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1 Introduction

In the absence of a first principle understanding of M-theory calculating higher-derivative
(HD) corrections to eleven-dimensional supergravity is a prohibitively hard endeavor. One
can resort to employing string/M-theory dualities and access these corrections by comput-
ing string scattering amplitudes, see for instance [1]. This is however not an easy task
and thus there are few explicit results for the leading higher-derivative corrections in the
M-theory low-energy effective action. These HD corrections are of particular interest in
the context of holography where they offer calculational access to observables in the dual
strongly interacting CFT beyond the leading planar approximation. Recent results in su-
persymmetric localization offer a new perspective on this old problem and lead to a fruitful
interplay with holography and string/M-theory corrections to supergravity. Taking the
gauge/gravity duality as a given, the idea is simple to state. One should find a concrete
AdS/CFT dual pair in string/M-theory and then calculate suitable observables in the CFT,
for example the partition function on a compact manifold, which can then be mapped to
quantities in the gravitational side of the duality. The leading order terms in the large
N limit of the CFT observables are then related to the two-derivative terms in the su-
pergravity action. Calculating subleading 1/N corrections by supersymmetric localization
in the CFT offers a systematic approach to finding the higher-derivative corrections to
supergravity. These ideas have been implemented successfully in various contexts over the
past few years, see [2–4] in the context of M-theory.

Here, following [5], we explore a related but distinctly different implementation of this
program. The idea is to study a four-dimensional HD supergravity theory which encodes
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the M-theory HD corrections. This can be viewed as an HD extension of the well-known
technique of consistent supergravity truncations from 10d/11d to lower-dimensional gauged
supergravity. This approach has the technical advantage that the leading HD terms in 4d
appear at the four-derivative level which is to be contrasted with the leading eight-derivative
correction to 11d supergravity. Indeed, in [5, 6] it was shown that this idea can be applied
successfully for 4d N = 2 minimal gauged supergravity where there are two independent
four-derivative corrections. Assuming that this 4d N = 2 theory is obtained from M-
theory compactified on S7 (or an orbifold thereof) and using results for supersymmetric
localization of 3d N = 2 SCFTs arising on the world-volume of M2-branes it was shown
in [5, 6] how to determine the coefficients of these four-derivative terms. This result can
then be used in conjunction with holography to calculate a plethora of observables in
the 3d N = 2 SCFTs some of which are not accessible by supersymmetric localization.
In addition it is possible to calculate explicitly the leading correction to the Bekenstein-
Hawking entropy, and other thermodynamic quantities, for any asymptotically AdS4 black
hole solution in the theory.

Encouraged by this success it is natural to explore other examples where these ideas
can be applied. Our goal in this paper is to show how this can be done for a class of 3d
N = 2 SCFTs, known as class R, which control the low-energy dynamics of M5-branes
wrapped on a hyperbolic 3-manifold M3. It is essential for our discussion that precisely
this system of N wrapped M5-branes, in the large N limit, admits a consistent truncation,
see [7], to the minimal 4d N = 2 gauged supergravity used in [5]. The existence of the
class R SCFTs together with this 4d supergravity consistent truncation form the backbone
of our analysis. The idea is to combine results from the large N limit of the 3d-3d corre-
spondence initiated in [8] (see [9] for a review and further references) with higher-derivative
holographic results to calculate the supersymmetric partition functions on various compact
Euclidean manifolds for class R theories and to gain insight into the microstate counting
for supersymmetric AdS4 black holes. This program was implemented successfully in [10–
15] in the leading N3 approximations and in some cases for logN corrections arising from
1-loop contributions in supergravity. Our goal here is to generalize this analysis by using
the results in [5] and to calculate the subleading order N terms in the large N limit.

More specifically we can use the 3d-3d correspondence to relate the evaluation of
the partition function of the 3d N = 2 SCFT of class R on a given 3d supersymmetric
background B to the calculation of the partition function of Chern-Simons theory with a
complex gauge group on the hyperbolic manifold M3. In the large N limit the calculation
somewhat simplifies and one needs to calculate the Chern-Simons partition function up to
two loops. Our main result can be summarized succinctly by the following formula for the
partition function1 of the class R theory, valid up to and including order N in the large N
limit

− logZB = vol(M3)
3π

[
FB dGhG + χB

4 rG

]
. (1.1)

1The partition function on a Euclidean background is in general a complex quantity. We focus on the
real part of log ZB in sections 2 and 3, since this is more readily accessible from our Euclidean gravitational
theory, although we also make predictions for the imaginary part of the partition function in section 4 via
the 3d-3d correspondence.
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Here vol(M3) is the volume of the hyperbolic 3-manifold while F and χ are certain geomet-
ric quantities associated with a given background B and summarized in table 1 for three
classes of examples. The dimension, dG, rank, rG, and Coxeter number, hG, of the simply
laced Lie algebra G are given in table 2 and the choice of G determines the parent 6d
N = (2, 0) SCFT from which the class R 3d theory descends. The result in (1.1) captures
terms up to and including order N in the large N approximation to logZB. For G = AN−1
the leading N3 term in this expansion has been discussed before in a holographic con-
text [10–15]. The subleading corrections in (1.1) are captured by the four-derivative terms
in the 4d N = 2 supergravity action. The superconformal index [16] and the topologically
twisted index [17] are two choices for B of particular interest for the physics of asymptoti-
cally AdS4 supersymmetric black holes since they can be used to account for the black hole
entropy. We show how to apply the result in (1.1) in this context and find the first sublead-
ing correction to the Bekenstein-Hawking entropy of static magnetic Reissner-Nordström
and rotating Kerr-Newman BPS black holes in AdS4 arising from wrapped M5-branes. As
a byproduct of our analysis we find that the validity of (1.1) leads to a new result for
the scaling with N of the n-loop perturbative contribution to the partition function of CS
theory on M3 and an explicit prediction for the 2-loop answer. These results may be of
interest independently in the study of hyperbolic manifolds and complex CS theory.

In the next section we start with a quick summary of the main results of [5, 6] on the
leading HD corrections to 4d N = 2 gauged supergravity. In addition we discuss three
classes of explicit solutions of this theory and evaluate their regularized on-shell action.
In section 3 we use these supergravity results together with the 3d-3d results in [13] to
determine the coefficients in the HD supergravity action and derive (1.1). In section 4 we
show how the relation in (1.1) can be tested using Chern-Simons theory and the 3d-3d
correspondence. We conclude in section 5 with a discussion on some open problems.

2 Higher-derivative supergravity and its solutions

Our supergravity analysis is based on two sets of results. First, we use the fact that 11d
supergravity admits a consistent truncation to 4d N = 2 minimal supergravity suitable
for describing the backreaction of M5-branes wrapping three-manifolds [7]. The ansatz for
the supergravity background fields in this truncation is inspired by an AdS4 ×H3 solution
of the maximal 7d SO(5) gauged supergravity [18] found in [19] and interpreted as arising
from wrapped M5-branes in [20]. This consistent truncation implies that any solution
of the equations of motion of minimal 4d N = 2 gauged supergravity can be uplifted
to a solution of 11d supergravity. Second, we employ the results in [5, 6] where it was
shown how to construct the four-derivative corrections to 4d N = 2 gauged supergravity
using conformal supergravity. Combining these two results allows us to study the higher
derivative corrections to various supergravity solutions arising from wrapped M5-branes.
In order to do this we assume that the consistent truncation results in [7] can be extended
to the four-derivative level. This assumption will be supported by a number of non-trivial
consistency checks using the gauge/gravity duality.
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As shown in [5, 6] the four-derivation action of 4d N = 2 gauged supergravity has the
following bosonic form2

LHD = L2∂ + (c1 − c2)LW2 + c2 LGB , (2.1)

where

e−1L2∂ = − 1
16πGN

[
R+ 6

L2 −
1
4 FabF

ab
]
,

e−1LW2 =
(
Cab

cd)2 − 1
L2FabF

ab + 1
2
(
F+
ab

)2(
F−cd
)2

− 4F−abR
acF+

c
b + 8

(
∇aF−ab

)(
∇cF+

c
b) ,

e−1LGB = RabcdRabcd − 4RabRab +R2 .

