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1 Introduction

The last decade has seen a lot of progress in the program of conformal bootstrap, an ap-
proach to classify conformal field theories (CFTs) by studying their correlation functions [1].
The main idea is to use the general principles of conformal field theories: conformal symme-
try, unitarity and crossing symmetry, to constrain the observables [2]. The paradigmatic
example of success of this approach is the three-dimensional Ising model for which one
can achieve outstanding numerical precision for the spectrum of this theory, vastly outper-
forming the results from Monte-Carlo simulations [3, 4]. Alternatively, one can also use
the bootstrap philosophy to constrain observables analytically. An example of that is the
lightcone bootstrap [5-7].



The vast majority of results of conformal bootstrap rely on the study of correlation
functions of four primary operators. While the full set of these contain all the dynamical
data of a theory, it is true that as the spin of these operators is increased the task of finding
these data becomes more and more challenging. This is the reasoning why most conformal
bootstrap works focus on correlation functions of scalar operators. In recent years, on the
other hand, it has become more and more appreciated the fact that consistency conditions
at the level of scalar higher-point functions can be the appropriate setting to deal with this
problem. Indeed, higher-point correlators give us access to more data than their lower-point
counterparts and in particular can probe many spinning data. Due to the central role of
conformal blocks in the conformal bootstrap, these have been considered for higher-point
functions in [8-14]. Although their structure is generically intricate, it simplifies drastically
in the lightcone limit where bootstrap studies have been performed in [15, 16]. Higher-
point correlation functions have also been considered in multiple contexts, for instance in
holographic theories [9, 17, 18] and more recently in numerical bootstrap [19].

An important tool in the analytical conformal bootstrap is the Regge limit [20-22].
The Regge limit of four-point correlation functions in CF'Ts is the conformal analogue of
the limit of high centre-of-mass energy at fixed impact parameter of scattering amplitudes
in quantum field theory. Through AdS/CFT, it is thus relevant to study high-energy
scattering in the bulk. In terms of cross-ratios, Regge limit resembles the behavior of
Euclidean OPE. However, in Regge limit this happens after a branch-cut of the conformal
block decomposition is crossed. Conformal Regge theory provides a resummation of the
OPE in terms of families of operators called Regge trajectories [22]. In doing so, one needed
to assume a well-defined analytic continuation of OPE data to complex spin, which was later
established by the inversion formula [23]. This also puts the analytical conformal bootstrap
using the lightcone limit on a firm footing, by showing that the large spin expansion
is not asymptotic, but convergent. Regge limit has also been studied in the context of
holography [20, 21, 24]. Recently, these ideas have been tested on several physical models,
with great success [6, 25]. Regge limit and Regge behavior of correlation functions have
also played an important role in imposing causality constraints [26-31].

This success in CFTs and the natural interest for multi-particle high-energy scattering
calls for a deeper analysis of the Regge limit. In this paper we start the discussion of the gen-
eralization of the Regge limit to higher-point functions, mostly focusing on the case of five-
point functions. In the process we will also briefly review flat-space literature about Regge
theory for higher-point amplitudes that has not been object of attention for a long time.

The outline of the paper is as follows. In section 2, we review the literature on the
multi-Regge limit for S-matrix. In section 3, we discuss the setup of five-point correlation
functions in conformal field theories. We review the Euclidean OPE limit and the lightcone
limit and contrast it with our proposal for Regge limit. In section 4, we discuss analytic
properties of the correlator as it is continued to Regge limit. Here we also consider the
corresponding Mellin amplitude and Mellin partial wave and show that they produce the
expected Regge behavior in position space. In subsection 4.4, we consider the analytic
continuation of the Mellin amplitude in three quantum numbers by means of Sommerfled-
Watson transforms and resum the contribution of two leading Regge trajectories. Finally,
we conclude with some open directions in section 5.



2 Scattering in flat-space and Regge theory

In this section, we review Regge theory for scattering amplitudes in flat space. We begin by
reviewing the key ingredients in the case of 2 — 2 scattering process in four-dimensional
Lorentzian spacetime. Then, we review the generalization to the case of higher-point
scattering amplitudes. It will serve as the main inspiration for the conformal Regge theory
that we will consider later.

Let us restrict to the more familiar case of 2 — 2 scattering, where we define the
Mandelstam invariants as

s = —(k‘l + k‘3)2, t= —(kl + kQ)Q, U = —(k‘l + k4)2, (2.1)

with k; the external incoming momenta. The Regge limit corresponds to the high-energy
limit of an amplitude, where s — oo with fixed t. Regge theory, on the other hand,
comes in play to address the experimental observation that s-channel processes exhibit a
small ¢ peak whenever there are exchanges of particles or resonances in the ¢t-channel. One
would like to understand this behavior by considering a partial wave decomposition of the
amplitude. Consider the scattering amplitude of four spinless particles with equal mass m
in the t-channel decomposition

[e.9]

