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Abstract We investigate the structure of the D0
1(2420

[2430])(J P = 1+) mesons via analyzing the semileptonic
Bc → D0

1lν transition in the frame work of the three-point
QCD sum rules and the heavy-quark effective theory. We
consider the D0

1 meson in three ways: as a pure |cū〉 state,
as a mixture of the two |3P1〉 and |1P1〉 states with a mixing
angle θ , and as a combination of the two mentioned states
with mixing angle θ = 35.3◦ in the heavy-quark limit. Tak-
ing into account the gluon condensate contributions, the rele-
vant form factors are obtained for the three above conditions.
These form factors are numerically calculated for |cū〉 and
the heavy-quark limit cases. The obtained results for the form
factors are used to evaluate the decay rates and the branching
ratios. Also for mixed states, all of the mentioned physical
quantities are plotted with respect to the unknown mixing
angle θ .

1 Introduction

There is some difference between the measured and predicted
masses of the even-parity charmed mesons (J P = 1+),
observed in the laboratories [1–5] and considered in many
phenomenological models [6–11]. So many efforts have been
made to realize this unexpected disparity between theory and
experiment [12–18]. Therefore the study of the processes
involving these mesons is important for understanding of the
structure and quark content of them. Some physicists pre-
sumed that these discovered states are conventional cū and
cs̄ mesons [19–27]. Among these mesons, we focus on the
non-strange D0

1 meson. So far the two confirmed D0
1 states,

with mass of 2423.4 ± 3.2 and 2427 ± 26 ± 25 MeV, have
been observed [5]. The narrow-width state with lower mass
is known as D0

1(2420) and the wide-width state with higher
mass is identified as D0

1(2430) [28]. Theoretically, the dis-
covered states do not fit easily into the cū spectroscopy [22].
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One of the proposals is the introduction of the D0
1 meson as

a mixture of two |1P1〉 and |3P1〉 states with the cū quark
content [19–22,29,30]. In this work, we plan to analyze the
D0

1 meson as a conventional meson with pure |cū〉 state and
also as a combination of |1P1〉 and |3P1〉 states.

Heavy–light mesons are not charge conjugation eigen-
states and so mixing can occur among states with the same
J P and different mass that are forbidden for neutral states
[22]. So the mixing of the physical D1 and D′

1 states can be
parameterized in terms of a mixing angle θ , as follows:

[ |D1〉
|D′

1〉
]

=
[

cos θ sin θ

− sin θ cos θ

]
×
[ |1P1〉

|3P1〉
]

, (1)

where we used the spectroscopic notation 2S+1L J for intro-
duction of the mixing states. Considering |3P1〉 ≡ |D11〉 and
|1P1〉 ≡ |D12〉 with different masses and decay constants
[22,29], we can apply these relations, beyond the heavy-
quark model, for axial vectors D1(2420) and D1(2430)

mesons with two different masses, i.e.,

|D1(2420)〉 = sin θ |D11〉 + cos θ |D12〉,
|D1(2430)〉 = cos θ |D11〉 − sin θ |D12〉. (2)

The masses and decay constants of the D11 and D12 states
are presented in Tables 1 and 2.

In the heavy-quark limit where the quark mass mc → ∞,
both axial vector D0

1(2420) and D0
1(2430) mesons can be

produced and identified with |P3/2
1 〉 and |P1/2

1 〉, respectively.
It is useful to change from the L–S basis 2S+1L J to the j– j
coupling basis L j

J , where j is the total angular momentum
of the light quark. The relationship between these states is
given as [22,29,30]

⎡
⎣ D0

1(2420) ≡ |P3/2
1 〉

D0
1(2430) ≡ |P1/2

1 〉

⎤
⎦ =

⎡
⎢⎣
√

2
3

√
1
3

−
√

1
3

√
2
3

⎤
⎥⎦×

[ |D12〉 ≡ |1P1〉
|D11〉 ≡ |3P1〉

]
.

(3)
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Table 1 Masses of D11(3P1) and D12(1P1) states in GeV

References Godfrey and
Isgur [19]

Pierro and
Eichten [21]

Godfrey and
Kokoski [31]

D11(3P1) 2.49 2.42 2.47
D12(1P1) 2.44 2.49 2.46

Table 2 Decay constants of D11(3P1) and D12(1P1) states in MeV

Reference Thomas [29]
D11(3P1) 183
D12(1P1) 89

These relations occur for the mixing angle θ = 35.3◦ in Eq.
(1). But note that the value of the mixing angle can be positive
equal to θ = 35.3◦ or negative corresponding θ = −54.7◦ if
the expectation of the heavy-quark spin–orbit interaction is
positive or negative, respectively [22].

The Bc → D∗0lν [32] and Bc → Dll/νν̄ [33] have
been studied via three-point QCD sum rules (3PSR). In this
work, we analyze the semileptonic Bc → D0

1(2420[2430])lν
decays in 3PSR and heavy-quark effective theory (HQET).
To this aim, we consider the structure of the D0

1 meson in
three conditions:

1. The D0
1 meson as a pure state (|cū〉).

2. The D0
1 meson as a mixture of two states of the |1P1〉 and

|3P1〉 with a mixing angle θ [see Eq. (2)].
3. The D0

1 meson as a combination of two |1P1〉 and |3P1〉
states with the mixing angle θ = 35.3◦ in the heavy-
quark limit [see Eq. (3)].

Taking into account the gluon condensate corrections, as
the important term of the non-perturbative part of the corre-
lation function, the form factors of the Bc → D0

1 transition
are obtained within 3PSR for the conditions 1, 2 and within
the HQET approach for the condition 3. For the conditions 1
and 3, the form factors of the Bc → D0

1(2420[2430]) tran-
sitions are a function of the transferred momentum square
q2. So, we plot these form factors and decay widths of these
decays with respect to q2. Also the branching ratios for these
cases are evaluated. But it should be remarked, when we
consider the D0

1 as a mixture of two states with mixing angle
θ in the region −180 ≤ θ ≤ 180, that the transition form
factors of the Bc → D0

1(2420[2430]) decays are functions
of two variables, θ and q2. Since the decay width of the
Bc → D0

1 transition is related to the form factors, it is a
function of the mixing angle θ and q2, too. For a better anal-
ysis, we plot the form factors and the decay widths of the
Bc → D0

1(2420[2430]) in three dimensions. In this case, the
branching ratios are shown with respect to the mixing angle
θ . Detection of these channels and their comparison with the
phenomenological models like QCD sum rules could give
useful information as regards the structure of the D0

1 meson
and the unknown mixing angle θ .

This paper is organized as follows. In Sect. 2, we calcu-
late the form factors for the Bc → D0

1 transition in 3PSR
for above conditions 1 and 2. In Sect. 3, the transition form
factors are evaluated via HQET approach for condition 3.
Finally, Sect. 4 is devoted to the numeric results and discus-
sions.

2 Sum rules method

In this section, we study the transition form factors of the
semileptonic Bc → D0

1lν decay by QCD sum rules mecha-
nism. To this aim, first, we consider the D0

1 meson as a pure
state. The Bc → D0

1lν process is governed by the tree level
b → ulν transition and c quark is the spectator, at quark level
(see Fig. 1).

The three-point correlation function is considered for the
evaluation of the transition form factors in the framework of
the 3PSR. The three-point correlation function is constructed
from the vacuum expectation value of time ordered product
of three currents as follows:

�μν(p
2, p′2, q2)

= i2
∫

d4xd4y e+i p′x−i py
〈
0

∣∣∣∣T
{
J
D0

1
ν (x)JWμ (0)J Bc †

(y)

}∣∣∣∣ 0
〉
,

(4)

where J
D0

1
ν (x) = cγνγ5u and J Bc (y) = cγ5b are the interpo-

lating currents of the D0
1 and Bc mesons. JWμ = uγμ(1−γ5)b

is the current of the weak transition.
We can obtain the correlation function of Eq. (4) in two

respects. The phenomenological or physical part is calcu-
lated saturating the correlation by a tower of hadrons with the
same quantum numbers as interpolating currents. The QCD
or theoretical part, on the other side is obtained in terms of the
quarks and gluons interacting in the QCD vacuum. To derive
the phenomenological part of the correlation given in Eq.
(4), two complete sets of intermediate states with the same
quantum numbers as the currents JD0

1
and JBc are inserted.

