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Abstract

In this paper we will consider the most general quadratic curvature action with infinitely many covariant
derivatives of massless gravity in three spacetime dimensions. The action is parity invariant and torsion-free
and contains the same off-shell degrees of freedom as the Einstein-Hilbert action in general relativity. In
the ultraviolet, with an appropriate choice of the propagator given by the exponential of an entire function,
the point-like curvature singularity can be smoothened to a Gaussian distribution, while in the infrared the
theory reduces to general relativity. We will also show how to embed new massive gravity in ghost-free
infinite derivative gravity in Minkowski background as one of the infrared limits. Finally, we will provide
the tree-level unitarity conditions for infinite derivative gravity in presence of a cosmological constant in
deSitter and Anti-deSitter spacetimes in three dimensions by perturbing the geometries.
© 2020 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

1. Introduction

Einstein’s theory of general relativity (GR) contains classical and quantum singularities in
3 + 1 spacetime dimensions [1,2]. Quadratic curvature gravity in four spacetime dimensions
(4d) indeed ameliorates the renormalizability issue, but contains massive spin-2 ghosts [3]. A
ghost-free theory of quadratic gravity in 4d that contains infinitely many covariant derivatives
has been constructed in Refs. [4,8—10,12,13,11] and [5,6]. The corresponding action is the most
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general one which is parity invariant and torsion free as long as one is interested in linear per-
turbations around maximally symmetric spacetimes [6,7]. By construction, the action contains 3
analytic form factors F; (0) = ), fi,»O" with infinitely many covariant derivatives represent-
ing the Ricci scalar, the Ricci tensor and the Riemann/Weyl tensor. It was shown that the full
action of ghost-free analytical infinite derivative theory of gravity (AIDG) in 4d can amelio-
rate the static Schwarzschild blackhole singularity [5,14—18], [19,20] and also produces rotating
non-singular metrics [21] at linear level. The gravitational interaction weakens enough that as-
trophysical objects with even billions of solar masses may have no singularities, provided certain
conditions are met [22,20]. The singularities can also be resolved with extended objects such as
static p-branes [23]. At the quantum level, the interaction introduces non-locality [24-29] and
it has been argued that the theory would be power-counting renormalizable [9,33,4]. A careful
analysis of this issue can be found in [31,32].

It is now wishful to consider whether we could construct ghost-free AIDG in 3d, in particular
we are motivated to study the gravitational action in the UV where the higher derivatives play a
significant role around Minkowski and in (A)dS backgrounds. In 3d, GR itself has some interest-
ing properties which can be captured by either a metric theory of gravity or by a Chern-Simons
theory [38—40]. It contains 3 off-shell degrees of freedom but on-shell they do not survive, hence
the physical graviton does not propagate. Furthermore, there is an interesting connection between
3d-gravity in AdS and conformal field theory (CFT) in the boundary [41,42] and in AdS3 there
exists an intriguing non-trivial blackhole solution [43,44]. All these non-trivial features in 3d
demand further study on the construction of both massless and massive ghost-free AIDG up to
quadratic in curvature.

The aim of this paper will be to construct the conditions on the gravitational form factors,
which will at least guarantee a linearized ghost-free propagator around Minkowski and (A)dS
backgrounds which has massless Einstein-Hilbert gravity as an IR limit. Finding the propagator
in (A)dS involves non-trivial computations which we will carry out for the first time in A(dS) for
AIDG in 3d. We will also show how such a construction can yield new massive gravity [45,46]
around Minkowski background, see also ref. [47] for further classifications of new massive grav-
ity in the IR. We will restrict ourselves to classical properties and will not consider quantization
of gravity in any of the backgrounds.

The paper is organized as follows: In section two the full equations of motion of AIDG in
3d are discussed and in section three linearized gravity around Minkowski background and the
ghost-free conditions for the propagator are discussed. In section four we have shown how AIDG
can resolve point like curvature singularities and in section five, we will discuss how new mas-
sive gravity can be treated as an IR limit of ghost-free AIDG. In section 6, we briefly discuss
maximally symmetric solutions of this action and in section 7, we consider the conditions for
AIDG to be ghost-free in (A)dS backgrounds.'

1 We will use the following conventions:

e ngp =diag(—1,1,1)

e a,b,... are abstract indices in 3d, u, v, ... are coordinate indices in 3d and i, j, ... are purely spatial coordinate
indices

e (ajy,...,an) and [ay, ..., a,] denote (anti-)symmetrization including a factor %

ec=Gy=h=1.
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2. The full equations of motion

The 3d analogue of AIDG can be constructed in a very similar fashion as in 4d, see for
detailed derivations in 4d from the most general ansatz of parity invariant and torsionless setup
in [5-7]. The action in 3d can be captured by the Ricci scalar and the Ricci tensor, with two form
factors:

SAIDG =/d3x\/ [ + RF (L) R+ RapF2 (D) R“b} (D

where O = g%?V,, V), has a mass dimension of 2. Therefore, 0 = 0/ M2, where Mj is a new scale
of gravity in 3d, beyond which the infinite derivative part becomes important, while below M
GR becomes a viable option.”

The two form factors are assumed to be analytic and given by an infinite power series in O0°:

F@=Y_ fi.0". 2

This is the most general form of a covariant action with terms quadratic in curvature containing
infinitely many derivatives with reduces to GR in the IR regime. The equations of motion can be
derived in a very similar fashion in the 4d case, which was first derived in [53]. The only major
difference is that the Weyl tensor is identically zero in three dimensions, hence there are only
two quadratic curvature terms in the action. Here we present the 3d version of that:

Gup +4Gp F1 )R+ gupRF1 ()R —4 (Vo Vy — gapl) FIR —2Q14p
+8ap (. + Q1) +4RSF> (O) Rep — gapRea P> (O) R — 4V, V, F> (D) R,
+20F> (O) Rap + 2845 Ve VaFa (O) R — 2Q0ap + gap (25, + ) —400ap =tp  (3)

where 7, is the energy momentum tensor and Gy is the Einstein tensor. We have defined the
symmetric tensors*

n—1

Qlab—meZV R(I)VbR(” - 1) Ql_Zfl ZR(I)R(n )} 4)

n=1 =0 n=1

00 n—1 00 n—1

: - = : 1

Qb= fu Y VaROGRETV 0= 15,) RAORY (5)

n=l =0 e

! d(n—1— -

Aogp = —ZfznZV ( ”()V(aRb)(" b_ V(aRCd(l)Rl(,')'d 1)). (6)

n=l1

Obviously, these equations containing all the double sums are very hard to solve exactly. Nev-
ertheless, one can see that constant curvature backgrounds are indeed solutions of this theory,
i.e.

