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We simulate neutrino-antineutrino oscillations caused by strong magnetic fields in dense matter. With
the strong magnetic fields and large neutrino magnetic moments, Majorana neutrinos can reach flavor
equilibrium. We find that the flavor equilibration of neutrino-antineutrino oscillations are sensitive to the
values of the baryon density and the electron fraction inside the matter. The neutrino-antineutrino
oscillations are suppressed in the case of the large baryon density in neutron- (proton)-rich matter. On the
other hand, the flavor equilibration occurs when the electron fraction is close to 0.5 even in the large baryon
density. From the simulations, we propose a necessary condition for the equilibration of neutrino-
antineutrino oscillations in dense matter. We also study whether such a necessary condition is satisfied near
the protoneutron star by using results of neutrino hydrodynamic simulations of core-collapse supernovae.
In our explosion model, the flavor equilibration would be possible if the magnetic field on the surface of the
protoneutron star were larger than 1014 G, which is the typical value of the magnetic fields of magnetars.
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I. INTRODUCTION

Neutrinos are produced through weak interactions in
various explosive astrophysical sites [1]. The detection of
neutrino bursts (approximately 20 events) from Supernova
1987A has opened up the possibility of identifying explo-
sive dynamics and properties of particle physics from
neutrino observations [2–4]. Current operational neutrino
observatories can detect approximately 104 − 106 events
during a neutrino burst from a supernova in our galaxy (see,
e.g., reviews in [5–12]). High statistical neutrino signals in
neutrino detectors help investigate the detailed mechanism
of the explosion and behaviors of neutrino oscillations
inside the progenitor star.
Neutrinos propagating inside astrophysical sites are

affected by neutrino coherent forward scatterings with back-
ground particles. Charged current interactions of νeðν̄eÞwith
background electrons induce significant flavor conversions
called the “Mikheyev-Smirnov-Wolfenstein (MSW) effect”
[13,14] when the number density of electrons inside the star
decreases down to a critical density. Neutrino-neutrino
interactions in dense neutrino gas cause a self-refraction

term in the neutrino Hamiltonian [15–28]. It is believed
that, in core-collapse supernovae (CCSNe), the nonlinear
potential of the self-refraction effect induces “collective
neutrino oscillations” (CNOs) outside a protoneutron star
(PNS) (see, e.g., a review in Ref. [29]). Earlier numerical
studies of CNO [30–39] found the so-called spectral splits/
swap phenomenon, which exchanges neutrino spectra
around certain critical energies. In the last decade, “multi-
angle calculations” were carried out by employing results of
neutrino radiation hydrodynamics of CCSNe [40–49]. In
such multiangle simulations, the CNO increases energetic νe
and ν̄e even though the “matter suppression” [39,43,50,51]
smears the spectral splits in the neutrino distribution. The
enhanced spectra of νe and ν̄e potentially affect neutrino
detections [44,47–49] and nucleosynthesis inside the star
such as the νp process [45,52–54] and ν process [55]. In
neutron star mergers, neutrino-neutrino interactions can
induce the “matter neutrino resonances” [56–64] and affect
rapid neutron capture process (r-process) nucleosynthesis
[57,65,66]. Furthermore, the possibility of fast-pairwise
collective neutrino oscillations which may occur in the scale
of approximately Oð10−5Þ km are studied in CCSNe,
neutron star mergers, and the early Universe (see, e.g., a
review in Ref. [67]).
The finite neutrino magnetic moment can lead to flavor

conversions between left-handed neutrinos and right-
handed (anti)neutrinos in strong magnetic fields. Such a
magnetic field effect results in conversions between active
and sterile neutrinos in the case of Dirac neutrinos and
neutrino-antineutrino oscillations in the case of Majorana
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neutrinos. The neutrino magnetic moment is a key to inves-
tigating new physics beyond the standard model (see, e.g.,
reviews in Refs. [68,69]). The value of neutrino magnetic
moment is constrained from recent neutrino experiments,
e.g., GEMMA [70], Borexino [71], XMASS-I [72], and
XENON1T [73]. Among such neutrino experiments, the
Borexino experiment provides a stringent upper limit
on the neutrino magnetic moment: μν < 2.8 × 10−11 μB
(90% C.L.) [71], where μB is the Bohr magneton. The value
of the neutrino magnetic moment can be also constrained
from neutrino energy loss in globular clusters [74,75] and
intermediate-mass stars [76]. Currently, the most stringent
upper limit on the neutrino magnetic moment is μν <
1.2 × 10−12 μB [75]. In the case of Majorana neutrinos, the
resonant neutrino-antineutrino conversions called “reso-
nant spin-flavor” (RSF) conversions are studied in CCSNe
[77–87]. Such resonant flavor conversions are induced by
the finite neutrino magnetic moment in strong magnetic
fields, and significant ν − ν̄ transitions occur at the reso-
nance baryon densities (see, e.g., Ref. [83]). The RSF
conversions are sensitive to the sign of 2Ye − 1 [87], where
the Ye is the electron fraction of the supernova material.
The neutrino-antineutrino oscillations considering neu-

trino-neutrino interactions are studied in Refs. [88–92]. The
flavor equilibration of neutrino-antineutrino oscillations
occurs in the scale determined by a neutrino magnetic
potential in strong magnetic fields [91]. Such an equili-
bration phenomenon is different from the RSF conversion
and suppressed by strong neutrino-neutrino interactions.
However, the role of matter potentials on the neutrino-
antineutrino oscillations is still unknown. The matter sup-
pression, as confirmed in multiangle calculations, should
be important in dense background matter.
In this work, we study the effect of matter suppression

on equilibrations of neutrino-antineutrino oscillations
caused by magnetic fields and discuss the possibility of
such curious oscillations in astrophysical sites. In Sec. II, we
carry out numerical simulations of the neutrino-antineutrino
oscillations by assuming strong magnetic field (B≳ 1014 G)
and typical values of neutrino potentials in CCSNe and
neutron-star mergers. From the simulations, we reveal
the mechanism of matter suppression on the neutrino-
antineutrino oscillations and propose a necessary condition
of a magnetic potential to realize the equilibration of
neutrino-antineutrino oscillations in dense matter. In
Sec. III, we verify that the necessary condition of the
neutrino-antineutrino oscillations given in Sec. II is satis-
fied outside a PNS in CCSNe based on supernova hydro-
dynamic simulations. Finally, our results are summarized
in Sec. IV.

