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1 Introduction

In recent years there has been substantial progress in our understanding of conformal field
theories (CFT) in dimensions higher than two. In general such theories do not admit a
Lagrangian description, so one has to resort to consistency conditions arising from confor-
mal symmetry, unitarity, crossing symmetries and the properties of the operator product
expansion (OPE). This is the idea of the conformal bootstrap program. In the simplest
set-up one considers the four-point correlator of a scalar field ¢ of dimension d. Conformal
symmetry implies

g\u, v

(Ola)olea)oles)oten) = L) (1)
12734

where we have introduced the cross-ratios u = (z3,23,)/(23323,) and v =

(22,23,)/(23323,). By considering the OPE ¢(z1) X ¢(x2) we can decompose the four-
point function into conformal blocks

g(u,v) =14 anga(u,v) (1.2)
AL

where we have singled out the contribution from the identity operator. The sum runs over
the tower of conformal primaries present in the OPE ( Oa 4 € ¢x¢ ) and A and £ denote the
dimension and the spin of the intermediate primary. aa ; denotes the square of the structure
constants and is non-negative due to unitarity. The conformal blocks ga ¢(u, v) repack the
contribution of all descendants of a given primary and are fixed by conformal symmetry.
They depend only on the spin and dimension of the primary. Crossing-symmetry of the

four-point function

g(u,0) _ glv,w)
] e

— vlg(u,v) = ulg(v,u) (1.3)



together with associativity of the OPE imply the conformal bootstrap equation

ZQA,ZFA,Z(UW) =1, apnye >0 (1.4)
A
vlgn o(u,v) — ulga o (v, )
Fay(u,v) = d d

ud — o

As shown in [1], the conformal bootstrap equation can be used to put upper bounds to the
dimensions of leading twist primary operators appearing in the OPE ¢ x ¢.

One can also analyze CFT’s with a continuous global symmetry group [2]. In this case
the natural starting point is the four-point correlator

(bl (1.5)

where the scalar primary operator ¢ transforms in a given representation R of the global
symmetry group. For instance, for SO(NN) global symmetry and ¢ transforming in the
fundamental representation, the OPE ¢ X ¢ contains states transforming as singlets S,
symmetric traceless tensors 7{;;) or antisymmetric tensors Aj;;;. Consequently the confor-
mal bootstrap equation has a vector structure mixing these three components:

0 Fau —Fay 0
Doads| Fae |+ ahe| (L=R)Fae |+ ane| Fae |=| 1| (16)
NG Hay At —(1+ %) Hae At —Hay -1

vlgn o(u,0)+udga o(v,u)
ud+ypd

strap equations can be used to put bounds on the dimensions of operators appearing in

the OPE, see e.g. [2-4].

Supersymmetric conformal field theories (SCFT) play a predominant role in theoret-

where we have introduced Ha ¢(u,v) = . Again, the conformal boot-

ical physics. Very recently the conformal bootstrap program has been extended to four-
dimensional ' = 4 SCFT [5].! In this case the energy momentum tensor lies in a half-BPS
multiplet whose superconformal primary is a scalar operator of dimension two, which trans-
forms in the [0, 2, 0] representation of the SU(4) R-symmetry group. The natural object to
consider is the four-point function of such scalar operator

G(u,v)
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L1234

(OB (1) O (a2) 0P (a3) O (24)) = (1.7)

This correlator decomposes into six channels, corresponding to the possible representations
of the intermediate states

[0,2,0] % [0,2,0] = [0,0,0] + [1,0,1] +[0,2,0] + [2,0,2] + [1,2,1] + [0,4, 0] (1.8)

The contribution from each channel could be written as a sum over conformal primaries
with the corresponding conformal blocks, as in (1.2). On the other hand each intermediate

operator belongs to a particular superconformal multiplet. Hence, the correlator can also be

'See [3, 6-9] for extensions to four-dimensional "= 1 SCFT.



