]) Dy x 5S4

{ﬁ,l,% [1,-1,-1] | [-1,1,-1] | [1,wa,w4] | ([N,d],[32,11]) | Dy x 2(32)

Table 9. The same as in table 8 but for Gg x G group structures. {c,d} = {N/2,3} for Dy_(25,30)
and {c,d} = {N,1} for Dy—14. Again, M € {1...5} and the phase alignments shown are for D4
— send T,;z — [1,—1,—1] for D28)30.

Lepton Isolation and Lepton Mizing in SE2
|tan 6, T T GAP-ID Gr Electron/Muon
1/vV2 (w3, 1, wi] [-1,1,-1] [12, 3] Ay VIV
1 [1,wg, —ws] | [1,—1,-1] [24,12] Sy v /X
1/v2 [1,ws,w3] 1, -1, —1] [24,12] Sy v /X
1VE | [wsLwd] | lwn—Lw] | [48,3] | A(48) VI
1 [wa, 1, 1] (1, —1,w4] [48,30] | Ay x Zy X/
1/v2 [1,w3,wd]| | [wa, —ws, —ws] | [48,30] | Agx Z4 v /X
1/V2 (w3, 1,w3] 1, -1, —1] (72,42] | Z3 x Sy X/
1/V2 [wg7 l,wg] [w5,w§7w5} [75,2] A(T5) N4
1/V2 (w3, 1,w3] [1,ws, 1] [81,7] (81) VIV
1/V2 [1,ws, w?] [wa, 1, —wy] [96,64] | A(96) v /X
1 [wa,1, 1] [1,-1,1] [96,186] | Z4 x Sy VIV

Table 10. Flavour symmetries G controlling electron and/or muon isolation patterns )\Elel’“ ] along-
side of U, lepton mixing in SE2. Note that the phase configurations for 7;, are not necessarily
equivalent between the electron and muon isolation patterns. When both are applicable (two v'),

we show the phase configurations associated to )\([1’;].

Ze. As seen below, similar trends appear for other Ay when considering independent quark
symmetries.

The results for muon isolation ()\[[i’fo]) in tables 8-9 are even richer. Concentrating on
four-generator Gr in table 8, we see that Dihedrals are now capable of quantizing all three
parameters in our matrices, predicting either bi-maximal or hexagonal U,,; and both /14

and /15 for 6c.
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As an illustrative example, we focus on the group Dsg from table 8, which makes a
prediction for all physical parameters we have isolated. We use the information regarding
T, given in the table alongside of (2.23) to reconstruct the following D3 leptonic generators

1 3
100 Nl \[
f=|o0 10|, T,=5|-% -4 \f (5.5)
0 01 s _ 5 4
2 2

as well as the quark generators:

—1—cos 2z —1+c0s%—’5r \/isin%T

-1 00 ] 15
T,=10 —-10], Tézi —1+4cos2E —1 —cos 3T —/2sin 3T |, (5.6)
0 01 V/2sin 22 i —v/25sin %g 2 cos ?g

of the respective residual symmetries. These matrices have the specific predictions z, =
1, 04 = §, and 0c = {¢ embedded in their representations, as can be seen directly
from (2.23). One can use these matrices to build a top-down model using D3y, under the
assumption that the vacuum expectation values of the flavour-symmetry breaking flavons
respect an invariance under them.

Continuing with table 8, the product group (Z14 X Z3) x Za also controls the full
parameter space. However, (amongst others) we also notice that the (very small) Dg 12
groups and the cubic group Sy can predict a unit z,, alongside of bi-maximal lepton mixing,
and the popular As group of the alternating group series Ay appears for the first time,
predicting either bi-maximal or hexagonal mixing simultaneously with z, = 1/5. When
the group structure is broadened to table 9 we also see that very small groups in both the
quark and lepton sectors yield a rich diversity of phenomenological signatures, including
all values of x,, as in the electron isolation case.