II. SIMULATIONS OF FLAVOR EQUILIBRATION
IN MAGNETIC FIELDS

In the case of Majorana neutrinos, we perform simu-
lations of the neutrino-antineutrino oscillations in magnetic

fields by changing values of the MSW matter potential and
the electron fraction based on a numerical setup of
Ref. [91]. Equilibrium values of diagonal components of
neutrino density matrices are reproduced analytically in the
Appendix A.

A. Equations of motion of flavor conversions

Here, we employ the “neutrino line model” [93,94] to
simulate neutrino-antineutrino oscillations in magnetic
fields. Flavor conversions of neutrinos with an emission
angle θ at a radius r are calculated by solving the Liouville-
von Neumann equation [91,93,94],

cos θ
∂
∂rD ¼ −i½H;D�; ð1Þ

where Dðr; θÞ and Hðr; θÞ are 6 × 6 neutrino density
matrix and Hamiltonian, respectively. The density matrix
is given by

D ¼
�
ρθ Xθ

X†
θ ρ̄θ

�
; ð2Þ

where diagonal components ρθ and ρ̄θ are 3 × 3 density
matrices of neutrinos and antineutrinos, respectively [91].
The subscript, θ, means θ dependence. Here, we impose
normalization of neutrino density matrices, tr½ρθ þ ρ̄θ� ¼ 1,
where the “tr” represents the trace of a 3 × 3 matrix [e.g.,
tr½ρθ� ¼

P
α¼e;μ;τðρθÞαα]. The nondiagonal component Xθ

is a correlation between ν and ν̄, which is usually negligible
without a magnetic field. A finite value of Xθ induces
neutrino-antineutrino oscillations. The Hamiltonian of
neutrinos are decomposed into three terms:

Hðr; θÞ ¼ Hvac þHmatter þHνν: ð3Þ

The first term on the right-hand side represents the vacuum
Hamiltonian in the magnetic field [82,83,87,89,90],

Hvac ¼
� ΩðEÞ Vmag

−Vmag Ω�ðEÞ
�
; ð4Þ

Vmag ¼ BT

0
B@

0 μeμ μeτ

−μeμ 0 μμτ

−μeτ −μμτ 0

1
CA; ð5Þ

where μαβðα; β ¼ e; μ; τÞ are neutrino magnetic moments
and BT is a transverse component of the magnetic field
perpendicular to the direction of the neutrino emission.
We assume the same neutrino magnetic moment irrespec-
tive of flavor dependence: μeμ ¼ μeτ ¼ μμτ ¼ μν. The
diagonal component ΩðEÞ in Eq. (4) is a 3 × 3 vacuum
Hamiltonian of neutrinos without a magnetic field [45].
Here, we use the same neutrino mixing parameter set,
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fΔm2
21;Δm2

32; θ12; θ13; θ23; δCPg, as that of Ref. [45]. We
set normal neutrino mass hierarchy (Δm2

32 > 0) in all of our
simulations. We investigate oscillation behaviors of single
energy neutrinos: E ¼ 1 MeV. The flavor equilibration
phenomenon in the scale of approximately ðμνBTÞ−1 does
not depend on the choice of neutrino mixing parameters
and neutrino energy qualitatively. The second term on the
right-hand side of Eq. (3) is the matter potential
[82,83,87,89,90]. It is given by

Hmatter ¼
�
Vmatter 0

0 −Vmatter

�
; ð6Þ

Vmatter ¼ −
λn
2
I3×3 þ λe

0
B@

1 0 0

0 0 0

0 0 0

1
CA; ð7Þ

λeðnÞ ¼
ffiffiffi
2

p
GFneðnÞ; ð8Þ

where neðnÞ is the number density of electrons (neutrons)
and I3×3 ¼ diagð1; 1; 1Þ. The first term on the right-hand
side of Eq. (7) does not contribute to flavor conversions
without magnetic field. On the other hand, such a term
plays an important role in neutrino-antineutrino oscillations
caused by magnetic field effect.
The third term on the right-hand side of Eq. (3) shows the

potential of neutrino-neutrino interactions which are
sources of CNO. Here, we consider single energy neutrinos
and focus on angular dependence of neutrinos by using the
neutrino line model [93,94]. The potential of neutrino-
neutrino interactions in this model is written as

Hνν ¼
�
Vνν 0

0 −V�
νν

�
; ð9Þ

Vνν ¼
ffiffiffi
2

p
GFnν

Z
θmax

−θmax

dθ0ð1 − cosðθ − θ0ÞÞ

× fðtr½ρθ0 � − tr½ρ̄�θ0 �ÞI3×3 þ ðρθ0 − ρ̄�θ0 Þg; ð10Þ

nν ¼
X

α¼e;μ;τ

ðnνα þ nν̄αÞ; ð11Þ

where θmax is the maximum neutrino emission angle in the
line model [91]. The nν is a summation of initial number
densities of all species of neutrinos. The initial values of
diagonal terms of neutrino density matrices are given by
ðρθÞαα ¼ nνα=nν, ðρ̄θÞαα ¼ nν̄α=nνðα ¼ e; μ; τÞ.