2 We will suppress writing M in order not to clutter our formulae, but while discussing physical situation, we will
invoke M; and then we will take care of mentioning it appropriately.

3 The fin have to have the dimension [mass]~ 22" according to our conventions. Further note that here we will only
consider analytic operators of O, and not non-analytic operators such as 1/0 [48,52] or In(O) [49-51].

4 The notation A" is an abbreviation of [ A for any tensor A.
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R = constant, R,p = constant X gup,

see section 6. In 4d such solutions exist, in fact non-trivial solutions are conformally flat in
asymptotically Minkowski background, see for details [20]. We can also consider the linearized
equations of motion: If we only keep the terms linear in curvature we obtain

Gap —4(VaVp — gap) FIR — 4V .V, F> (O) RS
42845 Ve Va Fy (O) R 4 20F, (0) Rap = Tap- (7)

3. Unitarity and propagator around Minkowski background

The linearized limit is particular useful to examine the mechanical properties of the theory,
such as tree-level unitarity and the propagator. As usual, we will write the metric as

8ab = Nab + hap ®)

and treat h,, < 1 as a small quantity. Since we want to reduce the equations of motion to linear
order in h,p, the action should contain only terms up to quadratic order in /4, and, moreover,
we expect it to be constructed solely out of /.5, 145 (the Minkowski metric) and d,. The most
general action of this kind consists of several terms according to the various index contractions
and reads

1 1
Squa =7 / d*x /=g |:5habDa (@) h® + kb () 89,k + he () 8,0,

1
+§hDd @) h + h? ! (D ) acadaaabh“b} 9)

with analytic functions a (OJ) , ..., f () (the exact definitions are merely a convention, of course;
extra factors of % or [ are inserted for later convenience). The resulting linearized equations of
motion read

1 1
500 @ hap +b @) dedahfy + 3¢ (O) (nabacadh“’ + 9 a,,h)

1 (=)
+§Dd @) hnap + fZD 3400040 = —14p . (10)
> To compute a () , ..., f (O) in terms of F; (X)) and F> (OJ), we insert the linearized expressions
for the curvature quantities
o1 1
R.}) = 8:9ahs, — 5 0adph — > Ohap (11)
RW = 9,8,k —Oh, (12)

into Eq. (7) and compare the coefficients of the different terms. We get [5]:
a()=1+2FKLOH)0O=—->b {0,
c=1-8FOH0O-2KLOH0O=—-d @),
SO =8F(O)O+4F (O)0O. (13)

5 The definition of 74p here defers from the previous section by an unimportant numerical factor.
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The constant terms correspond to the Einstein-Hilbert contribution, so for Fi, F» — 0 we re-
cover pure Einstein gravity.

If we wish to demand that the IR limit of the action Eq. (1) is that of Einstein’s GR, then
similar to the argument provided in Refs. [5-7], we want the equations of motion and hence the
propagator to be proportional to the GR-case, so we demand that f (UJ) should be zero. As a
result, a ((0) = ¢ (), and the equations of motion can now be written in momentum space, using

hap (x) = / P By (k) (14)
and

|

Sa (—k2) (—kzhab + 2kck(ah) — napkekah® — kakph + kzhnab) —— (15)

To obtain the free propagator, we have to invert the field equations which is not possible directly,
because they contain zero modes corresponding to gauge degrees of freedom. An easy way to
get rid of the gauge modes is to use spin projection operators [5,54,55], see Appendix A.1 for
the details. We arrive at the propagator where the momentum dependent part is given by:

I1 = i il 1 I1 (16)

AMPCT )R T a () kT a(—k2) °F

As promised, the propagator is proportional to the GR-propagator and by choosing @ (.J) in a
clever way, namely as exponential of an entire function, we will not introduce any new pole in the
graviton propagator in flat background.® Therefore, by going from UV to IR only the 3 dynam-
ical degrees of freedom, namely the spin-2 and spin-0 components propagate in a sandwiched
propagator, sandwiched between two conserved currents. Otherwise the propagator would have
additional poles associated to additional particle excitations. The simplest choice is [5]

a ()= O/M; (17)

with a certain mass scale M that can be interpreted as the scale of non-locality. The choice of
sign in 4d was obtained by demanding that the Newtonian gravitational potential recovers 1/r
behavior in the IR, see for details [33]. The negative sign in the exponent also helps the UV
properties which we will exhibit below. Since the propagator is suppressed in the high energy
regime, there is an indication that the theory may become asymptotically free. It implies from
a(0) = c(O) [5] that the form factors are now constrained in the Minkowski background:

2F1(I:|)+F2(I:|) =0, (18)

O ——76 ! Sz ! O =¢ / 32 ! 1
F = F = 9
1) 40 ’ 2O 20 (19

Note that in the low-energy-limit My — oo the F; (IJ) tend to zero so we get Einstein gravity as
expected. There is one more important issue: The second term in Eq. (16) has the wrong sign and
therefore indicates the presence of a ghost state. However, this is an example of a benign ghost
which does not spoil unitarity of the associated quantum theory.’

Benign ghosts are a common feature of gauge theories in general.

6 There actually exist exceptions to this principle, e.g. by using complex conjugate poles, see [34-37].
7 Since we do not quantize the theory in a rigorous way, what is shown here is just tree-level unitarity. For a discussion
of perturbative unitarity to all orders see [63,64].
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It is a well known fact that Einstein gravity in 3d has no on-shell propagating degrees of
freedom, and since per construction we did not change the number of local excitations, we expect
that statement still to be true (the derivation can be found in Appendix A.2). One should however
keep in mind that this is only true on-shell; if we do not demand the vacuum field equations
to hold we can only remove three degrees of freedom through Eq. (115). The remaining three
propagate off-shell as it can be seen in the propagator, see Eq. (16).

Moreover, due to non-locality we conclude that also causality must be violated in the UV
regime. In [66] it was argued that those violations can never be detected in any laboratory exper-
iment. We will not go into detail regarding this issue and refer to the discussions in [66,30].