A(s,t) = > (2] + 1)ay(t)Ps(2), (2.2)
J=0

where z = cosf = 1+ 2s/(t — 4m?) and Pj(z) is a Legendre polynomial of first kind of
degree J. 0 denotes the t-channel scattering angle and J is the angular momentum of the
exchanged particles. This series converges in the t-channel physical region, namely the
region t > 4m? and s < 0, and therefore is not reliable to study the large s limit. Note that
the large s limit of a spin J partial wave behaves as s/. The infinite sum over J gets more
and more contributions from the higher J partial waves, in this limit. Regge theory provides
a rewriting of (2.2) in a form that can be analytically continued to this large s region. This is
done by complexifying angular momentum, extending Regge’s idea [32], and allows to resum
the contribution of a family of particles that correctly predict the observed large s behavior.
Naturally, one would like to extend Regge theory to multi-particle exchange ampli-
tudes. The analytic structure of these amplitudes is less well understood than the four-
point analogue. The increasing number of Mandelstam invariants turns this into a more
technically-challenging goal, but there have been important contributions in the 70’s that
we now briefly review for the case of five-point amplitudes (see [33-43] for more details).
As represented in figure 1 (left), one can define ten two-body Mandelstam invariants
for a five-point function, in an analogous way to the 2 — 2 scattering definition (2.1), i.e.

sij = —(ki +kj)?, (2.3)

where k; are again external incoming momenta. Similarly, we define ¢;;- and w;;-type
invariants. Since not all the invariants are independent, we shall choose the following five
as independent, s13, S25, S45, t12, t34, as shown in figure 1 (right). We will be focusing on
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Figure 1. The ten two-body Mandelstam invariants of a five-point scattering amplitude (left) and
our choice of five independent ones (right).

the double Regge limit where so5, s45 — 00, and necessarily s;3 — 0o, while £15 and t34 are
held fixed. It is also possible to define a single Regge limit by considering either so5 — 00
with s13/s95 also fixed, or s45 — 0o with s13/545 fixed.!

Let us consider the partial-wave decomposition of an amplitude A =
A(s25, S45,1; t12, t34) of five identical massive particles in the t12, ¢34 channels,

0o 2

A=Y ¥ H@L+muﬁmm%mpm@#%mgmmw@, (2.4)

m=—00 J; 5=|m|i=1

where 1 = s13/(s25545) and z = eToler | as defined below. Here m denotes the allowed
helicities of exchanged particles. We also use Wigner-d functions which can be written in
terms of Jacobi polynomials P?"B as

N

<J+myu—nm>

0 m—m/ 0 m+m’ ,mem’,m+m’ ;
T (=)l sin 5 cos 5 (cosb),

d7Jn’m(COS 9) = < J—m
(2.5)

with

o L (-1 Jl T(+a+1I(J-n D) ta —n
PJﬁ(z):Z(n!) (J —n)! ( +F(;+)a(+5+;r)ﬁ+ )Z+ a-2° i (2:6)

The scattering angles 61, 62 and O1,e; have a clear physical meaning - see e.g. [38]. Consider
the scattering process shown in the figure 1 with the exchanged momenta ¢@ = t;5 and
q3 = t34. Firstly, we lump together particles 3,4 and treat them as a single particle of
momentum g2. The angle 6, is defined as the scattering angle of the process 12 — 5(34)
which happens in a single plane in the center of mass frame. Secondly, we consider the rest
frame of the exchanged momentum ¢3. We denote the three momentum of particle-i by p;.

! Another interesting limit to consider is the helicity-pole limit where s25 — 0o with s13/s25 — 0o while
t12,t34 and s45 are fixed (or the one where the roles of s25 and sa5 are swapped). This limit is experimentally
accessible in inclusive cross-sections [44]. It is also possible to consider the limit s13 — oo with all the other
Mandelstam invariants kept fixed.
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Figure 2. Scattering process shown in the resting frame of exchanged momentum ¢,. This defines
the angles 65 and Otojier- 61 is defined analogously in the rest frame of exchanged momentum ¢ .

As depicted in figure 2, we can choose a coordinate system where ps5 is aligned with the
z-axis and po lies somewhere in xz-plane. We define 0y as the zenith-angle of p3, whereas
OToner is the azimuth angle. Alternatively, the Toller angle can be thought of as the angle
between the two scattering planes corresponding to the g; and ¢o rest frames, respectively.

The scattering angles are related to the Mandelstam invariants in a nontrivial way -
see e.g. [36, 39],

1/2
(t12 —4m?) t12,t347 2))
cosf,

N | =

1
So5 = 2m2 + 5 (t34 —m2 —t12 +

N |

1
S45 = 2m2 + 5 (tlg —m2 —t34 +

(2.7)

1 1
513 =2m2+1 (m2 — 112 —t34 1

1/2
( (t3q4 —4m?) t12,t347 )) / cos0s

1/2
(t12 —4m?) t12,t347 )) cosf;

1 ( (t3a— 4m2)A(t1, ta, m? 1t—42t—421/2
L1 (t31 — 4m2)A(tr2,t3a,m2) | cosé? L1 (t12 —4m*)(t34 —4m?)
4 t34 4 t12t34

1 1/2
X (m2 —t19 — t34> cos B cosly — B ((tn — 4m2) (t3q— 4m2)) / sin 61 sin 6 cos Oolier

where we use A(a, b, c) = a® + b* + ¢? — 2ab — 2bc — 2ca. Note that here m corresponds to
the mass of the exchanged particles and should not be confused with helicity. We believe
the context makes clear which one we refer to. We emphasize that only s13 depends on
Ooner- Moreover, in the double Regge limit,

N 2(t12t34) 2 cos Orolier +m? — t1g — t34
A(t12,t34, m?)

, (2.8)
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Figure 3. Singularities of A(s,t) in the s complex-plane at fixed t.

independently of #; and 5. This map suffers from some kinematical singularities in terms
of the variables t19,t34. These will be extracted from the possible types of singularities
that we study below and we focus only on dynamical singularities.