written as a sum over superconformal primaries. For the present case only superconformal
primaries transforming in the singlet representation [0,0,0] belong to long unprotected
multiplets [10, 11], while the contribution from other superconformal primaries is fixed by
the superconformal Ward identities [12]. The conformal bootstrap equation takes the final
form [5]

Z aA,éFA,K(ua U) = FShort (ua v, C) (19)
£=0,2,...,

A>+2

where the sum runs over superconformal primaries singlet of SU(4). F'™(u, v, ¢) arises
from short and semi-short contributions to the correlator and depends only on the central
charge ¢ of the theory, which appears in the OPE of two stress tensors. Since operators in
short representations may combine into long representations at the unitarity bound, there
is an ambiguity when computing F*"'*(u,v,c). There is a canonical choice for which all
the coefficients aa ¢ are non-negative. As shown in [5] this equation can be used to find
upper bounds for the scaling dimensions of leading twist operators transforming in the
singlet representation of SU(4), such as the Konishi operator.

The aim of this paper is to study the consistency of more general four-point func-
tions in four-dimensional N' = 4 SCFT. More precisely we will study four-point correlation
functions of identical chiral primary half-BPS operators transforming in the [0, p, 0] repre-
sentation of the SU(4) R-symmetry group:

(@[p] (ml)O[p] (372)(9[10](:63)@[10](:54» (1.10)

The constraints of superconformal invariance on these correlators were studied in detail
in [13-17]. The correlation function can be decomposed into W channels but again,
only a restricted subset (p(p —1)/2 of them) contains unprotected superconformal primary
operators. In the next section we derive the conformal bootstrap equations arising from
crossing-symmetry of such correlation functions. They are given by p(p — 1)/2 coupled
equations and have the form of bootstrap equations for CF'T’s with global symmetry, see
eq. (2.19). In addition to the central charge, the right hand side of these equations depends
on additional information about the SCF'T, namely extra parameters that arise in the OPE
of symmetric-traceless tensors of rank p. In section three we use these equations to find
rigorous bounds for the anomalous dimensions of superconformal primaries of N'= 4 SYM
with gauge group SU(V) as a function of the rank of the gauge group. We focus in the case
p = 3 and find bounds for operators transforming in the representations [1,0, 1] and [0, 2, 0]
of the R-symmetry group. We end up with some conclusions. Finally, several technical
details are discussed in the appendices.

2 Generalized bootstrap equations

The superconformal algebra of four-dimensional N' = 4 SCFT is PSU(2,2[4). This algebra
contains a SU(4) R-symmetry group. The energy-momentum tensor lies in a half-BPS
multiplet whose superconformal primary is a scalar operator transforming in the [0, 2, 0]



representation of the R-symmetry group. This scalar operator is part of a family of half-
BPS scalar operators O of dimension p, transforming in the [0, p, 0] representation?

OVl (a,t) =t,, ...ty Tr (P .. &™) (2.1)
with ¢ a complex six-dimensional null vector (¢t-¢t=0 ) and r; = 1,...,6. The correlator
of four identical such operators can be written as [17]

t1-tots -ty
2 .2
L1234

(Ol (21, ) O (29, t5) O (5, t5) OP) (24, 14)) = < )pg(p)(u,v,a, ) (22)

where u and v are conformal invariant cross-ratios while o and 7 are SU(4) invariants

2 .2 2,2
_ 12734 _ 7147323
=732 2 V=753
T13%24 L1324 (2.3)
ty - tate -ty th - tyto - ts
o= — T =
b1 -talz -ty tr-tatlz -ty

. C : (p+1)(p+2)
Gg® (u,v,0,7) is a polynomial in o and 7 of degree p and can be decomposed into 5=

contributions corresponding to the different SU(4) representations in the tensor product