(2.2)

Here e2 is the determinant of the 4d metric with Riemann and Weyl tensors Rabcd and Cabcd,
respectively. F±ab are the self-dual and anti-self-dual parts of the graviphoton field strength,
GN is the Newton constant and L determines the AdS4 length scale. The constants c1 and
c2 are the coefficients of the only independent four-derivative supersymmetric invariants
in N = 2, 4d gauged conformal supergravity and together with L2/GN they make up the
three undetermined dimensionless parameters in the four-derivative bosonic action (2.1).

Solving the equations of motion derived from the four-derivative Lagrangian in (2.1)
is in general a complicated problem. However, it was shown in [5, 6] that every solution of
the two-derivative equations of motion derived from the Lagrangian L2∂ in (2.2),

Rµν −
1
2 gµν R−

3
L2 gµν = 1

2FµρFν
ρ − 1

8 gµν (Fρσ)2 ,

∇µFµν = 0 ,
(2.3)

is also a solution of the full four-derivative equations of motion. In addition, it can be
shown that BPS solutions of the two-derivative equations of motion are also supersym-
metric in the full four-derivative supergravity theory. These are non-trivial facts which
are essential ingredients in the subsequent discussion and we will focus exclusively on such
two-derivative solutions.

We are interested in calculating the on-shell action of asymptotically locally AdS4
solutions. It is well-known that this requires adding appropriate boundary terms in order
to render the on-shell action finite. To this end we need the following two counterterms to
regularize the on-shell action, see [5, 6] for more details and further references,

ICT2∂ = 1
8πGN

∫
d3x
√
h

(
−K + 1

2 LR+ 2
L

)
,

ICTGB = 4
∫
d3x
√
h
(
J − 2GabKab) , (2.4)

2In view of the holographic applications of interest here we work in Euclidean signature. We also note in
passing that in this paper we will not consider parity-breaking terms in the supergravity Lagrangian of the
form F ∧F and R∧R. At the two-derivative level such terms play a role in holography for theories of class
R and will be discussed in [21]. Further discussion of these parity-violating terms at the four-derivative
level will appear in [6].
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where hab is the induced metric on the boundary, Kab is the extrinsic curvature, R and Gab
are the boundary Ricci scalar and Einstein tensor, respectively, and J is defined by

J = 1
3
(
3K(Kab)2 − 2(Kab)3 −K3

)
. (2.5)

Notice that we do not need a separate set of counterterms for the LW2 part of the action
in (2.2). This is due to the following on-shell relation between the three actions in (2.2),

IW2 = IGB −
64πGN
L2 I2∂ . (2.6)

As discussed further in [6] this implies that (2.4) provide the complete set of counterterms
in order to renormalize the action (2.1) evaluated on a given solution of interest.

2.1 Solutions and on-shell action

While a two-derivative solution to (2.3) is not affected by the four-derivative terms in (2.1),
the corresponding on-shell action is in general modified. It was shown in [5, 6] that applying
the holographic renormalization procedure using the counterterms in (2.4) leads to the
following regularized on-shell action

IHD =
[
1 + 64πGN

L2 (c2 − c1)
]
πL2

2GN
F + 32π2c1χ . (2.7)

Here F is the regularized on-shell action of a given solution to the two-derivative supergrav-
ity theory3 and χ is the Euler number of the asymptotically AdS4 manifold. We emphasize
that this result is valid for any solution of the two-derivative equations of motion including
non-supersymmetric solutions. A number of explicit solutions to the equations of motion
and the corresponding values of F and χ are presented in [5, 6]. Below we discuss three
examples that are of particular interest in the context of wrapped M5-branes and theories
of class R.

2.1.1 AdS-Taub-Bolt

The first class of solutions we consider is a family of supersymmetric AdS-Taub-Bolt solu-
tions presented in [24], see also [25]. The metric of these solutions reads4

ds2 = λ(r) (dτ + 2s fκ(θ) dφ)2 + dr2

λ(r) + (r2 − s2) dΩ2
κ , (2.8)

where
λ(r) = (r2 − s2)2 + (κ− 4s2)(r2 + s2)− 2M r + P 2 −Q2

r2 − s2 , (2.9)

and

fκ(θ) =


cos θ for κ = +1
−θ for κ = 0
− cosh θ for κ = −1

. (2.10)

3An efficient way to calculate F for supersymmetric solutions is to use the results in [22, 23] which
express the on-shell action in terms of topological data of the two-derivative solution.

4For the explicit solutions of consideration we work in units where the AdS scale is set to L = 1 to
simplify the formulas. The scale is easily restored in the on-shell action via dimensional analysis.
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Here κ is the normalized curvature of a Riemann surface Σg, whose line element in local
coordinates reads

dΩ2
κ =


dθ2 + sin2 θ dφ2 for κ = +1
dθ2 + dφ2 for κ = 0
dθ2 + sinh2 θ dφ2 for κ = −1

. (2.11)

In addition to the metric, there is a gauge field with components

A = P (r2 + s2)− 2sQ r
r2 − s2

(1
s
dτ + 2 fκ(θ) dφ

)
. (2.12)

The solutions have a mass parameter M , a squashing parameter s, and charge parame-
ters (P,Q). The radial coordinate is denoted by r and τ parametrizes a circle fibered over
the Riemann surface. Asymptotically, the boundary is a smooth 3-manifold Mg,p with
topology O(−p)→ Σg, provided the Euclidean time circle has period

∆τ = 8πs
p
|g− 1| for g 6= 1 , ∆τ = 8πs

p
for g = 1 . (2.13)

The solutions preserve 1/4 of the supersymmetry of the 4d N = 2 supergravity when the
parameters obey the relations [24]

P = −1
2 (4s2 − κ) , M = 2sQ . (2.14)

These Euclidean solutions are regular in the interior where the circle parametrized by τ

goes smoothly to zero size. Depending on the value of Q this can happen in one of two
ways: either the vanishing locus is a point known as a NUT, or it is a two-dimensional
surface called a Bolt. To make contact with the results of [13], we focus on the Bolt-type
solutions in what follows. Analyzing the behavior of the function λ(r), it was shown in [24]
that there are actually two distinct classes of Bolt solutions. The first, referred to as Bolt+,
is specified by setting

Q = Q+ =
p2 − (16s2 − p)

√
(16s2 + p)2 − 128κ s2

128 s2 , (2.15)

and the metric is well-defined for r ≥ r+ > s with

r+ =
p +

√
(16s2 + p)2 − 128κ s2

16s . (2.16)

Here we have introduced the notation

p = p

|g− 1| for g 6= 1 , p = p for g = 1 , (2.17)

For the Bolt− solution on has

Q = Q− = −
p2 − (16s2 + p)

√
(16s2 − p)2 − 128κ s2

128 s2 , (2.18)
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and the metric is well-defined for r ≥ r− > s with

r− =
p−

√
(16s2 − p)2 − 128κ s2

16s . (2.19)

The two-derivative on-shell action in (2.2) receives contributions from the Ricci scalar
of the metric, the cosmological constant and the gauge field strengths. The metric and
cosmological constant contributions are