W

l ν
_

b u

c

γ5
Bc D0

1
γνγ5

γμ(1−γ5)

Fig. 1 The bare-loop diagram for Bc → D0
1lν transition
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Fig. 2 Contribution of two gluon condensates for Bc → D0
1 transition

Table 3 Input values in numerical calculations

〈 αs
π
G2〉 0.044 ± 0.007 GeV4 [38]

|Vub| (3.8 ± 0.5) × 10−3 [39]

fD1 220 ± 12 MeV [40]

fBc 395 ± 15 MeV [41]

This procedure leads to the following representations of the
above-mentioned correlation:

�μν(p2, p′2, q2)

=

〈
0|J D

0
1

ν |D0
1(p′, ε)〉〈D0

1(p′, ε)|JWμ |Bc(p)〉〈Bc(p)|J Bc†|0
〉

(
p′2 − m2

D0
1

)(
p2 − m2

Bc

)

+ higher resonances and continuum states. (5)

The general expression for the hadronic matrix element of
the weak current with the definition of the transition form
factors is given by the formula:

〈D0
1(p′, ε)|uγμ(1 − γ5)b|Bc(p)〉

= f
′
V (q2)εμναβε∗ν pα p′β

−i[ f ′
0(q

2)ε∗
μ + f

′
1(q

2)(ε∗ p)Pμ + f
′
2(q

2)(ε∗ p)qμ],
(6)

where

f ′
V (q2) = 2 fV (q2)(

mBc + mD0
1

) , f ′
0(q2) = f0(q2)

(
mBc + mD0

1

)
,

f ′
1(q2) = − f1(q2)(

mBc + mD0
1

) , f ′
2(q2) = − f2(q2)(

mBc + mD0
1

) , (7)

Fig. 3 The dependence of the transition form factors on the Borel parameters for the Bc → D0
1(2420) transition
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Table 4 The value of the form factors of the conventional Bc →
D0

1(2420, 2430) transitions at q2 = 0, M2
1 = 15 GeV2, and M2

2 =
8 GeV2

Form factor Value

f
Bc→D0

1 (2420,2430)

V (0) −0.51 ± 0.12

f
Bc→D0

1 (2420,2430)

0 (0) 0.23 ± 0.07

f
Bc→D0

1 (2420,2430)

1 (0) 0.33 ± 0.09

f
Bc→D0

1 (2420,2430)

2 (0) −0.55 ± 0.14

Table 5 Parameters appearing in the fit function for the form factors
of the Bc → D1(2420, 2430) at M2

1 = 15 GeV2 and M2
2 = 8 GeV2

Form factor a b mfit

f
Bc→D0

1 (2420,2430)

V (q2) −0.34 −0.17 4.94

f
Bc→D0

1 (2420,2430)

0 (q2) 0.19 0.04 6.88

f
Bc→D0

1 (2420,2430)

1 (q2) 0.24 0.09 5.91

f
Bc→D0

1 (2420,2430)

2 (q2) −0.35 −0.20 4.82

and the fV (q2), f0(q2), f1(q2), and f2(q2) are the transition
form factors, Pμ = (p + p′)μ, qμ = (p − p′)μ, and ε is the
four-polarization vector of the D0

1 meson. Also the following
matrix elements are defined in the standard way in terms of
the leptonic decay constants of the D0

1 and Bc mesons:
〈
0|J ν

D0
1
|D0

1(p′, ε)
〉
= fD0

1
mD0

1
εν, 〈0|JBc |Bc(p)〉

= i
fBcm

2
Bc

mb + mc
, (8)

where fD0
1

and fBc are the leptonic decay constants of D0
1

and Bc mesons, respectively. Using Eqs. (6) and (8) in Eq.
(5) and performing summation over the polarization of the
D0

1 meson, we get the following result for the physical part:

�μν(p2, p′2, q2) = −
fBcm

2
Bc

(mb + mc)

fD0
1
mD0

1(
p′2 − m2

D0
1

)(
p2 − m2

Bc

)

×[i f ′
V (q2)εμναβ pα p′β + f ′

0(q2)gμν

+ f ′
1(q2)Pμ pν + f ′

2(q2)qμ pν ]
+ excited states. (9)

The coefficients of the Lorentz structures iεμναβ pα p
′β , gμν ,

Pμ pν , and qμ pν in the correlation function �μν will be
chosen in determination of the form factors fV (q2), f0(q2),
f1(q2), and f2(q2), respectively. So the Lorentz structures
in the correlation function can be written down as

�μν(p
2, p′2, q2) = i �V εμναβ p

α p′β + �0gμν

+�1Pμ pν + �2qμ pν, (10)

where each �i function is defined in terms of the perturbative
and non-perturbative parts as

�i (p
2, p′2, q2) = �

per
i (p2, p′2, q2)

+�
nonper
i (p2, p′2, q2). (11)

With the help of the operator product expansion, in the deep
Euclidean region where p2 � (mb+mc)

2 and p′2 � m2
c , the

vacuum expectation value of the expansion of the correlation
function in terms of the local operators is written as follows
[32,34]:

�μν(p
2, p′2, q2) = (C0)μν + (C3)μν〈q̄q〉 + (C4)μν〈G2〉

+ (C5)μν〈q̄σαβG
αβq〉

+ (C6)μν〈q̄�qq̄�′q〉, (12)

where (Ci )μν are the Wilson coefficients, Gαβ is the gluon
field strength tensor, � and �

′
are the matrices appearing in

the calculations. The non-perturbative part contains the quark
and gluon condensate diagrams. We consider the condensate
terms of dimension 3, 4, and 5. It is found that the heavy-
quark condensate contributions are suppressed by inverse of
the heavy-quark mass and can be safely omitted. The light u
quark condensate contribution is zero after applying the dou-
ble Borel transformation with respect to the both variables p2

and p′2, because only one variable appears in the denomina-
tor. Therefore in this case, we consider the two gluon conden-
sate diagrams with mass dimension 4 as an important term
of the non-perturbative corrections, only, i.e.,

�i (p
2, p′2, q2) = �

per
i (p2, p′2, q2)

+�
〈G2〉
i (p2, p′2, q2)

〈αs

π
G2
〉
. (13)

The diagrams for contribution of the gluon condensates are
depicted in Fig. 2. To obtain the contributions of these dia-
grams, the Fock–Schwinger fixed-point gauge, xμAa

μ = 0,
are used; here Aa

μ is the gluon field. The procedure of the
evaluation of such as diagrams in Fig. 2 has been discussed
in Ref. [32] completely.

Using the double dispersion representation, the bare-loop
contribution is determined:

�
per
i = − 1

(2π)2

∫ ∫
ρ

per
i (s, s′, q2)

(s − p2)(s′ − p′2)
dsds′

+ subtraction terms. (14)

By replacing the propagators with the Dirac-delta functions
(Cutkosky rules) we have

1

k2 − m2 → −2iπδ(k2 − m2), (15)
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and the spectral densities ρ
per
i (s, s

′
, q2) are found as

ρ
per
V = Nc

λ1/2(s, s′, q2)

{
(2s′� − �′u)(mb − mc)

λ(s, s′, q2)
− (2s′� − �′u)(mu + mc)

λ(s, s′, q2)
− mc

}
,

ρ
per
0 = −Nc

2λ1/2(s, s′, q2)

{
�(mc + mu) − �′(mb − mc) + 2m2

c(mb − mc − mu)

+2(4ss′m2
c − s�′2 − s′�2 − u2m2

c + u��′)(mb − mc)

λ(s, s′, q2)
+ mc(2mbmu − u)

}
,

ρ
per
1 = Nc

2λ1/2(s, s′, q2)

{
(2s′� − �′u)(mb − 3mc)

λ(s, s′, q2)
− (2s�′ − �u)(mc + mu)

λ(s, s′, q2)

−2(8ss′2m2
c − 2ss′�′2 − 6s′2�2 − 2u2s′m2

c + 6s′u��′ − u2�′2)(mb − mc)

λ2(s, s′, q2)

+2(4ss′um2
c + 4ss′��′ − 3su�′2 − 3u�2s′ − u3m2

c + 2u2��′)(mb − mc)

λ2(s, s′, q2)
− mc

}
,

ρ
per
2 = Nc

2λ1/2(s, s′, q2)

{
(2s�′ − �u)(mc + mu)

λ(s, s′, q2)
− (2s′� − �′u)(mb + mc)

λ(s, s′, q2)

− 2(8ss′2m2
c − 2ss′�′2 − 6s′2�2 − 2u2s′m2

c + 6s′u��′ − u2�′2)(mb − mc)

λ2(s, s′, q2)

− 2[4ss′um2
c + 4ss′��′ − 3su�′2 − 3u�2s′ − u3m2

c + 2u2��′](mb − mc)