[0,p,0) % [0,p,0] = >

p pP—
k=

k

g, 2p — 2q — 2k, ] (2.4)
0 g=0
Each of these contributions can be expanded in conformal partial waves, corresponding to
conformal primary operators with dimensions A and spin ¢ transforming in the appropri-
ate representation. Superconformal symmetry implies that each conformal primary belongs
to a given supermultiplet, with a corresponding superconformal primary (which does not
necessarily transform in the same SU(4) representation). In general it is quite involved to
separate the contributions in the conformal partial wave expansion of descendant opera-
tors from superconformal primary operators. As explained in detail in [16, 17] this can be
done by solving explicitly the superconformal Ward identities. More precisely, superconfor-
mal Ward identities dictate the decomposition of G(u,v, o, 7) in terms of long multiplets,
containing all the dynamical non-trivial information, and short and semi-short multiplets,
which are fully determined by symmetries and the free field theory results. Hence G can
be expressed as follows

G(z,z,0,0) =k +G;+ (az —1)(az — 1)(az — 1)(az - NH (2,2, a,a) (2.5)
where we have suppressed the index p and have introduced the variables
U= zZ v=(1-2)(1-2%2
o =aa T = El - a))((l — of) (26)
The function G i depends only on free theory results while H includes dynamical effects,
(az — 1)(az = 1)(F(z,a) + F(z,a)) — (az — 1)(az — 1)(F(z,a) + F(z,a))

(a—a)(z—2) -

(2.7)

G; =

2More generaly we consider /P! = Ory.rptry - tr, Where @r, -, is a symmetric traceless tensor field.

P



and

1

F(z,a) = <a — ) flz,a)+k  f(z,0) =G (2,7, a,a),_ k=f(z,z) (2.8)

wl=

z

where Gy denotes the tree level four-point function. As already mentioned # (z, z, a, &)
encodes the non-trivial, unprotected, information of the four-point function. It turns out
it receives contributions only from a restricted set of representations (p(p — 1)/2 of them)
and can be written as

Hz.z,a,0) = > H"(z2)Vm(a,a) (2.9)
0<m<n<p—2
nm — nm 1 — 4 —
(2, 2) = 30 ALY (22)2879GY, (2, 2) (2.10)
Al
where we have introduced a short-hand notation [nm] = [n — m,2m,n — m| for SU(4)

representations. The harmonic polynomials Y,,,,, («, @) encode the dependence on the SU(4)
invariants and have an explicit definition in terms of Legendre polynomials [17]:

Poi1(20 — 1)Py(2a — 1) — Poy(200 — 1) Py (28 — 1)

Yo (o, @) = 2(a — @)

(2.11)

The sum over the spin in (2.10) runs over even/odd spins if n 4+ m is even/odd. G%)(z, Z)
denote the four-dimensional conformal blocks, given by

Zz—Z

4
G(Af)(z7 zZ) = 1 _ ((—éz) zEA+e(2)ka—r—2(Z) — (2 < z)) (2.12)

with kg(z) = gFl(g, g, B, z). Unitarity requires that only contributions for A > 2n 4 ¢+ 2
]

hand, there is an ambiguity since a long multiplet decomposes into semi-short multiplets

at the unitary threshold. This ambiguity allows to letting A[X?} — a[g?} where now

arise and that the coefficients A[K? are non-negative.? This is not automatic. On the other

H(zz,a,0) = > H(z2,2)Yom(a,a) (2.13)
0<m<n<p—2
Y [nm = nm Nia— ¢ _ nm _
Az, 2) = gga[u] (22)33-9G, (2, 2) + Fil (2, 2) (2.14)

The functions F([Z)m] (z, Z) contain only contributions from short and semi-short multiplets

for each specific SU(4) representation and do not depend on the coupling constant. There
is a canonical choice which makes the coefficients a[gmg] non-negative and the expansion

consistent with unitarity. This choice was explicitly worked out in [17] for p = 2,3,4

and is reproduced in appendix A for p = 3. The coefficients a[g?] are then interpreted

3Since we would like to interpret them as the square of the structure constants of two half-BPS operator
transforming in the [0, p, 0] and one superconformal primary operator of dimension A and spin ¢ transforming
in the [n —m,2m,n —m].



as the square of the structure constants of two half-BPS operator transforming in the
[0, p, 0] and the superconformal primary operator of dimension A and spin ¢ transforming
in the [n —m,2m,n —m].