B. Flavor equilibrations in different (λe, Ye)

We perform simulations of neutrino-antineutrino oscil-
lations based on numerical setup in Sec. II A. The initial
neutrino number density is given by nν̄e=nνe ¼ 0.7 and
nνx=nνe ¼ nν̄x=nνe ¼ 0.4ðx ¼ μ; τÞ as done in Ref. [91].
In addition, we fix the strength of the nonlinear potential

and that of magnetic potential as
ffiffiffi
2

p
GFnνe ¼ 10−2 cm−1

and Ωmag ¼ μνBT ¼ 0.1 cm−1. The strength of the matter
potential λe and the value of electron fractionYe are variables
for our simulations. The corresponding baryon density to a
given λe is ρb ¼ 5 × 107 g=cm3ðYe=0.5Þ−1ðλe=0.1 cmÞ.
Nondiagonal components in Eq. (2) are set to zero at
r ¼ 0. In our simulations, we set a maximum emission
angle to θmax ¼ π=3.
The top (bottom) panel of Fig. 1 shows the evolution of

angle averaged ratios of νe (ν̄e) in a fixed value of the
electron fraction Ye ¼ 0.45 and different values of λe. Such
angular average diagonal components are defined by

hρeei ¼
3

2π

Z π
3

−π
3

dθρee;θ; ð12Þ

hρ̄eei ¼
3

2π

Z π
3

−π
3

dθρ̄ee;θ: ð13Þ
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FIG. 1. The top panel shows evolution of hρeei as defined in
Eq. (12) in different values of matter potential λe with a constant
value of electron fraction Ye ¼ 0.45. The value of a black dashed
line in the top panel corresponds to ðnνe þ 2nνxÞ=3nν ¼ 2=11,
which represents an equilibrium value of hρeei. The bottom panel
shows the case of hρ̄eei in Eq. (13). The value of the black dashed
line in the bottom panel is ðnν̄e þ 2nνxÞ=3nν ¼ 5=33.
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The red and green curves in Fig. 1 represent the
equilibration of neutrino-antineutrino oscillations when
the potential of the magnetic field is no smaller than the
matter potential: Ωmag ≥ λe. Such results are consistent
with the equilibrium of three flavor neutrinos shown in
Ref. [91]. The wavelength of the neutrino-antineutrino
oscillations is the order of approximatelyΩ−1

mag ¼ 10 cm. In
such a strong magnetic field, all flavors of neutrinos and
antineutrinos couple with flavor conversions. The black
dashed lines in the top and the bottom panels of Fig. 1
represent equilibrium values of three flavor conversions.
Such equilibrium values of three flavor conversions are
reproduced in Appendix A 3, analytically. In the strong
magnetic field, Ωmag becomes dominant in the neutrino
Hamiltonian. The large Ωmag plays an important role in
increasing an amplitude of a correlation matrix Xθ in
Eq. (2). Especially, a finite value of Xxy (Xyx) which shows
a correlation between νx (νy) and ν̄y (ν̄x) enables active
three flavor neutrino-antieneutrino oscillations. Here, fla-
vors x and y are given by rotation of flavor basis [34]. The
detail mechanism of such three flavor oscillations in the
magnetic field is shown in Appendix A 3.
In the case of λe ¼ 10 Ωmag (blue lines in Fig. 1), on the

other hand, the neutrino-antineutrino oscillations occur, but
such flavor conversions are suppressed because of the large
matter potential. The flavor conversions do not reach the
equilibrium values (black dash lines in Fig. 1). In the case
of more dense matter λe ¼ 102 Ωmag (dark orange lines in
Fig. 1), values of hρ̄eei and hρeei are constant irrespective of
the radius, so the flavor conversions are completely sup-
pressed. Such results indicate that we need to take into
account the contributions of matter potential in order to
study the neutrino-antineutrino oscillations in the strong
magnetic fields of explosive astrophysical sites. The
mechanism of matter suppression as shown in Fig. 1 is
discussed in Appendix A 1. Here, we set a constant value of
Ye ¼ 0.45, so the matter potential jλe − λnj ∝ j2Ye − 1j
becomes finite and contributes to the matter suppression.
However, the matter potential is sensitive to the value of Ye,
so matter suppression should also depend on the value
of Ye.
Figure 2 shows the dependence of electron fraction Ye in

the neutrino-antineutrino oscillations. The MSW matter
potential is fixed by λe ¼ 102 Ωmag. Any flavor conversions
are suppressed in the cases of Ye ¼ 0.45 (red solid lines)
and Ye ¼ 0.55 (magenta solid lines). On the other hand,
flavor conversions become prominent as the value of Ye is
close to 0.5 (see green and dark-orange solid lines). The
matter suppression disappears in the case of Ye ¼ 0.5 (blue
solid lines). Here, we fix the strength of matter potential as
λe ¼ 102 Ωmag, but flavor conversions at Ye ¼ 0.5 also
appear, even though more dense matter potential such as
λe ¼ 103 Ωmag is employed. The matter suppression dis-
appears at Ye ¼ 0.5 because matter potentials of charged

and neutral current reactions are canceled out: λe ¼ λn. The
black dash line in the top (bottom) panel of Fig. 2 shows
an equilibrium value of hρeei (hρ̄eei) at Ye ¼ 0.5. These
equilibrium values are different from that in Fig. 1 because
one of flavors is decoupled from flavor conversions. The
matter term in Eq. (7) induces two types of matter potentials
such as jλe − λnj and λn in the equation of motion of neu-
trino density matrices. The jλe − λnj disappears at Ye ¼ 0.5,
but another matter potential λn is not eliminated. The large
λn results in decoupling of νx and ν̄x in flavor conversions.
The detail of such one flavor decoupling is shown in
Appendix A 2, and equilibrium values in Fig. 2 are
reproduced analytically. Our simulations in a parameter
space of ðλe; YeÞ indicate that the strong magnetic field
potential Ωmag,

Ωmag ≥ λ; ð14Þ

is necessary for the equilibration of neutrino-antineutrino
oscillations where we define λ ¼ jλe − λnj. The above
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FIG. 2. The neutrino-antineutrino oscillations as shown in
Fig. 1 in different values of electron fraction Ye around 0.5.
The strength of MSW matter potential is fixed by λe ¼ 102 Ωmag.
The black dashed line in the top panel corresponds to
ðnνe þ nνxÞ=2nν ¼ 7=33. The black dashed line in the bottom
panel shows ðnν̄e þ nνxÞ=2nν ¼ 1=6.
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condition can be satisfied even in dense astrophysical sites
when Ye in the dense matter is close to 0.5.