λ2(s, s′, q2)
+ mc

}
, (16)

where λ(a, b, c) = a2 + b2 + c2 − 2ac − 2bc − 2ab. The
Nc = 3 is the color factor, u = s+s′−q2, � = s+m2

c −m2
b,

and �′ = s′ + m2
c − m2

u .
For the heavy quarkonium bc̄, where the relative velocity

of quark movement is small, an essential role is taken by
the Coulomb-like αs/v-corrections [35]. It leads to the finite
renormalization for ρ

per
i , so that

ρc
i = Cρ

per
i , (17)

with

C2 = 4παC
s

3v

1

1 − exp

(
−4παC

s

3v

) , (18)

where αC
s is the coupling constant of effective coulomb inter-

actions. Also v is the relative velocity of quarks in the bc̄-
system,

v =
√

1 − 4mbmc

p2 − (mb − mc)2 . (19)

The value of αC
s for Bc meson is [35]

αC
s [bc̄] = 0.45. (20)

By performing the double Borel transformations over the
variables p2 and p′2 on the physical parts of the correlation

functions and bare-loop diagrams and also equating two rep-
resentations of the correlation functions, the sum rules for
the f ′

i (q
2) are obtained:

f ′
i (q

2) = (mb + mc)

fBcm
2
Bc

fD0
1
mD0

1

e

m2
Bc

M2
1 e

m2
D1
M2

2

×

⎧⎪⎨
⎪⎩− 1

4π2

∫ s′0

m2
b

ds′
∫ s0

sL
ρc
i (s, s

′, q2)e
−s
M2

1 e
−s

′
M2

2

− iM2
1 M

2
2

〈αs

π
G2
〉 C4

i

6

⎫⎪⎬
⎪⎭ , (21)

where i = V, 0, 1 and 2, s0, and s
′
0 are the continuum thresh-

olds in the pseudoscalar Bc and axial vector D0
1 channels,

respectively, and the lower bound integration limit of sL is
as follows:

sL = (m2
c + q2 − m2

b − s′)(m2
bs

′ − m2
cq

2)

(m2
b − q2)(m2

c − s′)
.

The explicit expressions for C4
i are presented in Appendix

A.
Now, we would like to consider the form factors related

to the Bc → D0
1 transition when the D0

1 meson is a mix-
ture of the two |1P1〉 and |3P1〉 states. To this aim, first
the f

′Bc→D11(2)
i (q2) are obtained from the above equations,

123
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Fig. 4 The dependence of the form factors as well as the fit parametrization of the form factors on q2. The small boxes correspond to the form
factors, the solid lines belong to the fit parametrization of the form factors

replacing the fD0
1

by decay constant fD11(2), and mD0
1

with
mD11(2), i.e.,

f
′Bc→D11(2)
i (q2) = − (mb + mc)

fBcm
2
Bc

fD11(2)mD11(2)

e

m2
Bc

M2
1 e

m2
D11(2)

M2
2

×

⎧⎪⎨
⎪⎩− 1

4π2

∫ s′0

m2
c

ds′
∫ s0

sL
ρc
i (s, s

′, q2)e
−s
M2

1 e
−s

′
M2

2

− iM2
1 M

2
2

〈αs

π
G2
〉 C4

i

6

⎫⎪⎬
⎪⎭ , (22)

where fD11 = (183 ± 25) MeV, and fD12 = (89 ± 7) MeV
[29]. Then by straightforward calculations, the f (2420)

i (q2)

form factors of Bc → D0
1(2420) transition are found as fol-

lows:

f (2420)
0 (q2) =

(
mBc + mD11

mBc + mD0
1

)
f Bc→D11
0 (q2) sin θ

+
(
mBc + mD12

mBc + mD0
1

)
f Bc→D12
0 (q2) cos θ,

f (2430)

i ′ (q2) =
( mBc + mD0

1

mBc + mD11

)
f Bc→D11
i ′ (q2) sin θ

+
( mBc + mD0

1

mBc + mD12

)
f Bc→D12
i ′ (q2) cos θ,

(23)
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Table 6 The branching ratio value of the semileptonic Bc →
D0

1(2420, 2430)lν decays

MOD BR

Bc → D0
1(2420, 2430)lν (0.71 ± 0.18) × 10−4

Fig. 5 The dependence of the decay width of the Bc →
D0

1(2420, 2430) decays on q2

Fig. 6 The dependence of the form factors on θ at q2 = 0 for the
Bc → D0

1(2420) transition

where i ′ = V, 1, 2. Note that the f (2430)
i (q2) form factors of

the Bc → D0
1(2430) decay are obtained from the above equa-

tions by replacing the sin θ → cos θ and cos θ → − sin θ .

3 Heavy-Quark Effective Theory

In this section, we apply the HQET to analyze the form factors
of Bc → D0

1lν calculated by 3PSR. As mentioned in the
introduction, in the heavy-quark mass limit, when mc →
∞, the D0

1 meson can be considered as Eq. (3). Therefore,

to estimate the f HQ
i form factors in this approach, first, we

Fig. 7 The dependence of the form factors on θ at q2 = 0 for the
Bc → D0

1(2430) transition

present the dependence of the f HQ(Bc→D1k)
i (k = 1, 2) on y

where

y = νν′ = m2
Bc

+ m2
D1k

− q2

2mBcmD1k
. (24)

Here, ν and ν′ are the four velocities of Bc and D1k mesons,
respectively (for some details see Refs. [36,37]). After some
complicated calculations, the y-dependent expressions of the
f HQ(Bc→D1k)
i (y) are obtained as follows:

f HQ(Bc→D1k)
V (y) = 1

f̂ Bc f̂D1k
e

�
T1 e

�
T2

⎧⎨
⎩

1

(1 + √
Z)Z

7
4

√
−1+y2

Z

×[−3 + 3(3y + 1)
√
Z − 6 (y2 + y)Z ]

× −1

(2π)2

∫ ν0

0
dν

∫ ν
′
0

0
dν

′
e
− ν

2T1 e
− ν′

2T2 θ

×(2yνν
′ − ν2 − ν ′ 2)

+
(
i

2Z
1
4

3(1 + √
Z)

T1T2

〈αs
π

G2
〉)

× lim
mb→∞CHQET

V

⎫⎬
⎭ , (25)

f HQ(Bc→D1k)
0 (y) = 1

f̂ Bc f̂D1k
e

�
T1 e

�
T2

⎧⎨
⎩

1

2(1 + √
Z)3Z

7
4

√
−1+y2

Z

×[−3 − 3(4y − 1)
√
Z − 6(3y2 − 2y − 1)Z

+12(y3 + y2 − y)Z
3
2 ]

× −1

(2π)2

∫ ν0

0
dν

∫ ν
′
0

0
dν

′
e
− ν

2T1 e
− ν′

2T2 θ

×(2yνν
′ − ν2 − ν ′ 2)
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Fig. 8 The dependence of the transition form factors on q2 and θ = ±Nπ/6, N = 1, 2, 3 for the Bc → D0
1(2420) transition

+
(
i

2Z
5
4

3(1 + √
Z)3

T1T2

〈αs

π
G2
〉)

× lim
mb→∞CHQET

0

⎫⎬
⎭ , (26)

f HQ(Bc→D1k)
1 (y) = 1

f̂ Bc f̂D1k
e

�
T1 e

�
T2

{
1

4(1 + √
Z)(

−1+y2

Z )
3
2 Z

15
4

×[−9 + 9(5y + 1)
√
Z − 3(26y2 + 15y − 2)Z

+6(9y3 + 11y2 − 3y + 1)Z
3
2

−12(y4 + 2y3 − y2 + y)Z2]

× −1

(2π)2

∫ ν0

0
dν

∫ ν
′
0

0
dν

′
e
− ν

2T1 e
− ν′

2T2 θ

×(2yνν
′ − ν2 − ν ′ 2)

+
(
i

2Z
1
4

3(1 + √
Z)

T1T2

〈αs

π
G2
〉)

× lim
mb→∞CHQET

1

}
, (27)

f HQ(Bc→D1k)
2 (y) = 1

f̂ Bc f̂D1k
e

�
T1 e

�
T2

{
1

4(1 + √
Z)(

−1+y2

Z )
3
2 Z

15
4

×[−9 + 9(3y + 1)
√
Z − 9(2y2 + 3y − 2)Z

−6(y3 − y2 + 5y + 1)Z
3
2

+12(y4 + 2y3 − y2 + y)Z2]

× −1

(2π)2

∫ ν0

0
dν

∫ ν
′
0

0
dν

′
e
− ν

2T1 e
− ν′

2T2 θ

×(2yνν
′ − ν2 − ν ′ 2)

