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Study on possible molecular states composed of A.D (A,B) and X.D (X,B)
within the Bethe-Salpeter framework
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P.(4312) observed by the LHCb collaboration is confirmed as a pentaquark and its structure,
production, and decay behaviors attract great attention from theorists and experimentalists. Since its
mass is very close to sum of X, and D masses, it is naturally tempted to be considered as a molecular state
composed of . and D. Moreover, P,(4312) is observed in the channel with J/y p final state, requiring that
isospin conservation P.(4312) is an isospin-1/2 eigenstate. In the literature, several groups used various
models to estimate its spectrum. We systematically study the pentaquarks within the framework of the
Bethe-Salpeter equation; thus P.(4312) is an excellent target because of the available data. We calculate the
spectrum of P.(4312) in terms of the Bethe-Salpter equations and further study its decay modes. Some
predictions on other possible pentaquark states that can be tested in future experiments are made.
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I. INTRODUCTION

Because of the innovation of experimental techniques
and facilities as well as the advances in theory of recent
years, several exotic states have been experimentally
observed and theoretically studied. Indeed, more constitu-
ents would cause more ambiguities, unlike the simplest gg
for mesons and ggqgq for baryons. The inner structures of the
exotic states are still not clear yet; those discoveries stir up
large numbers of discussions [1]. Indeed the theoretical
exploration is crucial for getting a better understanding of
the quark model and obtaining valuable information about
nonperturbative physics. Definitely, to complete the theo-
retical job achieving more accurate data would compose
the key.

Some hidden charm or bottom states were measured in
two-meson final states [2-11]. They are regarded as
tetraquark states or meson-meson molecular states. In
2003 a baryon was measured by LEPS [12] that was
conjectured as a pentaquark; however later the allegation
was negated by further more accurate experiments.
Breaking the frustration on the existence of the pentaquark
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that was predicted by Gell-Mann in his first paper on the
quark model, the LHCb collaboration reported two penta-
quark states observed in A, decays where peaks appear at
the J/yp final states [13].

Recently another narrow pentaquark state P.(4312)
[14] has also been observed in the J/wp mass
spectrum. Its mass and width are 4311.9 + O.7J_“O6_'ég and
9.8 £ 2.712%"57 MeV, respectively. Since its mass is very
close to the sum of X, and D masses, it is natural to regard it
as a molecular state of XD [15-26]. Furthermore, its width
is rather wide in accordance with the property of molecular
states, so the phenomenon further supports the proposal of
its molecular structure. Some other theorists conjecture
P.(4312) as a compact pentaquark [26,27] instead. In
Ref. [28] the authors think the interaction between X, and
D is too weak to bind them into a bound state. It is worth
deeper explorations about whether the molecule picture is
reasonable. In this work we calculate the mass spectrum of
P.(4312) based on the assumption that it is a stable bound
state of £, and D. Additionally we also study other possible
bound states of A.D, A,B, and ,B and see if they can be
formed.

We employ the Bethe-Salpeter (B-S) equation to study
the possible bound state, which consists of a baryon and a
meson. The B-S equation is a relativistic equation to deal
with the bound state and established on the basis of
quantum field theory [29]. Initially, people used the B-S
equation to study the bound state of two fermions [30,31]
and the system of one-fermion-one-boson [32]. In
Refs. [33,34] the authors employed the Bethe-Salpeter
equation to study the KK and BK molecular states and
their decays. With the same approach we studied the
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molecular state of Bz [35], DY D™, and B®B™ [36].
Recently the approach was extended to explore double
charmed baryons [37,38] and pentaquarks, which are
assumed to be two-body bound systems. In Ref. [39] the
authors studied possible bound states of A (X) and K. In
this work we employ a similar approach to study the
possible bound states of £.D, A.D, A,B, and Z,B.

At present, pentaquark states P.(4312), P.(4380),
P.(4440), and P.(4457) have been measured in decays
of A, where the pentaquark states peak up at the invariant
mass spectrum of J/yp, so their isospin is % because of
isospin conservation. Thus we require that the two hadron
constituents reside in an isospin eigenstate. Instead, for the
A.D (as well A,B) system its isospin must be % but the £.D
(or £,B) system may reside in either isospin 1 or 3.
Certainly, for a bound system with spin parity the
two constituents are in the S wave.

For carrying on our calculation the interactions between
two constituents are needed. According to the quantum
field theory two particles interact via exchanging certain
mediate particles. Since two constituents in a pentaquark
are color-singlet hadrons the exchanged particles are some
light hadrons such as p or (and) @ etc. The effective
interactions are deduced from the chiral Lagrangian
[40-42], which we list in the Appendix A. With the
effective interactions we obtain the kernel and establish
the corresponding B-S equation.

With a reasonable parameter set, the B-S equation is
solved. For a spin-isospin eigenstate, if the equation does
not possess a solution, then we would conclude that the
corresponding bound state should not exist in nature; on the
contrary, a solution of the B-S equation implies the bound
state being formed. At the same time the B-S wave function
is obtained and we are able to use the corresponding
formula for calculating the rates of strong decay
P.(4312) — proton + V (vector), which can be compared
with the data.

This paper is organized as follows: after this introduction
we derive the B-S equations related to possible bound states
composed of a baryon and a meson and the formula for its
strong decays. Then in Sec. III we solve the B-S equation
numerically and present our results by figures and tables.
Section IV is devoted to a brief summary.

1—
2

II. THE BOUND STATES OF A.D AND X.D

Since the newly found pentaquarks P.(4312),
P.(4380), P.(4440), and P.(4457) are all hadrons con-
taining hidden charms (or hidden bottoms) and their masses
are close to the sums of the masses of several real hadrons,
we focus on the molecular structures composed of one
charmed (bottomed) baryon and an anticharmed (antibot-
tomed) meson. Concretely, in this paper we study A.D,
>.D, A,B, and X,B systems whose spin parity is %‘; ie.,
the spatial wave function is in S wave. In this section as an
example we only formulate the corresponding quantities for

A.D and Z.D systems. These formulas can be equally
applied to A,B and X,B systems.