III. POSSIBILITY OF SUPERNOVA
NEUTRINO-ANTINEUTRINO OSCILLATIONS

IN MAGNETIC FIELDS

The necessary condition of the neutrino-antineutrino
oscillations proposed in our simulations is extended by
taking account of the contribution from neutrino-neutrino
interactions inside CCSNe. We investigate the possibility
of the flavor equilibrium of neutrino-antineutrino oscilla-
tions in CCSNe by employing matter profiles and neutrino
spectra obtained in a hydrodynamic simulation of CCSNe
of a 11.2 M⊙ progenitor. The case of electron capture
supernova (ECSN) is shown in Appendix B.

A. Strength of potentials in neutrino Hamiltonian

As suggested in Eq. (14), the occurrence of the neutrino-
antineutrino oscillations can be evaluated by a com-
parison of Ωmag ¼ μνBT with other potentials in neutrino
Hamiltonian. We focus on the neutrino-antineutrino oscil-
lations near the PNS [r ∼Oð10 − 103Þ km] where the
magnetic field may be large enough to satisfy Eq. (14).
To discuss the possibility of such flavor conversions in
magnetic fields, we need matter profiles and neutrino
spectra of deep inside CCSNe. We employ different time
snapshots of matter profiles and neutrino spectra obtained
in a hydrodynamic simulation of supernova explosions.
The neutrino radiation-hydrodynamic simulations are per-
formed by 3DnSNe-IDSA code [95] (see Ref. [96] for
hydrodynamic method, Refs. [97,98] for neutrino transport,
and Ref. [99] for code comparison). The initial condition is
taken from 11.2 M⊙ progenitor model of Woosley et al.
[100]. The hydrodynamic profiles of this model are also
used in Ref. [101], the detailed setup of which is written
in Ref. [48].
Since we employ the profile that is taken from the pure

hydrodynamic calculation, there is no spacial profile of
the magnetic field in our explosion model. We assume a
transverse component of a dipole magnetic field whose
radial dependence is given by BT ∝ r−3 as employed in
previous works [82,83,87],

BT ¼ B0

�
Rν

r

�
3

; ð15Þ

where Rν is a radius of the neutrino sphere and B0 is a
strength of a transverse magnetic field to the direction of
neutrino emission at r ¼ Rν. Here, we set Rν ¼ 30 km and
focus on neutrino emission along the radial direction from
the equator of the PNS. We fix the value of the neutrino
magnetic moment, μν ¼ 10−12 μB, satisfying the current
upper limit of neutrino magnetic moments. The potential of
the magnetic field interaction is written as Ωmag ¼ μνBT , so

the neutrino-antineutrino oscillations would be induced
even in the case of smaller value of μν than 10−12 μB if we
set a larger magnetic field, B0, on the surface of neutrino
sphere.
Neutrino-neutrino interactions should be taken into

account in neutrino oscillations near the PNS. Behaviors
of the neutrino-antineutrino oscillations in a magnetic
field are sensitive to the strength of neutrino-neutrino
interactions. The large potential of neutrino-neutrino inter-
actions also prevents flavor conversions if the potential of
the magnetic field is much smaller than that of neutrino-
neutrino interactions [91]. If the neutrino emission angle
is large, the strength of neutrino-neutrino interactions can
be characterized by

ffiffiffi
2

p
GFjnνe − nν̄e j without considering

a contribution from an angle factor 1 − cosðθ − θ0Þ in
Eq. (10). However, such an angle factor cannot be ignored
when the maximum neutrino emission angle is small. The
strength of neutrino-neutrino interactions depends on the
value of the maximum neutrino emission angle. We use the
bulb model [31] to determine the strength of neutrino-
neutrino interactions outside a neutrino sphere. In the bulb
model, the maximum neutrino emission angle at the radius
r is given by sin θmax ¼ Rν=r. The potential of neutrino-
neutrino interactions in Eq. (10) is a function of neutrino
emission angle θ. Such angle dependence is removed by
assuming θ ¼ 0 under the single angle approximation [31].
The strength of neutrino-neutrino interactions including the
angular factor is described by

ζ ¼
ffiffiffi
2

p
GF

2πR2
ν

���� Lνe

hEνei
−

Lν̄e

hEν̄ei
����
Z

1

cos θmax

d cos θð1 − cos θÞ

¼
ffiffiffi
2

p
GF

4πR2
ν

���� Lνe

hEνei
−

Lν̄e

hEν̄ei
����
 
1 −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

�
Rν

r

�
2

s !2

; ð16Þ

where Lνi and hEνii are the luminosity and mean energy of
νiðνi ¼ νe; ν̄eÞ on the surface of the neutrino sphere. This
strength is almost proportional to r−4 for large radius
(r ≫ Rν). The small asymmetry between νe number flux
and that of ν̄e on the surface of the neutrino sphere would be
favorable for the neutrino-antineutrino oscillations because
of the small value of ζ.
In outer layers of the supernova material [r ≥ Oð103Þ

km], neutrino-neutrino interactions become small, and the
matter potential is comparable to the vacuum Hamiltonian,
which induces the RSF conversions [82,83,87]. The
contribution from the vacuum potential is no longer negli-
gible in such an outer region. Therefore, the neutrino-
antineutrino oscillations may be negligible if the strength
of vacuum Hamiltonian is larger than that of magnetic
field potential. The necessary condition for the equilibra-
tion of neutrino-antineutrino oscillations in CCSNe can be
summarized as
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Ωmag ≥ η;

η ¼ max fλ; ζ;ωg; ð17Þ

where ω ¼ jΔm2
32j=2E is the atmospheric vacuum fre-

quency which characterizes the strength of vacuum
Hamiltonian. We impose a typical mean energy of super-
nova neutrinos, E ¼ 10 MeV, on ω.