4. Adding a Dirac-delta source

In this section, we wish to show that by adding sources (or more precisely, a point source)
will change the behavior of the solutions drastically. Let us briefly recall the situation in Einstein
gravity: Due to the local field equations R, = 0 space is always flat everywhere, adding a point
source T, ~ 8(x') (where x denote the two spatial coordinates) will merely change the behavior
of R,p at x =0, leading to a conical singularity.

To analyze the problem in AIDG, we wish to work again with the linearized field equations
for hyp. In momentum space, we have

ap (k) = f dBx e~ ikx 52 (x") m6089 = 2mms060s (ko) . (20)
Acting on it with the propagator yields
1
M, g (k) = hap (k) = anm (525,9 + ﬂah) s (kO) , Q21
0 0 O
80 hgyp takes the form takes the simple form | 0 ¢ 0 | with
0 0 vy
Sk 2 A’k i
v = / et s (k) e = L (22)
2m) k%a (—kz) 2m) kik;a (—k’ki)
Plugging that into the linearized Ricci tensor Eq. (11) yields
1 (0 O 0
Rip=—510 Ay 0 |, (23)
0 0 Ay
where A denotes the two dimensional (purely spatial) Laplacian. Ay can now be evaluated

straight forwardly for our preferred choice a = K2IM3

2 ) —kiki 2 o kK 2
AV za"aif (j ];zeik"xl%e " Z_mf (j ];zeikixleM—g = ‘Aisme_MTsz(x%H%)
T i T TT

(24)

So the Ricci tensor turns out to be a Gaussian distribution around the point source. If we take the
limit My — oo the Gaussian turns into a delta distribution and we recover the expected result of
pure Einstein gravity. The infinitely many derivatives have the effect of smearing out the conical
singularity and the Ricci scalar stays finite, in strong analogy with the 4d case [5].
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5. New massive gravity as an IR limit of AIDG

So far we have analyzed AIDG under the condition that it reduces to Einstein gravity in
the limit My — oo. In 3d, however, there exists another possible low-energy-limit called New
Massive Gravity, see [45-47].%

It consists more or less in Stelle’s fourth order theory adapted to three dimensions, with the
action

R
SNMG :/d3xa/—g [5 +aR? +,3RabR“b] , (25)

(Note that R and R, here denote the actual Ricci tensor and scalar again, not the background
quantities.) In contrast to four dimensions, there is a possibility to get rid of the Weyl ghost;

namely for the choice o = —%,8. More specifically, we will consider the action [45,46]
R 3 1
SNmG = /d3x V=g [—5 - 8—2R2 + _zRabRab] , (26)
m m

where m is a new mass parameter. Notice that we changed the sign of the Einstein-Hilbert term
deliberately. The propagator can be straight forwardly evaluated with the help of spin projection
operators, and reads

HNMG=—P7&22+P—;0=—HGR+P7S22, 27

so we have one additional propagating mode compared to GR which is a spin two tensor with

mass squared mTZ This is the usual Weyl-ghost familiar from Stelle’s theory, however, we have
reversed its sign here so that it has positive energy. As a result, the GR-part comes with the wrong
sign. But this is not a problem since the GR-excitations do not propagate and the theory is still
unitary.

The other open issue is renormalizability: As Stelle has proved, fourth-order gravity is renor-
malizable and in three dimensions we still expect that statement to hold. While this is true in
principle, there are specific combinations of « and § which destroy the renormalizability, namely
exactly those which provide unitarity! Hence, like in four dimensions, we cannot have unitarity
and renormalizability at the same time in fourth-order gravity.

Here our aim is to embed NMG in AIDG, and see how it arises in the IR. We now want
to construct a theory containing infinitely many derivatives which reduces to NMG in the limit
M — oo and does not change the particle content. Note that we have now two mass parameters
in the theory and will assume the hierarchy m < M. As before, we want the propagator be
proportional to ITya g, but suppressed in the UV-limit. The factor of proportionality must not
have any zeros and shall therefore be of the form Ce?(=¥) with C a constant and y (—kz) an
entire function. The AIDG-action will be again of the form

R
SAIDG =/d3x«/—g [—3 + RF, (O)R+ Ry F> (D) R”b] , (28)

(with the reversed sign in front of Einstein-Hilbert term again), and we demand

8 A similar embedding of massive gravity into infinite derivative gravity has been done in four dimensions, see [56].
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Fy (D)—)—;’W and F; Q) — %, 29)
in the limit My — oo. The relations (13) containing the new sign now, read

a@=-1+2RL)0=-b0),

c@=—-1-8FOHO-2FKLO)0O=-d @),

SO =8RO)0O+4/ O 0O, (30)
and the propagator (now written in the momentum space) is still given by

PSZ PSO
e = e () —2e ()R o R

We can now read off the relations
2k 2 2
VAN ) v (—K2) 22\ _12) = v (=K)
a( k) C(1+m2>e and a( k) 2c( k) Ce , (32)

which implies

)HNMG- 3D

ey Cr 1 3y T et

1(_ )_ w8 2<_ )__ %2 m?
(33)

We see that analyticity of the F; requires C = —1. For the function y (—kz), we can choose the

simplest analytic possibility y = k?/ MSZ, with M; the scale of non-locality. The form factors
then take the form

2 2 2 i
eM} -1 3eMS2 eMg'—l eM%
R(-K)=-E 3 ()= G 3
: 4z 8 m? ? %7 G4
and we see that the constant terms are given by
flo= 1 3 o= 1 n 1 (35)
T a2 T g2 0T oMz o2

and fulfill Eq. (29) in the limit when M — oo.

Hence, we have constructed a viable infinite derivative extension of New Massive Gravity
which does not alter the particle content. As per construction it is tree-level unitary, renormaliz-
ability has to be checked separately and no proof is available yet.

6. Maximally symmetric solutions

In this section we want to go beyond the linearized limit and study maximally symmetric
solutions of the full field equations. The solutions we find will be important in the consequent
chapters about AIDG in (A)dS-background. In a maximally symmetric spacetime, the relations

R R
Rapea = g (8ac8bd — 8ad8bc) and Ryp = ggab s (36)

hold with R constant over the manifold. That implies that every curvature quantity is annihilated
by the covariant derivative, so most of the terms in Eq. (3) drop out. From the infinite derivative
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terms only the zeroth order terms without boxes denoted as f1o and f9, contribute. Plugging in
the expressions above yields

R? lf +1f R+A—O (37)
3 10 9 20 6 =0,
which is a quadratic equation, so we will in general have two solutions of curvature for a given
A. A particularly interesting case is A = 0: Here we get additionally to R = 0 also the second
solution

1

R=———,
2 fi0+ 5 f20

so an “effective cosmological constant” is generated by the higher-order terms.