Crossing symmetry requires invariance of the four-point function under exchanging
(w1,t1) with (z3,t3). This entails u = v, v = u, 0 — ¢ and 7 — % at the level of cross
ratios and implies

G(z,2,0,8) = (1 —a)P(1 —a)P ((1-5?1-@)279 (1 21—, % ] f‘a> (2.15)

When substituting (2.5) into (2.15) one obtains an equation for the function H (z, z, o, &).

Plugging in this equation the conformal partial wave decomposition (2.13) and project-
ing over SU(4) representations it is possible to write @
of HIM™M(z, z).

For p = 2 only the singlet representation contributes to the conformal partial wave

equations for combinations

decomposition of H["™(z, z) and (2.15) implies

WP HO (v, u) — v?HOY (u, 0) — (u— v)(az + a1 (u +v)) =0 (2.16)
Using the decomposition (2.14) this implies
00 2 shor
Z a[A’llF&)é(u,v) = F(Qh) t(u, ) (2.17)
A>(+2
(=0,2,...
where F(Sgl)ort(u,v) can be worked out explicitly from the formulae in [17] and we have
introduced
1 1
Fép,)e(u, v) = vpui(A_g)G(AZ)H(u, v) — upvi(A_Z)GX)M(U, u) (2.18)

Equations (2.16) and (2.17) exactly agree with the equations found by [5]. As already
mentioned F] (52}‘)0“ (u,v) does not depend on the coupling constant. It only depends on two
factors a; and as related to different topologies of free field theory graphs. a; corresponds
to the disconnected diagram and we can choose a normalization such that a; = 1. With
this normalization a9 is the inverse of the central charge of the theory. Hence, the central
charge is the only information about the SCFT that enters the bootstrap equation for the
case p = 2.

For p = 3 the representations that contribute to the conformal partial wave decompo-
sition of H["™(z, z) are [0,0,0], [1,0,1] and [0,2,0]. The crossing equation (2.15) implies

u(HO v, u) — 15HI (0, u) + 200 (0, w)) — 603H % (u, v)
—u?(ayu(du — 3) + az) + 3ayuv + ag (Tu + 12)v® — 6ayv?
+as (—6u® — u?(v +2) + u(v — 4)(v — 1) + 6v(v + 1)?) + 6azv® = 0,
w (= HO 0, w) + 3HM (0, u) + AHM (0, 1)) — 603H O (u, v)
+u(aru + 2as(u + 1) + az) — v (a1v® + az (v +u —2))
+03 (a1 (3u + 2) — 2as) — 2a1v* + aguv? =0,
w3 (HO (v, ) + 3H (v, u) + 2HM (v, u)) — 603 HI (u, v)
+u (a (20 — 3u*(v + 1) +v%) — az(v +2)(u — v+ 1) — agu) =0,



where the factors aq, as, ag correspond to different topologies of the graphs contributing to
the tree-level answer. For N' =4 SYM with gauge group SU(N) they are functions of the
rank of the gauge group. For the conformal bootstrap analysis of the next section, it is
important to compute them for finite rank. This is done in appendix B. In order to find
the conformal bootstrap equations we simply plug in the decomposition (2.14). F’ ([;)m] (z,2)
receives specific contributions from short and semi-short multiplets and the explicit sums
are given and performed in appendix A. The final equations can be written in a very elegant

vector form

Fi)e 0 5F§))€ Fslhort(u’ v)
STaTl o |+ X GG ES |+ X akl | EY | = | FRenw)
geo o\ Agr o \sHg) psht \aamdy) \Flea(wo)
(2.19)
where we have introduced a new structure
HY(,0) = oz S 0G0 (u,0) + w806 (0, 0) (2:20)

and FL_(u,v), F3_ . (u,v) and F3_ (u,v) are simple combinations of F?)[OO] (u,v),
FBEIO] (u,v) and F311 (u,v). These equations have the same structure as the conformal
bootstrap equations in the presence of global symmetries and explore the non-trivial R-
symmetry structure of the theory.