To explore the double Regge region from the partial wave decomposition (2.4), we need
a well-defined analytic continuation of the amplitude. In contrast to the 2 — 2 scattering,
for multiparticle scattering besides considering complex angular momentum, one also needs
to account for helicity dependence. As stressed in [33-36], the analytic continuation of the
amplitude to complex helicity values is also required. The proper procedure for analytic
continuation and its uniqueness deserve some comments. Let us first review some concepts
in the four-point case that will straightforwardly generalize to the five-point case we wish
to analyze in more detail.

We assume that a 2 — 2 scattering amplitude has only singularities with dynamical
origin. Namely, we only consider poles associated with bound states and branch-cuts
starting at physical thresholds for particle production.?

In figure 3 we depict these singularities at fixed ¢ in the complex s plane. We assume

that the following dispersion relation at fixed ¢
1 ( oo Discy(s',t,u’) too - Discy(s',t,u)
0

ds' T + ; du’ = B ):AR(S,t)+AL(U,t).
(2.9)

Here, we have extended the notion of discontinuities Discs and Disc,, to include the contri-

A(s,t) =

2mi

butions of bound-state poles.®> We have also defined Ap and A, with respect to each of the
terms. As it is clear from the definition, each of the terms has only cut contributions along
one of the directions in the s complex plane. This fact is crucial in performing the analytic
continuation of the amplitude with good large J behavior which happens to be unique as
guaranteed by Carlson’s theorem. It is also useful to define the signatured amplitude®*

A% (s, 1) = é(AR(s,t) 46 Ap(s,1)), (2.10)

2In particular we ignore the possible existence of anomalous thresholds. However, as long as they lie on
the real axis and the analytic structure resembles figure 3 with a different branch point for some fixed ¢,
the discussion that follows remains valid.

3We assumed that no subtractions were needed in order to neglect contributions from arcs at infinity
from the Cauchy integral that gives rise to the dispersion relation. If this is not the case, one should proceed
considering instead a subtracted amplitude.

“The reader might be familiar with an equivalent decomposition of the full amplitude in terms of even
and odd angular momentum contributions. These are composed of signatured amplitudes. Indeed we have
AR = AT (5,t) + AT(—s,t) and A°? = A~ (s,t) — A™(—s,t), where we use u ~ —s in Regge limit.



Figure 4. Contour integrals for the Sommerfeld-Watson transform for the four particle scattering in
the J-complex plane. As one deforms the contour from C to C’ one has to consider the contribution
from dynamical singularities which here we assume to be a Regge pole.

where § = +1. Note that we replace u by s in A, ensuring that there are only cuts in
a single direction. The full amplitude can be easily reconstructed from the signatured
amplitudes as

A(s,t) = Y (A%(s,t) +04(u,1)) (2.11)

6==+1

In what follows, we assume that the signatured amplitudes have the same analytic structure
as the full amplitude. This assumption greatly simplifies the discussion of dynamical singu-
larities of partial-wave amplitudes. We are entitled to consider the partial wave expansion
of the signatured amplitude

o0

A(s,t) = > (27 + 1)aj(t)Py(z). (2.12)
J=0

Using the orthogonality of Legendre polynomials Py and (2.10), we can write

1 [t
ad(t) = — / d' (Disc, Ar(s', ) + 8 Disc AL (s, 1) ) Qs (2), (2.13)
A1 J 2,
where zg is the branch point of the discontinuity and () ; is the Legendre polynomial of the

second kind given by

Q)= [ 11 dc 1: J_(CC) | (2.14)

Using the symmetry Py(z) = (—1)7 Pj(—z), we perform a Sommerfeld-Watson trans-

form of (2.12)
dJ 7

c 2misinmJ

A¥(s,t) = (2J + 1)a®(J,t)Py(~2), (2.15)

where C' is the closed contour depicted in figure 4. Due to the good large J behavior of
the partial-wave Pj, one can continuously deform the contour from C to C’, as shown in



the same figure. We should account for all the possible singularities that may be encoun-
tered during this deformation. In this paper, we always assume that these are pole type
singularities®

B(t)

ad(J,t) ~ m,

(2.16)
where «(t) is a Regge trajectory and ((t) is regular in t. Regularity follows from the
assumption that A%(s,t) has the same analytic structure of the full amplitude A(s,t).
We also use the fact that Steinmann relations [45] impose the latter to have no double
discontinuity in s and t. At large s, we keep the rightmost pole as it gives the leading
contribution and write

A5(s 1) ~ o (=5) OT(~ a() 1), (217)
271
where we absorbed nonsingular factors into the definition of §(t).
For the five-particle case we consider a similar analytic structure of the amplitude in the
So5, 845 and s13 complex planes as in the four-particle case.® We would like to decompose
the full amplitude in terms of signatured amplitudes with only right-hand or left-hand cuts
for each s-type invariant. We immediately see that we have to consider 23 = 8 possible
signatures. Indeed, one writes

A(sigiti)= ) {<A525545613(825,545,77,t12,t34)+525A625645513(—525,545777,7512,7534) (2.18)
5ij=i1

045 A025045013 (5on 5451, 19, t34) + 05045 A%25045015 (595 —845,777751277534)) +013(n— —77)} :

where we make a slight abuse of notation by writing u;; ~ —s;; as dictated by the double-
Regge limit we are exploring. Indeed, note that each of the signatured amplitudes A%25945%13
is a function with only right-hand cuts in each of the invariants sos, s45 and s13. While
025, 045 are the already familiar signatures associated with angular momenta in the ¢15 and
t34 channels, 013 is a new signature related to the helicity at the central vertex.