5.2 Leptons only

When G, — {G;, G, } one can simultaneously control Ay and Upyns. In this case only 7 is
active in )y, so satisfying (2.17) is then possible if one or more phases of T} are set to zero.
Given that we are now only asking G, to control portions of SM mixing, we additionally
demand that G; distinguishes all three charged leptons. This then requires that only one
phase be set to zero. Furthermore, satisfying (2.17) in way that accounts for R (- means
that only a; or §; can be null. We are therefore led to conclude that only electron and

muon isolation patterns are allowed in this environment:

Ye 00 Oyﬂo by A
NI = a2 00 |, A = n [ 0w 0|, with oy =25y =25 (57)
Abx Abx
100 010

which respectively correspond to a; = 0 and 8; = 0. Note that, unlike in section 5.1, we
are no longer forced to set Age or Ag, to zero, since we have no quark symmetry/phases to
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differentiate down quarks. The lack of an active quark symmetry also means that our scan
results hold for all leptoquarks under consideration, since the flavour symmetry active in
Aq; only differentiates between them through relative signs in the down quark and charged
lepton generators, cf. table 2. It also means we only need to derive A; in this scenario, for
which we find the pattern in (4.5) holds for )‘([;l] and that in (5.4) for )\([1‘;]. Note that neither
xx nor yx appears in the A; of (4.5) or (5.4), and so the RFS of G, in this scenario can
only control the shape of Ay, but not the specific values of its free couplings.

In addition to insisting that 7; has three eigenvalues, we will also demand that either 1)
T, has three eigenvalues that can distinguish each neutrino species, and therefore controls
a Dirac neutrino mass term with an associated (quantized) U,, mixing matrix predicted
at LO or 2) that T, has its phases aligned such that a free parameter can be fitted to 9l13.
In the latter case we can claim that realistic three-generation PMNS mixing is achievable
alongside of controlling Ay at LO.

The results of our GAP scans are given in table 10, where one observes that a host
of NADS have been recovered, including popular groups like A4, Sy, 3(81), and more
members of the A(3N?) and A(6N?) series. We see that all of the patterns we uncovered
are consistent with (3.8b), namely the bi-maximal and tri-bimaximal forms of U,,, and we
have also given our results for both patterns in (5.7) in the same table, as many groups
were found in common (albeit with slightly different phase configurations). In particular,
we recover the Ay group used in some of the leptoquark models of [17], including the

corresponding VEV alignments. '’

Of course, lifting some or all of our constraints, in
particular the demand for phase alignments in the (1,3) or (2,3) sectors of T}, would yield
a longer table 10, as would expanding the allowed parameter space for 8, or RFS generator
phases our scans populate matrices with. This latter statement holds for all scans above,

as well.

5.3 Quarks only

As a final study we consider Go — {Gy, G4}, which can simultaneously control Ay and
portions of Uckm. Resolving Ry (-) requires that entries in at least one column of the
s and b-quark rows be nonzero, and distinguishing two of three quark generations then
requires that the all entries of the d-quark row be null. Hence the most general matrix
allowed for Ay is given by

000 \ \ \
)\EZS] =XNor | Ts Ys 25 |, with zx = Xe yx = X“, 2e = —L, (5.8)
Abr Aor Abor
Ty Yo 1

9These simple As-based models are again similar to the Altarelli-Feruglio construction [81], where the
quark sector is mostly unadressed with the fields assigned as singlets of A4. The lepton doublet is an A4
triplet and the A4 breaking is communicated differently by distinct A4 triplet flavon VEVs. The extension
to leptoquark models in [17] has the same flavon VEV that breaks A4 in the charged lepton sector being
used to make the A4 invariant for the terms with the leptoquarks, and this sepcific A4 breaking then leads
to lepton isolation patterns for Ag. Specifically, the flavon VEV associated to the charged lepton sector
is ~ (1,0,0), and so the corresponding RFS generator goes as T; = diag (1,(.«.)370.)%), which we find for the
electron isolation case.
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Abs0 gng Quark Mizing in SE2 GAP-ID | Go
{0c} {ww} Go ~ Dy (14, 1] | Dy
/14 {+.1.3.5.1} | Ne14,28 [28,3] | Dag
/15 {£,4,341} | Ne3so (30, 3] | D3o
T [~1, 1, 1]

Ty (N =14) (1, -1, 1]

Ti (N = 28) 1, -1, —1]

T# (N = 30) -1, 1, 1]

Table 11. Flavour symmetries Go controlling the simplified A[**% pattern and U, quark mixing
in SE2.