I2∂,metric = s

GN p

(
r3
∞ − 3 s2 r∞ − r3

0 + 3 s2 r0
)
vol(Σg) , (2.20)

where we have introduced a radial cut-off r∞, and r0 = r+ or r0 = r− depending on
whether we are considering a Bolt+ or Bolt−. The volume factor is given by

vol(Σg) =

4π|g− 1| for g 6= 1
4π for g = 1

. (2.21)

The expression in (2.20) must be regularized using the two-derivative counterterm in (2.4).
This procedure also contributes a finite piece

Ifinite2∂,CT = 2 s2

GN p Q vol(Σg) . (2.22)

The graviphoton on-shell action is finite and given by

I2∂, F = r0 s

GN p
8Qr0 s (4s2 − κ) + (r2

0 + s2) (4Q2 + (4s2 − κ)2)
4 (r2

0 − s2)2 vol(Σg) . (2.23)

Putting these contributions together and using the values of r0 and Q for Bolt± solutions
we recover the result of [24],

I2∂ = π

8GN
(
4(1− g)∓ p

)
. (2.24)

The Weyl-squared Lagrangian in (2.2) gives a manifestly finite contribution:5

IW2 = 8π2 (4(1− g)± p
)
. (2.25)

The Gauss-Bonnet term in (2.2) has a divergence that needs to be renormalized using the
counter term (2.4), which introduces a finite term

IfiniteGB,CT = 128π s
2

p Q vol(Σg) , (2.26)

and the total contribution is simply

IGB = 64π2 (1− g) . (2.27)
5One also checks that the counterterm needed to renormalize the Weyl-squared action obtained from (2.6)

vanishes identically for the Bolt± solutions considered here.

– 7 –



J
H
E
P
0
4
(
2
0
2
1
)
0
5
8

Putting all the contributions together with the appropriate coefficients as in (2.1) and
restoring the AdS scale L, we arrive at the final result for the Euclidean on-shell action,

IBolt± =
[
πL2

2GN
+ 32π2 (c2 − c1)

]
4(1− g)∓ p

4 + 64π2 c1 (1− g) . (2.28)

Some comments are in order. It was emphasized in [12] that when this solution is
embedded in M-theory and arises from M5-branes wrapping a hyperbolic manifold there
is a topological constraint which restricts the allowed values of the integer p to be even,
i.e. p ∈ 2Z. It is clear from (2.13) that the limit p = 0 is singular and has to be taken
with care. One finds that for p = s = 0 the solution in (2.8) and (2.12) reduces to the
so-called Euclidean Romans solutions discussed in detail in [22, 26], see also [27, 28]. The
on-shell action of this class of Euclidean solutions is given simply by (2.28) for p = 0. As
discussed in [26] one can show that the solutions with p = s = 0 and g > 1 admit an
analytic continuation to a smooth Lorentzian supersymmetric black hole which is simply
the extremal AdS-Reissner-Nordström solution with a hyperbolic horizon.

2.1.2 Squashed sphere

Another class of Euclidean solutions that will be of interest here was obtained in [29]. It
consists of the following metric and graviphoton (working with L = 1 as in Footnote 4),

ds2 = f2
1 (x, y) dx2 + f2

2 (x, y) dy2 + (dΨ + y2 dΦ)2

f2
1 (x, y) + (dΨ + x2 dΦ)2

f2
2 (x, y) ,

A = (s2 − 1) dΨ− xy dΦ
(y + x) ,

(2.29)

where the functions f1, f2 are given by

f2
1 (x, y) := y2 − x2

(x2 − 1)(s2 − x2) , f2
2 (x, y) := y2 − x2

(y2 − 1)(y2 − s2) . (2.30)

and the real parameter s obeys s ≥ 1. The coordinates x and y have the ranges 1 ≤ x ≤ s
and s ≤ y <∞, while the ranges for the angular coordinates Ψ and Φ are more involved to
state and can be found in [29]. These solutions are 1/2-BPS and provide the holographic
dual description of a 3d N = 2 SCFT on a squashed S3 with a U(1)×U(1) isometry [30].
The parameter s controls the squashing of the boundary S3 with s = 1 corresponding to
the round sphere. Indeed, for s = 1 one finds that the background in (2.29) is simply
Euclidean AdS4 in Plebanski-Demianski coordinates. It is straightforward to evaluate the
on-shell action for this class of solutions. The two-derivative piece in (2.2) has a term
coming from the metric and the cosmological constant, which gives

I2∂,metric = 3π
2GN

1
s(s2 − 1)

∫ s

1
dx

∫ y∞

s
dy (y2 − x2) , (2.31)

where we have introduced a cut-off y∞. As shown in [29], this can be renormalized using
the counterterms in (2.4), and the finite piece takes the simple form

Ifinite2∂,metric = π

2GN
. (2.32)
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The two-derivative contribution from the gauge field has a finite action and we can straight-
forwardly integrate over y from s to +∞. The result is

I2∂, F = π

8GN
(s− 1)2

s
. (2.33)

Putting the two contributions together, we recover the two-derivative regularized on-shell
action of [29],

I2∂ = π

2GN
(s+ 1)2

4s . (2.34)

Turning to the HD terms, the second and third lines of (2.2) evaluate on-shell to

e−1 LW2
∣∣
o.s. = −4 (s2 − 1)2

(x+ y)4 , (2.35)

and the third line evaluates on-shell to

e−1 LGB
∣∣
o.s. = 24 . (2.36)

We thus find a contribution to the on-shell action that is manifestly finite from (2.35), and
one that diverges from (2.36). Using (2.4) we can renormalize the latter without additional
finite contributions. After then restoring the AdS length scale L, we arrive at the result
for the renormalized HD Euclidean on-shell action

IU(1)×U(1) =
[
πL2

2GN
+ 32π2 c2

]
(s+ 1)2

4s − 32π2 c1
(s− 1)2

4s , (2.37)

In the field theory literature it is more common to denote the squashing parameter with b
by the redefinition s = b2. This leads to the final form of the HD on-shell action,

IU(1)×U(1) =
[
πL2

2GN
+ 32π2 (c2 − c1)

]
1
4

(
b+ 1

b

)2
+ 32π2 c1 , (2.38)

which will be used below in the context of holography.

2.1.3 AdS-Kerr-Newman

Finally, we will also consider the 4d AdS-Kerr-Newman (AdS-KN) black hole solution. The
metric in Euclidean signature (and with L = 1) is given by, see for example [15, 31, 32],

ds2 = ∆r

W

(
dτ+α

Ξ sin2 θdφ

)2
+W

(
dr2

∆r
+ dθ2

∆θ

)
+ ∆θ sin2 θ

W

(
αdτ− r̃

2−α2

Ξ dφ

)2

, (2.39)

where

r̃ = r + 2m sinh2 δ , Ξ = 1 + α2 , W (r, θ) = r̃2 − α2 cos2 θ ,

∆r(r) = r2 − α2 − 2mr + r̃2 (r̃2 − α2) , ∆θ(θ) = 1 + α2 cos2 θ .
(2.40)

The gauge field is given by

A = 2im sinh(2δ) r̃

W

(
dτ + α

Ξ sin2 θ dφ
)
, (2.41)
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where the factor of i is due to the fact that we work in Euclidean signature. This solution
preserves 1/4 of the supersymmetry when α obeys the constraint

α = 2i
e4δ − 1 . (2.42)

As shown in [15, 32], the two-derivative regularized on-shell action can be written as

I2∂ = π

2GN
(ω + 1)2

2ω , (2.43)

where, denoting c = cosh δ and s = sinh δ for brevity,

ω = − 4
Υ c s

(
c(c− 2 s) + s(s− 2 c)

)
, Υ = −16 i R+ c

2 s2 − sinh(4δ) . (2.44)

The parameter R+ is related to the location of the outer horizon6 r+ as R+ = r+ + 2ms2,
and thus the parameter m can be expressed in terms of R+ as

m = i
R+

2 + 1− (1 + i R+) coth(2δ)
2 s c . (2.45)

The parameter δ controls the electric charge of the AdS-KN solutions. The AdS-Kerr
solution is obtained by setting δ = 0.