One could ask now: Is it then even necessary to include A in the action? The answer is yes,
because, as we will see in section 7.4, the form factors and hence also their zero’th coefficients
will be constrained to certain values.’

So if A =0, we have only one specific numerical value available for the background curva-
ture. To obtain the full variety of backgrounds, we have to include A.

The situation is fundamentally different in four dimensions because the Weyl tensor Cgpeq 1S
not necessarily zero, so we have to include a term Cgpeq F3 () C abed iy the action. However,
Cyubeq 1s zero for maximally symmetric spacetimes, so the additional term does not change the
calculation. Computing Eq. (37) in a general number of dimensions d using arbitrary fio gives

(38)

S iy ) B Sty (39)
and one sees that for d = 4 the quadratic part completely drops out. That means in four dimen-
sions we have always the familiar relation

R =4A, (40)

and the background geometry is independent of the form factors F; (1J). This apparent simpli-
fication is absent in three dimensions which leads to some caveats as can be seen in the next
chapter.

As a side remark, we see from these results that also the famous BTZ black hole is an exact
solution: As shown in detail in Ref. [43,44], the BTZ is just an orbifold of AdS space and hence
locally indistinguishable from global AdS. The non-trivial boundary conditions do not cause any
problems and the BTZ is a perfectly viable background for AIDG in 3d. We should point out
here that the infinitely many derivatives did not play any role in this section, only the zeroth order
terms entered the calculation. The result Eq. (37) is also true in Stelle’s fourth order gravity.

7. AIDG in (A)dS(3)
7.1. The perturbations around (A)dS

We would like to derive the linearized equations of motion in a stable (A)dS background.'”

9 However, the constraints are not the same as derived in sections 3 and 5 because those results were obtained in
Minkowski background with R = 0.
10 Recently this analysis was extended to more general backgrounds like conformally flat spacetimes [65].
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The whole procedure is in close analogy with Refs. [6,7,57]. The action we will consider here
is in 3 dimension, and it is given by:

SAIDGZ/d xJ—g [ + RF (O)R + Ry F> (O) R — A]. (41)

In this paper, we will consider the details of the scalar, vector and tensor decomposition of the
quadratic part of the action around (A)dS. For later convenience we will rewrite this action using
the traceless Ricci tensor

Sab = Rab — %gahRa
as

Saipc :/d3x¢_ [ +RF (D) R+ Sap P> (O) 890 — ] (42)
This amounts just to a trivial redefinition of the F;’s, we obtain:

FO)=FO)+ %Fz O, BRO)=F0O). 43)

To obtain the linearized equations of motion, we have to compute the second variation, which is
a straight forward but laborious task. We have to replace all the quantities by their second order
perturbation (for the details see Appendix A.3) using

8ab = 8ap + hab » (44)

and keep only terms quadratic in %,4;,. The bars on the background quantities have been omitted
for simplicity. The different parts of the action shall be analyzed separately.

7.1.1. Einstein-Hilbert part of the action including A
The pure Einstein-Hilbert part of the action from Eq. (42) becomes

h h%  haph®®\T1
SEHzdeX\/_g<l+§+—— ab >[— (Rab+5Rab+52Rab>

8 4 2
x (g“b yrn h“h’g) - A] : 45)

where SR, and 82R,;, are the first and second order variations of the Ricci tensor, defined in
Eq. (120). After a lengthy calculation outlined in Appendix A .4, collecting all the quadratic terms
yields

82 Sen =/d3x«/ [ h*Ohgy, — —hDh+ hv Vh +

1 h?  hapht?
“V PN R + th - —hubh“bR Al -2 ). (46)
4 K} 4
For future purposes we shall write this quantity as
82 Spy = —/d3x./ 250 (47)
with
h h*  haph®
8o =82 R+28R+ 3 2 (R—2A). (48)
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7.1.2. Terms containing I?l (O)
The part of the action containing the Ricci scalar reads:

h h?  heph
~ 3 — " no ab 2
SR_/dx«/ g<1+2+ 2 2 )(R+8R+8 R)
(1?1 (@) + 8 FL (D) +52F1(D)) (R + S8R ~|—82R) . (49)

Again, collecting all terms quadratic in 4,y results in
828k = / dx =g |:Rfl (0)8°R + RSFy (O)SR + R8>Fy (O) R+ F; ()8R

~ _ hoo~ . ~
+8R8F; ()R +8%RF (O)R + 3 (RF; ()8R + RSF, (O) R+ 5RF; (D) R)

2 ab
+ (h_ _ havh ) RO Ri|. (50)

8 4
The variation of [J acting on a scalar is given by
5@ ¢ = (~h"Vady - g"5T540 ) 0, (51)

where 6", denotes the variation of the Christoffel symbol (see Appendix A.3). We conclude
that the constant background curvature R is annihilated by all variations, §' Fi (), but the zeroth
coefficient flo in the expansion of F 1 (O) = 220:0 ﬁ,, " survives. A reorganization of the terms
now yields

% haph®® ~ ~
828k =/d3x«/—g|: (haR + (§ — %) R+ 282R> fioR +8RF; (O)8R

+%R(f1 (0) — fi0) 5R + RS Fy (D)SR}. (52)

It can be further simplified by using Eq. (48), and we arrive at

2 3 ~ ~ R\ [(h%  hgph® ~
82Sp = | d®x /=g|2f10R80 + 2 fioR 2A—E T2 +8RF, (O)SR

+%R(E () — fio) SR + RS Fy (D)éR:|. (53)

"' Tn the second line, the two terms can be seen to cancel away. First, the variation in the last
term has to appear at the extreme left, otherwise the term becomes a total derivative. Next, by
expanding the power series in both of the terms gives:

ZﬁnR/aﬂx«/—g (gD~|—8(D)> 0" 'sR, (54)
n=1

' In four dimensions, the second term vanishes due to the background constraint A = %.
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and by using Eq. (51) again, we find

(0.¢]