B. Comparison of potentials in a CCSN model

The strengths of neutrino potentials in different explo-
sion phases are shown in Fig. 3. The top panel shows the
case of the early explosion phase at 31 ms postbounce.
The strength of the matter potential λ is the largest near
the surface of the PNS, so η ¼ λ is satisfied, and the blue
solid line completely corresponds to the red dotted line in
the top panel of Fig. 3. The decrease of λ around 100 km
corresponds to the reduction of the baryon density outside
the shock wave. There is a boundary between the iron core
and Si layer around 400 km. The matter potential λ ∝
j2Ye − 1j decreases rapidly outside the Si layers because of

Ye ∼ 0.5. The matter potential becomes smaller in the outer
region and finally comparable with the vacuum potential.
In outer region (r > 840 km), the vacuum potential
becomes dominant in the neutrino Hamiltonian, and η
corresponds to ω. A magenta solid line in the top panel of
Fig. 3 represents a radial profile of Ωmag ¼ μνBT assuming
B0 ¼ 1014 G in Eq. (15). The necessary condition of the
neutrino-antineutrino oscillations is satisfied where the
value of Ωmag (magenta solid line) is larger than that of
η (blue solid line). In the top panel of Fig. 3, there is no
crossing of these two solid lines, so Eq. (17) is not realized
at 31 ms postbounce in the case of B0 ¼ 1014 G. The dense
matter profile in the early explosion phase raises up the
value of η near the PNS. The potential ζ is not a dominant
term in the early explosion phase of standard CCSNe
having iron cores in the progenitors, but we can not ignore
the contribution from neutrino-neutrino interactions in the
case of an ECSN as shown in Appendix B. The line ofΩmag

is shifted upward by increasing the value of B0. The top
panel of Fig. 3 indicates that a stronger magnetic field on
the surface of neutrino sphere (B0 > 1014 G) is required for
the neutrino-antineutrino oscillations in the early explo-
sion phase.
The radial profiles of potentials at 331 ms postbounce are

shown in the bottom panel of Fig. 3. The values of λ and ζ
in the bottom panel of Fig. 3 are smaller than those in the
top panel of Fig. 3 because the baryon density and neutrino
fluxes near the PNS decrease as the explosion time has
passed. The small values of these potentials enable the
crossing of η (blue solid line) andΩmag (magenta solid line)
in the bottom panel of Fig. 3. The strong magnetic field on
the surface of neutrino sphere (B0 > 1014 G) is enough to
fulfill Eq. (17) at 331 ms postbounce. There are several
peaks in λ (red dotted line) which correspond to regions of
Ye ∼ 0.5. The value of Ye in the supernova material is
changed by a heating of the shock wave propagation.
Neutrino-neutrino interactions become prominent in the
region of Ye ∼ 0.5, which prevents the reduction of η.
To satisfy Eq. (17) at a radius r, the magnetic field on

the surface of neutrino sphere B0 should be larger than
B0;minðrÞ written as

B0;minðrÞ ¼
r3

μνR3
ν
η: ð18Þ

The radial profiles of B0;minðrÞ at the early and the later
explosion phases are shown in Fig. 4. As shown in the case
of 33 ms (red solid line), the minimum value of B0;minðrÞ
is given by 4.52 × 1014 G at r ¼ 836 km. Therefore, B0

should be larger than 4.52 × 1014 G to fulfill Eq. (17) in the
early explosion phase. On the other hand, in the case of
331 ms (green solid line), small baryon density near the
PNS reduces the value of η, which results in smaller value
of B0;minðrÞ than that in the early phase. Several peaks of λ
as shown in the bottom panel of Fig. 3 induce small values
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FIG. 3. The top (bottom) panel shows strengths of neutrino
potentials at 31 (331) ms postbounce. The potential of the
magnetic field (magenta solid line) is given by assuming B0 ¼
1014 G and μν ¼ 10−12 μB. The necessary condition of neutrino-
antineutrino oscillations in Eq. (17) is realized when η (blue solid
line) becomes smaller than Ωmag (magenta solid line).
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of B0;minðrÞ in Fig. 4. The necessary condition of Eq. (17) is
satisfied in the later explosion phase if B0 is larger than
1.56 × 1013 G. The required magnetic field for the neu-
trino-antineutrino oscillations becomes smaller in the later
explosion phase, so the later explosion phase would be
favorable to observe the neutrino-antineutrino oscillations.
Such a feature would be general and independent of pro-
genitor models. The case of ECSN is shown in Appendix B.