A. The isospin states of A.D and X .D

The isospin structure of the possible bound state of
A/D is

11 _
33) = AD0), n
We use P! @y to denote this resonance.
272

Instead, the possible bound states of X.D should be in
three isospin assignments; i.e., |1, I3) are |1, £1), |3, £1),
and |3,43). Let us work out the explicit isospin states,

11 2 1 -
—, =) =4/Z[ZHtD™) — /= |ZF DY), 2
L=\ - . @)

31 1 2 _
B SRRV~ N
The states |1, —1), |3

.13.—1),and |3, —3) are just the charge
conjugate states of |%,%>, %,%>, and |%,%>, therefore, their
hadronic properties are the same. We use P11, P, 1), and

%7%>7

and

’

) = =) @)

N W
| W

Pc@%) to denote the three isospin states of X.D:

31 33 : : :
5.3)» and |5,3), respectively, for latter discussions.

In order to discuss the Isospin factors in the B-S equation
we define the fields of baryons and mesons in the
expressions [39]

d4q —igx T igx
B1(5) = | o s ).

d4q —igx T igx
BZ(X):/(2”)4\/W(613_€ 1 +aB+eq )1

d*q
M= [ G e

_ d'q
Ma(x) = / (27)*\2mrp

where B represents A. or £, and M denotes D.

(ape™* +aly '),

(appe 4 + a}/loe"qx), (5)

B. The B-S equation for ;- molecular state

In the effective theory a meson and a baryon can interact
via exchanging hadrons. The Feynman diagram at the
leading order is depicted in Fig. 1. (It is noted that the
diagram where the exchanged hadron is a heavy baryon is
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A, (p1) (q)

FIG. 1.

ignored at the leading order.) The relative and total
momenta of the bound state in the equations are defined as

P =mp1 —MP2 q = M4q1 —M4q2,
P=pi+pr=q +q. (6)

where p and ¢ are the relative momenta at the two sides of
the effective vertex, p; (¢;) and p, (g,) are those momenta
of the constituents, P is the total momentum of the bound
state, k is the momentum of the exchanged meson,
n; = m;/(m; +m,), and m;(i = 1,2) is the mass of the
ith constituent meson.

The bound state composed of a baryon and a meson can
be written as

xp(x1,x2) = (0|TB(x; ) M(x,)|P). (7)

The B-S wave function is a Fourier transformation of that
in momentum space,

4

i d'q
xp(x1,x,) =e ’PX/W)(P(P)- (8)
By the so-called ladder approximation the corresponding
B-S equation was deduced in earlier references as

4

ﬁK(PaP»Q)ZP(Q)SM(Pz)’ 9)

xp(p) = SB(Pl)/
where Sz(p,) is the propagator of the baryon (A, or X.),
Sy(p,) is that of the meson (D), and K(P, p, q) is the kernel
that can be obtained by calculating the Feynman diagram in
Fig. 1. For later convenience the relative momentum p is
decomposed into the longitudinal p; (=p - v) and transverse
projection p4 (=p* — p;v*) = (0,py) according to the
momentum of the bound state P (v = ﬁ).

i[(mM+ p,)p+ pt+my]
(mM+p+w,—ie)(mM+p,—w,+i€)’
(10)

Sp(mP+p)=

i
(M — p;+ @, —i€) (1M — p;— @, + ie)’
(11)

Sy(mP—p)=

e (p1) (q)

f

the bound states of A.D (a) and £.D (b) formed by exchanging light vector meson(s).

where M is the total energy of the bound state,
w; = \/p;> +m?, and m; (m,) is the mass of the baryon
(meson).

By the Feynman diagram the kernel K(P,p,q) is
written as

« KBp
K(P.p.q) = =Cr1.9mmv9BBY (y - W;wﬂkﬁ)
X (P2 + @2 )F Agy (k. my)F?(k), (12)

where my is the mass of the exchanged meson, gy/v» 95av»
and kpp, are the concerned coupling constants, Cy; is
the isospin coefficient that is given in Appendix B, and
Agy(k,my) = (=G + kaky/m3)/ (k> — m7).  Apparently
the contribution of the tensor term is much smaller than
that of the first term; thus we can ignore it in practical
computations. Indeed, a numerical estimate verifies this
allegation.

Since the constituents of the molecule (meson and
baryon) are not point particles, a form factor at each
effective vertex should be introduced. The form factor
suggested by many researchers is of the form

k=p-p. (13)

where A is a cutoff parameter. Since the form factor is not
derived from a fundamental principle, the concerned cutoff
parameter is neither determined theoretically; thus until
now we have known little about the cutoff parameter A.
In some references [43—46] the form factor is parametrized
as AAgcp + my with Agep = 220 MeV and the dimen-
sionless parameter A is of order unit. We employ the
expression A = AAqcp + my in our calculation.