ZﬁnR/d%c«/_( 0 — hv,8), — g*sT¢, 8 )D”laR

n=1
o0

=Zf1nR/d x«/_< O — h*V,8, — Vah® 9, + Y, ha“) 0" 'sR
n=1
(0.¢]

=Zf1n /d3x«/ ( O"§R — V, (h“”abD"—laR) —hvaa“D"—laR)
n=1

—Z 7R / d*x =g (~Va (0, 15R)) (55)

which is a total derivative and therefore vanishes. Hence the final result is given by:

h2 h hab .
$25k = / Y Wers [2me80 +270R (ZA - 3) (§ -t ) 1 5RF, (D)M] .
(56)

7.1.3. Terms containing I?z(lj)

The last variation is particularly simple because the traceless Ricci tensor vanishes for maxi-
mally symmetric spacetimes, so the two variations have to act on both S, to produce a non-zero
result. We have

1 - 1
82Sg =/d3x J=g ((SRab - ggabb‘R> B> (O) <5R‘”’ - 5g“”5R>

:/d3x4/—g [aRa,,Fz (O) S8R — %51%?2 (D)(SR} , (57)

so that we can write the complete variation as

2 ab
/dzx\/—|:( +2f10R)50+f10R(4A R)<h —%>

+8RF (O)SR + SR F> (D)SR“b:|, (58)

using the unhatted F; () again. This expression can be simplified considerably by inserting the
relation Eq. (37) between the cosmological constant and the background curvature. Some of the
terms of higher order in R cancel away and we are left with

828 = /d3x J= [( + f10R> 80+ 8RF1 (O)8R + 3Ry Fr (O) aRab} (59)
where 30 is defined as

" 1 ab 1 1 ab 1 ab c R ab

b= 2 h" Ohap = hOh + ShVaVph + = Vah™ Vehy = = haph. (60)

Note that 8 is exactly what we have had obtained in pure Einstein gravity: Eq. (37) would then
reduce to A = 6R and from Eq. (46) we would obtain
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1
52Spy = §/d3x«/_N—g80. 1)

So the terms generated by the non-trivial relation Eq. (37) cancel away and Eq. (59) has the same
form as in 4d, apart from the fact that the Weyl term is absent.

7.2. Scalar, vector and tensor decompositions of the metric perturbations

To proceed further, we have to decompose the metric perturbation into the different spin
states [6,7]. However, there is one big difference: In an AdS background we cannot go to
Fourier space globally, hence the group theoretic arguments outlined in Appendix A.l1 do not
work straight forwardly anymore. Instead, we will follow the procedure outlined in [58,6,7], see
also Refs. [59-62] where the authors have found the graviton propagator in dS in 4 dimensions.
Let us define the metric perturbation as

hap = h5y + VoAl + VAL +V, VB — gupod (62)
where the tensor part obeys the transverse and traceless condition
Veht =nt =0,

and so does the vector part V“Aj = 0. This decomposition corresponds exactly to the one which
was done in flat space using the spin projection operators, i.e. hjb corresponds to PSZ, Ai corre-
sponds to P}, B corresponds to PO and ¢ to PC. Since we do not want to increase the number
of degrees of freedom as compared to Einstein’s gravity, we have to demand that A;- and B drop
out of the quadratic action Eq. (59). This we will show explicitly below. Then, hjb and ¢ will
correspond exactly to the 3 off-shell propagating degrees of freedom. Let us start with decom-
posing the variation of the Ricci tensor § R,;, which appears in the higher-derivative terms. § R
can then be obtained by a simple contraction.

7.2.1. Decomposition of 6 Ryp
We note that the content of this subsection is entirely geometrical, without referring to any
particular theory.

o We start with the vector mode A}f; inserting Eq. (62) into Eq. (119) (see Appendix A.3) and
contracting with & yields

R 1
SR, (AL) == (VA" +V43) + 5 (VCV“VbAC V. VIVEA,
—OV,A% — OV Ay + V,0A% + VbVCV“AC), (63)

already using V,A“ = 0. With the help of the Riemann tensor substitution and the commu-
tation relation Eq. (127) in Appendix A.5, we can rewrite this as

R |
5RY, (AL) =~ (VA" +V43) + 5 (V“VCVbAC + R4V, A
R
FRA VoA R VoA = 2 (VAT 4V Ap) + R, VA7)

= —% (VbAa + VaA},)
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1/R R R R R
| =V*Ap+ =V9Ap + =V, A — =V, A — — (VLAY + V4 A
+2<3 b+6 b+3 b 6 b 3)( A" + b)

+RV A“)
3 b
=0, (64)

which is zero as desired.
For the scalar mode B, we again insert Eq. (62) into Eq. (119) and contract with §; to get

R 1 .
b (B)= — 15 (V'VbB +8,00B) + S (Ve VOV, B+ DVV, B — V, VOB
+ VpVVIV,B). (65)

Exchanging V¢ and V¢ in the first and the last term of the second parenthesis yields
R 1 . .
RY (B) == (V'V} B + 5;00B) + 5 (R IVeVaB + R IV, V4 B)

R 1 (R R R
=~ (V"VyB +5{0B) + - ( Z8{0B — ZVV,B + - V'V, B
i (VW B+ )+2<6b 6 T3 b)

=0. (66)

For the remaining two modes we expect a non-zero result: The scalar ¢ inserted into (119)
yields

SR (¢) = 55‘};¢> — - (chbag = VeVI8h = VgVl + Vst ) g. 67)
It is now practical to define the traceless differential operator
O
Dy, =V,V* -6} 3 (68)
Using Dj the equation above can be rewritten as
204+ R
SR ($) = = (Dgsg + Dle — DLsG — Dgol) ¢+ T (69)
and
1 R + 20
@) = Db +——68, )¢ and SR(¢»)=QRO+R)¢, (70)
follow straight forwardly.
Similarly, the tensor mode gives
SRy = = (5[,/4“’ — Sehg? + 80hye — shnie) +
1
5 (vcvbhj“ — V VR — v vhpte 4 VdV“hC“’> , 71)

and after contracting with §5, and using the Riemann tensor substitution
[V, V] hd = R by + RES Y, (72)

we obtain
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R 1 1 1 R
SR%, (hL) = —Eh;“ - EDhb + ZVCV”th =-3 <D - 3) hi4, and