+
(
i

2Z
1
4

3(1 + √
Z)

T1T2

〈αs

π
G2
〉)

× lim
mb→∞CHQET

2

}
. (28)

In these heavy-quark limit expressions � = mBc −mb, �̄ =
mD1k − mc,

√
Z = y +√y2 − 1, f̂ Bc = √

mb fBc , f̂D1k =√
mc fD1k . The continuum thresholds ν0, ν

′
0, and integration

variables ν, ν
′

are defined as

ν0 = s0 − m2
b

mb
, ν′

0 = s′
0 − m2

c

mc
, (29)

ν = s − m2
b

mb
, ν′ = s′ − m2

c

mc
. (30)

Also we apply T1 = M2
1 /2mb, T2 = M2

2 /2mc, and mc =
mb/

√
Z .
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Fig. 9 The dependence of the transition form factors on q2 and θ = ±Nπ/6, N = 1, 2, 3 for the Bc → D0
1(2430) transition

Fig. 10 The decay width for
Bc → D0

1lν with respect to q2

and θ = ±Nπ/6, N = 1, 2, 3

The explicit expressions of the coefficients CHQET
i are

given in Appendix B. In the expressions of the CHQET
i ,

Ī0(a, b, c), Ī1(2)(a, b, c), Ī j (a, b, c); j = 3, 4, 5, and
Ī6(a, b, c) are defined as

Ī0(a, b, c) = (−1)a+b+c

16π2 �(a)�(b)�(c)

(
1√
Z

)2−a−c

× (2mb)
4−2a−b−c T 2−a−b

1 T 2−a−c
2

×UHQET
0 (a + b + c − 4, 1 − c − b),

Ī1(2)(a, b, c) = i
(−1)a+b+c+1

16π2 �(a)�(b)�(c)

(
1√
Z

)4−a−c−1(2)

× (2mb)
5−2a−b−c T 1−a−b+1(2)

1 T 4−a−c−1(2)
2

×UHQET
0 (a + b + c − 5, 1 − c − b),

Ī j (a, b, c) = i
(−1)a+b+c

16π2 �(a)�(b)�(c)

(
1√
Z

)7−a−c− j
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Fig. 11 The branching ratio functions of the Bc → D0
1(2420[2430]) with respect to θ

× (2mb)
6−2a−b−c T−a−b−1+ j

1 T 7−a−c− j
2

×UHQET
0 (a + b + c − 6, 1 − c − b),

Ī6(a, b, c) = i
(−1)a+b+c+1

32π2 �(a)�(b)�(c)

(
1√
Z

)3−a−c

× (2mb)
6−2a−b−c T 3−a−b

1 T 3−a−c
2

×UHQET
0 (a + b + c − 6, 2 − c − b). (31)

The function UHQET
0 (m, n) takes the following form:

UHQET
0 (m, n) =

∫ ∞

0
(2mb)

m
(

x

2mb
+ T1 + T2√

Z

)m

xn

×
[
− B−1

x
− B0 − B1x

]
dx, (32)

with

B−1 =
√
Z

T1T2

[
mb2

Z
T 2

2 + 1√
Z
T1T2(m

2
b − q2)

]
,

B0 =
√
Z

2mbT1T2

[
m2

cT1 + T2√
Z

(m2
b + m2

c)

]
,

B1 = 1

4
√
ZT1T2

. (33)

Then by considering D0
1 meson as a combination of the two

states |D1k〉 (k = 1, 2) the f HQ(2420)
i (y) and f HQ(2430)

i (y)
form factors for the Bc → D0

1(2420)lν and Bc →
D0

1(2430)lν decays are obtained as

f HQ(2420)
i (y) =

√
1

3
f HQ(Bc→D11)
0 (y) +

√
2

3
f HQ(Bc→D12)
0 (y),

f HQ(2430)
i (y) =

√
2

3
f HQ(Bc→D11)

i ′ (y) −
√

1

3
f HQ(Bc→D12)

i ′ (y),

(34)

where i = V, 0, 1, 2.

4 Numerical Analysis

Now, we present our numerical analysis of the form factors
fi (q2) (i = V, 0, 1, 2) via 3PSR and HQET. From the sum
rules expressions of the form factors, it is clear that the main
input parameters entering the expressions are gluon conden-
sates, element of the CKM matrix Vub, leptonic decay con-
stants fBc , fD0

1
(see Table 3), fD11, and fD12, Borel param-

eters M2
1 and M2

2 as well as the continuum thresholds s0 and
s′

0.
The sum rules for the form factors contain also four auxil-

iary parameters: Borel mass squares M2
1 and M2

2 and contin-
uum thresholds s0 and s′

0. These are not physical quantities, so
the form factors as physical quantities should be independent
of them. The parameters s0 and s′

0, which are the continuum
thresholds of Bc and D0

1 mesons, respectively, are determined
from the condition that guarantees the sum rules to practi-
cally be stable in the allowed regions for M2

1 and M2
2 . The

values of the continuum thresholds calculated from the two-
point QCD sum rules are taken to be s0 = (45–50) GeV2 [41]
and s′

0 = (6–8) GeV2 [42]. We search for the intervals of the
Borel mass parameters so that our results are almost insensi-
tive to their variations. One more condition for the intervals of
these parameters is the fact that the aforementioned intervals
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Fig. 12 The dependence of the HQET form factors on q2 for the Bc → D0
1(2420) transition

must suppress the higher states, continuum, and contribu-
tions of the highest-order operators. In other words, the sum
rules for the form factors must converge (for more details,
see [43]). As a result, we get 10 GeV2 ≤ M2

1 ≤ 25 GeV2

and 7 GeV2 ≤ M2
2 ≤ 13 GeV2. To show how the form fac-

tors depend on the Borel mass parameters, for example, we
depict the variations of the form factors for Bc → D0

1(2420)

at q2 = 0 with respect to the variations of the M2
1 and M2

2
parameters in their working regions in Fig. 3. From these
figures, it is revealed that the form factors weakly depend on
these parameters in their working regions.

For an analysis of the form factors of the semileptonic
Bc → D0

1(2420[2430])lν decays, first, we consider the D0
1

meson as a pure state, i.e., |cū〉 and analyze the form fac-
tors and the value of the branching ratios of the Bc →
D0

1(2420[2430]) transitions in 3PSR. Then the form factors,

decay widths, and branching ratios of these decays are plotted
when the D0

1 meson is a combination of two states with mix-
ing angle θ . Finally, considering the D0

1 meson as Eq. (3), we
investigate and estimate this mentioned physical quantities
via the HQET approach in mb(mc) → ∞ limit. Therefore,
there are three conditions for the study of the form factors of
the Bc → D0

1(2420[2430])lν decays, related to the structure
of the D0

1 meson as follows.

• Pure state or |cū〉 state

If the D0
1 meson is the pure |cū〉 state, using Eqs. (7) and

(21), the values of the form factors at q2 = 0 are presented
in Table 4. In this case, the values of the transition form
factors at q2 = 0 for Bc → D0

1(2420)lν decay are the same
as those for Bc → D0

1(2430)lν. Our calculations show that
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Fig. 13 The dependence of the HQET form factors on q2 for the Bc → D0
1(2430) transition

the other physical quantities of these decays are nearly the
same.

The sum rules for the form factors are truncated at about
9 GeV2, so to extend our results to the full physical region,
we look for a parametrization of the form factors in such a
way that in the region 0 ≤ q2 ≤ (mBc − mD0

1
)2 GeV2, this

parametrization coincides with the sum rules predictions. Our
numerical calculations show that the sufficient parametriza-
tion of the form factors with respect to q2 is as follows [44]:

fi (q
2) = a(

1 − q2

m2
fit

) + b(
1 − q2

m2
fit

)2 . (35)

The values of the parameters a, b, and mfit are given in
Table 5. Figure 4 depicts the fit function of the form

factors f (2420,2430)
i (q2) (i = V, 0, 1, 2) of the Bc →

D0
1(2420, 2430)lν decays with respect to the transferred

momentum square q2. This figure also contains the form
factors obtained via 3PSR [see Eq. (21)]. The form fac-
tors and their fit functions coincide well in the interval
0 ≤ q2 ≤ 9 GeV2.