The three-dimensional B-S wave function is obtained
after integrating over p;,

xp(p) = /é—l;’)(p(p)- (14)

For the S-wave system, the spatial wave function can be
easily derived [37-39],

xr(pe) = [fillprl) + Folpr)) prlu(v.s).  (15)
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where f(|p7|) and f,(|p7|) are the radial wave functions,

and u(v, s), v, and s are the spinor, velocity, and total spin  we perform a series of manipulations: integrate over g,
of the pentaquark, respectively.

enta : . on the right side of Eq. (9); multiply f (‘% on both sides
Substituting EQ- (!2) into Eq. (9) and .emp.loylng the  of Eqg. (9), and integrate over p; on the left side using

so-called covariant instantaneous approximation where Eq. (9). Finally, substituting Eq. (15) we obtain

q; = p;, 1.e, p; takes the place of ¢; in the kernel 4. Y & =4

|

K(P,p.q), K(P,p,q) no longer depends on ¢;. Then

(f1(Ipr]) + fa(lpr]) Btlu(v. s)
_ _/ dp, [ &qr iCr1 gumvIpsv(nM + p))f + pt + m,]
(27).) (2z)* [(mM + p))* — @} +ie][(mM = p;)* — @3 + i€)]
o {_K[Z('IzM — p)f — bt —q1(Pt — dit) — (Bt — ¢t) 2(mM — p,)¥ — pt — 1]
4mg[~(pr — qr)* — my]

— _ _ _ _ 2 _ 2 mZ
M P = B B BRI ) (ar) + ) flutr ). (16
(Pr—qr)” —my

Now let us finally fix the expressions of f(|pz|) and f,(|pr|). Multiplying (v, s) on both sides of Eq. (16), we get an

expression that only contains f, whereas multiplying &(v, s) pt to the expression, f, is obtained; then by taking a trace, the
resultant formulas are

£1(ps]) = _/ dp, [ &qr iCr.1.9umvIpsy F* (k, my)
nE (27) ) 2r)*[(mM + pi)* — of + i€][(nM = p;)* — o3 + ie]
Pr - qr + Py’ + 2(my + p; + Muy) (M — p) + (Pr° — Pr - 4r)(Pr” — a7°)/my?
X 3 3 fi(laz])
—(pr —4r)* —my,
22 a2 (m
(pr—ar)(pr Qngzr Jom 4 prtMim) (my + Mny + p)(pr - 4r + 47°) + 2(Mny — p))Pr - 4z
+ 5 B f2(|qT|)
—(Pr—qr)° —my
L K [proar® =prlar’ £ (mi o+ pi ot Min)(ar? = pr - ar) (P = M)\ /> (1ar])
mp [—(pr —ar)* — my]
_L(PT"]T—PTZ)(PI—Mﬂz)f1(|‘lT|)} (17)
mp [~(pr — ar)* — m7]
Fapr)ps? = _/ dp, / dqr —iCr1 gumvIssvF*(k,my)
STV 7)) (2x)* [(mM + p))* = o] + iel[(mM = p))* = w3 + ie)
—pr2(Pr - Ar + 4r%) + 2P7 - Ar(my — p— My )(Mn, = py) + py? 4r—rdn(pr—ar)
x i fa(larl)
—(pr—qr)” —my
— )(pT.qT;fVTZ o) + (my = My + p))(Pr - Q7 + Pr”) — 2Mnypr* = 2pipr - dr
+ 5 5 fi(larl)
—(pr —4r)* —my
_K [(Mny = pD)Pr - 4rPr” = Pr - Q7> (my = pr = M) + pr*ar” (my = M) f5(|ar )
mp [~(pr — ar)* — m7]
_ « (pr-ar —P7r*)(pi — M) (my — p; - Mﬂl)fl(|‘1T|)} (18)
mp [—(pr —ar)* — my]

To extract f1(|p7|) and f,(|pr|) from the above equations, instead of the procedure adopted in earlier works, we multiply
i(v) from the right side of the equation and sum over the spin projections of u(v); then taking a trace of the modified
equation, the job is done. The advantage of this procedure is to keep the equation of motion vi(v,s) = u(wv, s).
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Now we perform an integral over p; on the right side of
Eqgs. (16) and (18) where four poles exist at —n;M—
wy +ie, —mM+ o, —ie, M + @, —ie, and n,M—
w, + ie. By choosing an appropriate contour (16) and
(18) we calculate the residuals at p; = —n M — w; + ic

|

fi(lpr]) :/d|‘lT|[A11(

foprl) = / dlarlAz (arl. pr)fi(

where A}y, Aj», Ay, and A, are presented in the Appendix
[see Egs. (C6)—(C9)].

C. The normalization condition
for the B-S wave function

The normalization condition for the B-S wave function
of a bound state is [33,37]

4 14
[ ) P o) + K (P )a) = 1.

(20)

where P is the energy of the bound state and the spinor

relation > u(v, s)u(v,s) = /+ is used. I(P, p,q) is the
reciprocal of the four-point propagator

5'(p—q) _
I(P.p.q )—W[SB(PI)] Samp)l™ (21)

For the molecular sates composed of two mesons the
second term in the normalization condition is several orders
|

)fillarl) +A(

and p; =nM — w, + ie. The coupled equations after
the contour integrations are collected in the Appendix
[Egs. (C1) and (C2)]. Then one can carry out the azimu-
thal integration and reduce Egs. (C1) and (C2) to one-
dimensional integral equations,

(
(

)]
)l (19)

|

smaller than the first term [35,36]; thus we have every
reason to believe that the rule also applies to the case where
the molecule is composed of a baryon and a meson;
consequently the term dP K(P, p,q) can be ignored and
then

4
- / (‘2’—’)’4%<p>msﬂ4<m>]—wq>

- / (" ()22 Ss(p0) e =1, (2)

Let us define the transverse projections of the B-S wave
function as follows:

—i[Ss(p)]" 2p(@)[Sm(p2)] ™"
—i[Sp(p2)] ™ p(@)[Ss(p1)] ™" (23)

ap(p) =
Bp(p) =

the normalization condition is

d*p
-/ (et e (P)Br(P)Si ()M FS6(P1)Sa (p2)]
4
_ /—(Zﬂl;4Tr[aP(P)ﬂP(P)2772P2 S5(p)S(p1)Sa(p1)] = 1. (24)