Following [33], we first analyze the analytic continuation of helicity m to complex
values. Inspired by the form of the partial-wave decomposition (2.4), one expects the

5Other type of singularities like Regge cuts and nonsense-wrong-signature-fixed poles also exist. More-
over, singularities can also appear in a multiplicative manner but we neglect this scenario here for simplicity.
The interested reader can find a discussion on those in [39] and references thereafter.

SGenerically one expects that the anomalous thresholds exist in multipoint amplitudes. Here, however,
we consider the simpler case where they don’t appear. The same is done in the literature we are briefly
reviewing (see for instance, [33-36] and section 1.4 of [38] where there is brief discussion about anomalous
thresholds). The counting of necessary signatured amplitudes follows from this assumption. It would be
interesting to understand how this counting is (or not) affected by the existence of anomalous thresholds
and how the partial-wave coefficients can be written as analytic functions of spin and helicity in that case.
Moreover, it would be relevant to understand if the existence of anomalous thresholds indeed alters the
asymptotic behaviour of the amplitude in the multi-Regge limit we describe here. Note, however, that
similarly to the four-point case we commented in footnote 2, if the anomalous thresholds lie on the real line
and the analytic structure still resembles that of figure 3, we do expect the counting and the discussion of
signatured amplitudes we review here to remain valid.



a>

Figure 5. Contour deformation in z = e*®ue for doing the Froissart-Gribov continuation. The
orthogonality relation holds on the black contours. We show the two different branch cuts corre-
sponding to ax> discussed in (2.22).

following dispersion relation to hold in the z-complex plane,

1—e Disc, A(sij, 1, tij)
A .. tis z 179 ) by d /. 219
(53,70, tij) = 27 (/_ +/1+e / ) 2=z : ( )

To have a well-defined analytic continuation, we need to consider amplitudes with cuts

either only on the right or only on the left half plane in the respective Mandelstam variable.
Thus, we consider signatured amplitudes as introduced in (2.18). We can write

A3 (2 Z ad3 ™ (2.20)
m=—0oQ
where we suppress the dependence on labels or parameters that are irrelevant for this
discussion. Using the fact that signatured amplitudes are functions with only right-hand
cuts,” we have

1 \2/ [l +oo Disc, A%3 (")
d13 _ =2 ) g dy . 2.21
fim (27Ti> (/0 +/1+e > /z|=1 Pz ea (2:21)

For 2/ > 1 and m < 0 the z-integral gives 0, while for m > 0, it gives z/~™~!. On the other
hand, if 0 < 2’ < 1 and m > 0, the residues at the two poles cancel and the integral yields
0, whereas for m < 0 we find —2'~™~!. We can then define, as shown in figure 5,

1 oo
a2 (m) = 3 /+ (2')"™ 'Disc, A% (2')dz’ (2.22)
1 1—e
a3 (m) = 2—7”/ (z') "™ 'Disc, A%3(2)dz', (2.23)

where it is clear that a>5 has a good asymptotic behavior in the right half-plane in the
complex m variable, whereas a> does so on the left-half plane. We can thus perform a

"Note that taking z — —z is related with 5 — —7 as one can see from (2.8).



CL CR

C=-1+iR

Figure 6. Contour integrals for the Sommerfeld-Watson transform in the m-complex plane.

Sommerfeld-Watson transform in m and write

-1

A613 Z a513 Z ail?’ (m)z"

m=—o0
_ o Wa‘il?’(m)(—z}m_i dm mal?(m)(—2)™
2wt Jog sin mm 2mi Jo, sin mm
013 013
1 ™ (a2 (m) + a2’ (m)
L L (o >(—,z)m, (2.24)
2w Jo sinmT™m

where the contours Cr,Cr, and C are shown in figure 6. Recovering the previously sup-
pressed dependence and parameters, we have

(e’ 2
aiw(m)z 3 (H(QJ +1)> aZ ﬁ43§1;(t12,t34)d0m(cosel)dmo(cos92) (2.25)
J1,Jo=m \i=1

which only makes sense if we also analytically continue in the two angular momenta,

dJ; mw(2J;+1)
613 | I 025045013 J1 Jo
sin (T —m) t1a, tas)dor (—z1)d?? (—
< /c 2mi sinw(J; — m)) e (J1, J2,m, b1, t3a)dyy, (—21)dyio(—22)
(2.26)

with contours C; as shown in figure 7 (left) and where z; = cos6;. This is a reasonable but

non-trivial claim. In fact, [34, 35] was only able to check a well-defined analytic continuation
for a single angular momentum and helicity, but not the three simultaneously. To the best
of our knowledge, there is no derivation of the latter. In the following, we assume that
this defines a satisfactory analytic continuation of the signatured amplitude in terms of
the scattering angles and of t1o and t34. However, we would like to rewrite it in terms
of the Mandelstam invariants alone. This can be done by using the map (2.7). To find
the dependence on so5 and s45, we mimic the analysis of the four-particle case. On the
other hand, the 1 dependence requires one more comment. We assume that 4% is an even
function of the Toller angle and, in particular, a function of cos fygper (and thus invariant