By using the expressions for the form factors, the differ-
ential decay width d�/dq2 for the process Bc → D0

1lν in
terms of Hi can be presented as follows:

d�±(Bc → D0
1lν)

dq2

= G2 |Vub|2
192π3m3

Bc

q2λ1/2
(
m2

Bc ,m
2
D0

1
, q2
)

|H±|2 ,
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Table 7 The value of the form factors of the Bc → D0
1(2420) and

Bc → D0
1(2430) transitions via HQET at q2 = 0

Form factor Value Form factor Value

f HQ(2420)
V (0) −0.70 ± 0.15 f HQ(2430)

V (0) −0.66 ± 0.14

f HQ(2420)
0 (0) 0.16 ± 0.05 f HQ(2430)

0 (0) 0.16 ± 0.04

f HQ(2420)
1 (0) 0.38 ± 0.10 f HQ(2430)

1 (0) 0.36 ± 0.10

f HQ(2420)
2 (0) −0.10 ± 0.03 f HQ(2430)

2 (0) −0.10 ± 0.03

Table 8 The branching ratio values of the semileptonic Bc →
D0

1(2420)lν and Bc → D0
1(2430)lν decays via HQET

MOD Bc → D0
1(2420)lν Bc → D0

1(2430)lν

BR (1.56 ± 0.41) × 10−4 (1.05 ± 0.33) × 10−4

d�0(Bc → D0
1lν)

dq2

= G2 |Vub|2
192π3m3

Bc

q2λ1/2
(
m2

Bc ,m
2
D0

1
, q2
)

|H0|2 ,

d�tot(Bc → D0
1lν)

dq2

= d�±(Bc → D0
1lν)

dq2 + d�0(Bc → D0
1lν)

dq2 ; (36)

H± and H0 are defined as

H±(q2) =
(
mBc + mD0

1

)
f0(q

2) ∓
λ1/2

(
m2

Bc
,m2

D0
1
, q2
)

mBc + mD0
1

fV (q2),

H0(q
2) = 1

2mD0
1

√
q2

⎡
⎢⎢⎣
(
m2

Bc − m2
D0

1
− q2

) (
mBc + mD0

1

)
f0(q

2)

−
λ

(
m2

Bc
,m2

D0
1
, q2
)

mBc + mD0
1

f1(q
2)

⎤
⎥⎥⎦ ,

where ±, 0 refer to the D0
1 helicities. Note that in the limit

of vanishing lepton mass (in our case the electron and muon)
the f2(q2) form factor does not contribute to the decay width
formula.

To calculate the branching ratios of the Bc → D1(2420,

2430)lν decays, we integrate Eq. (36) over q2 in the whole
physical region and use the total mean life time τBc =
(0.46±0.07) ps. Our numerical analysis shows that the con-
tribution of the non-perturbative part (the gluon condensate
diagrams) is about 13 % of the total and the main contribu-
tion comes from the perturbative part of the form factors.
The value for the branching ratio of these decays is obtained
as presented in Table 6. The function of decay width of
Bc → D0

1(2420, 2430)lν decays with respect to q2 is shown
in Fig. 5.

• Mixture of |3P1〉 and |1P1〉 states

Now, we would like to analyze the form factors of the Bc →
D0

1 transition when we consider the D0
1 meson as a mixture of

two |3P1〉 and |1P1〉 states with mixing angle θ [see Eq. (23)].
The transition form factors of the Bc → D0

1(2420[2430])lν
at q2 = 0 in the interval −180◦ ≤ θ ≤ 180◦ are shown
in Figs. 6 and 7. The dependence of the form factors of the
Bc → D0

1(2420) and Bc → D0
1(2430) decays on the mixing

Fig. 14 The decay widths of the Bc → D0
1(2420[2430]) decays in HQET approach with respect to q2
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angle θ and the transferred momentum square q2 are plotted
in Figs. 8 and 9 in the regions 0 ≤ q2 ≤ (mBc −mD0

1
)2 GeV2

and θ = ±Nπ/6, N = 1, 2, 3. Using Eq. (36), we denote
the variation of the decay widths with respect to q2 and θ in
the same regions for each decay in Fig. 10. Also the branch-
ing ratios only in terms of the mixing angle θ are shown in
Fig. 11.

• Compound state in the heavy-quark limit

Eventually, we study the structure of the D0
1 meson as a mix-

ture of two |3P1〉 and |1P1〉 states with the mixing angle
θ = 35.3◦ in the heavy-quark limit. The HQET form factors
of the Bc → D0

1 transition were evaluated in Eq. (34). Figures

12 and 13 depict the f HQ(2420)
i and f HQ(2430)

i with respect
to the q2 for Bc → D0

1(2420)lν and Bc → D0
1(2430)lν,

respectively. It is noted, at y = 1 in Eq. (24) called the zero
recoil limit [corresponding to q2 = (mBc − mD0

1
)2], that

the HQET limits of the form factors are not finite. For other
values of y and the corresponding q2, the behavior of the
f (2420,2430)
i form factors shown in Fig. 4 and their HQET

form factors f HQ(2420)
i and f HQ(2430)

i in Figs. 12 and 13 are
the same, i.e., when q2 increases (y decreases), both the form
factors and their HQET values increases.

The values of the HQET form factors at q2 = 0 are pre-
sented in Table 7.

Also using Eq. (36) and the HEQT form factors, we eval-
uated the branching ratios of the Bc → D0

1(2420[2430])lν
decays as given in Table 8. Figure 14 depicts the depen-
dence of the decay widths of these decays on the q2 in HQET
approach.

Conclusion

In summary, we analyzed the semileptonic Bc → D0
1

(2420[2430])lν decays in the framework of the 3PSR and
HQET approach. First, we assumed the D0

1(2420) and
D0

1(2430) axial vector mesons as the pure |cū〉 state. In this
case, the related form factors were computed. The branch-
ing ratios of these decays were also estimated. Second, the
D0

1(2420[2430]) mesons were considered as a combination
of two states |3P1〉 ≡ |D11〉 and |1P1〉 ≡ |D12〉 with dif-
ferent masses and decay constants. We evaluated the transi-
tion form factors and the decay widths of these decays with
respect to the mixing angle θ and the transferred momen-
tum square q2. The dependence of the branching ratios on θ

was also presented. Finally, we obtained all of the mentioned
physical quantities in the HQET approach. Any future exper-
imental measurement on these form factors as well as decay
rates and branching fractions and their comparison with the
obtained results in the present work can give considerable

information as regards the structure of these mesons and the
unknown mixing angle θ .
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Appendix A

In this appendix, the explicit expressions of the coefficients
of the gluon condensate entering the sum rules of the form
factors fi (q2) (i = V, 0, 1, 2) are given:

C4
V = − 10 Î1(3, 2, 2)mb

3mc
2 + 10 Î1(3, 2, 2)mb

2mc
3

+ 10 Î2(3, 2, 2)mb
2mc

3 + 10 Î0(3, 2, 2)mb
2mc

3

+ 60 Î2(1, 4, 1)mb
2mc − 20 Î2(3, 2, 1)mb

2mc

+ 10 Î [0,1]
2 (3, 2, 2)mb

2mc − 20 Î0(3, 2, 1)mb
2mc

+ 10 Î1(3, 2, 1)mbmc
2 + 40 Î2(2, 3, 1)mbmc

2

− 10 Î0(3, 2, 1)mbmc
2 + 20 Î1(2, 3, 1)mbmc

2

− 10 Î0(3, 2, 2)mc
5 + 20 Î1(3, 2, 1)mb

3

+ 10 Î1(2, 2, 2)mb
3 − 20 Î1(2, 3, 1)mb

3

+ 10 Î0(3, 2, 1)mc
3 − 10 Î2(3, 1, 2)mc

3

− 20 Î0(2, 2, 2)mc
3 − 20 Î2(2, 2, 2)mc

3

− 10 Î0(3, 1, 2)mc
3 + 20 Î [0,1]

0 (3, 2, 2)mc
3

− 50 Î1(2, 2, 1)mb + 20 Î [0,1]
1 (2, 3, 1)mb

− 20 Î [0,1]
1 (3, 1, 2)mb − 20 Î0(2, 2, 1)mb

+ 30 Î1(2, 1, 2)mb + 100 Î2(1, 3, 1)mb

+ 30 Î0(2, 2, 1)mc + 30 Î [0,1]
2 (3, 1, 2)mc

+ 20 Î [0,1]
2 (3, 2, 1)mc + 10 Î [0,1]

0 (3, 2, 1)mc

+ 20 Î2(2, 2, 1)mc − 30 Î2(2, 1, 2)mc

+ 10 Î0(3, 1, 1)mc + 20 Î [0,1]
0 (2, 2, 2)mc

+ 20 Î [0,1]
2 (2, 2, 2)mc − 10 Î2(3, 1, 1)mc

− 20 Î1(2, 1, 2)mc − 30 Î0(2, 1, 2)mc,

C4
0 = −20 Î6(3, 2, 2)mc

5 − 40 Î6(3, 2, 1)mc
3

− 20 Î6(3, 1, 2)mc
3 + 40 Î [0,6]