Substituting the expression yp(p) [Eq. (9)] into Egs. (23) under the covariant instantaneous approximation, one can

obtain the expressions of ap(p) and fp(p), for example,

d3‘lT
ap(p) = _/Wc

{2(772M — p)f = Bt — gt — (Pt — 41)(pF — a7)/my,
LI.IMMVIBBY —(PT _ QT)2 —_ m%/
_ k[2(mM — p))f — pt — q1](Bt — git) — (Pt — ft) 2(nM — p))¥ — pt — %t]}
4mp[-(pr — qr)* — my]
x F2(k,my)[f1(lar|) + f2(lar)dtlu(v, s), (25)
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and ap(p) and fp(p) can be parametrized into

1(Iprl) + ha(lprl) 1. (26)

ap(p) = [l (Ipr]) + ha(Ipr]) ptlu(v, s),
Pr(p) = (v, s)h
with
Py (251040 (M~ p) + FollarDlad + pr - gy + P9 Rrar)
hy(Iprl) :_/(27(11)3{ ! 2 i _sz_qT)z_m%/ v

4x(f>(lar])((Mn, — p))(pr - ar —
vl

+
4mg[—(pr — QT)2 —my

q7)] 2
Cr.r.9mmvIseyF (k,my),

2V (2 a2
(o) / Say {f1 (qr)(Rra=PLPI0) _p, gy — p3) +2£2(ar) (P~ M) - 4
Pri) = —

(27)?
4x([f2(ar)(p7a7 — Pr - q7°) + f1 (QT)(

[ (pr —

qr)* —mzv]

+
4meT[ (Pr

qr)’ _mv}

)(pl M’h)}}CI.[ZQMMVQBBVFz(k’mV)' (27)

Substituting Egs. (10) and (11) and equation group (26) into Eq. (24) we obtain

d*p
l/( 2 2{h?[my? + p? + pF + 2Mpy + M*n % + 2my (p; + M)

27)*

+ hy?p%(mi? + p/* + P + 2Mpmy + M*n,? = 2my(p; + M) — 4hyhypi(p; + Mny) }
HImM + p)* = o} + ie*[(LM = p))* — w3 + ie)]}
[ d*p
+’/ (2n)° 2[hi?(my + p; + M) — 2hihop7 + ho?p7(pr — my + M)
/M + p)* = o] + ie]? (MM — p))* — w5 + i€e)]} = 1. (28)

After the contour integration on p; and the azimuthal
integration the normalization condition can be calculated
numerically and the values of f(|pz|) and f»(|pr|) are
fixed at the same time.

D. The decay of P, — V+proton

Now we investigate the strong decays of P, in terms of
the framework formulated above.

The amplitudes corresponding to the two diagrams in
Fig. 2 are

dp -
2n) 2 Us?rxp(p)(k—ps),€

F2(k.mp), (29)

A, = C1988 090DV /
1

Xi
K? — M3,

d‘p - KpBD*
A, =2C1988 0 9pD*V / WU B <7’” —%0

Xxp (p)gaﬂ”ykﬂQZaev (30)

Yop — kﬂka/M%)* F2 k.m 31
k2 _ M% i ( s LD )» ( )
where C; is the isospin coefficient of the transition,
k= p—(mq, —n¢q,), and B denotes the charmed baryon
in the molecular state: £. or A_; € is the polarization vector
of V and B’ represents the proton. We take the approxi-
mation ko = 0 to carry out the calculation.
The total amplitude is

A=A, + A, =gy’ g +ir’g:0"q,
+ ig37, 8P Pogaplu(ve,.  (32)

The factors g;, g», and g; can be extracted from the
expressions of A, and A,.
Then the partial width is expressed as

dr =S |AP TS 42| L 4Q. (33)
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B (p1) (q1)

?
|

D | (k
+()
l (¢2)

(a)

FIG. 2.

III. NUMERICAL RESULTS

A. The numerical results

In order to solve the B-S equation numerically some
parameters are needed. The mass m A» Mz s Mp, My, M, is
taken from the databook [47]. Following Refs. [40,48],
we set the coupling constants gpp, = gpp, = 3.02,
Ia A0 =8125, gs 5 w=055,=T475, fss0=Klss0=
99125, fzczrp = ngczgp = 9.9125.

With these parameters and the corresponding isospin
factors, a complete B-S equation [the coupled equa-
tions (19)] is established. These coupled equations are
complicated integral equations; thus to numerically solve
them, the standard way is to discretize them; namely, we
would convert them into algebraic equations. Concretely,
we set a reasonable finite range for |py| and |qy|, and let the
variables take n (n = 129 in our calculation) discrete values
Q1. 0»,...0Q,, which distribute with equal gap from Q; =
0.001 GeV to Q,, =2 GeV. The gap between two adjacent
values is A|py| = (1.999/128) GeV. For clarity, we let n
values of f(|pr|) and n values of f,(|pr|) constitute a
column matrix with 2n rows and the 2n elements f1(|qy|),
f2(lqr|) construct another column matrix residing on the
right side of the equation as shown below. The column
matrix composed of f,(|pr|) and f,(|py|) is associated
with the right column matrix of f(|qy|) and f5(|qr|) by a

50
—— AE=8 MeV 2=3.88

40 4 AE=20 MeV 1%=4.58
> 30
Q
g 204 "
I

10-

0.

0.0 05 10 15 2.0

Ip;| (GeV)

FIG. 3. The normalized wave function f,(|pz|) and f(|pr|) for P

B/

Y \\ D (p2)

B (p1) (q1)

B/

’
|

\ D* (k
+ (k)
l (¢2)

1%

(b)

the decay of P, by exchanging mesons.