~10 -
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Figure 7. Contour of integration in J; and m-complex planes when the respective variable is
integrated first. Here, we only account for dynamical singularities given by Regge poles and ignore
the existence of Regge cuts and fixed poles. Note that there are no dynamical singularities in the
m-complex plane.

under z — 1/2).% This requirement follows from the realization that 7 is an even function of
O1oner and therefore only even functions of Oger can be rewritten in terms of 7. This ends

up imposing a6>13 (m) = —a6<13(—m) and justifies dropping the subscripts when we write
1 7a®3(m)
A% :—/d —(=)™. 2.27
() =5 P g (=n) (2.27)

Note that, as we write z in terms of 7, we redefine what we mean by a’3.9 We can
summarize the discussion on analytic continuations of five-particle amplitudes by writing

1\3 2
A625545613(82578457n’t127t34):<27T,L') ‘/Cdm<H‘/C dJZ(2JZ+].)> (228)
=1 i

| T diy (—cost)dyiy (—cosfa) (—1)
sintmsing (J1—m)sinm (Jo—m)

_<21m)3 /C dmT(=m) (f[l /C idJZ-(QJiJrl)F(—JZ-%—m))

X (—825) 71 7™ (—545) 2T (—513) a3 (]} Ty mt9,t34),

m
a®»%15013 (]} Jo m,t19,t34)

where we used 1 = s13/(s25545) and in the second equality a%25915913 ([ Jo m, t19, t34) was
redefined.

Under the assumption that the analytic continuation of the signatured amplitude has
a good asymptotic behavior in Jy, Jo and m such that we can ignore arcs at infinity, we
focus on possible singularities that one might encounter as we move the contours to the
left. In figure 7, we draw both m and J; complex planes when the respective variable is

8See [39] for whenever this is not the case.
In particular, as commented before, there are kinematical singularities in the map that we shall ignore
when we discuss dynamical singularities in a3 (m).

- 11 -



integrated first. In particular, we show the possible singularities. As before, we restrict our
analysis to Regge-pole-type of singularities and we refer interested readers to [38, 39] for
more details on other type of singularities. One expects the singularities in m to the left
of contour and that determine the asymptotic behavior of the amplitude to be completely
determined by the dynamical singularities in angular momenta. The reason for that is
bi-folded. First, note that the amplitude has the asymptotic behavior

)

(—s25 —545) 27" (—s13)"™ . (2.29)

Generically, this expression has a nonzero double discontinuity in the partially-overlapping
channel invariants, namely ss5 and s45. However, this is forbidden by Steinmann rela-
tions [45]. Therefore, it must be that either J; — m or Jo — m is a non-negative integer
after the capture of poles. It then follows that, in this limit, helicity singularities are fully
determined by angular momentum ones as

m=a—N, (2.30)

where « is the location of a dynamical singularity in J; or Jo and N is a non-negative
integer. In the above argument, we naturally assume that the asymptotic behavior is
attained within a physical region for the amplitude. It is conceivable, however, that such
asymptotics do not correspond to a physical behavior and thus the argument would require
an extension of validity of Steinmann relations for those configurations. The second reason
concerns the special nature of the helicity quantum number. The physical interpretation
of dynamical singularities are associated with the existence of particles. As helicity is not
a good Lorentz invariant and does not classify particles, as mass and spin do, we do not
expect dynamical singularities in m [38, 40]. Besides, these assumptions seem to work well
with specific models [38, 46] as we will see below.

We now focus on our particular case of interest, the contribution of two Regge poles
a1 (t) and as(t) in the double Regge limit with

B(m,ti2,t34)
(J1 — a1(t12)) (J2 — aa(taa))

a525645513(J1,Jg,m,tlz,t34) ~ (2.31)

In the Regge limit we move the C; and Cs contours to the left in (2.28) and capture the
poles in complex angular momentum. The leading contributions come from the rightmost
poles. We find

1
A625§45513(525,S45,T],t12,t34) ~ 27/ dm(2a1+1)(2a2+1)I‘(—m)I‘(—a1 +m)F(—a2 +m)
mi Jo

X (*825)0[1_m(*845)a2_m(*813)mﬁ(m, t12,t34) (232)

~ (—95)™ (—s545) ((_n)al ZF(—al +i)T (a1 —az—1)B( —i,t127t34)%

+(=n)* ZF(*OQ +i)I' (g — a1 —1) B(aa — 1, t12, t34)77i_!1> :
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From the first to second line we closed the C' contour to the left, capturing all the a;-
dependent poles, and absorbed overall constants into 5. In particular, if we consider the
limit n = s13/(s25545) — 00, we can just keep the leading contribution

A%25%45913 (500 551 Ty, t34) ~ (—513) ™ (—545) 2T (— )T (o — ) Blat, o, t34)  (2.33)
+(—s13)*2(—525) " T (—a2) (e — 1) B, t12, t34)

which clearly does not have double discontinuities in so5 and s45, as follows from our
construction. Note that the apparent singularities in a; = a9 are just spurious, as they
cancel each other.