6 (3, 2, 2)mc
3

+ 20 Î6(2, 2, 2)mb
3 + 5 Î0(2, 2, 1)mb

3

− 120 Î6(1, 4, 1)mb
3 + 40 Î6(2, 3, 1)mb

3

+ 10 Î [0,1]
0 (2, 2, 2)mb

3 − 5 Î0(1, 2, 2)mb
3

− 20 Î [0,1]
6 (3, 2, 2)mb

3 + 20 Î [0,1]
6 (3, 1, 2)mc

123

http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/


Eur. Phys. J. C (2015) 75 :170 Page 15 of 18 170

+ 5 Î [0,1]
0 (3, 1, 1)mc + 5 Î0(1, 1, 2)mc

+ 20 Î6(2, 1, 2)mc + 40 Î6(3, 1, 1)mc

− 10 Î [0,1]
0 (1, 3, 1)mb − 15 Î0(1, 2, 1)mb

− 40 Î6(2, 2, 1)mb + 15 Î [0,1]
0 (2, 2, 1)mb

− 20 Î [0,1]
6 (2, 2, 2)mb + 20 Î [0,2]

6 (3, 2, 2)mb

− 40 Î [0,1]
6 (3, 1, 2)mb − 15 Î0(1, 1, 2)mb

+ 10 Î [0,1]
0 (3, 1, 1)mb − 15 Î [0,2]

0 (3, 2, 1)mb

− 20 Î6(1, 2, 2)mb − 40 Î [0,1]
6 (2, 3, 1)mb

− 10 Î0(2, 3, 1)mc
4mb + 15 Î [0,1]

0 (3, 2, 2)mc
4mb

+ 20 Î6(3, 2, 2)mc
4mb − 15 Î0(2, 2, 2)mc

4mb

+ 5 Î0(3, 2, 2)mc
5mb

2 − 30 Î0(1, 4, 1)mcmb
4

− 5 Î [0,1]
0 (3, 2, 2)mcmb

4 + 10 Î0(3, 2, 1)mcmb
4

− 10 Î [0,1]
0 (3, 2, 2)mc

3mb
2 + 5 Î0(3, 2, 1)mc

3mb
2

+ 15 Î0(4, 1, 1)mc
3mb

2 + 20 Î6(2, 2, 2)mc
2mb

+ 10 Î0(1, 3, 1)mc
2mb + 20 Î [0,1]

0 (3, 2, 1)mc
2mb

− 20 Î0(1, 2, 2)mc
2mb − 15 Î0(2, 1, 2)mc

2mb

− 10 Î0(3, 1, 1)mc
2mb + 20 Î6(3, 1, 2)mc

2mb

+ 15 Î0(2, 2, 1)mc
2mb + 20 Î [0,1]

0 (2, 3, 1)mc
2mb

+ 15 Î0(2, 1, 2)mcmb
2 + 5 Î0(3, 1, 1)mcmb

2

− 20 Î [0,1]
0 (3, 1, 2)mcmb

2 − 20 Î6(2, 2, 2)mcmb
2

− 10 Î0(2, 2, 1)mcmb
2 + 5 Î [0,2]

0 (3, 2, 2)mcmb
2,

C4
1 = − 40 Î [0,1]

4 (2, 3, 1)mb + 20 Î [0,2]
4 (3, 2, 2)mb

− 40 Î3(2, 2, 1)mb − 20 Î1(1, 2, 2)mb − 20 Î [0,1]
3 (2, 2, 2)mb

− 20 Î3(1, 2, 2)mb − 20 Î4(1, 2, 2)mb − 10 Î [0,1]
1 (2, 3, 1)mb

− 15 Î1(3, 2, 2)mc
5 − 45 Î1(3, 2, 1)mc

3 − 20 Î4(3, 1, 2)mc
3

− 20 Î2(3, 2, 1)mc
3 − 45 Î1(4, 1, 1)mc

3 − 20 Î4(3, 2, 2)mc
5

− 5 Î0(3, 1, 2)mc
3 − 40 Î3(2, 2, 2)mc

3 − 15 Î0(4, 1, 1)mc
3

− 5 Î2(3, 1, 2)mc
3 − 10 Î0(2, 2, 2)mc

3 − 20 Î1(3, 1, 2)mc
3

− 20 Î3(3, 2, 2)mc
2mb

3 + 20 Î4(2, 2, 2)mc
2mb

− 20 Î0(2, 3, 1)mc
2mb + 40 Î4(3, 2, 1)mc

2mb

+ 20 Î3(3, 1, 2)mc
2mb + 20 Î3(2, 2, 2)mc

2mb

+ 5 Î1(3, 2, 2)mc
4mb + 20 Î3(3, 2, 2)mc

4mb

+ 15 Î1(3, 2, 2)mc
3mb

2 + 20 Î3(3, 2, 2)mc
3mb

2

− 20 Î4(3, 2, 2)mc
2mb

3 − 5 Î1(3, 2, 2)mc
2mb

3

− 50 Î1(2, 3, 1)mc
2mb − 10 Î [0,1]

1 (3, 2, 2)mc
2mb

+ 35 Î1(3, 2, 1)mc
2mb + 20 Î4(3, 1, 2)mc

2mb

+ 40 Î3(2, 3, 1)mb
3 + 20 Î3(2, 2, 2)mb

3 − 5 Î [0,1]
1 (3, 2, 2)mb

3

+ 40 Î4(2, 3, 1)mb
3 + 20 Î4(3, 2, 1)mb

3 + 10 Î1(2, 3, 1)mb
3

− 30 Î1(1, 4, 1)mb
3 − 40 Î4(2, 2, 2)mc

3 − 20 Î4(2, 2, 2)mcmb
2

− 30 Î1(3, 2, 1)mcmb
2 + 90 Î1(1, 4, 1)mcmb

2

+ 120 Î3(1, 4, 1)m3mb
2 + 40 Î3(3, 1, 1)mc

− 5 Î0(2, 2, 1)mc + 10 Î [0,1]
0 (2, 2, 2)mc

+ 20 Î4(2, 1, 2)mc + 40 Î [0,1]
3 (3, 2, 1)mc

+ 40 Î [0,1]
4 (2, 2, 2)mc + 5 Î2(3, 1, 1)mc

+ 20 Î4(2, 2, 2)mb
3 + 30 Î0(1, 4, 1)mcmb

2

+ 30 Î2(1, 4, 1)mcmb
2 − 20 Î4(3, 2, 1)mcmb

2

+ 15 Î [0,1]
1 (3, 2, 2)mcmb

2 − 10 Î1(2, 2, 2)mcmb
2

− 5 Î [0,2]
2 (3, 2, 2)mc + 5 Î1(2, 2, 1)mc

+ 40 Î [0,1]
4 (3, 2, 1)mc + 10 Î [0,1]

2 (3, 2, 1)mc

− 5 Î [0,2]
0 (3, 2, 2)mc + 40 Î [0,1]

3 (2, 2, 2)mc

+ 20 Î3(2, 1, 2)mc − 15 Î0(2, 1, 2)mc

+ 20 Î [0,2]
3 (3, 2, 2)mb − 40 Î3(1, 3, 1)mb

− 40 Î [0,1]
4 (3, 1, 2)mb + 10 Î1(1, 3, 1)mb

+ 10 Î0(1, 3, 1)mb − 20 Î [0,1]
4 (3, 2, 1)mb

− 20 Î [0,2]
3 (3, 2, 2)mc − 10 Î0(3, 1, 1)mc,

C4
2 = 15 Î2(4, 1, 1)mc

2mb − 40 Î [0,1]
3 (3, 2, 2)mc

2mb

− 40 Î4(3, 2, 1)mc
2mb − 10 Î2(2, 3, 1)mc

2mb

+ 40 Î [0,1]
4 (3, 2, 2)mc

2mb − 60 Î4(4, 1, 1)mc
2mb

+ 40 Î4(2, 3, 1)mc
2mb + 20 Î3(2, 2, 2)mc

2mb

− 20 Î4(3, 1, 2)mc
2mb + 10 Î [0,1]

2 (3, 2, 2)mc
3

+ 60 Î4(4, 1, 1)mc
3 − 20 Î3(3, 1, 2)mc

3

− 15 Î2(4, 1, 1)mc
3 − 5 Î2(3, 2, 1)mc

3

+ 10 Î [0,1]
1 (3, 2, 2)mc

3 + 5 Î0(3, 1, 2)mc
3

− 5 Î1(3, 1, 2)mc
3 + 15 Î0(4, 1, 1)mc

3

− 20 Î1(3, 2, 1)mc
3 + 20 Î [0,1]