2n x 2n matrix whose elements are the coefficients given in
Eq. (19). The standard way to treat the equation is to let
|pr| and |qr| take the same sequential values Q;, 0, ...0,
for discretizing the integral equation.

fl(Ql) fl(Ql)
[1(Qi) | _ S1(Q129)
JATS I Il RN
fZ(QlZQ) f2(Q129)

As a matter of fact, it is a homogeneous linear equation
group. If it possesses nontrivial solutions, the necessary and
sufficient condition is the coefficient determinant to be 0. In
our case, it is |A(AE,A) —1| =0 (I is the unit matrix)
where A(AE, 4). Now we calculate that the determinant of
|A(AE,2) —I| is a function of the binding energy AE =
my + m, — M and parameter A. Our strategy is the follow-
ing: we arbitrarily vary AE within a possible range; by
requiring |[A(AE, A) — I| = 0, we obtain a corresponding 4.
In Ref. [43] A was fixed to be 3. In our earlier paper [46] we
change the value of A from 1 to 3 to explore possible
dependence of the results on it; it seems that a value of A
within the range of 0 ~ 4 is reasonable for forming a bound

—— AE=8 MeV 1=3.88
——————— AE=20 MeV 1=4.58

fllpl) (GeV?)

0.0 0.5 10 15 2.0
Ip;| (GeV)

53)
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state of two hadrons. Consequently, if the obtained 4 is
much beyond the range, we would conclude that the
resonance cannot exist.

To get the wave function T(f(Q,),f1(Q—-2)...,
f2(01)...f2(Q129), we adopt a special method. Namely,
we suppose a matrix equation (A(AE,4);)(f(j)) =
B(f(i)), which is just an eigenequation. In terms of the
standard software, we can find all the possible “eigenval-
ues” f, and among them only =1 is the solution we
expect; then the corresponding wave function is gained (see
Fig. 3), which is just the solution of the B-S equation.

For |A(AE,A) —1I| =0, inputting some binding ener-
gies, we would check whether we can obtain reasonable
values for A. If yes, we substitute the values of A and the
binding energy into the matrix equation to obtain the B-S
wave functions. With this strategy, we investigate the
molecular structure of A, and D as well as that of X,
and D.

If the exchanging particles are limited to the light vector
meson, only @ and p can be exchanged between charmed
baryons and D. Of course, exchanging two p mesons
between A, (X,) and D can also induce a potential, but it
undergoes a loop suppression; therefore, we do not con-
sider that contribution.

As the first trial, let us study a simple compound; namely
we explore the possible bound states of A, and D, which is
an [ = % state; therefore only @ can be exchanged between
A, and D. We find that there is no solution for the B-S
equation; therefore we would conclude that the interaction
induced by the single @ exchange is repulsive.

With the same procedure, we study a molecule com-
posed of . and D whose isospin could be either 1/2 or 3/2
and the coefficient is Cy1 = 1. Since P(4312) is observed
in the J/y p portal, it is confirmed to be a state of 7 = 1/2.
In this case both @ and p exchanges between the two
ingredients are allowed. The isospin factor for the p
exchange is —2; namely it plays an opposite role to the @
exchange. We try to solve the equation |[A(AE,A) —I| =0
for some chosen AE and find a solution for D with the

effect on the results. For example, setting AE = 8 MeV
one can fix 4 = 3.77 and 3.88 with and without the tensor
contribution and the obtained wave functions are very close
to each other so we can safely ignore the tensor coupling in
the vertex Lpgpy. Apparently when AE is very small the
obtained /4 is smaller than 4, so ¥, and D should form a
weak bound state. At present the pentaquark P.(4312) has
been experimentally observed in the A, — J/ywpK portal,
which is peaked at the invariant mass spectrum of J/yp
and has the invariant mass of about 4312 MeV. Apparently
its isospin is % and the majority of authors [15,19—
22,25,26] regarded this pentaquark as a bound state of
¥. and D and we agree with it.

Using the normalized wave functions the transi-
tion Pc(%’%) — J/w + p is calculable. The form factors

defined in Eq. (32) with the coupling constants are
evaluated:  gggp = 2.7,  gpgp- = 3.0,  gpp, =74,
gppry = 2.5 GeV™! [41]. We obtain g; = 0.396 GeV,
g = 0.270, g3 = 0.00632 GeV~!, and the decay width
F[Pc,(%,%) — J/wp] =3.66 MeV. If the binding energy
is 20 MeV, g; =0412GeV, ¢, =0282, g¢g3=
0.00923 GeV~! can be obtained and the estimated decay
width is I“[PC(%’%) — J/yp] =3.90 MeV. We notice that
our results are close to that of Refs. [20,25], but the results
given in Ref. [24] are 1-3 orders smaller than ours where
different ultraviolet regulators are employed.

By our observation given above, for the state with I = 3
the isospin factor is 1 for exchanging either @ or p,
therefore the total interaction is repulsive; it means that
¥. and D cannot form a bound state with [ = %

B. Predictions about pentaquark P,
The isospin of the A,B* system is

11
\5,§> — IABY). (34)
3 1

The i 1sospm of the X, B system can be |2, 7>, |5, %3,

quantum number /(J) = 1 (1) where the factor 2 can spana  and |3, +3). Let us work on the isospin states
large range.