There are many subtleties and unproven statements in deriving the Regge theory
result (2.32), but the final form seems very reasonable in physical terms. We can analyze
these claims in specific models. We consider a dual resonance model of a five-particle
amplitude in the so-called Bardakci-Ruegg representation [47]

d d —a —1— —ao(t: —1-af(s
B5 — xlll xi; T (t12) (1 - xl) 1—a(s25) 5 (t3a) (1 _ QUQ) 1—a(s45)
X (1 — ayap) ~1s)Falss) ralss) (2.34)

where the integral ranges from 0 to 1 in z; and z3. We defined a(x) = ag + = with ag the
intercept of the Regge trajectory. As stated above, a single Regge limit happens when so5
(or s45), s13 — oo with their ratio fixed. In this limit, it can be shown [38] that the region
z1 ~ 0 dominates in the integral (2.34). For the values 0 < s25/s13 < 1, it can be shown that

By = (—s13)""2) 3" p, (—825> + (—s13) 2189 (—spg) 212730 N g (—825) ;

n—0 513 0 S13
(2.35)
where
I'(n—a(tiz)) T(—n+ t12 — taa) I'(n — a(sas5))

112,134, = s 2.36
pn( 12,734 845) F(tu — t34 — 04(845)) n! ( )

I'(n —a(tsy)) I'(—n 4+ t3g — ti2) I'(n + t12 — t34 — a(s45
qn(t12,t34,845) = ( (ts4)) I I (545)) . (2.37)

P(tlg — t34 — 04(845)) n!

Note that there are no simultaneous singularities in the overlapping Mandelstam invari-
ants. This follows from the explicit expressions of p,, and ¢,. The first term has power-law
behavior in s13 and poles in s45, while having no singularities in so5. The second term, on
the other hand, has power-law behavior in both ss5 and s13 times a function without any
singularities in s45. This is an instance of the Steinmann relations, which hold for the full
amplitude. The double Regge limit corresponds to taking a further limit s45 — oo with
the ratio n = s13/ (s25545) fixed. It leads to [3§]

B = (=25)"0%) (=25)") [ ST —a(t12)) T (m — alts))U(—m) (=)™, (2:39)

Cico 271

which is of the same form as (2.32).
With the knowledge of the multi-Regge limit in S matrix theory, we are now in a
position to study the multi-Regge limit in conformal field theories.
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Figure 8. We show our proposal for the Regge limit of the five-point correlator.

3 Kinematics of five-point conformal correlators

Correlation functions of local primary operators in any conformal field theory can be written
in terms of a simple prefactor, that absorbs the weight of external operators, and a non-
trivial function that depends on conformal invariant variables, usually called cross ratios,
that contains all the dynamics of the correlator. In this paper, we will be mostly focused in
correlators involving five operators. These depend on five different cross ratios through'®

@BF @ a0
__\=i, 15 13
<0($1)O(x2>0($3)0(.%'4>0($5)> = INEYN Ag+Ag 2 2 g(ul s u5) ’
(229) "2 (a3,)” 2 15735
(3.1)
where x?j = (x; — :cj)2, we used the shorthand notation A;; = A; — A; and the cross ratios
are defined as )
TIoT
Uy = %2 35 ) ui+1 - u’i‘l‘¢—>x¢+1 . (32)
T13%25

It is worth emphasizing that this is just a particular choice of cross ratios which is obviously
not unique. For instance, i3 = ugus would be as valid a choice as us. The choice (3.2) has
the nice feature that the cross ratios can be defined by transforming the x; cyclically, i.e.
xi — xj+1. This is particularly interesting when studying observables that are cyclically
symmetric [15, 16, 48].

In general, G(u;) is an intricate function of the cross ratios with a complex analytic
structure. One interesting question is, what are the allowed singularities of a correlation
function of five local operators and what is their physical meaning? This is a hard ques-
tion that we will not try to answer here in full generality (see [49] for progress in this
direction). Instead, we shall focus on a particular singularity that is associated with the

10This is the same number as independent Mandelstam invariants in flat space scattering amplitudes as
reviewed in the previous section. The connection between correlation functions in conformal field theories
and scattering amplitudes is more clear in Mellin space, as we shall see in the next section.
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Figure 9. Position of points on the Euclidean cylinder. Two points 1 and 3, are at 7 = —oo and
T = 00.

limit described in figure 8 and that is similar to the Regge limit of scattering amplitudes
reviewed in the previous section. There are two other more common (and simpler) singu-
larities, the Euclidean and lightcone OPE limits which will be relevant for the Regge limit
analysis. Indeed, it is possible to extract some information about these singularities from
the conformal block decomposition of five points

g(ul) = Z P/flkgGile (ulv s UB) ) (33)
k1ko,0

where G£1 g, (U1, - - - u5) are conformal blocks in the channel (12) and (34), P,fl k, are products
of three-point coefficients (to be described in more detail in the following subsection) and
the sum is over all primary operators.

In the following subsections, we will review and explore the Euclidean and lightcone
singularities and introduce the Regge limit for five-point correlation functions.

3.1 Euclidean limit

The simplest limit in a CF'T is when two operators are brought close to each other. In this
setup, the operator product expansion (OPE) is convergent and can be used safely. The
OPE is perhaps one of the most important properties of a CFT. This feature tells that
the product of two operators at distinct points can be replaced by a linear combination of
operators

Chag
O(21)0(z2) = > @Fk(xl%Dmam)ok(lﬂl’z): (3.4)
2

ko (21y)

where the sum runs over all primary operators, Co are the OPE coefficients and Fj, is a

differential operator that takes into account the contribution of descendants. The auxiliary
null variable z is used to encode the open indices of a symmetric and traceless spin J
operator as

O(x,z) = 2 .. 2P OMHI () (3.5)
while 5 5 o2
d 1
Dyu=|(=--1 ] = =2# )
8 (2 tz 62) OzH QZ 0z -0z (3.6)
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is used to recover the information about the indices. The exact form of F} can be deter-
mined from consistency of two- and three-point correlation functions of local operators. It
follows from a simple computation that, at the leading order and in the limit xo — x1, the
function Fj, is given by