For p = 4 and higher the structure is very much the same. In general we obtain @
coupled equations that can be written in a vectorial form. These equations will involve
Fép %(u,v) and H(Ap)e(u,v) on the left hand side, and complicated (but independent of the
cou,pling) contributions on the right hand side. The left hand side can be readily computed
as above. In order to compute the right hand side one needs the specific substractions to
be done in order to render the decomposition consistent with unitarity. To the best of our
knowledge this has been worked out only for p = 2,3,4. Furthermore, the equations will
depend on factors a; (which can always be set to one) and ag, a3, etc. as depends only on

the central charge of the theory (see appendix B). More precisely

2
p
= 2.21
2 4c ( )
where ¢ is the central charge, given by ¢ = dim G/4 for N' = 4 SYM with gauge group
G. On the other hand as, a4, etc, carry extra information about the SCFT and distinguish

between different SCFT’s with the same central charge.

3 Numerical bounds

3.1 Setup

In this section we study the consequences of the conformal bootstrap equations found above
for the dimension of operators in A/ = 4 SYM with gauge group SU(N). We will focus in
the case p = 3 which was the one worked out in detail but the extension to p = 4 should



be straightforward. The bootstrap equations (2.19) have the following three-dimensional
vector structure

Z [OO] Z [10]V10 Z [11]VA[1E]* B (3.1)

A

with non-negative coefficients a7§ ;- Unitarity demands the following lower bounds for the
dimensions of the operators

A>(0+2 for [00], A>{(+4 for [10] and [11] (3.2)

Bootstrap equations with this structure appear when studying CFT’s with global symme-
tries and were analyzed in [2]. A given spectrum can be ruled out if we can find a linear
functional ® : V — R such that

oV >0, foral) #0, =02,
e VYV >0, forah#0, =13, ..

—[11] [11] (3.3)
@VA,EEO, for a, 7é0 (=0,2,...

@ ﬁshort < 0.

In order to write down the explicit linear operator we introduce the following variables:
z=1/24+a+b, z=1/24+a—b. (3.4)

The linear operator takes the form

fila,b)\  itj=n ¢ @ ¢®
oM fo(a,b) | = D (jflagaffl(o,o) jjla;(?ng(o,o) jflagaffg(o,o)) (3.5)
f3(a,b) =0

In order to have a finite problem we have set a cut-off in the spin and the twist A —¢. This
is then supplemented by asymptotic expressions, valid for large dimension. Furthermore,
we have discretized the possible dimensions for each spin, with step dA = 1/25. We
have used a linear operator with a maximum of thirteen derivatives, A = 13. This gives
a linear operator that depends on 84 parameters. The inequalities were generated with
Mathematica and then analyzed with the IBM ILOG CPLEX optimizer and Matlab .

3.2 Results

The conformal bootstrap equations found in this paper can be used to put upper bounds
to the dimensions of leading twist superconformal primary operators in long multiplets,
transforming in the representations [0, 0, 0], [1,0, 1] and [0, 2, 0] of the R-symmetry group.
These bounds are non-perturbative and depend on the rank of the gauge group through
the color factors

4\ 2 9 48 —16N2 + N4
_ 2 2 o o 2
a; =9(N?—1) (N— ) LGy = o an, ag = 162(N% —1) 2 (3.6)
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Figure 1. Bounds for the scaling dimension of the leading twist unprotected superconformal
primary in the [1,0, 1] representation of the R-symmetry group, with ¢ = 1.

where we are free to rescale them by an overall factor. From these expressions one can see
that the conformal partial wave expansion is consistent with unitarity for N > 3, hence
we will restrict to this range. For leading twist operators in the singlet representation, of
the schematic form Tr ®/ D@’ ¢ =0,2,..., we have found bounds consistent with [5] but
much less constraining.

The leading twist unprotected operators transforming in the [1, 0, 1] representation are
of the schematic form Tr®! D!®/®KDL 4 ... ¢ =1,3,..., where the indices I, J, K, L are
such that the operator transforms in the [1,0, 1] representation.* The bounds are stronger
for the case with lowest spin ¢ = 1 and are shown in figure 1.