The result indicates that although the @ exchange 11 2 1

. es . ’ 2 S 2 = JAE BY) — /2208, (35)

contributes a repulsive interaction, for the X.D molecule, ) 3170 3!<b
the total interaction can be attractive due to a larger
contribution from the p exchange. Numerically, the 31 1 h
obtained values of A and corresponding AE for the £.D ’5§> = §|ZZBO> + §|223+>, (36)
system are presented in Table I. Our numerical computation
also confirms that the tensor coupling in the Lpp) has little and
TABLE 1. The cutoff parameter A and the corresponding TABLE II. The cutoff parameter A and the corresponding
binding energy AE for the bound state £.D with / =1and I, =1 binding energy AE for the bound state X, B with / = 1and I, = 1.
AE MeV 2 8 20 30 40 AE 10 20 30 40 50
A 3.31 3.88 4.58 5.04 5.44 A 2.13 2.51 2.82 3.09 3.35
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Using the masses of A, X, and B presented in Ref. [47]
and other parameters listed in previous sections, we solve
those B-S equations. It is found that only the equation for
the ¥,B system with / =3 has a solution. The binding
energy and corresponding A values are presented in
Table II. That implies that the bound state with / =3
can exist in nature. Under the heavy quark symmetry we
suppose that the couplings are unchanged when b hadrons
replace ¢ hadrons. We turn to study the transition
Pb(%%) — Yp. We obtain g; = 0.00346 GeV, g, = 0.252,
g3 = 0.0000911 GeV~! and predict the decay width
F[Pb(%%) — Yp| =0.690 keV as the binding energy is
10 MeV. If AE =20 MeV the decay width I[P,y
Yp| =1.09 keV and g¢;=0.00435GeV, ¢, =0.318,
g3 = 0.000149 GeV~!.

—

IV. CONCLUSION AND DISCUSSION

Within the B-S framework we explore several bound
states that are composed of a baryon and a meson. Their
total spin and parity is %‘; i.e., the orbital angular momen-
tum L = 0 (S wave). We try to solve the B-S equation for
getting possible spatial wave functions for A.D, X.D, A,B,
and X,B systems. If the B-S equation for a supposed
molecular structure has a stable solution, we would con-
clude that the concerned pentaquark could exist in the
nature; oppositely, no solution means the supposed penta-
quark cannot appear as a resonance or the molecular state is
not an appropriate structure. The solution can apply as a
criterion for the structures of the pentaquark states which
have already been or will be experimentally observed. In
this scenario, the two constituents interact by exchanging
light vector mesons. For the A.D (A,B) system only  is
the exchanged mediate meson, while for the >.D system
(Z,B) both @ and p contribute. The chiral interaction
determines if those molecular states can be formed.

For %‘ baryon (S wave), the B-S wave function possesses
two scalar functions f1(|py|) and f,(|pr|), which should
be solved numerically. Discretizing the integral equations,
we simplify the B-S equation into two coupled algebraic
equations about f(|pr|) and f>(|pr|)-

As |pr| (i = 1, 2) takes n discrete values the two coupled
equations are converted into a matrix equation, which can
be easily solved numerically in terms of available soft-
wares. When all known parameters are input there still is
one undetermined parameter 4. Our strategy is inputting
binding energies within a range and then fixing 4 by solving
the matrix equation. If A is located in a reasonable range one
can expect the bound state to exist. We find the B-S
equation of the state A D system has no solution for A when
the binding energy takes experimentally allowed values.
For the £.D system there are three isospin eigenstates.

Because of the isospin factors, the B-S equations for PC(%‘%),
Py, and P g3 are set. We find that the equation for | 'R
has a solution for A falling into the reasonable range. It
means that P.(4312) is maybe a molecular state of =.D.

The decay width of P 11 — J /w p is calculated within this

framework and we obtain it as about 3.66 MeV.

It is noted that we ignore the couple channel effects in the
Bethe-Salpeter framework. We also note that if the couple
channel interaction between A.D and X_.D is taken into
account, just as the authors of Ref. [48] did, a bound state of
A.D may exist via the coupled channel with £.D (I = 1).
In other words, there is a A_.D component in the physical
state of P )

In this work, we study A, B and X, B systems and solve the
B-S equations for 2, B and A,B. Our conclusion is that the
bound state P;,1 1) is still a promising pentaquark. The partial

width P11y — Yp is about 1.06 keV at AE =20 MeV,

which will be checked by future experiments.

Within the B-S framework, we systematically investigate
the molecular structure of pentaquarks. We pay special
attention to P.(4312) because it is experimentally well
measured. From that study, we have accumulated valuable
knowledge on probable molecular structure of pentaquarks,
which can be applied to future research. Definitely, the
discovery of pentaquarks opens a window for understand-
ing the quark model established by Gell-Mann and several
other predecessors. Deeper study on their structure and
concerned effective interaction that binds the ingredients to
form a molecule would greatly enrich our theoretical asset.
So we continue to do research along this line.
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APPENDIX A: THE EFFECTIVE INTERACTIONS

The effective interactions can be found in [40-42]

Lpp, = igpp,ppp" - 10,¢p + c.C., (A1)
Lppy = igppyd(x)p0,P(x)pp(x)), +c.c..  (A2)
_ KBBp
Lpr, = —988,¥B <7’” - ﬁgdﬂ 3D>P" “tyg,  (A3)
_ KBBo
Lspo = —985.V'5 (7” - zlj:; o 3y) 'y, (Ad)

Lyyp = iGyypeyp.apd dy(x) 0upy(x)dp(x) +-c.c.. (AS5)
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Ligp = igsspWsr vs (A6)

where c.c. is the complex conjugate term, 7 is the Pauli
matrix for I = % and

| 0 1 0
c=—110 1]
V2 0 1 0
0 —i O 1 0 O
T, =—| i —i | and 7,=—
V2 0 i O V2 0 0 1
for / = 1. When ¢p = (5!) and

o
Wp = < zf )
z

the effective interactions are consistent with those

in Ref. [23].

APPENDIX B: THE ISOSPIN
FACTORS IN THE KERNEL

To gain the characteristic hadronic property of the
pentaquark, one needs to project the bound states on the
vacuum via the field operators B, B,, M/, and M,, and

(OTB;(x1)M;(x2)|P) 1, = CZ,13>)(§>(X1,X2)7 (B1)
where yL(x;,x,) is the B-S wave function for the bound
state with isospin 1. The isospin coefficients C%fl ) for AD

22
bound state are 1; the isospin coefficients for £.D bound
states are

2 1
m /= 22— /=
Ca=Vz o \[3

2 1
no_ [? n L no
oy = \A Co=Vz Cep=L
Then corresponding B-S equation was deduced in
Ref. [39] as

(B2)

4

ij dq .
Cixp(p) = SB(Pl)/WK”k(P,P,CI)
x C*

1P (@Sm(pa). (B3)
where K'¥(P, p, q) is still the kernel and its superscripts

ij and [k denote the initial and final components.
For A.D

20(p) = 55(p) [ i

q
— K2 p(q@)S m(p2).