T19 - D L
Fk‘(xIQ,DZaaxl) - J(ldzl) L} (37)
k: (5 B ) A
where ... represent subleading terms. One feature of this simple result is that it is evident

that the limit is dominated by operators with lowest dimension Aj. In particular, this
determines the dominant contribution of a five-point conformal block in the limits zo — 1
and x4 — 3
C C (.%' -D )Jl(x -D />J2
/ ¢ - C12k O34k, (T12 - Uy 34
ZPk1kQGk1k2(u1?"'u5)N - 2J1—Ak1 Ty—Ap, - <Ok1($13Z)Ok2(m352,)0($5)>'
C (23) 77 (239 2

(3.8)
Note that the double limit in the pair of points (12) and (34) was taken to reduce the
correlator to a three-point function which is fixed by symmetry as

min(J1,J2) Cfgngl —KVJQ—foQ
123 V213
(O, (21, 21) Ok, (72, 22) O(w3)) = Z o \Pitho=hy —, hithy—hy hothy=hy (3.9)
t=0 (1) 2 (a13)" 2 (233)
where h; = A; + J; and
2 . . 2 (. 2
Hip = (21 - m12)(22 - 712) — 75612(21 22) 5 Vigg = (21 mr2)og 5 (21 - 213)21y . (3.10)
2 T5g
It follows from (3.8) that the constants P,fl k, are given by
Pfy 1, = Chak, Caky Ch 1y - (3.11)

Conformal blocks are complicated functions which are not known in closed form for
general dimensions. However, it is possible to compute them as an expansion around some
limits. One method to obtain them takes advantage of the fact that they are eigenfunctions
of the conformal Casimir differential equation

(’Dm — CAk17J1) Gile = 0, (3.12)

with
cag=AA—d)+J(d+J—-2), Dip=2ui0; +..., (3.13)
where ... represent other subleading terms. We omitted an analogous equation in the (34)

channel that can be obtained using symmetry.
The cross ratios (3.2) are not appropriate for all situations. For instance, in the limit
considered above where xo — x1 and x4 — x3, one has

uy,ug — 0, up —1 (i1=2,4,5), (3.14)
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which is insensitive to the angle at which the operators approach each other. For this limit,
it is preferable to use instead another set of cross ratios!! [9]

1—usg 1—uy ug — 1
= = = .1
§1 2@7 62 2\/1737 €3 2\/171\/57 (3 5)

which remain finite. These are related to the angles just mentioned above. The leading
behavior, in the Euclidean OPE limit, of the five-point conformal block can be written in
terms of these new cross ratios as

¢ Dk Bk
lekz :U12 u32 H@(&Z)) (316)
with
s — T L (e Do)wss D)™ ViV,
f(ﬁl)*H (44 Ty Thog g \DtTs o AT, o T2
SA(E1), @) T E @) )T @)

(3.17)
A brute force implementation of the action of the operators D, and D, on the previous
expression for the function H, will lead to a rather complicated sum [9] that we do not
show since it will not be important in the discussion. A simple analysis reveals that the
leading term of H, in the limit {2 — A 12, {3 — £3\? for large A\, which corresponds to
considering lightcone limits'? z%,, 23, — 0, is of the form

Hem &6l + (3.18)

where the ... represent subleading terms. Alternatively we can use the Casimir differential
equation, in the Euclidean limit, to obtain subleading terms in (3.18)

[(1=60)02, +(1=€3)0Z, — (d—1)(£10z, +E305,) —2(£183+€2)0g, Dy +Cpy [ He =0, (3.19)
[(1—-€)0Z, + (1—€3)0z, — (d—1)(£20¢, +E30¢,) — 2(€283+£1)De, O, + Cry | He =0,

with Cy = J(J + 2h — 2). It is essential in extracting the dots in (3.18) from the Casimir
equation to assume that Hy is polynomial in the variables &. However, this follows from
the definition (3.17).

It turns out that, after changing the cross ratio &3 to ¢ defined by'?

&= 6162+ (/1 - (1 - ), (3.20)
the Casimir differential equation becomes much simpler

_ 2 _ 1192
(d 2)C<9£<2+(1C 1)d; + (1= d)&adg + (1 - €DFZ | H, =0 (3.21)
7 _

1We have decided to use slightly different angles as compared with [9] to make it appear more symmetric

Jy(d+J1—2) +

in the variables u;.

12Tn this limit we can discard the second term in the differential operator D, which in turn makes its
action easier to implement. This just corresponds to throwing away the contribution of terms associated
with traces.