The leading twist unprotected operators transforming in the [0, 2, 0] representation are of
the schematic form Tr®! D@/ ®HK) 4 ¢ =0,2,.... Again, the strongest bounds are
found for the case with lowest spin ¢ = 0 and are shown in figure 2.

The bounds presented in this paper were obtained by using linear operators with up
to 13 derivatives, or A = 13. From the plot 3, we see that the convergence is not optimal
yet, there is a significative difference between the bounds obtained with different number
of derivatives. It seems we haven’t yet exploited the full power of the bootstrap equations.
One should be able to improve these bounds by increasing the number of derivatives or by
using more efficient methods.

As for the singlet case, at large N we expect the leading twist operators to be given
by double trace operators and the dimension to behave as A ~ Ag + 2 — x/N? [19, 20].

4While there is a unique leading twist primary operator transforming in the singlet representation, this
is not true for the representations [1,0, 1] (except for £ = 1) and [0, 2,0]. In order to compute the anomalous
dimensions in perturbation theory one would have to solve a mixing problem, which will include not only
single trace operators, define the operators properly, etc. The leading twist operator is by definition the
one with the smallest anomalous dimension. See e.g. [18] where this problem is solved to one loop for the
operators with £ = 0 in the [0, 2, 0] representation.

TOT(STOZ) ZOdHHL
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Figure 2. Bounds for the scaling dimension of the leading twist unprotected superconformal
primary in the [0, 2, 0] representation of the R-symmetry group, with £ = 0.

=0

AlL1] 6.0

N

Figure 3. Bounds for the scaling dimension of the leading twist unprotected superconformal
primary in the [0, 2, 0] representation of the R-symmetry group, with ¢ = 0 for different number of
derivatives. The best bound is given by the bottom curve (A = 13), while the other curves are for
A =11,9 (from bottom to top).

Bounds in the large N limit can be obtained by analyzing the bootstrap equations for
a1 =1, as = a3 = 0 and we obtain Al < 7.36 and All] < 6.42. While these bounds
are a little too high at large N (but, as explained above, it is expected that these bounds
can be improve as we increase the number of derivatives), figures 1 and 2 show the correct
behavior as we decrease N. It would be very interesting to compute x for each case by
holographic methods and compare it to our results.

— 10 —
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4 Discussion

In this paper we studied the consistency of four-point functions of half-BPS chiral primary
operators of weight p in four-dimensional N' = 4 SCFT. Superconformal symmetry together
with the structure of the OPE and crossing symmetry imply a set of coupled bootstrap
equations. These bootstrap equations put upper bounds to the scaling dimension of un-
protected superconformal primary operators transforming non-trivially under the SU(4)
R-symmetry group. These bounds depend not only on the central charge but also on ad-
ditional parameters that appear in the OPE of two symmetric traceless tensor fields. We
have analyzed in detail the case p = 3 and found bounds for operators in the [1,0, 1] and
0,2, 0] representations for A/ = 4 SYM with gauge group SU(N). These bounds represent
rigorous, non-perturbative, information about non-planar ' = 4 SYM.

There are several possible directions one could follow. From the comparison between
the bounds for different number of derivatives, it seems one should be able to improve the
bounds found in this paper, by increasing the number of derivatives or by applying more
efficient methods, e.g. as in [3] or [21].

It should be straightforward to write down the bootstrap equations for the p = 4 case.
This will allow to find bounds for the dimension of operators in other representations. On
the other hand, for p > 4 one would have to work out the explicit subtractions to make
the conformal partial wave expansion consistent with unitarity.

It should be straightforward to extend the present bounds to bounds for the structure
constants. This was done for operators in the singlet representation in [22].

For the case of N =4 SYM, it would be interesting to understand how S-duality acts
on the above quantities. For leading twist superconformal primary operators singlets under
SU(4) one expects the scaling dimensions to be modular invariant [23]. The situation is
less clear for operators transforming in non-trivial representations, such as the ones studied
in this paper, since in perturbation theory one has a mixing problem. Understanding how
S-duality acts on these operators may allow, for instance, to study them in the whole
fundamental region, along the lines of [23, 24]. It was conjectured in [5] that the bounds
from the conformal bootstrap are saturated at special values of the coupling constant. It
would be very interesting to test such conjecture with non-singlets operators.