With this at hand we can compute the regularized on-shell Gauss-Bonnet action using
the counterterms in (2.4). A lengthy computation yields the simple result

IGB = 64π2 . (2.46)

Finally, using (2.6) and additionally restoring the AdS length scale L, we obtain the fol-
lowing regularized HD Euclidean on-shell action of the supersymmetric AdS-KN solution,

IKN =
[
πL2

2GN
+ 32π2 (c2 − c1)

]
(ω + 1)2

2ω + 64π2 c1 . (2.47)

We note that there is a two-parameter family of supersymmetric Euclidean solutions la-
belled by (δ,m) but the on-shell action depends only the specific combination of these
parameters given by ω in (2.44).

The Euclidean KN supersymmetric solution presented above can be analytically con-
tinued into a regular supersymmetric Lorentzian black hole solution by setting

α = ia , (2.48)

which amounts to a Wick-rotation. This Lorentzian solution is smooth and free of CTCs
only if one further relates the mass and rotation parameters as

m = a(1 + a)
√

2 + a , (2.49)
6In Euclidean signature r+ is simply the value of the radial coordinated at which the space smoothly

caps off.

– 10 –



J
H
E
P
0
4
(
2
0
2
1
)
0
5
8

Solution Supersymmetry F χ

Bolt± 1/4 (1− g)∓ p
4 2(1− g)

U(1)×U(1) sq. 1/2 1
4(b+ 1

b )2 1
KN-AdS 1/4 (ω+1)2

2ω 2

Table 1. The values of (F , χ) appearing in the on-shell action (2.7) for the three classes of Euclidean
solutions presented in section 2.1.

and restricts the rotation parameter to lie in the range 0 ≤ a < 1. We further note that
the energy, charge and angular momentum of the black hole take the form

E = m

GNΞ2 cosh(2δ) , Q = m

GNΞ2 sinh(2δ) , J = ma

GNΞ2 cosh(2δ) , (2.50)

and in the BPS limit these quantities obey the relations

E = J +Q , J = Q

2

[√
1 + 4G2

NQ
2 − 1

]
. (2.51)

3 Holographic free energy and black hole entropy

We now proceed to embed the results above in a concrete M-theory setup given by M5-
branes wrapping a hyperbolic 3-manifold M3 and study the relation with the low-energy
3d N = 2 dual SCFT. For concreteness we first focus on N M5-branes with a transverse
flat space for which the low-energy six-dimensional physics is described by the N = (2, 0)
SCFT of type AN−1.

To relate the parameters in the four-dimensional supergravity theory to quantities in
the dual SCFT we follow the same logic as in [5, 6]. Based on the AdS/CFT dictionary,
we expect the following relation7

πL2

2GN
= vol(M3)

3π N3 + π aN , (3.1)

where a is an unknown constant that does not depend on N . The coefficient of the N3 term
in (3.1) has been computed in [10] and can be deduced from the 7d maximal supergravity
or M-theory embedding of the AdS4 vacuum of the 4d N = 2 gauged supergravity. The
supergravity couplings c1,2 in (2.1) are expected to scale as N and for convenience we
introduce the reparametrization

ci = vi
32πN , i = 1, 2 , (3.2)

where vi do not scale with N . With this at hand and using (2.7) one finds the following
7An order N2 term in this relation could in principle be generated but is absent when the 3-manifold

M3 is compact and smooth. This is analogous to the holographic description of 4d N = 2 SCFTs of class
S where an N2 term in the conformal anomaly coefficients is absent when there are no punctures on the
Riemann surface [33].
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form for the leading and subleading terms in the large N expansion of the partition function
of the 3d N = 2 SCFT on a manifold with given F and χ.

− logZ = πF
(
AN3 +BN

)
− π(F − χ)CN . (3.3)

Here we have defined yet another set of constants

A = vol(M3)
3π2 , B = a+ v2 , C = v1 . (3.4)

We can fix the constants (B,C) for the theories of class R on M3 using the first line in
equation (4.13) of the published version of [13]. It reads

logZMg,p = 4(g− 1) + p

12π vol(M3)(N3 −N) + (g− 1)
6π vol(M3)(N − 1) . (3.5)

This result should be compared to the on-shell action of the Bolt+ solution, see (2.28) and
table 1, and we should use the standard AdS/CFT dictionary

IBolt+ = − logZMg,p . (3.6)

Using this result we can fix the constants B and C controlling the order N terms in (3.3)

B = − 1
4π2 vol(M3) , C = 1

12π2 vol(M3) . (3.7)

This in turn allows us to find the explicit form of the leading and subleading terms in
logZ for any three manifold which admits a smooth 4d supergravity dual solution by
using (3.3). In table II of [5] the values of (F , χ) for a number of known supergravity
solutions are tabulated. Of particular interest to the discussion here are the free energy for
the squashed sphere and the superconformal index which we now discuss in some detail.
For the squashed sphere we can use (2.38) and the results above to find a holographic
answer for the squashed sphere free energy of the 3d N = 2 class R SCFT

FS3
b

= − logZS3
b

= 1
4

(
b+ 1

b

)2 vol(M3)
3π (N3 −N) + vol(M3)

12π N . (3.8)

The superconformal index is captured holographically by the supersymmetric Euclidean
Kerr-Newman solution. Therefore, we can use the on-shell action in (2.47) and the results
above to find the following holographic prediction for the leading and subleading terms in
the index

FS1×ωS2 = − logZS1×ωS2 = (ω + 1)2

2ω
vol(M3)

3π (N3 −N) + vol(M3)
6π N . (3.9)

As we discuss in section 4 below the results in (3.8) and (3.9) can be confirmed explicitly
on the QFT side by using the 3d-3d correspondence.

Another quantity of interest that can be computed from the results above is the co-
efficient CT in the stress-tensor two-point function. It can be obtained by taking two-
derivatives of the squashed S3 free energy with respect to the squashing parameter b

CT = 32
π2

∂2FS3
b

∂b2
|b=1 . (3.10)
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G rG dG hG

AN−1 N − 1 N2 − 1 N

DN N 2N2 −N 2N − 2
E6 6 78 12
E7 7 133 18
E8 8 248 30

Table 2. Simply laced Lie Algebras and their rank rG, dimension dG, and Coxeter number hG.

Using (3.8) we thus find
CT = 64

3π3
vol(M3)

3π (N3 −N) . (3.11)

We emphasize that this is a new supergravity prediction for the two-point function of the
stress-tensor in 3d N = 2 class R SCFTs. We currently do not know of a CFT method to
compute this quantity.

Given the results for the class R 3d SCFTs arising from the AN−1 N = (2, 0) 6d theory
and the structure of the 6d N = (2, 0) anomaly polynomial, see [34–37], we can conjecture
the following results for the free energy8 of a general class R 3d SCFTs arising from an
ADE 6d N = (2, 0) SCFT

FMg,p = − logZ = 4(1− g)− p
4

vol(M3)
3π dGhG + (1− g)

2
vol(M3)

3π rG ,

FS3
b

= − logZ = 1
4

(
b+ 1

b

)2 vol(M3)
3π dGhG + 1

4
vol(M3)

3π rG ,

FS1×ωS2 = − logZ = (ω + 1)2

2ω
vol(M3)

3π dGhG + 1
2

vol(M3)
3π rG .