(2r)? (B4)

For I =4, I, =3 state D if the components are "D~

1
2

A
)(P(P) = SB(PI) /(5217?2 (_Kll,ll —%K”ﬂ)

X xp(q)Sm(p2), (BS)

if the components are X} D°

2e(p) =S5t [ (;"%3(1@2’22—ﬁK”»lwmq)sM(pz),

(B6)
SO
dq (2 V2
= 49 [_Zpun _NVZpnn
2rl) = 5ulp) [ 5 (<5K0 =
1 V2
+§K22’22 _TKzz’H)ZP(Q)SM(pZ)- (B7)

Forl = 3,1, = 1% D state if the components are £/ D~

4
1r(0) = Salp1) [ 50

X xp(@)Sm(p2),

(=K' \/EK“’”)

if the components are X} D°

1) = Ss(p) [ S (124 e

x xp(q)Sm(p2),

(B9)

SO

dq (1 V2
2o() = Ss(p1) [ 5 0 (=50 +
(2z 3 3

’ )1P<q>sM<pz>. (B10)

The sign—before K'''!! in Eqgs. (B5) and (B8) comes
from the interactions in Appendix A. For A_D state the two
components interact only by exchanging . However, @
and p can contribute to the X.D state. One also
has Kll,ll(a)) _ K22,22(w)’ Kll.ZZ(w) — K22,ll(a)) — O,
K"12(p) = K211(p) = V2K (p) and K?22(p) = 0.
In Egs. (B7) and (B10) K", K122 and K?>!! can be
changed into K'""!! and then the coefficient of K1 is just
the isospin factor C;; : C%é =1,-2 for w and p, C%q% =
C%% = 1,1 for w and p.
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APPENDIX C: THE COUPLED EQUATION OF f,(|pz|) AND f,(|pr|) AFTER INTEGRATING OVER p,
AND SOME FORMULAS FOR AZIMUTHAL INTEGRATION

filprh == [ Par  Crigugss P (kmy)
o (27)° 20, (M + @) + 0,)(M + o) — @)

Pr-dr +pr° +2(m — @) (M + o) + (pr* = Pr - q7)(Pr° — ar°)/my’
X fi(larl)
—(pr —qr)* —mj
r=qr)° —my
22 A 2) (1 -
+(p7 o )(PTn?VTZ A ’>+(m1—wl)(PT'QT+QT2)+2(M+CU1)PT"1Tf (arl)
q
—(PT—QTV—’"%/ 2
Kk —4pr-qr’ —priar’ + (my — ) (pr - qr — q47?) (@, + M)
- 2 2 fZ(‘qTD
dmp -(Pr—4qr)” —my
K 4(pr* —pr-qr)(M + o))
- fi(lq
4mp ~(pr —ar)* —my 1(lar)

n / Par  Crigvmmvassyt” (kmy)
(271')3 20)2(M + | — wz)(M — | — wz)

Pr-qr +Pr’ + 2(my — oy + M)w, + (pr? — pr - 47)(Pr* — 47°)/my?
X f1(lar|)
—(pr—a -2
pPr —qr)” —my
(prz—qrz)(pr-q;;(zhz)(ml—a)2+M) + (my +M = w,)(pr - 47 + q7°) + 20p7 - qr
. e fallar)
Kk —4[pr-qr’ —priar’ + (my — o, + M)(q72 — pr - qr)(—0,)]
- 2 2 f2(|qT|)
4mp —(pr —4qr)° —my
k 4(pr-qr —pr?)(-w)
- . C1
A ar =B ) )

2 _ &dar —CrrgmmvgssyF* (k. my)
fo(lprl)pr” = - 3
(271') 20)1(M + (] + 0)2)(M + | — 0)2)

2o . 2 2
—pr2(Pr - ar + ar?) + 2pr - ar(my + @) (M + @) + py? Ur—Lrdripr—ar)
X > fa(lar|)
—(pr —ar)* - my

(PTZ—QTZ)(Pr‘ger—ZPTZ)(—ml—wl) +(

my —w)(Pr - qr + pr*) — 2Mpz? + 2w,pr - (ITf (las)
q

—(pr —qr)> — m} R

Kk 4[(M+ w)pr - arpr* — pr - 47> (my + o) + priar*(m — M)

- 3 f2(lar|)

4dmp —(pr —qr)* —my

K A4(pr-qr —pr’) (o, = M)(m; + wl)fl(|‘1r|)}

+

dmyp ~(pr — (lT)2 - m%/

n / &Par —Crr9mmvgseyF? (k. my)
(27)3 20, (M + @) — @,)(M — w; — @,)

_(pT_qT)Z_m‘z/ f2(lar|)

<PT2_qT2)(pT'q;_g)Tz)(M_ml_m2> + (ml - M- wz)(PT qr + pTZ) + 2w,p7r - Q7
+ ) 2 2 fi(lar])
—(Pr —qr)’ —my,

K Alwypr - qrpr® — Pr - A7’ (my + @y — M) + prPqr*(m; — M)]
— 5 f2(larl)

4dmp —(pr —qr)* —my,

__k 4(pr - qr —pri)oy(M —my — ;) }
4mg —(pr—ar) = fillarl) ¢- (C2)

2. 2 2
{—PTZ(PT “qr +q7%) + 2p7 - qr(my + 0y — M), + PT2%V)EPTW
X
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Since d*q; = q> sin(6)d|qr|dOd¢ and p; - qr = |pr|lqr|cos(d), one can carry out the azimuthal integration for
Egs. (C1) and (C2) analytically. Some useful integrations are defined as follows:

z 1 A2 2 2
Jo= / sin(6)do s [ . My 2]
0 —(Pr —qr)* —my [A° = (pr —qr)