IV. CONCLUSIONS

We study neutrino-antineutrino oscillations caused by a
strong magnetic field in dense matter in the case of
Majorana neutrinos. Numerical simulations of such neu-
trino-antineutrino oscillations are carried out by changing
values of baryon densities and electron fractions. We reveal
that the neutrino-antineutrino oscillations are sensitive to
strengths of matter potentials such as jλe − λnj and λn. The
flavor equilibration occurs when the strength of magnetic
field potential is comparable with that of a matter potential:
Ωmag ∼ λn. Equilibrium states of such three flavor neutrino-
antineutrino oscillations are consistent with numerical
results in Ref. [91]. On the other hand, in the case of
more dense matter (jλe − λnj, λn ≫ Ωmag), any flavor
conversions are suppressed because correlations between
neutrinos and antineutrinos fail to grow up in large matter
potentials. The values of matter potentials depend on both
the baryon density and electron fractions inside material.
We find that the flavor equilibration also appears around
Ye ∼ 0.5, irrespective of large baryon densities. One of the
neutrino flavors is decoupled from flavor conversions
around Ye ∼ 0.5 in dense matter. The values of equilibrium
states of hρeei and hρ̄eei are different from those in three
flavor conversions in neutron- (proton-)rich matter.
The mechanism of the neutrino-antineutrino oscillations

in strong magnetic fields, which we focus on here, is

different from that of RSF. In our simulations, the matter
potential is much higher than the vacuum Hamiltonian, so
that there is no resonance like RSF. The equilibration of
neutrino-antineutrino oscillations in our simulations is
independent of neutrino mass hierarchy and neutrino
energy. Such neutrino-antineutrino oscillations are sensi-
tive to the strength of neutrino-neutrino interactions [91].
As shown in Appendix A, however, the flavor equilibration
of neutrino-antineutrino oscillations is possible even in the
absence of neutrino-neutrino interactions. The origin of the
neutrino-antineutrino oscillations is the coupling of matter
potentials with the magnetic field potential.
We verify that a necessary condition for the equilibra-

tion of neutrtino-antineutrino oscillations is satisfied in a
11.2 M⊙ CCSN model. To satisfy such a condition, the
magnetic field on the surface of the PNS should be larger
than 1013 G in the case of μν ¼ 10−12 μB, which is the
same order as a tight upper limit of neutrino magnetic
moment [74]. The strength of matter potential becomes
smaller near the PNS as the explosion phase has passed, so
the required magnetic field for the neutrino-antineutrino
oscillations becomes smaller in the later explosion phase.
Such a trend is also confirmed in ECSN, irrespective of
different matter profiles from an iron core of the standard
CCSNe (see Appendix B).
Our result indicates that the typical magnetic field of

pulsars (approximately 1012 G) is not enough to induce the
flavor equilibrium of neutrino-antineutrino oscillations near
the PNS. On the other hand, the neutrino-antineutrino
oscillations are possible in the typical magnetic field of
magnetars (approximately 1014 G) [102]. The strength
of the magnetic field potential Ωmag is proportional to
neutrino magnetic moments and the transverse magnetic
field, so a stronger magnetic field can induce the neutrino-
antineutrino oscillations even in μν < 10−12 μB. A super-
nova explosion scenario leaving a magnetar at the center
potentially updates the current upper limit on μν. Further
quantitative studies discussing the magnetic field effect on
neutrino detection will be required to identify possibilities
to withdraw properties of neutrinos from supernova neu-
trinos. Here, we focus on specific supernova progenitor
models, but the necessary condition of the neutrino-anti-
neutrino oscillations proposed in this work can be applied
in more general explosive phenomena such as neutron-star
mergers and gamma-ray bursts.
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APPENDIX A: MATTER SUPPRESSION IN
NEUTRINO-ANTINEUTRINO OSCILLATIONS

We discuss the mechanism of the flavor equilibration of
neutrino-antineutrino oscillations in strong magnetic fields,
which is confirmed in Figs. 1 and 2. Here, we assume that
the neutrino-antineutrino oscillations are dominant and
ordinary flavor conversions without magnetic fields are
negligible. Furthermore, we consider flavor conversions in
dense matter where a vacuum potential ΩðEÞ and a
potential of neutrino-neutrino interactions are negligible.
Such conditions are written as

½Hν; ρθ� ∼ 0;

½Hν̄; ρ̄θ� ∼ 0;

Hν ∼Hν̄ ∼ −Vmatter; ðA1Þ

where Hν (Hν̄) is the Hamiltonian of neutrinos (antineu-
trinos) without the magnetic field potential. We focus on
flavor conversions of neutrinos whose emission angle is
θ ¼ 0. The θ ¼ 0 is imposed on Eq. (1), and the index θ in a
neutrino density matrix is dropped hereafter. We investigate
flavor conversions in the e − x − y basis [34] instead of the
flavor e − μ − τ basis. The matter potential is invariant under
the rotation from the flavor basis to the e − x − y basis:

V 0
matter ¼ RTðθ23ÞVmatterRðθ23Þ ¼ Vmatter; ðA2Þ

Rðθ23Þ ¼

0
B@

1 0 0

0 cos θ23 sin θ23
0 − sin θ23 cos θ23

1
CA: ðA3Þ

On the other hand, the magnetic field potential does not
commute with Rðθ23Þ, so the matrix components are trans-
formed by the rotation from the flavor basis to the e − x − y
basis,

V 0
mag ¼ RTðθ23ÞVmagRðθ23Þ

¼ Ωmag

0
B@

0 0 1

0 0 1

−1 −1 0

1
CA; ðA4Þ

where Ωmag ¼ μνBT . The evolutions of neutrino density
matrices in Eq. (1) are decomposed by

∂rρ ¼ −i½Hν; ρ� − iðVmagX† þ XVmagÞ; ðA5Þ

∂rρ̄ ¼ −i½Hν̄; ρ̄� þ iðVmagX þ X†VmagÞ; ðA6Þ

∂rX ¼ −iðHνX − XHν̄ þ Vmagρ̄ − ρVmagÞ: ðA7Þ

From Eqs. (A1)–(A7), evolutions of diagonal components of
neutrino density matrices are described by

∂rρee ∼ −2 ΩmagXey;i; ðA8Þ

∂rρxx ∼ −2 ΩmagXxy;i; ðA9Þ

∂rρyy ∼ 2 ΩmagðXye;i þ Xyx;iÞ; ðA10Þ

∂rρ̄ee ∼ −2 ΩmagXye;i; ðA11Þ

∂rρ̄xx ∼ −2 ΩmagXyx;i; ðA12Þ

∂rρ̄yy ∼ 2 ΩmagðXey;i þ Xxy;iÞ; ðA13Þ

where Xαβ;iðα; β ¼ e; x; yÞ represents the imaginary parts of
Xαβ. From these equation of motion, we can find conserva-
tion laws,