Finally, it would be interesting to extract analytic information from the bootstrap
equations of section 2, along the lines of [25-27]. For instance, following [27] one may be
able to understand the large spin behavior of the structure constants involving operators
in non-trivial SU(4) representations.
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A Expressions for F:S[nm](z, Z)

For the case p = 3 the suitable subtractions to render the conformal wave expansion consis-
tent with unitarity have been worked out in [17]. They result in the following expressions
for Fg[nm} (2,2)

Fi%z z) = —F(z, 2) + F"(z, 2) (A.1)
FM(z 2) = FM(z,2) — FM(2, 2) (A.2)
F'%z, 2) = FOI(z, 2) — Mz, 2) (A.3)
where
_ 20104+ 220 + 5 {4+ 1)+ 4) — 8az) — 12as + 6a: [ _
FOl(z z) = pa ((+ 27 )(al?f(% +)i)! ) = 8az) = 1205 a3)uG§j26(z,z)
F[oo}(z z) — 2072((0 4 1)) (=6ay (£ — 1) (€4 1)(£ + 2)(€ 4 4) + 24(2as + a3)
b 1<) = o 3(20 4 2)!
h 2Uar(C+ D) +2)\ A0 -
it o) )GM(Z’Z)
_ 202 (2 +5046) (L +2))? (a1 (02 + 50 +4) + 4a ¢ _
R e% | | 3(2£+z§)!l( ! 2)“G§426(z’2)
11, 2073((0+ 3))2(—6a1 (£ + 1) (£ + 3) (€ + 4) (€ + 6) + 24(2as + a3)
By (2, 2) = e:; < 9(2¢ +6)!
o 24as(0 + 3)(0 + 4 I _
aQé(zeﬁ(es)! ))“2> Gis(22)
_ 2L+ 32 (L 4+ 1) (L +6 L4 2)(£ +5) — 8ay) — 12a3 + 6a: [ _
nglo}(z,Z) — P2 (( I=(( )( )éc(gé%)!)( ) — 8az) as a‘*)uQGéJZS(z,z)
/—1 2 2
Fb[lo}(z,f) _ 2L (2 430+ 2) (0 + 1)) (alz(e+3)+4az)Gée+)4(z’z)

3(20+2)!

In order to perform the sums note that Fi[nm](z, Z) with ¢ = a,b can be decomposed as

F"(z,2) = £z, 2) + 1"z, 2) (A4)

(2

By using the following integral representation of the hypergeometric function

- F(c) 1 tb_l(l o t)c—b—a
QFl(a,b, C, Z) = F(b)F(C— b) /0 (1 —tz)a dt, (A5)

It is possible to perform the sum over ¢ and then integrate over . The final answer is
F001 (5 5y = ((z —2)log(1 — 2) — 22) ((z — 2)z (a1 (22* + 2° + 522 — 122 + 6)
a el 22(z —1)3%(2 — 2)

(2 —1) (2a2 (222 + 92 — 9) + 3a3(z — 1))) + 6(2 — 1)*log(1 — 2)(2a1 + 6az + ag))
22(z—1)32(2 — 2)

+
(A.6)

— 12 —



4 3 4 3 4 3

Figure 4. Topologies corresponding to color factors a; (left), as (middle) and ag (right).