(3.12)

Here (dG, hG, rG) are the dimension, Coxeter number, and rank of a simply-laced Lie
algebra, see table 2. Using (3.10) we can also find a conjectural expression for CT

CT = 64
3π3

vol(M3)
3π dGhG . (3.13)

For the DN series the expressions above should be treated as the leading order terms in a
large N expansion. For the E6,7,8 exceptional series the meaning of these equations is less
clear since (dG, hG, rG) do not scale with N . In section 4 some non-trivial evidence for the
validity of (3.12) will be presented by leveraging results from the 3d-3d correspondence.
Finally, we note that the result in (3.3) can be used also for other 3d supersymmetric
partition functions, such as the ones discussed in [38, 39], that can be computed by super-
symmetric localization.

We now change gears with a brief discussion on black hole entropy in this class of
models. As shown in [5, 6] the entropy for two-derivative asymptotically AdS4 black hole
solutions of the action in (2.1) is given by

S =
(

1 + 64πGN
L2 (c2 − c1)

) AH
4GN

− 32π2c1χ(H) . (3.14)

8These results are for the real part of the free energy, as explained in Footnotes 1 and 2.
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Here AH is the area of the horizon and χ(H) is its Euler characteristic.
We have mainly focused on Euclidean solutions in section 2.1. However two of the

backgrounds presented there admit analytic continuation to Lorentzian black holes with
regular horizons. We can therefore embed these black holes in M-theory and treat them as
arising from M5-branes wrapped on the 3-manifold M3 in order to gain insight into their
microscopic structure.

As discussed below (2.28), for p = s = 0 and g > 1 the solution in (2.8) and (2.12)
becomes the extremal AdS-Reissner-Nordström solution with a hyperbolic horizon. The
two-derivative Bekenstein-Hawking entropy of this solution reads

S2∂
Romans = (g− 1) πL

2

2GN
= (g− 1)vol(M3)

3π N3 . (3.15)

With this at hand we can use (3.14) and the results for c1,2 above to find that the first
subleading correction to this entropy reads

SRomans = [AN3 + (B − C)N ]π(g− 1) + 2πCN(g− 1) . (3.16)

Here we need to use the constants (A,B,C) as in (3.4) and (3.7).
The supersymmetric limit of the Kerr-Newman black hole is discussed around (2.49).

Its two-derivative Bekenstein-Hawking entropy can be readily calculated and is given by,
see for instance [15],

S2∂
KN−AdS =

[√
1 + 4G2

NQ
2 − 1

]
πL2

2GN
=
[√

1 + 4G2
NQ

2 − 1
] vol(M3)

3π N3 , (3.17)

where we have used the expression for the charge of the black hole, Q, in (2.50). We
can then again employ (3.14), in conjunction with the results above, to find the following
leading order correction to this entropy

SKN−AdS =
[
AN3 + (B − C)N

]
π

[√
1 + 4G2

NQ
2 − 1

]
− 2πCN , (3.18)

where again we should use (3.4) and (3.7). We note that when applying (3.14) we have used
that for these two classes of black holes the Euler characteristic of the horizon, χ(H), is
actually equal to the Euler characteristic, χ, of the full four-dimensional Euclidean solution
given in table 1, see [5, 6]. We conclude by emphasizing that while we have presented
explicit expressions for the leading correction to the Bekenstein-Hawking entropy for two
specific black hole solutions the result in (3.14) can be applied to any asymptotically AdS4
black hole of interest, including non-supersymmetric ones, that solves the equations of
motion of the 4d N = 2 gauged supergravity.

To finish this discussion we would like to emphasize an important conceptual point.
The expressions for the black hole entropy in (3.16) and (3.18) can be obtained from the
free energy in (3.5) (for p = 0) and (3.9), respectively. This can be done by using the
standard thermodynamic relations between entropy and free energy. Notice however, that
the free energies in (3.5) and (3.9) are computed as a regularized on-shell action for a more
general class of Euclidean solutions not all of which have a Lorentzian continuation as
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regular black holes. More specifically, note that (3.9) is valid for the 2-parameter family of
Euclidean solutions in (2.39), (2.40), (2.41) with the supersymmetry constraint in (2.42).
The regular BPS Lorentzian black hole solution, with the entropy given in (3.18), how-
ever, exists only for a one-parameter subfamily of these solutions specified by the relation
in (2.49). The dependence of the free energy in (3.9) only on the single parameter ω for the
whole 2-parameter family of solutions is a reflection of the fact that in the dual SCFT the
other independent combination of parameters is Q-exact with respect to the localization
supercharge and therefore does not affect the supersymmetric partition function. For the
p = 0 solutions in section 2.1.1 this point was also discussed in greater detail in [26].

4 Results from the 3d-3d correspondence and Chern-Simons theory

The supergravity and holographic results in the previous sections can be understood from
an alternative vantage point by using their dual QFT description. To this end we take
the 6d N = (2, 0) theory of type G and place it on R3 × M3 where M3 is a compact
hyperbolic 3-manifold. To preserve 3d N = 2 supersymmetry on R3 we perform a partial
topological twist by turning on a background gauge field for an SO(3) subgroup of the
SO(5) R-symmetry of the 6d theory. In the IR, i.e. at length-scales much larger than the
size of M3, we have a 3d N = 2 QFT with a U(1) R-symmetry which we refer to as
T [M3, G]. This procedure can be summarized schematically as follows

6d N = (2, 0) theory of type G on R3 ×M3
size(M3)→0−−−−−−−−−−−→ 3d T [M3, G] theory on R3 .

The study of these 3d theories of class R was initiated in [8], see [9] for a review, where it
was shown that some of their physical observables can be related to observables in Chern-
Simons theory with a complexified gauge group G on the manifold M3. This so-called
3d-3d correspondence plays a central role in our discussion below. In particular we employ
the fact that we can place the T [M3, G] theory in a 3d supersymmetric background B.
The supersymmetric partition function on this background is then related to a particular
topological invariant of the GC Chern-Simons theory on M3. Schematically this 3d-3d
relation reads

3d-3d relation : Z [T [M3, G] on B] = (InvariantB of GC Chern-Simons theory on M3) .

Below, we present some explicit expressions for the InvariantB for various supersymmetric
backgrounds B. Since we are ultimately interested in taking the large N limit of the rank
of the gauge group we first discuss some perturbative results for GC Chern-Simons theory.

4.1 Perturbative Chern-Simons theory

The perturbative invariants of Chern-Simons theories with gauge group GC are determined
by flat GC-connections AαG and their corresponding n-loop effective actions Sαn [M3, GC]. A
flat connection Aα obeys dAα + Aα ∧ Aα = 0 and is fully characterized by its holonomy
matrices, ρα(a) := P exp (

∮
aAα) with a ∈ π1(M3). Therefore a GC-flat connection Aα can
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be regarded as a homomorphism ρα from π1(M3) to GC. To this end let us define

χirred(M3, GC) := (the set of irreducible flat GC-connections on M3)

= Homirred [π1M3 → GC]
(conjugation) .