ρee þ ρxx þ ρ̄yy ¼ const:;

ρ̄ee þ ρ̄xx þ ρyy ¼ const:; ðA14Þ

which result in a decoupling of the νe − νx − ν̄y sector and
the ν̄e − ν̄x − νy sector during the neutrino-antineutrino
oscillations. The above conservation laws are actually
confirmed in our numerical simulations. Here, we only
focus on flavor conversions among νe, νx, and ν̄y. Almost the
same discussion is possible in the ν̄e − ν̄x − νy sector
because of the decoupling in Eq. (A14). We require
evolution of Xey;i and Xxy;i in order to close Eqs. (A8),
(A9), and (A13). Nondiagonal components such as ρex, ρey,
ρ̄ex, and ρ̄ey would be ignored under the assumptions of
Eq. (A1). Therefore, equation of motion of Xey and Xxy are
given by

∂rXey;r ∼ ðλe − λnÞXey;i; ðA15Þ

∂rXey;i ∼ −ðλe − λnÞXey;r − Ωmagðρ̄yy − ρeeÞ; ðA16Þ

∂rXxy;r ∼ −λnXxy;i; ðA17Þ

∂rXxy;i ∼ λnXxy;r −Ωmagðρ̄yy − ρxxÞ; ðA18Þ

where Xey;rðXxy;rÞ are the real parts of XeyðXxyÞ, respec-
tively. Numerical results of our simulations can be analyzed
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by comparing three different frequencies such as jλe − λnj,
λn, and Ωmag in the above differential equations.

1. Case of jλe − λnj, λn ≫ Ωmag

In this case, the second term on the right-hand side of
Eq. (A18) is almost negligible, so

∂2
rXxy;i ∼ −λ2nXxy;i ðA19Þ

is obtained. There is no correlation between neutrinos and
antineutrinos at the beginning of the calculation, so Xxy;i

should be proportional to sinðλnrÞ. The coefficient of Xxy;i

can be derived by substituting Xxy;i for Eq. (A18) and
considering the case of r ¼ 0. However, the right-hand side
of Eq. (A18) is zero at r ¼ 0. Therefore, Xxy;i is also zero,
irrespective of the radius, which results in the decoupling of
νx during the neutrino-antineutrino oscillations. It is also
assumed that the jλe − λnj is much larger than Ωmag. This
means the value of j2Ye − 1j is finite. The derivation of
Xey;i is carried out in analogy with Xxy;i. The value of Xey;i

is almost zero because the second term on the right-hand
side of Eq. (A16) is negligible. Therefore, matter suppres-
sion is dominant, and any flavor conversion does not
appear. This analytical model can explain the strong matter
suppression in our simulations [e.g., λe ¼ 102 Ωmag (dark-
orange solid lines) in Fig. 1].

2. Case of λe = λnðYe = 0.5Þ, λn ≫ Ωmag

The Xxy;i is negligible, and νx decouples from the flavor
conversions as shown in Appendix A 1. The difference
from the previous case is jλe − λnj ¼ 0 where the electron
fraction Ye is equal to 0.5. The finite Xey;i induces two
flavor oscillations between νe and ν̄y, irrespective of a large
matter potential: λn ≫ Ωmag. The second derivative of Xey;i

is described by

∂2
rXey;i ∼ −4 Ω2

magXey;i; ðA20Þ

where (ρ̄yy − ρee) in Eq. (A16) is eliminated by multiplying
the derivative ∂r and using Eqs. (A13) and (A8). The
correlation Xey;i is derived by solving Eq. (A20) and
imposing an initial condition of neutrino density matrices
on Eq. (A16). In our simulations, the initial condition of the
neutrino density matrix at r ¼ 0 is given by ρee ¼ nνe=nν,
ρxx¼nνx=nν, and ρ̄yy¼nνx=nν where nν¼nνe þnν̄e þ4nνx .
Then, by solving Eqs. (A8) and (A13), we obtain

ρee ¼
nνe
nν

þ nνx − nνe
2nν

ð1 − cos 2 ΩmagrÞ;

ρxx ¼
nνx
nν

¼ const:;

ρ̄yy ¼
nνx
nν

−
nνx − nνe

2nν
ð1 − cos 2 ΩmagrÞ: ðA21Þ

The ρxx is constant, and the ρee oscillates around ðnνe þ
nνxÞ=2nnν in this analytical model. Our derivation can be
easily applied to the ν̄e − ν̄x − νy sector by solving evolu-
tions ofXye;i andXyx;i instead ofXey;i andXxy;i.We can show
that flavor conversions between ν̄e and νy occur around an
equilibrium value ðnν̄e þ nνxÞ=2nnν and ν̄x decouples from
flavor conversions. The above analytical discussion repro-
duces numerical results of Fig. 5 qualitatively. Figure 5
represents evolution of angle averaged diagonal components
of neutrino density matrices as defined in Eqs. (12) and (13)
in the e − x − y basis. The input parameters used in Fig. 5 are
the same as those in the case of Ye ¼ 0.5 in Fig. 2 (blue solid
line). Figure 5 shows that one of the flavors x is decoupled
from neutrino oscillations and two flavor neutrino-antineu-
trino oscillations in νe − ν̄y and νy − ν̄e sectors happen
around ðnνe þ nνxÞ=2nnν and ðnν̄e þ nνxÞ=2nnν , respectively.
The decreasing oscillation amplitudes of hρααi and hρ̄ααi
(α ¼ e, y) up to r ∼ 100 cm would originate from the angle
average on neutrino density matrices.