O e e e e
iz, z) = 2 2TE - Dlosl] _é)__jig(&l_(i)_ D boals) v ) (A8)
(1), 5 = 3=z +6)log(1 —2) ~3(: ~ 2)2) (2 (a1 (2 (2 (2" —22° + 287 — 74) +72) — 24)

23(z2 —1)32%(2 — 2)
(Z—1)(a2((z2—2)2((2 — 2)2+48) + 48) —az(z — 1)((z — 12)2 + 12)))
23(z —1)322(z — 2)
—6(z —2)(z — 1)*log(1 — 2)(2a1 + 4as + a3))
23(z —1)322(2 — 2)
(10] /. = __5((22—6z+6)10g(1—z)—3(z—2)z)
fa(z02) = 323(z — 1)323(z — 2)
x (12(z — 1)*log(1 — 2) (a12* — 2as (2% — 152 + 15) + 3a3 (2* — 52+ 5))
+(z —2)z (a12” (22" + 2° + 52° — 122 + 6)
+2ay (22° + 72" + 722° — 26127 + 270z — 90)
+3a3 (2% — 30z + 30) (2 — 1)?)) (A.10)
(z—2)2%log(1 — 2) (a1 (22 — 2+ 1) + az(—2) + a2)
32(z —1)3(z — 2)

+

(A.9)

9z, 2) = (A.11)

B Color factors

In this appendix we compute the color factors corresponding to different topologies for the
case p = 3.
We take the gauge group to be SU(N). The generators 7% a = 1,..., N?> — 1 and the

trace satisfy
Tr(T°T%) = 6%, Tr(l)=N (B.1)
Contractions can be conveniently made by using the following rules
Te(T*A)Tr(T° B) = Te(AB) — %Tm TrB, (B.2)

Te(T°A T°B) = TrA TrB — %Tr(A B), (B.3)

,13,



which are a consequence of Ty TV = dps0qr — %51,,157«5. Let us start by computing the
disconnected contribution a;. There are six ways to contract Tr¢> with itself. These split
into 3 + 3:

a1 = 9({abc|abe) + (abe|bac))? (B.4)

where we have introduced the notation (abc|abc) = Tr T¢TPT¢ Tr T*T T¢, etc. After a
short calculation we obtain

(abelabe) = —2™ =L (abelbac) = (V2 — 1) (v = 2 (B.5)
aoc|aoc) = N s aoc|oac) = N .
which results in ,
4
a; = 9(N? —1)? (N — N> (B.6)

In order to compute asg it is convenient to compute the following building blocks

(abc|abd) = —%5“1, (abc|bad) = <N — ;) 6cd (B.7)

The symmetry factor can be counted as follows. There are 18 ways to contract two scalars
in Tr ®3(x1) to two scalars in Tr ®3(x4). These split into 9 + 9. The same is true for the
other two operators. Hence

as = 81 ((N — ;) 5cd> ((N - ;) 5cd> =81 (N — ;)2 (N2 —1) (B.8)

Now we compute az. There are 162 ways to contract the scalars in Tr ®3(z1) to one
of each of the scalars of the remaining operators. For each of this possibility we have 8
contributions. Using cyclic symmetry these split into 3 +4 + 1:

(abelade|bdf|cef) = (N2 — 1) <£2 _ 1> (B.9)
(abclade|bdf|cfe) = (N* —1) (;?2 — 2> (B.10)
(abc|ade|bef|cfd) = (N* —1) <N2 -5+ ]\?2) (B.11)

Putting all the contributions together we obtain

48 — 16N? + N*
N2

az = 162(N? - 1) (B.12)

Let us end this appendix by computing the analog of the color factor as for general p, which

we denote agp ), for a generic gauge group G. The disconnected contribution is given by

2
al?) = (me L aplo(ay)o(a) .. .U(ap)>> (B.13)

a(p)

— 14 —



where the sum runs over all permutations of p elements. Next, let us consider the following

building block

Kpe = Z (a1az...ap—1blo(ar)o(ag)...o(ap—1)c) (B.14)
o(p—1)
Due to the index structure we must have kp. = Kdp.. In terms of this building block agp ) is

simply given by
o = prrporne = p'R2675% = ptr? dim G (B.15)

In order to compute x consider

1

k dim G = 6%kp, = Z (araz...ap—1blo(ar)o(az)...o(ap—1)b) = —\/a1 (B.16)
olp1) P
We arrive at the final expression
2
(® _ _P (p)
ay’ = g 0 (B.17)
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