4 (3, 2, 2)mb
3

− 20 Î [0,1]
4 (3, 2, 2)mcmb

2 + 5 Î2(3, 1, 2)mcmb
2

− 20 Î3(3, 2, 1)mcmb
2 + 20 Î4(2, 2, 2)mcmb

2

− 10 Î2(2, 2, 2)mcmb
2 − 30 Î0(1, 4, 1)mcmb

2

+ 120 Î3(1, 4, 1)mcmb
2 + 5 Î [0,1]

1 (3, 2, 2)mcmb
2

+ 20 Î4(3, 2, 1)mcmb
2 − 10 Î1(3, 2, 1)mcmb

2

+ 30 Î2(1, 4, 1)mcmb
2 + 20 Î3(2, 2, 2)mb

3

− 20 Î4(3, 2, 1)mb
3 + 10 Î2(2, 3, 1)mb

3

+ 10 Î2(3, 2, 1)mb
3 − 120 Î3(1, 4, 1)mb

3

+ 5 Î0(2, 2, 1)mc + 15 Î [0,1]
1 (3, 1, 2)mc

− 5 Î [0,2]
2 (3, 2, 2)mc − 15 Î [0,1]

0 (3, 2, 1)mc

+ 40 Î3(3, 1, 1)mc + 5 Î1(3, 1, 1)mc

− 20 Î [0,1]
4 (3, 1, 2)mc + 10 Î0(3, 1, 1)mc

+ 10 Î [0,1]
1 (2, 2, 2)mc + 20 Î [0,1]

3 (3, 1, 2)mc

− 20 Î4(2, 1, 2)mc + 20 Î3(2, 1, 2)mc

+ 5 Î2(2, 2, 1)mc + 10 Î [0,1]
2 (2, 2, 2)mc

− 15 Î1(2, 1, 2)mc − 15 Î [0,1]
0 (3, 1, 2)mc

− 40 Î [0,1]
3 (3, 1, 2)mb + 40 Î [0,1]

4 (3, 1, 2)mb

− 20 Î2(2, 1, 2)mb + 20 Î [0,1]
4 (3, 2, 1)mb
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+ 5 Î [0,2]
2 (3, 2, 2)mb + 10 Î0(2, 2, 1)mb

− 20 Î3(2, 1, 2)mb − 10 Î1(2, 2, 1)mb

− 20 Î2(1, 2, 2)mb + 20 Î4(2, 1, 2)mb

− 40 Î3(3, 1, 1)mb − 10 Î2(1, 3, 1)mb

+ 20 Î [0,2]
3 (3, 2, 2)mb − 40 Î3(2, 2, 1)mb

+ 20 Î [0,1]
4 (2, 2, 2)mb + 40 Î [0,1]

4 (2, 3, 1)mb

+ 10 Î2(3, 1, 2)mc
2mb + 20 Î4(3, 2, 2)mc

5

+ 5 Î0(3, 2, 2)mc
5 − 5 Î2(3, 2, 2)mc

5

+ 40 Î4(3, 2, 1)mc
3 + 40 Î [0,1]

3 (3, 2, 2)mc
3

+ 20 Î4(3, 1, 2)mc
3 + 5 Î2(3, 2, 2)mc

4mb

+ 20 Î3(3, 2, 2)mc
3mb

2 − 20 Î4(3, 2, 2)mc
3mb

2

+ 5 Î2(3, 2, 2)mc
3mb

2 − 5 Î2(3, 2, 2)mc
2mb

3.

where

Î [i, j]
n (a, b, c) =

(
M2

1

)i (
M2

2

) j di

d
(
M2

1

)i d j

d
(
M2

2

) j
×
[(

M2
1

)i (
M2

2

) j
În(a, b, c)

]
.

Appendix B

In this appendix, the explicit expressions of the coefficients
of the gluon condensate entering the HQET limit of the form

factors f HQ
V , f HQ

0 , f HQ
1 , and f HQ

2 are given:

CHQET
V = 10

Ī [0,1]
2 (3, 2, 1)√

Z
− 10

Ī [0,2]
2 (3, 2, 2)√

Z
+ 20

Ī0(2, 2, 1)√
Z

− 20
Ī2(1, 2, 2)√

Z
+ 20

Ī [0,1]
0 (2, 2, 2)√

Z
− 20

Ī1(2, 1, 2)√
Z

+ 30
Ī [0,1]
0 (3, 1, 2)√

Z
− 30

Ī2(2, 1, 2)√
Z

+ 20
Ī [0,2]
1 (3, 2, 1)√

Z

− 30
Ī0(2, 1, 2)√

Z
− 10

Ī [0,2]
1 (3, 2, 2)√

Z
− 10

Ī [0,2]
0 (3, 2, 2)√

Z

+ 20
Ī [0,1]
2 (2, 2, 2)√

Z
+ 20

Ī [0,1]
1 (3, 1, 2)√

Z
+ 20

Ī [0,1]
1 (2, 2, 2)√

Z

+ 20
Ī [0,1]
0 (3, 2, 1)√

Z
+ 30

Ī2(2, 2, 1)√
Z

+ 20
Ī1(2, 2, 1)√

Z

− 10
Ī1(3, 1, 1)√

Z
− 20

Ī0(1, 2, 2)√
Z

+ 10
Ī2(3, 1, 1)√

Z

− 20
Ī1(1, 2, 2)√

Z
+ 30

Ī [0,1]
2 (3, 1, 2)√

Z
− 10

Ī0(3, 1, 1)√
Z

+ 60 Ī2(1, 3, 1) + 20 Ī1(1, 3, 1) − 20 Ī [0,1]
1 (3, 2, 1)

+ 10 Ī [0,2]
1 (3, 2, 2) + 20 Ī1(1, 2, 2) + 20 Ī [0,1]

1 (2, 3, 1)

− 20 Ī [0,1]
1 (2, 2, 2) + 100 Ī0(1, 3, 1) − 50 Ī1(2, 2, 1)

− 20 Ī2(2, 2, 1) − 20 Ī0(2, 2, 1) − 20 Ī [0,1]
1 (3, 1, 2)

+ 30 Ī1(2, 1, 2) + 40 Ī [0,1]
2 (2, 3, 1),

CHQET
0 = −5

Ī [0,1]
0 (3, 2, 1)√

Z
− 20

Ī [0,1]
0 (3, 1, 2)√

Z
+ 120

Ī [0,1]
6 (1, 4, 1)√

Z

+ 15
Ī0(2, 1, 2)√

Z
+ 10

Ī0(1, 2, 2)√
Z

− 10
Ī [0,1]
0 (2, 2, 2)√

Z

+ 5
Ī0(3, 1, 1)√

Z
+ 5

Ī [0,2]
0 (3, 2, 2)√

Z
− 10

Ī0(2, 2, 1)√
Z

− 20
Ī6(3, 2, 1)√

Z
− 30

Ī0(1, 3, 1)√
Z

+ 20
Ī [0,1]
6 (3, 2, 2)√

Z

− 20
Ī6(2, 2, 2)√

Z
+ 15

Ī0(2, 2, 1)

Z
+ 30

Ī [0,1]
0 (2, 2, 2)

Z

+ 20
Ī [0,1]
0 (2, 3, 1)

Z
− 20

Ī0(1, 2, 2)

Z
− 15

Ī0(2, 1, 2)

Z

− 40
Ī6(2, 3, 1)

Z
+ 20

Ī [0,1]
0 (3, 2, 1)

Z
− 15

Ī [0,2]
0 (3, 2, 2)

Z

+ 20
Ī6(3, 1, 2)

Z
+ 40

Ī6(3, 2, 1)

Z
+ 10

Ī0(1, 3, 1)

Z

− 10
Ī0(3, 1, 1)

Z
+ 60

Ī6(4, 1, 1)

Z
+ 15

Ī [0,1]
0 (4, 1, 1)

Z

+ 10
Ī [0,1]
0 (3, 1, 2)

Z
− 40

Ī [0,1]
6 (3, 2, 2)

Z
+ 20

Ī6(2, 2, 2)

Z

− 40
Ī6(2, 2, 2)

Z3/2 + 40
Ī [0,1]
6 (3, 2, 2)

Z3/2 − 40
Ī6(3, 2, 1)

Z3/2

− 20
Ī6(3, 1, 2)

Z3/2 + 5
Ī0(3, 1, 1)