5R (1) =0. (73)
7.2.2. Decomposition of the Einstein-Hilbert part
Of course we want to find the same non-vanishing degrees of freedom also in the pure GR-
part. Though, it is a well-known result that linearized Einstein gravity does not contain any
longitudinal excitations, we will verify it here explicitly.
e By inserting Eq. (62) into 8>Sk 5, we obtain for the vector mode
~ 1 1
3 (Aai) =2 (VaAp+ VpAq) O (V“Ab + VbA") +5 (DA" 4 VaVbA“>
R
X (OAp+ VaVpA") = 1= (VaAp + VpAo) (V"Ab + VbA“> . (74)

50 is an integrand, so we can perform partial integration, moreover utilizing the commutation
relations Eqgs. (127), (129), we obtain:

- 1 1 R\’
50<Aj)=—§AbvaD(V“Ab+vbA“)+§Ab <D+§> A+ Kb <D+ 3>Ab

6
(75)
The first term can be further simplified using Egs. (128), (129):
- 1 2R R 1 R\?
So(Ar)=— A, ([O+=)(O+=)A’+-A(O0+=) 4
o<a) 2b<+3><+3> +2 <+3) b
R (o Ap=0. 76
X ( +3) b (76)
e For the scalar mode B, we obtain similarly
1
S0 (B) = 7 Ve V,BOV*V?B — DBDZB+ SOBY, V,ViVPB +
1 1
EDVaBDV“B - ERvavva“vbB
1 2R R 1
=B|-V,(O+= OV’ - —*+ -
<4 b( * 3) n- i T
R 1 R
—DVR“Vb—— O+—|v,0ve— —R(O+=)0O|B
3 12 3
1 R\? R R 1 1
=B|—-(0O0+=) O+=(0+=)O0+-0°-—R’O|B
(4( +3> +6<+3> ta 36 )
=0. (77)

e The non-zero modes can also be evaluated straight forwardly resulting in

=004 R, (T9)

~ 3 9 3 1
8o (@) = Z¢D¢ - Z¢D¢ + §¢D¢ + EVaqﬁV“(b ~7
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and

- 1 R
5o <hL) = i (D - 5) Lab (79)

7.3. Propagator of AIDG in (A)dS(3)

Finally we wish to obtain the propagators for the two remaining modes hjb and ¢. The first
question is, if those two modes really decouple from each other, i.e. that we can write the final
quadratic action as a sum of the two separate actions. We know this to be true for the GR-part
and in the Fj-term no hi‘b can survive. Hence, the only suspicious term is the F;-term, but here
we can show straight forwardly that no coupling occurs: (see also Ref. [7]). The question is now:
do any terms survive in the combination

/ @5 R 8Rap () F (D) 5B (i)

1 R +20
=—/d3x\/—_g¢<§Dab+

1 R

gab | F2 (D) = (O == ) . (80)
2 3

The metric g4, can be commuted through to annihilate 4%, so the only potentially problematic

term is of the form

R
V.V F> (0) (D - §> ntab,

o
By expanding F» (O) in its power series F» = > f>,[0" and then using the commutation relation
n=0
Eq. (128) iteratively, we can commute through V}, all the way till it annihilates 41-?. Hence, we
have shown that the physical fields decouple nicely and we can turn now to the evaluation of the

propagators. To start with the scalar mode, we use the expressions

1 R+20
SRap () = (—Dab + gab) ¢,

2 3
SR(@)=QCLH+R) ¢,
~ 1
So(@)=—10CQU+R). 81

derived above to write

1 1 ~
Squa (P) =/d3xv—g|:— (g + §f10R>¢(QD+R)¢
+o QU+ R)Fi (L) U+ R) ¢

1 R+ 20 1 R + 20
+¢ <§Dab+ + gab> F D) (ED“"++—g“”) 4. (82)

3 3

The last term still allows for some simplification. After expanding F ([J) the commutation rela-
tion Eq. (130) can be used to obtain:

20+R
f &x =8 [#Dus P2 @) D9 | = f d3x«/—_g[¢F2(D+R)( a )Dﬂ. (83)
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Now, putting everything together and using the tracelessness of D, see Eq. (68), yields the final
result

1 1 ~
Squa (¢):/d3xJ—_g¢|:— <§ + §f10R> +FAO)ROH+R)+

%Fg @) (ZD+R)+%F2 (D+R)D} QO+ R) . (84)

The tensor mode is a lot simpler to handle because of its transverse-traceless property. Using the
expressions Eq. (73), (79) the final action results in

1 R ~ R\’
Squa (hl) Z/d3x Jfgghjb [(D — §> (1 +4f10R) +2F, (0) <D — ?) ]hmb_

(85)
The tensor and scalar part of the propagators can now be given by:
I1(¢)
_ i
[1+470R—16F1 @) O+ 5) - ¥R O (O+%) - 3RO+ RO](O+%)
(86)
and
1 P}
m{h~)=—- = 2 . (87)
( ) [1+4f0R+2FO)(O-%)](O-%)

3
An important issue here is the normalization of the propagators: Since we want to take the
Minkowski limit R — 0 in the next section, the propagators have to be normalized correctly.
From Eq. (16) and Eq. (13) we see that the first constant term in the denominator of IT (hJ-)
should be 1, hence we chose that as our normalization condition and removed a factor of % from
both propagators. For the scalar part we had to add an additional factor of % which is contained
in the spin projection operator.

7.4. Discussions, comparisons and IR limits
We turn now to the interpretation of the results obtained in Eqs. (86), (87). As a nice

cross-check we can take the limit R — 0, which should of course reproduce the propagator
in Minkowski space. We get

n (n)=- 1 _ 1 (88)
A=0 O +2FKR OO a(O

by using the relations Eq. (13) which is the desired result. For the scalar part we have to add an
additional factor of % which is contained in the spin projection operator but after that we get
1 _ 1
O(=1+16F (O+6FK DO  (a@ —2c@)D°

1,= ®

as expected.
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Another instructive limit is to take is F; ((J) — 0, in Egs. (86), (87), i.e. turning off the infinite
derivative terms. This would leave the graviton off-shell propagator in the (A)ds background:

P? Py
= R~ R’
-U+3 -U-3
where we see that the graviton acquires a non-vanishing mass due to the spacetime curvature.
The last question remains is what is the most natural choice for the form factors F; ((J)? In flat

space we required the propagator to be proportional to the GR-propagator and this should also
be our goal here. By comparing Egs. (86), (87) with Eq. (90), we obtain the necessary constraint

on the form factors:
F (D)=—1Fz(5)w—in(D+R)7—le(D). oD
8 C+%) 24 o+% 3
In the Minkowski limit, when R = 0, we obtain exactly 2 F1(0) + F2(0O) = 0, see Eq. (18).
Now, back into the (A)ds, the function of proportionality which we shall call a (1) in accor-

dance with the chapter 3 (the treatment in the Minkowski space) is given by

II

(90)

a@ =1+4foR+2F (O) <D— g) 92)

For not introducing any new zeros in the propagator, a (.J) has to be an exponential of an entire
function, i.e. CeV(D) where y (0J) is an entire function and C # 0 a constant. However, a simple
0

choice of a () = e M? is not viable anymore, because F| (J) and F> (J) will not be analytic
then: If we solve Eq. (92) for F> (J) we get

ce’@ —1—4fR

FO) = - (93)
2(0-3)
If we expand the exponential we see that we must have
C=1+4foR, (94)

1

otherwise we produce a term proportional to m Moreover, y ([J) has to contain a factor
3

(D — %) to cancel the denominator, so we arrive at

-~ _R
a (@)= (1+4fi0R) LG50 (95)
with some entire function t ((J). Now, solving Eq. (91) for F| (IJ) yields

| (1+4f0R) <e(D§>T(D) - 1)
FO)=-—
1 16 o+ %

| (1+4fi0R) (e(DJFZTR)r(DJrR) _ 1) 0
a8 O+3)O+%)

| (1+4710R) <e(D‘§)’(D) - 1)

6 O—

(96)

W=
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and again analyticity demands that we cancel the denominators. We see that 7 ({J) has to contain
the factors (1 + § and (1 — %, hence the simplest choice for a () is

o _EHE-HE-H
a(@=(1+4fi0R)e mp , 97)

then the F; () will be perfectly analytic:

—~ e M —1
Fi(@)=—(1+4FfoR
1 (M) (+f10)< 16(D—|—§) +
(OO )4 )
‘ W o1 _eae-ne-s
e M —1
, 98
BO+HEOH T e0-5§ ) o
and
[ _oREDE-y
(1+4f10R) | e g —1
‘:l =
FO) 20- 5 99)

There is one last point to consider: Note that we have treated ﬁo as an independent variable so
far, however, it is supposed to be the zeroth order coefficient of Fj ((J). With the help of Eqgs. (43),
(98), we obtain:

Fi@) = —(1+4f0R)

e
enenen (o w0 -io
e M —1
+ . 100
x 16(0+ %) 180+ &) (O+ ) (100)

‘We can now extract the zeroth order term from above, and obtain

®3
. . oM
fio=—(14+4f0R) SR (101)
8R
with the solution
?3
. 1 1—¢ 12M8
Sfro= R = (102)
14e 12M0

‘We should point out that the form factors depend explicitly on the background curvature. If one
takes the limit R — 0 in the above expressions, we will reduce Fj(0) and F>(0O) to
My g M

F (D):—T, KO = —g (103)
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0
M—vz’
Eq. (19). If we want to have a smooth Minkowski limit we have to replace a ((J) in Eq. (17) by

which defers from the flat space case in the sense that we have different powers of see

d (O = /M (104)

By the above choice, the desirable properties of the theory like tree level unitarity will remain
unchanged by this modification.

8. Conclusion

This paper provides the ghost free conditions for parity invariant and torsion free AIDG in
3d. At first we determined the full equations of motion and deduced the linearized limit in flat
space in complete analogy to the 4d case without introducing any new degrees of freedom. As
expected, we also found exact maximally symmetric solutions which can serve as background
solutions for linearization. With considerable algebraic effort, it was possible to construct a well
defined linearized theory around those (A)dS-backgrounds. We also considered New Massive
Gravity as a low-energy limit instead of GR, and succeeded in constructing an AIDG action
around new massive gravity around the Minkowski background.

The main highlights of the paper are following. First of all we have shown that the vacuum
solution of AIDG in 3 dimensions respects the BTZ blackhole solution in AdS. However, adding
a point source generates a non-trivial, non-singular solution. The solution so far has been ob-
tained only around the Minkowski background. Second important result is that we have derived
two main equations in this paper containing the scalar and the graviton propagators for AIDG
action in (A)dS in 3 dimensions, see Egs. (86), (87). These have been obtained by perturbing the
action up to quadratic in metric potential, i.e. O(h?) around (A)dS background in 3 dimensions.
We have discussed various consistency checks, such as our results of the propagators match the
expectations around the Minkowski background. We have also verified that the propagator re-
duces to that of Einstein gravity in 3 dimensions around the (A)dS background when we take the
appropriate limit O/M 32 — 0, or F;(0) — 0. We have also provided an example of the analytic
form factors F1(0O) and F>(0O) around (A)dS backgrounds.

There are still some open questions remain. First, we have not proven that the maximally
symmetric spacetimes are really the only vacuum solutions. If that is the case, it would be natural
to assume that AIDG in the vacuum, as GR, is a topological field theory. Since it does not seem
to be a Chern-Simons-theory (at least there is no natural connection) yet, it is an interesting
open problem to classify it as some other topological field theory. Furthermore, one could add a
boundary and try to find the dual conformal field theory, if it exists, to provide a new realization
of the holographic principle. All in all, AIDG in three dimensions has shown many interesting
features which make it worth studying these aspects further.
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Appendix A

A.l. Inverting the field equations

We can write the linearized field equations in the form (H’l)a b‘ heqd = kT, With the linear
operator

(), =) ()

f(=#)

= kokpkCk?.

(105)

¢ (<K (naokk? + kako) + K2d (=K2) nasn° +

One can significally simplify IT~! by using invariance properties: Eq. (105) is constructed solely
out of 1,4, and k%, hence the little group of k¢ commutes with it. If we take k£ to be time-
like, then the little group is SO(2).'” By Schur’s lemma, every operator that commutes with all
elements of a group in one of its irreducible representations, has to be proportional to the identity
operator. The symmetric-tensor-representation of SO(2) is decomposable into four irreducible
representations: one with spin two (2 degrees of freedom), one with spin one (2 dof) and two
scalars (1 dof each).'® It is now useful to define the so-called spin projection operators which
project on these four subspaces [55,54]:

1 1
P = 3 BacOpa + Baabpe) — 3 abOcd »
1
PJ} = E (Buc®pa + 6ua®pe + Opcwad + Opawac)
PO = Lo,
s — ) abYcd »
PB) = WabWcd » (106)
with
kakp kakp
Oab = Nap — 2—2 and wgp = 22 . (107)
It is easy to verify that they are all orthogonal and satisfy:
P2+ Pl + PO+ PO =1 and PP} =55, (108)

12 Later it will turn out that k% is actually light-like, however, SO(2) is more useful to decompose the eoms than the
little group of a light-like vector, ISO(1).