3. Case of Ωmag ≫ jλe − λnj, λn
The matter potentials are smaller than the magnetic field

potential, so the contribution from Xxy;i is no longer
negligible and νx joins flavor conversions. In this case,
the second derivatives of Xey;i and Xxy;i are written as

∂2
rXey;i ∼ −4 Ω2

magXey;i − 2 Ω2
magXxy;i;

∂2
rXxy;i ∼ −2 Ω2

magXey;i − 4 Ω2
magXxy;i: ðA22Þ

The above differential equations can be solved analyti-
cally, and coefficients of two modes, sinð ffiffiffi

2
p

ΩmagrÞ and

sinð ffiffiffi
6

p
ΩmagrÞ, are determined by imposing the initial
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FIG. 5. The evolution of angle averaged diagonal components
of neutrino density matrices. We employ the same parameter
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the black dash lines correspond to equilibrium values of the two
flavor neutrino-antineutrino oscillations such as ðnνe þ nνxÞ=
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condition of neutrino density matrices in Eqs. (A16) and
(A18). The diagonal terms of neutrino density matrices are
given by

ρee ¼
nνe
nν

þ nνx − nνe
6nν

ð1 − cos
ffiffiffi
6

p
ΩmagrÞ

þ nνx − nνe
2nν

ð1 − cos
ffiffiffi
2

p
ΩmagrÞ;

ρxx ¼
nνx
nν

þ nνx − nνe
6nν

ð1 − cos
ffiffiffi
6

p
ΩmagrÞ

−
nνx − nνe

2nν
ð1 − cos

ffiffiffi
2

p
ΩmagrÞ;

ρ̄yy ¼
nνx
nν

−
nνx − nνe

3nν
ð1 − cos

ffiffiffi
6

p
ΩmagrÞ: ðA23Þ

These diagonal components oscillate around ðnνe þ 2nνxÞ=
3nν. Such an analytical model helps us understand numeri-
cal results of three flavor oscillations as shown in our
simulations [e.g., λe ¼ 0.1 Ωmag (red solid line) in the top
panel of Fig. 1]. In the ν̄e − ν̄x − νy sector, three flavor
oscillations around ðnν̄e þ 2nνxÞ=3nν are obtained analyti-
cally in the same way as the above derivation. Figure 6
shows numerical results of the three flavor neutrino-
antineutrino oscillations. There are the three flavor neu-
trino-antineutrino oscillations in both νe − νx − ν̄y and ν̄e −
ν̄x − νy sectors as discussed in our analytical treatment. The
equilibrium values of flavor conversions in Fig. 6 are
different from that in Fig. 5 because of the finite couplings
of νx and ν̄x with the neutrino-antineutrino oscillations.

APPENDIX B: NEUTRINO POTENTIALS IN AN
ELECTRON CAPTURE SUPERNOVA

This section shows how strong the magnetic field must
be to induce the flavor equilibration in ECSN, which has an

O-Ne-Mg core in the progenitor. This section is parallel to
Sec. III B, in which we discuss the iron core progenitor. We
employ the supernova model with an 8.8 M⊙ progenitor,
which is the same as that of Ref. [47].
In the early explosion phase at 31 ms postbounce (the

top panel of Fig. 7), there is a sharp drop of λ around
r ¼ 100 km, which corresponds to the position of the
propagating shock wave. The baryon density decreases
significantly outside the shock front. The shock wave has
reached a layer of α elements where the electron fraction is
Ye ∼ 0.5. The matter potential λ ∝ j2Ye − 1j disappears,
and neutrino-neutrino interactions become dominant in
such a region, and η is equivalent to ζ. The enhancement
of the η at r ¼ 838 km would reflect the large electron
fraction of Heþ H layers in our progenitor model. The
value of λ is sensitive to composition of nuclear species
in supernova material because of the Ye dependence.
Therefore, the radial profile of λ as shown in the top panel
of Fig. 7 would be a unique structure of ECSN which has
an O-Mg-Ne core in the progenitor. In the outer region
(r > 2120 km), η ¼ ω is satisfied because of the decreas-
ing baryon density and neutrino fluxes. The value of η (blue
solid line) is always larger than that of Ωmag (magenta solid
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FIG. 6. The evolution of diagonal components like Fig. 5. The
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line), so B0 ¼ 1014 G is not enough to satisfy Eq. (17) at
31 ms postbounce.
The radial profiles of potentials at 331 ms postbounce are

shown in the bottom panel of Fig. 7. The potential ζ is not a
dominant term in the neutrino Hamiltonian because the
neutrino luminosity on the surface of the PNS decreases
as the explosion time has passed. Therefore, in the later
explosion phase, the contribution from neutrino-neutrino

interactions to the neutrino-antineutrino oscillations is
negligible. On the other hand, the matter effect becomes
dominant up to r ¼ 631 km. The shock wave propagates
outward, heating material and changing the value of Ye in
the outer layers of the progenitor model. The vacuum
potential ω is the largest term among neutrino potentials in
outer region (r > 631 km). The decreasing baryon density
near the surface of the PNS reduces the value of λ, which
results in the crossing of η (blue solid line) and Ωmag

(magenta solid line) in the bottom panel of Fig. 7.
Figure 8 represents the radial profiles of Eq. (18) in the

ECSN. The minimum value of B0;minðrÞ at 31 (331) ms
postbounce is 2.16 × 1014ð6.62 × 1013Þ G. In the early
explosion phase (red solid line), the decreasing B0;minðrÞ
at r ¼ 100–838 km reflects decreasing ζ, so neutrino-
neutrino interactions suppress the neutrino-antineutrino
oscillations even though matter potential λ disappears at
the outer layer of α elements. The dilute baryon density in
the later explosion phase induces small values of B0;minðrÞ
around 100 km (green solid line). In a core-collapse
scenario, to produce a magnetar whose magnetic field is
approximately 1014 G, the equilibration of neutrino-
antineutrino oscillations would be possible in the later
explosion phase.
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