Z3/2 − 60
Ī6(4, 1, 1)

Z3/2

− 5 Ī0(1, 2, 2) + 20 Ī6(2, 2, 2) + 20 Ī6(3, 2, 1)

− 30 Ī [0,1]
0 (1, 4, 1) − 120 Ī6(1, 4, 1) − 5 Ī [0,2]

0 (3, 2, 2)

+ 5 Ī0(2, 2, 1) − 20 Ī [0,1]
6 (3, 2, 2) + 10 Ī [0,1]

0 (2, 3, 1)

+ 40 Ī6(2, 3, 1) − 20 Ī0(1, 3, 1) + 10 Ī [0,1]
0 (2, 2, 2)

+ 15 Ī [0,1]
0 (3, 2, 1),

CHQET
1 = 10

Ī [0,1]
2 (2, 2, 2)√

Z
+ 10

Ī [0,1]
0 (2, 2, 2)√

Z
+ 45

Ī [0,1]
1 (3, 2, 1)√

Z

+ 20
Ī4(2, 2, 1)√

Z
+ 40

Ī4(3, 1, 1)√
Z

− 5
Ī0(2, 2, 1)√

Z

+ 40
Ī [0,1]
4 (2, 2, 2)√

Z
+ 40

Ī [0,1]
3 (3, 2, 1)√

Z
− 5

Ī [0,2]
0 (3, 2, 2)√

Z

+ 40
Ī [0,1]
3 (2, 2, 2)√

Z
+ 20

Ī3(2, 1, 2)√
Z

+ 20
Ī [0,1]
4 (3, 1, 2)√

Z

+ 20
Ī3(2, 2, 1)√

Z
+ 40

Ī [0,1]
4 (3, 2, 1)√

Z
+ 20

Ī4(2, 1, 2)√
Z

+ 5
Ī2(3, 1, 1)√

Z
+ 5

Ī1(2, 2, 1)√
Z

− 20
Ī [0,2]
1 (3, 2, 2)√

Z

− 10
Ī0(3, 1, 1)√

Z
+ 20

Ī1(3, 1, 1)√
Z

− 20
Ī [0,2]
3 (3, 2, 2)√

Z

− 20
Ī [0,2]
4 (3, 2, 2)√

Z
+ 20

Ī [0,1]
3 (3, 1, 2)√

Z
+ 15

Ī [0,1]
2 (3, 1, 2)√

Z

+ 10
Ī [0,1]
2 (3, 2, 1)√

Z
− 15

Ī2(2, 1, 2)√
Z

+ 40
Ī [0,1]
1 (2, 2, 2)√

Z

− 5
Ī [0,2]
2 (3, 2, 2)√

Z
− 25

Ī1(2, 1, 2)√
Z

+ 15
Ī [0,1]
0 (3, 1, 2)√

Z
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+ 40
Ī3(3, 1, 1)√

Z
+ 15

Ī [0,1]
0 (3, 2, 1)√

Z
+ 45

Ī [0,1]
1 (3, 1, 2)√

Z

− 15
Ī0(2, 1, 2)√

Z
− 40 Ī [0,1]

3 (2, 3, 1) − 20 Ī [0,1]
4 (3, 2, 1)

+ 10 Ī2(1, 3, 1) − 40 Ī4(2, 2, 1) − 20 Ī3(1, 2, 2)

− 20 Ī4(1, 2, 2) + 10 Ī0(1, 3, 1) − 10 Ī0(2, 2, 1)

− 40 Ī4(1, 3, 1) − 20 Ī1(1, 2, 2) − 40 Ī3(1, 3, 1)

− 20 Ī [0,1]
3 (3, 2, 1) + 20 Ī1(1, 3, 1) − 40 Ī [0,1]

4 (3, 1, 2)

− 10 Ī2(2, 2, 1) − 40 Ī [0,1]
4 (2, 3, 1) − 20 Ī [0,1]

4 (2, 2, 2)

− 10 Ī [0,1]
1 (2, 3, 1) − 40 Ī1(2, 2, 1) − 20 Ī [0,1]

3 (2, 2, 2)

+ 5 Ī [0,2]
1 (3, 2, 2) − 40 Ī [0,1]

3 (3, 1, 2) − 40 Ī3(3, 1, 1)

− 40 Ī4(3, 1, 1) − 20 Ī1(2, 1, 2) − 10 Ī [0,1]
1 (3, 1, 2)

− 10 Ī [0,1]
1 (3, 2, 1) − 20 Ī4(2, 1, 2) + 20 Ī [0,2]

3 (3, 2, 2)

+ 20 Ī [0,2]
4 (3, 2, 2) − 20 Ī3(2, 1, 2) − 40 Ī3(2, 2, 1),

CHQET
2 = 20

Ī3(2, 1, 2)√
Z

+ 15
Ī [0,1]
1 (3, 1, 2)√

Z
− 20

Ī4(2, 1, 2)√
Z

− 5
Ī1(2, 2, 1)√

Z
+ 10

Ī [0,1]
0 (2, 2, 2)√

Z
− 15

Ī0(2, 1, 2)√
Z

− 5
Ī [0,2]
0 (3, 2, 2)√

Z
+ 20

Ī [0,1]
3 (3, 1, 2)√

Z
− 10

Ī2(3, 1, 1)√
Z

+ 40
Ī [0,1]
3 (2, 2, 2)√

Z
− 10

Ī0(3, 1, 1)√
Z

− 40
Ī [0,1]
4 (2, 2, 2)√

Z

− 5
Ī0(2, 2, 1)√

Z
− 5

Ī [0,1]
1 (3, 2, 1)√

Z
− 40

Ī [0,1]
4 (3, 2, 1)√

Z

− 20
Ī [0,2]
3 (3, 2, 2)√

Z
− 35

Ī1(2, 1, 2)√
Z

+ 15
Ī [0,1]
0 (3, 1, 2)√

Z

+ 30
Ī2(2, 1, 2)√

Z
− 20

Ī4(2, 2, 1)√
Z

+ 20
Ī3(2, 2, 1)√

Z

+ 40
Ī [0,1]
3 (3, 2, 1)√

Z
− 20

Ī [0,1]
2 (2, 2, 2)√

Z
+ 40

Ī3(3, 1, 1)√
Z

− 20
Ī [0,1]
2 (3, 2, 1)√

Z
− 40

Ī4(3, 1, 1)√
Z

+ 15
Ī [0,1]
0 (3, 2, 1)√

Z

+ 20
Ī [0,2]
4 (3, 2, 2)√

Z
− 30

Ī [0,1]
2 (3, 1, 2)√

Z
− 20

Ī [0,1]
4 (3, 1, 2)√

Z

+ 10
Ī [0,2]
2 (3, 2, 2)√

Z
+ 10 Ī [0,1]

1 (3, 2, 1)

+ 40 Ī4(3, 1, 1) + 40 Ī [0,1]
4 (2, 3, 1)

+ 40 Ī4(1, 3, 1) + 40 Ī [0,1]
4 (3, 1, 2)

− 10 Ī0(2, 2, 1) − 40 Ī3(3, 1, 1)

+ 20 Ī1(1, 2, 2) − 40 Ī3(1, 3, 1)

+ 10 Ī [0,1]
1 (3, 1, 2) − 40 Ī [0,1]

3 (3, 1, 2)

+ 20 Ī2(2, 2, 1) + 20 Ī1(2, 1, 2)

− 20 Ī3(2, 1, 2) + 20 Ī4(2, 1, 2)

+ 10 Ī0(1, 3, 1) − 20 Ī3(1, 2, 2)

− 20 Ī [0,1]
3 (2, 2, 2) + 20 Ī [0,1]

4 (2, 2, 2)

+ 40 Ī4(2, 2, 1) − 40 Ī3(2, 2, 1)

+ 20 Ī4(1, 2, 2) + 10 Ī [0,1]
1 (2, 3, 1)

− 20 Ī2(1, 3, 1) + 20 Ī [0,2]
3 (3, 2, 2)

− 20 Ī [0,2]
4 (3, 2, 2) + 20 Ī1(1, 3, 1)

− 5 Ī [0,2]
1 (3, 2, 2) − 20 Ī [0,1]

3 (3, 2, 1)

+ 20 Ī [0,1]
4 (3, 2, 1) − 40 Ī [0,1]

3 (2, 3, 1),

where

Ī [i, j]
n (a, b, c) = 2i+ j

(
√
Z) j

(T1)
i (T2)

j di

d (T1)
i

d j

d (T2)
j

×
[
(T1)

i (T2)
j Īn(a, b, c)

]
.
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