(4.1)

Here Homirred [π1(M3)→ GC] is the set of irreducible homomorphism from π1(M3) to GC.
A homomorphism ρ : π1(M3)→ GC is called irreducible if

dim Stab(ρ) = 0 where Stab(ρ) := {h ∈ GC : [h, ρ(a)] = 0 ∀a ∈ π1(M3)} . (4.2)

The perturbative invariants Sαn associated to a flat connection Aα are defined as a formal
perturbative expansion of the path-integral∫

D(δA)
(gauge)e

− 4π2
~ CS[Aα+δA;M3,GC] ~→0−−−−−−→ 1

vol(Stab(Aα)) exp
( ∞∑
n=0

~n−1Sαn

)
, (4.3)

where the classical Chern-Simons action is

CS[A;M3, GC] := 1
8π2

∫
M3

TrG
(
A ∧ dA+ 2

3A
3
)
. (4.4)

Note that the perturbative expansion vanishes for reducible homomorphism ρ due to the
volume factor 1/vol(Stab(ρ)) = 1/∞. We use the following normalization for the non-
degenerate symmetric bilinear form TrG on the Lie algebra Lie(G) of G

TrG(β2) = 2 for all long roots β ∈ Lie(G) . (4.5)

The leading term in the perturbative expansion in (4.3) is Sα0 which is related to the
classical CS action

Sα0 [M3, GC] = −4π2CS[Aα;M3, GC] . (4.6)

The first subleading term Sα1 is the 1-loop contribution to the path integral and is related
to a well-known object in the mathematics of 3-manifolds

Sα1 [M3, GC] = −1
2 log (TorAdj[Aα;M3, GC]) . (4.7)

Here TorAdj[Aα;M3, GC] is the Ray-Singer-Reidemeister torsion in the R = (adjoint) rep-
resentation twisted by the flat GC-connection Aα [40–43]. The invariant in the general
representation R ∈ Hom[GC → GL(VR)] can be defined as follows

TorR[A;M3, GC] := [det′∆0(R,A)]3/2
[det′∆1(R,A)]1/2

. (4.8)

Here ∆n(R,A) is a Laplacian acting on VR-valued n-form twisted by a flat connection A
and det′ is the zeta function regularized determinant. In the definition, we need to choose
a metric structure on M3 to define Laplacian operators but the final TorR is independent
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on the choice. When R = (adjoint), the torsion is related to the 1-loop invariant Sα1 of GC
Chern-Simons theory as given in (4.7).

For hyperbolic 3-manifolds, there are two special irreducible flat GC-connections Ageom
G

and its complex conjugate Ageom
G which can be constructed from the unique hyperbolic

structure on M3 [44].9 These flat connections can be constructed using the principal
embedding ρGpr : SU(2)→ G,

Ageom
G = ρGpr · (ω + ie) , Ageom

G = ρGpr · (ω − ie) . (4.9)

Here ω and e are the spin-connection and dreibein for the unique hyperbolic metric on M3,
normalized as Rµν = −2gµν , and can be regarded as SO(3)-valued 1-forms on M3. Their
complex combination ω+ ie defines a flat SO(3,C) = PSL(2,C) = SL(2,C)/Z2-connection
which can always be uplifted to an SL(2,C) flat connection [45, 46]. The principal embed-
ding ρGpr is defined by the following branching rules for the adjoint representation of the
simply laced algebra G

N2 − 1 of AN−1 →
N−1⊕
m=1

τ2m+1 ,

2N2 −N of DN →
(
N−1⊕
m=1

τ4m−1

)
⊕ τ2N−1 ,

78 of E6 → τ3 ⊕ τ9 ⊕ τ11 ⊕ τ15 ⊕ τ17 ⊕ τ23 ,

133 of E7 → τ3 ⊕ τ11 ⊕ τ15 ⊕ τ19 ⊕ τ23 ⊕ τ27 ⊕ τ35 ,

248 of E8 → τ3 ⊕ τ15 ⊕ τ23 ⊕ τ27 ⊕ τ35 ⊕ τ39 ⊕ τ47 ⊕ τ59 .

(4.10)

Here τn is the n-dimensional unitary irreducible representation of SU(2). These flat con-
nection enjoy the following inequalities [47]

Im
(
CS[Ageom

G ]
)
> Im (CS[Aα]) > Im (CS[Ageom

G ]) , (4.11)

valid for all other irreducible GC flat connections Aα. Using (4.9) one can show that the
classical perturbative invariants Sα0 for α = (geom) and (geom) are given by

Sgeom
0 [M3, GC] =

(
Sgeom

0 [M3, GC]
)∗

= Ind(ρGpr)× S
geom
0 [M3, SU(2)C] . (4.12)

Here the group theoretical factor Ind(ρGpr) is defined as

TrG
(
ρGpr(h1)ρGpr(h2)

)
= Ind(ρGpr)× TrSU(2)(h1h2) , for all h1, h2 ∈ su(2) . (4.13)

For G a simply laced Lie algebra one finds

Ind(ρGpr) = 1
6dGhG , (4.14)

9For simplicity, we assume that the cohomology H1(M, ZG) is trivial where ZG is the center group of G.
In general there are |H1(M, ZG)| many copies of Ageom

G and Ageom
G related to each other by the tensoring

with ZG flat connections.
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where dG and hG are the dimension and Coxeter number given in table 2. This identity can
be shown by direct evaluation using the branching rules in (4.10), see [48] for a rigorous
proof. The classical CS action for Ageom

G=SU(2) = (ω + ie) gives two basic topological invari-
ants of the hyperbolic 3-manifold, the hyperbolic volume vol(M3) and the Chern-Simons
invariant cs(M3),

Sgeom
0 [M3, SU(2)C] = i (vol(M3) + i cs(M3)) . (4.15)

In our convention, the Chern-Simons invariant is defined modulo π2. We thus arrive at the
following explicit form of the classical CS action for the Ageom

G flat connection

Sgeom
0 [M3, GG] =

(
Sgeom

0 [M3, GG]
)∗

= i

6 dGhG (vol(M3) + i cs(M3)) . (4.16)

The 1-loop perturbative invariants Sα1 for α = (geom) and (geom) can be written as

Sgeom
1 [M3,GC] =

(
Sgeom

1 [M3,GC]
)∗

=−1
2 logTorAdj

[
Ageom
G ;M3,GC

]
(4.17)

=−1
2
∑
m

NG
Adj,τ2m+1 logTorτ2m+1

[
Ageom

SU(2);M3,SL(2,C)
]
.

Here NG
Adj,τ2m+1

∈ {0, 1} is the number of times the τ2m+1 representation of SU(2) appears
in the branching rules (4.10), i.e. we can rewrite (4.10) as

Adjoint of G→
⊕
m

NG
Adj,τ2m+1 × τ2m+1. (4.18)

Torτ2m+1 [Ageom
SU(2);M3, SL(2,C)] is the Ray-Singer-Reidemeister torsion twisted by an

SL(2,C) flat connection Ageom
SU(2) in the representation τ2m+1. The above relation (4.17)

simply follows from the definition in (4.8) of the torsion. Using the mathematical results
in [49, 50] one finds the important relation

log
∣∣Torτ2m+1

[
Ageom

SU(2);M3, SL(2,C)
] ∣∣ = 1

π
vol(M3)

(
m2 +m+ 1

6

)
+
∑
γ

∞∑
k=m+1

log |1− qkγ |.

(4.19)

The sum runs over all primitive geodesics γ onM3 and we have defined qγ := e−`C(γ) where
`C(γ) is the complexified length

TrP exp
(∮

γ
Ageom

SU(2)

)
= e

1
2 `C(γ) + e−

1
2 `C(γ) , Re(`C) > 0 . (4.20)

The real part Re(`C) measures the geodesic length. The infinite sum in (4.19) converges
absolutely when m > 1. If the term with m = 1 does not converge, we cannot use this
result. This is however not important in our context since any potential modification at
m = 1 will affect only the N0 part of the large N free energy of the class R theories.