13 In three dimensions, the notion of spin should be regarded with care: Usually, spin refers to representations of SO(3)
which are important for massive particles in four dimensions. The representations of SO(2) we use here are the same as
for massless particles in 4d which we classify according to their helicity.
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P2 corresponds to the transverse and traceless degrees of freedom, P to the longitudinal and
traceless ones, PS0 represents the transverse trace part and Pg the scalar which is neither trans-
verse nor traceless. The operator Eq. (105) has to be proportional to unity in each subspace and
must not mix subspaces of different spin, however, it could potentially mix PAQ with Pg. Fortu-
nately, that does not happen in our case and we can write

1) _ 2 1 0 0
n-') ~ =AP}+BP,+CP +DP,. (109)
a
Determining the coefficients is straight-forward, one gets
! =k%aP? + k% (a —2¢) P, (110)

so the longitudinal parts Pul) and P,?, simply dropped out. That implies that the energy-
momentum-tensor 7, also must not have any longitudinal modes, it has to be conserved:
k%t,p, = 0. So if we just remove the longitudinal degrees of freedom from our solution space,
the equations of motion can be inverted and the resulting propagator is

Marpo= Do p B (a11)
AIDG = 2 (a—=2c)k%"

If we want [T 47 pg to be proportional to the ITg g such that no additional particles are introduced
we demand a = ¢ (or equivalently f = 0) to obtain

_ 1 2 0
1—IAIDG—W(PS —PS>. (112)

A.2. Degrees of freedom in Einstein gravity

It can be shown easily that Eq. (15) with t,, = 0 imply k2 =0. After removing the k2-terms
we see that both k%h,;, and & have to be zero, i.e. h,p, has to be transverse and traceless. We can
expand h,y in a light-like basis using k, and additionally a second light-like vector /, and an
orthogonal space-like vector e, as basis vectors. The Minkowski metric then takes the form

0O -1 0
naw=|-1 0 0], (113)
0 0 1

and A, can be written as
hap = a (k) kakp + 28 (k) kalpy + v (k) Lalp + 28 (k) kep) + 26 (k) [aepy + A (k) eqep
(114)

with k-dependent coefficients. Transverse traceless now means that 8 =y = ¢ = A = 0. The
remaining coefficients are gauge degrees of freedom and can be removed by a gauge transforma-
tion

hab = hap +kavp +vkp , (115)

with some vector v,.
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A.3. Perturbations

Here we summarize the expressions for the perturbations up to second order of all relevant
geometrical quantities; background quantities are indicated with a bar. The basic definition is

8ab :gab+hab7 (116)

raising and lowering indices is always done using g,;,. It follows

b b b b h?  haph??
ga %gﬂ —hé +hmhc’ Vant Ao AV <1+ +§_T> s (117)
1 /— _ _
[ ~The +6Th. 6T, = (vbh‘; +Vhd — v“hbc) , (118)
SRy = ((Sdhb — 80l + 82hG — o4n2 )
1o - __ __ _

+5 (vcvbhf, — VIV hh — Ve + vdv"hf) , (119)
Rap ~ Rap + 8Rap + 87 Rap,  8Rap = VeSTG), — Vs,
8% Rap = 876,819, — 816,87, (120)
R~R+8R, 8R=—h""Raup+7"" (VeoT<, — V,oIe,) . (121)

The order of expansion in A,y is either first or second, depending on what we need to vary the
action.

A.4. Quadratic action for Einstein gravity

Obtaining the second variation of Sgp in a curved background is a straight forward, but
laborious task. We start by expanding every quantity up to second order:

h h% hgph??
Sen= | dxy=g|1++—=— -~
EH / X g( + 3 + 3 1 )
1 :
x [5 (Rab 48R +82Rab) (g“b — pab +h“°hf) - A} . (122)

Collecting all the quadratic terms yields
2 3 1 acypb 1 ab 1 2 ab
8°Sgn= | d’x/—¢ ERabh hy — E(SRabh + 58 Rupg

" R + 5 Ry g + W2 haph®? A (123)
4 ab R8T+ (g~ 2

Plugging in the perturbations results in
1
82 Sy = /d*x /_[ hhy, — 1 (VeVahl — Ve VphS — Ohap + Vo Vph) b

1 1
+5 Vih <Vah“b - Vbh> = 5 (Vohe + Vel = Vi)

| =
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x (V[,hbc +Veht — vbhg)

1 h h%  hgphtt
——n’R V,V,he? —Dh) A
12 +4< arh +<8 4 )(2 >

1
/dgxa/_[ h* 0k, — —hDh+ hv A

8
1 R h?  haph
_Zhabvcvahz — Eh? ihabh‘”’ A <§ - %) :| . (124)
The fourth term can be further modified
1 1 1 1
—Zh“chVahg = ZVah”chhc —~ Zh“debach ¢ — Zh“bRCdcahd
1 ab : b 2 b
= - hé — —h h*’ + —h — —h »h®” 125
4Vah Ve b 2% ab 24 ( )
such that the final result becomes
82 Sen =/d3x./ [ h*’Ohgy, — —hDh+ hv V,h
1o w c LR R h?  haphtt

A.5. Commutation relations

We list here some useful commutation relations for differential operators which hold on max-
imally symmetric backgrounds:

R
vV, Ot = <D + ?) Vat?, (127)

for a generic vector ¢,

2R R
v, 0% = (I] + ?> V% — gvhzg , (128)
for symmetric tensors 1% and

R

Vv,V A® = EAb, (129)

for transverse vectors A“. In general,

V,V,0"D%¢ = @O+ R)" <2D;R>D¢, (130)

holds for the operator D, defined in section 5. All of those relations can be derived by straight
forward Riemann tensor substitution.
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