- /” sin(0)do { A —m} }2
o —[pF + a7 —2|prllar|cos(8)] — my | A* = [p7 + a7 — 2|pr|lqr|cos(6)]
_ 2(my, — A?)
[(Ip7] = lar))* + A%)[(Ipr] + laz|)* + A?]
1 2 AZ 2 2
{Ln [(Iprl + \qu)2 + 2] B Ln{(lprl + |qT|)2 + mzv] } (3)
2|p7lar] (Iprl = lar])* + A (Ip7] = lar|)” + my

z . AZ ") 2
J = / sin(0)dg—— P { S 2]
0 —(pr —4r)* —my [A* = (pr —qr)

[ IPr||gr|cos(0)sin(0)do A —m3, :

B A —[p7 + a7 = 2lprllarlcos(9)] — m3, {A2 —[p7 + a7 - 2|pT||qT|COS(9)]}
(my = A*)(lpr|* + lar[* + A?)

[(Ip7] = laz])* + A% [(Ipr] + lar])* + A%

(Iprl” + larl® + mi) {Ln [(|PT| +lar])? + AZ] _ Ln{(lpTl + lar|)* + mzv] } (C4)
4/prllar| (Ip7l = lar])* + A (Iprl = laz))* +mj,

+

,T a2 A2 — m2 2
= / sin(6)dg—— P11 { S 2]
0 —(Pr —4ar)° —my |[A° = (pr —qr)

B /ﬂ Ip7|*|ar|*cos?(8)sin(6)do { A —m? }2
o —[p7 + a7 = 2|prllarlcos(0)] — my; | A* — [p7 + a7 — 2|pr|lgr|cos ()]
__ (my=A)(prl’ £ lar? +A%)?
2[(Iprl = lar)* + A%[(Ipr| + lazr])* + A%

1
+ {(IpTI2 +larl* 4+ 2my — A*)(Ipr)* + lar|* + A2)Ln[
8|PT||‘1T|

(Ipr| + lar])* + AT
(Iprl = lar|)* + A2

(|pT| + IqT|)2 + m%/

(Ip7| = laz])? +m%j } (CS)

~ (IprP + larP? +m2v>2Ln[

-q7 Cr.1.9MmMmvIBBY

A s =
ll(pT (IT) (271)2 Za)](M +w + a)z)(M +w; — a)z)

X {[]1 +prido 4+ 2(my — @) (M + w1)Jo + (pr*Jo — J1)(pr? — a7?)/my?|f1(lar])

K
I [4(pr*Jo — J1)(Mny + wl)]f1(|‘lT|)}
B
q7 Cr.1.9MmMmv9B8Y

(27[)2 2602(M -+ | — wz)(M - — 6()2)
X {[Jl +prido + 2(my — wy + M)wyJy + (pr2Jo = J1)(Pr* — ar?)/my?]f1(lar])

K

a1 pﬁfo><—w2>]f1<|qT|>}. (c6)
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Ap(prar) = -q7 Cri.9mmvIBBY
AT AT (27[)2 2601 (M + wq + 0)2)(M + | — (!)2)

» { [(PTZ —q7) () — q72J) (my — w))

T (my = @)Uy + ar) + 2(M + wlm]fz(qro

mv2

K
+ e [J2 = priariJo + (my — w))(J — ar?Jo) (@ + M)]f2(lqr|)
B
N q; Cr.1.9MmMmVIBBY
(27[)2 2602(M + | — Cl)z)(M - — 6()2)
(Pr? —ar?)(Jy = ariJp)(my —wy + M)

(M= an) Uy + ar2o) + 2w211}f2<|qT|>

) { [ mV2
K
o V2 prart o+ m = oy 4 M)(ar*o - Jl><—w2>]f2<|qT|>}- (c7)
B
> Q7 Cri.9mmvIBBY

A =

21(P1. q1)P7 (27)2 20, (M + 0y + 0,)(M + o) — »,)
2 _ 2 Ji - 2J —my — @

x{[(pT 4r°)(J1 = Pr-Jo) (=m 1)—l—(ml —w)(J +pTZJo)—2MP72]0+20)1]1}J81(|(1T|)

mVZ

kK 4(J, = prido)(—w; — M)(m; + a)l)] }
4mpg [ —(pr —qp)* —m? fi(larl)
+ a7 Cr1.9MMmv9IBBY
(271')2 20,(M + o) — wz)(M — W — 0)2)
2 _ 2 _ 2 _ _
: { [(pT W) P )M = = @2) | a0y 4 prde) + 2w211]f1(|qf|)

my?
(C8)

K L4(J, = prdo) (M —my wz)]fl(qu)}-

dmy
2 C
qr LI.IMMVIBBY
A , 2 z
2P )P = s o ) (M + @ — )
2 2 2
arJo—J1)Pr" —4q
X { [—Prz(fl +qr2Jy) + 24 (my + @) (M + @) + pr? ar /o 1111)(2 4 L )}fzﬂ(lﬂ)
%
K
M 0B, = (o + 1) + B = ML)}
B
n q7 Cr.1,9MmmvIBBY
(271')2 2(02<M + W) — 0)2)(M - — (1)2)
2 2 2 <QT2J0 _Jl)(pT2 _qu)
x ¢ |=Pr"(Jy +ar7Jo) +2(my + w, = M)w,J, + pr P fa(larl)
%
(C9)

K
—74[602[%2]1 — (my +wy = M)J, + priar*(m —M)Jo]fz(|QT|)}-
B
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