Combining (4.10), (4.17), and (4.19), we arrive at

Re
(
Sgeom

1 [M3, GC]
)

= Re
(
Sgeom

1 [M3, GC]
)

= − 1
12π (2dGhG + rG)vol(M3)− 1

2RG(M3) .
(4.21)
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To obtain this formula we used the following group theoretical fact∑
m

NG
Adj,τ2m+1 ×

(
m2 +m+ 1

6

)
= 1

6 (2dGhG + rG) , (4.22)

which can be shown by using the branching rules in (4.10). The quantity RG(M3) is
defined as

RG(M3) :=
∑
m,[γ]

∞∑
k=m+1

NG
Adj,τ2m+1 × log |1− qkγ | ,

= Re
∑
m,[γ]

∞∑
k=m+1

NG
Adj,τ2m+1 logP.E.

[
−qkγ

]
.

(4.23)

Here P.E. is the Plethystic exponential

P.E.[f(q)] := exp
( ∞∑
n=1

1
n
f(qn)

)
. (4.24)

We also note that for G = AN−1 and DN the quantity RG(M3) is O(N0) at large N and
takes the explicit form

RAN−1(M3) = Re
∑
[γ]

logP.E.
[
qN+1
γ − q2

γ

(1− qγ)2

]
,

RDN (M3) = Re
∑
[γ]

logP.E.
[

(qNγ + q2
γ)(qNγ − 1)

(1− qγ)2(1 + qγ)

]
.

(4.25)

Note that qNγ is exponentially small at large N and thus both RAN−1(M3) and RDN (M3)
are O(N0) at large N .

So far we have discussed the classical and 1-loop contribution to the CS partition
function. It is clear from the results above that these two terms contribute to the leading
and subleading terms in the large N approximation for the CS partition. It is not known
in general how the rest of the perturbative CS invariants, Sαn for n ≥ 2, behave at large
N . As pointed out in [11], for the AN CS theory the holographic results for the squashed
sphere partition function strongly suggest that Sα2 scales as N3 and Sαn are subleading for
n ≥ 3. We provide further evidence for this conjecture below and extend it to the DN

series and to subleading order in the large N expansion.

4.2 3d-3d relations and the large N limit

Here we present explicit 3d-3d relations for various supersymmetric backgrounds B written
in terms of perturbative invariants studied in the previous section. For completeness, we
do not suppress the imaginary parts of the free energies logZ in this section. Also, for
simplicity, we focus on the case with trivial H1(M3, ZG). There are several subtle issues for
the case with non-trivial H1(M3, ZG) [14, 51, 52]. But, the subtleties only affect the logN
and O(N0) terms in the free energy at large N and thus the large N expansion formula
below is valid for general M3 up to O(N).
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B = Mg,p (degree p bundle over Σg). The 3d-3d relation for this supersymmetric
background is [12, 13]

Z [T [M3, G] onMg,p∈2Z]

=
∑

Aα∈χirred(M3,GC)

( 1
|ZG|

exp(2Sα1 [M3, GC]
)1−g

exp
(
−pS

α
0 [M3, GC]

2πi

)
.

(4.26)

Note that the above 3d-3d relation works only for even p. For even p, there are two
supersymmetric backgrounds depending on spin-structure choices along the fiber
S1-direction [53]. The 3d-3d relation is for the anti-periodic boundary condition along the
fiber S1-direction. For p = 0, the partition function computes the following twisted index

Z [T [M3, G] onMg,p=0] = TrHtop(Σg)(−1)R . (4.27)

Here Htop(Σg) is the Hilbert-space of the T [M3, G] theory on a Riemann surface Σg with
a topological twisting using the U(1) R-symmetry. With R in (4.27) we denote the charge
with respect to the R-symmetry. The U(1) R-symmetry originates from the SO(2) subgroup
of the SO(5) R-symmetry of 6d (2, 0) theory which commutes with the SO(3) subgroup
used for the class R topological twist. This in turn implies that the R-charge is integer
valued for all states in the Hilbert-space. The integrality of the R-charge guarantees that
the Dirac quantization condition, (g− 1)R ∈ Z, is obeyed. At sufficiently large N , there is
no continuous flavor symmetry in the class R theory and the compact U(1) R-symmetry
is the IR superconformal R-symmetry. This situation should be contrasted with 3d N = 2
SCFTs arising as world-volume theory on M2 branes probing a conical CY 4-fold over a
7d Sasaki-Einstein manifold. In those examples the Dirac quantization generically can not
be satisfied for the superconformal R-symmetry and thus the supersymmetric partition on
Mg,p is ill-defined [24]. As a consistency check of the 3d-3d relation in (4.26), one can
confirm that the right hand side becomes an integer when p = 0 [13].

For p > 0 (resp. p < 0), the flat connection Aα=(geom)
G (resp. Aα=(geom)

G ) gives the
dominant contribution at large N . By combining (4.16) and (4.21) with (4.26), we find

log
∣∣Z [T [M3,G=AN−1 or DN ] onMg>1,p∈2Z>0

] ∣∣
N→∞−−−−−−−→ vol(M3)

6π

(
(g−1)(2dGhG+rG)+ p

2dGhG
)

+(g−1) log |ZG|+(g−1)RG(M3)

+O(N0) . (4.28)

Recall that ZG is the center group of G and |ZG| is its order. For p = 0, on the other
hand, the dominant contribution at large N is given by two flat connections, Aα=(geom)

G

and Aα=(geom)
G , and one finds:

log
∣∣Z [T [M3, G = AN−1 or DN ] onMg>1,p=0]

∣∣
N→∞−−−−−−−→ vol(M3)

6π (g− 1)(2dGhG + rG) + (g− 1) log |ZG|+ (g− 1)RG(M3)

+ (g− 1) log (2 cos(θM3,G)) +O(N0) .

(4.29)
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The term (g− 1) log (2 cos(θM3,G)) for p = 0 comes form the relative phase factor between
the two dominant flat connections

TorAdj[Ageom
G ;M3,GC] = eiθM3,G

∣∣TorAdj[Ageom
G ;M3,GC]

∣∣ ,
TorAdj[Ageom

G ;M3,GC] = e−iθM3,G
∣∣TorAdj[Ageom

G ;M3,GC]
∣∣ . (4.30)

This large N behavior is the result we have used to fix the constants (A,B,C) in (3.3)
and arrive at the expression in (3.12). The logarithm term, (g − 1) logN , in (4.29) for
G = AN−1 can be reproduced holographically by a 1-loop supergravity computation [12].
For G = DN , on the other hand, there is no logN term since then |ZG| = 4 = O(N0).
It would be interesting to understand the absence of a logN term for G = DN from the
supergravity side.

B = S1 ×ω S2 (superconformal index). To compute the superconformal index for
theories of class R using the 3d-3d correspondence one has to take the limit ω → 0 which
is akin to the Cardy limit familiar from 2d CFTs. For hyperbolic M3, the 3d-3d relation
in the Cardy limit reads [54]

Z
[
T [M3,G] on S2×qS1

]
q=e2πiω , ω→0−−−−−−−−−−−−→

1
|ZG|

∑
Aα∈χirred(M3,GC)

exp
(
n=∞∑
n=0

(
~n−1Sαn [M3,GC]+(−~)n−1Sαn [M3,GC]

))∣∣∣∣
~=2πiω

.
(4.31)

Here Sαn = (Sαn )∗ is the perturbative expansion coefficient associated to the complex con-
jugate flat connection Aα = (Aα)∗. This partition function is equivalent to the following
superconformal index

TrHrad(S2)(−1)Rq
R
2 +j3 . (4.32)

The trace is taken over the Hilbert space in radial quantization, whose elements are local
operators in the T [M3, G] theory. In the Cardy limit with Re(ω) < 0, from the property
in (4.11), the flat connection Ageom

G gives the most dominant contribution. Using (4.16)
and (4.21), we find

log
∣∣Z [T [M3,G] on S2×qS1

] ∣∣ q=e2πiω , ω→0−−−−−−−−−−−−−−→

− vol(M3)
6π

(
dGhG
ω

+2dGhG+rG
)
−log |ZG|−

RG(M3)
6π (4.33)

+2
∞∑
n=1

(−1)nIm
[
Sgeom

2n [M3,GC]
]
(2πω)2n−1+2

∞∑
n=1

(−1)nRe
[
Sgeom

2n+1[M3,GC]
]
(2πω)2n .