This is associated to ag # Bg = 74 = 0, which in principle permits the determination of the
Cabibbo angle, as did all of the simplified models of SE1 except )\EQ?’E . As in section 5.2,
our results hold for all three leptoquarks under consideration.

The general matrix is hard to work with in an SVD analysis, but we can make a simpler

ansatz for )\g’ls] — which is motivated by simple flavon models — as follows:
000
b
)‘Ezzso} =Xr | Owpup |- (5.9)
011

For the quark splitting parameter we use the bound in (5.3) with z, — y. The corre-
sponding Ay is given in (5.4), with x, — 1. Unlike in section 5.2, we see that Gg does
have control over the values of the particular leptoquark couplings, and not just the overall
shape of \g.

20 are given in table 11 where we again only find

The corresponding Gg we recover
members of the Dihedral series Dy, also associated to the two values of the Cabibbo angle
we permit: O € w/14,7/15. However, a number of different quantizations for the quark
splitting parameter y; are found, and so Ggo can easily predict different coupling patterns

for A\g;, and thereby observables like R j(+).

6 Summary and outlook

We have shown how the patterns of couplings derived in the ‘simplified models of flavour-
ful leptoquarks’ introduced in [15] can be sourced from the breakdown of a non-Abelian
discrete family symmetry (NADS) Gr. The Abelian residual flavour symmetries (RFS)
that remain in the mass terms of SM fermions also control the CKM and PMNS mixing
matrices, thereby linking the SM flavour problem with potential observations of lepton
non-universality in the b — sll ratio observables Ry (.). In addition, we have generalized

20We only consider the discretization scheme in (3.8a), given prior results in [67].
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the predictions of [15] by identifying two classes of simplified models that employ the RFS
mechanism: one where RFS act in all couplings sourced by the original SM-invariant lep-
toquark terms in (1.3), as in [15], and one where the RFS only controls the Ay coupling
between down quarks and charged leptons. We referred to these as Symmetry Environment
1 (SE1) and 2 (SE2) respectively, with the latter representing a highly natural relaxation
of the former that can easily be realized in simple flavon-based models.

Our approach for finding phenomenologically viable NADS follows the strategy out-
lined in [64, 67], which is automated via scripts written in the GAP language for computa-
tional finite algebra. Critically, we perform these scans from the bottom-up, meaning that
we first specify the subgroup mediating the RFS in different fermion sectors, discretize all
available free parameters in a way that respects experimental constraints, and then close
parent Gr using the generators of said RFS. We must do so in a basis where these genera-
tors simultaneously know about all predictions we want to connect to Gr, and to that end
we derived the so-called ‘leptoflavour’ basis where Ay is diagonalized and the physical defi-
nitions of the CKM and PMNS matrices are respected. Our scripts then find a plethora of
finite groups that can yield the desired phenomenology upon symmetry breaking, including
members of many group series like Dy, Ay, Sy, A(BN?), A(6N?), X(3N?) and L(3N3)
that are popular in the flavoured model-building community. As an important crosscheck,
we recover the A4 tetrahedral symmetry and corresponding flavon VEV alignments used
in [17] when we allow for RFS only in the lepton sector, and so our results provide the
relevant information necessary to ‘reconstruct’ complete models of flavour.

However, beyond the imposition of RFS, the approach to studying flavour discussed
here and in [15] is model-independent, as the simplified models we define distill important
(falsifiable) phenomenology without committing to additional assumptions regarding the
dynamics of flavour-symmetry breaking or any associated UV-complete Lagrangian (which
may not be falsifiable). Additionally, the ability to structure leptoquark Yukawa couplings,
and not just the mixing associated to them, represents a novel and welcome result in
comparison to the application of RFS to the SM alone, and may have applications in
other BSM constructions (e.g. multi-Higgs-doublet models). Hence, as the experimental
status of LF'V, B-meson mixing, and B-decay observables like R ;) and the b — clv ratio
observables R j(») [103-109] evolve, so will the constraints implied on the various leptoquark
couplings, and thereby on the symmetries we employ. We will leave the exploration of these
and other aspects of our simplified models, including their UV-completions and implications
at the LHC, to future work.
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