This result is compatible with the ω → 0 limit of the holographic prediction in (3.12) up to
O(ω0). By comparing the higher order terms in ω above with the holographic prediction,
we arrive at the following non-trivial mathematical predictions

Im
[
Sgeom

2 [M3, G]
]

= 1
24π2vol(M3) dGhG +O(N0) ,

Im
[
Sgeom

2n [M3, G]
]
n>1

= O(N0) , Re
[
Sgeom

2n+1[M3, G]
]
n≥1

= O(N0)
(4.34)
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A similar conjecture was already proposed in [11] for G = AN−1 case. However, in [11]
the conjecture was only about the leading order in the large N limit, i.e. the O(N3) term
in (4.34). The HD holographic results summarized in section 3 allow us to generalize this
up to O(N1) as well as to the DN class of theories. It would be very interesting to confirm
the conjecture in (4.34) by other means. For example by direct numerical evaluation of
Sgeom
n≥2 [M3, G = AN−1] for various hyperbolic 3-manifold M3 and different values of N .

These calculations should be facilitated by the techniques developed in [47, 55, 56].

B = S3
b (squashed S3 partition function). To calculated this partition function

using the 3d-3d correspondence we again have to appeal to a specific limit of the squashing
parameter resembling a Cardy-like limit, namely b → 0. For hyperbolic M3, the 3d-3d
relation in this Cardy-like limit is [11]

Z
[
T [M3,G] on S3

b

]
b2∈R+→0−−−−−−−−−−→

√
1
|ZG|

exp
(
n=∞∑
n=0

~n−1Sgeom
n [M3,GC]

)∣∣∣∣
~=2πib2

. (4.35)

Note that only a single irreducible flat connection, Ageom, contributes in the Cardy limit,
see [11, 57–59]. Using the formulae in (4.16), (4.21), and (4.34), we find the following result

log
∣∣Z [T [M3,G] on S3

b

] ∣∣ b2∈R+→0−−−−−−−−−−→

− vol(M3)
12π

(
dGhG
b2

+2dGhG+rG+dGhGb2
)
− 1

2 log |ZG|−
RG(M3)

12π +O(N0) .
(4.36)

This expression is compatible with the b→ 0 limit of the holographic prediction in (3.12).
This provides additional non-trivial evidence for the consistency of all results presented
above and for the validity of the conjecture in (4.34).

5 Discussion

In this paper we combined results from four-derivative 4d N = 2 gauged supergravity,
holography, and the 3d-3d correspondence to shed light on the physics of the 3d N = 2
theories of class R in the large N approximation. Our results amount to explicit evaluation
of the leading and subleading terms in the large N expansion of various supersymmetric
partition functions and the two-point function of the energy momentum tensor. In addition
we are able to calculate explicitly the first subleading correction to the Bekenstein-Hawking
entropy for any asymptotically AdS4 black hole solution arising from M5-branes wrapped
on a hyperbolic manifold.

Our work leads to a number of open questions and avenues for generalization. Here
we briefly discuss a few of them.

• We have studied the leading correction to the N3 behavior of a number of physical
observables in the large N limit of the classR 3dN = 2 QFTs. Studying the behavior
of more subleading corrections is very interesting but challenging both on the QFT
and gravity side. In supergravity one needs to study corrections to the supergravity
action that involve six or more derivatives while in the 3d-3d correspondence we need
detailed knowledge about the large N behavior of the perturbative CS invariants Sαn
for n ≥ 2. Progress on both of these fronts will be very interesting.
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• As described in the introduction we have studied higher derivative corrections to
supergravity by using a 4d approach and thus circumvented the need to work with
the higher-derivative corrections to 11d supergravity. Understanding how to uplift
our explicit results to 11d and map them to coefficients of the supergravity effective
action, along the lines of [2–4], is a very interesting topic for further exploration.

• Our supergravity and holographic results have lead to the conjecture in (4.34) for
the large N behavior of the perturbative invariants of CS theory with a complexified
ADE gauge group on a hyperbolic manifold. It will be most interesting to confirm this
conjecture with explicit calculations along the lines of [11] or furnish a general proof.

• In our analysis we have assumed that the hyperbolic manifold M3 is smooth and
compact. This was necessitated by the use of the supergravity consistent truncation
results and the restriction to work in the minimal 4d N = 2 gauged supergravity. It
should be possible to generalize this setup by including defects and boundaries on
M3 which support additional degrees of freedom in M-theory. In the context of 4d
N = 2 gauged supergravity these extra degrees of freedom should be incorporated
by the addition of vector and hyper multiplets. The probe brane analysis in [60] may
be useful in uncovering the details of this setup.

• All QFT results for the 3d N = 2 theories of class R we have used are obtained by
using the 3d-3d correspondence to map the calculation to complexified CS theory on
the hyperbolic manifold M3. It will be interesting to understand whether some of
these quantities can be computed in a more direct manner using the properties of the
3d N = 2 theory itself.

• Here we have focused on twisted compactifications of the N = (2, 0) theory to three
dimensions which preserve 3d N = 2 supersymmetry. Geometrically these twists
can be realized by wrapping M5-branes on special Lagrangian submanifolds in non-
compact CY 3-folds. There is a generalization of this construction to twisted compact-
ifications preserving only 3d N = 1 supersymmetry which is realized geometrically
by M5-branes wrapping associative cycles in non-compact G2 manifolds. Indeed,
this generalization has been studied both on the supergravity and field theory side,
see [61] and [62], respectively. It will be very interesting to generalize some of our re-
sults to this less supersymmetric setup. We expect this to be non-trivial and plagued
by technical difficulties due to the small amount of supersymmetry and the lack of
explicit results for the large N limit of the N = 1 3d-3d correspondence.

• It will be interesting to perform a 1-loop supergravity calculation, along the lines
of [12], and confirm that the logarithmic tem in (4.29) for G = DN indeed does not
behave as logN .

• The 3d-3d results for the superconformal index in (4.31) and the squashed sphere
partition function in (4.35) are valid in a Cardy-like limit where the length of an S1

in the geometry is vanishing. On the other hand, the supergravity results in (3.12)
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are valid for general values of the squashing parameter b and the fugacity ω. It
is desirable to extend the range of applicability of the 3d-3d correspondence and
calculate these two partition functions for general values of the parameters.

• The expression for the partition function in (1.1) bears a strong resemblance to
the structure of the anomaly polynomial of a 6d N = (2, 0) SCFT of type G. It is
tempting to speculate that (1.1) may be obtained by a suitable equivariant integration
of this anomaly polynomial.

• Wrapped M5-branes lead to a rich family of 4d N = 2 and N = 1 as well as
2d N = (0, 2) SCFTs which have an explicit holographically dual description,
see [33, 63, 64] and [20, 65], respectively. It will be very interesting to study these
SCFTs using higher-derivative corrections to supergravity. Some concrete results in
this spirit were obtained in [66] and we hope they could be generalized significantly.
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