!3These cross ratios were introduced in the context of conformal field theories in [11].
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with an analogous equation for J,. This form of the differential equation allows to look for
solutions with a factorized form

H = fi(&)f2(£2)9(0), (3.22)

where we have used tilde to emphasize that the solution is factorized and possibly different
from (3.17). The function g(() satisfies a differential equation that can be read from (3.21)

(¢ = 1)82 + (d —2)¢Oc + £'(¢ +d —3)]gw =0, (3.23)

where the separation constant ¢'(¢' + d — 3) was chosen for convenience. One solution to
this differential equation that is polynomial in ( is given by

d—2 1-¢\ 0T(2h—3) i
- o . _ 2 ) )

This is clearly a polynomial of degree ¢'. It is also simple to check that

N %Jrfl
Ni(&)=Q0-&)2C,, (&), (3.25)
is a solution to the differential equation arising from (3.21). The solution f2 can be obtained
analogously. It can also be checked that this new solution H, is consistent with the non-
factorized Hy in (3.17). Let us see how in more detail.
Both #, and H satisfy the same differential equation, however they are not the same
function. Nevertheless it is possible to express H, in terms of H and vice-versa, that is
~ Zl
Hy=> CuwHy, (3.26)
£=0
The coefficients Cyp can be thought as a change of basis of three-point functions. To
determine them it is useful to take the limit £ 9 — A1 2 and &3 = £3X2, with \ large. In
this limit the functions H, and H, behave as

MGG G, He S (O (327)
D(h+J — DD (h+ Jy — 1)271+2-2¢
F(h+€’ _ 1)2P(J1 7 1)P(J2 7 1),

= (3.28)

where ¢ — (1€ + &3)/(&1€2) and the ... represent subleading terms. Using the previous
equation and (3.26) we can find the coefficients. Let us start by Cyp,

VA ¢ 4 / / k
Jl J2 , 53 _ J1 J2 , _ Jl J2 (_6 )k (g +d_3)]€ ]. _C
SRS ;)CM <§1€2> =§1'6%90(0) = 6116 ;;) ! (dEQ)k ( 5 ) , (3.29)

where €3/(£1€2) = ¢ — 1. The coefficients Cyy can be obtained straightaway leading to

—), (' +d—3),
1 (d=2) o¢ '
g_( 2 )ez

Cop = 5(—1)4( (3.30)
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To find the inverse relation we make use of the identity

S (elp) (0 +20)(—1)f , , 2\ ¢
2 hrtronpie) 2h (_g’b”’%):(z) : (3.31)

for any variable z and constants b and ¢. Using this equation the inverse matrix Cy, follows

U

=0

immediately

o1V -3 (52),
Y e A =3)(d+ 0 —2),

This concludes the change of basis from (3.9) to the one that leads to (3.22), which we call
14

(3.32)

factorized basis. In this basis, the three-point function can be written as

min(J1,J2) d—2 Hio
V123 21325 0 C 2F1(—5»5+d—3v?’m
(Ok, (21, 21) ... O(x3)) = hitho—hg h1+hs—ho hoths—hq )

(z35) "2 (afy)” 2 (a33)" 2
(3.33)
where Cy are the OPE coefficients in the new basis. Let us remark that this is still polyno-

mial in the structures V and H, as it should. The factorized basis for the leading behavior
of the block in the Euclidean OPE limit is a new result. It would be interesting to construct
conformal blocks in a radial expansion [9, 19, 50] using this new basis

3.2 Lightcone limit

The distance between two operators, in Lorentzian kinematics, can be small when one of
them approaches the lightcone of the other. This is in contrast with what has been analyzed
in the previous subsection where the operators were actually close in the Euclidean sense.
The OPE and more generally correlation functions are naturally organized, in this limit,
in terms of distances between the almost null related operators. For example, the leading
term in Fy of (3.4), in the limit 22, — 0, is given by

1
Fy = (1 - 0.,)7 / [df] #1201 (3.34)
0

where
(A + Jk) Ak;’kf
[dt] = IM( (1-1)) '

dt (3.35)

for spin Jj operators. For exchanged scalar operators, it is also easy to write down the
formula for Fj, including all subleading corrections,

A—a A+a
x12 ( 2 )n (T)n 2n+ A +a 5 n
N nzo 220 (A (2A27d)n n! 151 (2, 2n+ A, z9; - 8351) (07", (3.36)

M Note that, for integer ¢, the hypergeometric reduces to a polynomial,

4 7

d—2 Hio (=0), (£+d—3), His His ‘
S L () - ol
2 2 " 2Via3Vais [Z_:O Al (%)4/ 2t 2V123V213 Z Y\ 2Vha3Vo1s
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a— b—a
with a = A9 and 1Fi(a,b,x) = fo dt a )tll(b a)lr(b) e, In turn, these two formulae can
be used to derive the five-point Conformal blocks in the lightcone limit by just applying
the OPE formula to a five-point correlator. For the leading term of spinning lightcone

conformal blocks we have

m 25702 ¢ 1
Gl = T w7 (L= w)u? [ (an]ldnlT (3.37)
with
(1—t1(I—UQ)U4—UQU4)J2—£(1—t2(1—U2)U5—U2U5)J1_€
I= hy—71 201 A, hy—7o— 201y hithy Ay *
(A-(l-ug)ts) 7 (I=(-us)ty) 7 (I-(1-t)(1-t2)(1-u)) 2
(3.38)

For the scalar blocks in the lightcone we can write

+2n1 Ak2+2n2 Aoy 2n1+A347A5+Ak1 2n2+A21+Ak2

2 2 2 2
k1k200 Z Uy Us Ug ™ Uy Ug /dtldt2zn1 n2

ni,n2=0
(3.39)
where the formula for fnlm is shown in appendix A. The cross ratios u; are appropriate to

describe the lightcone limit x%,, 23, — 0, as only two of them go to zero while the others
remain fixed.

One feature that is evident from the formulae above is that this limit is dominated
by operators that have lowest twist, defined by A — J. Hints of this property are already
present in (3.4) and (3.7).

Another interesting attribute of the lightcone block is that it allows to probe Lorentzian
regimes, this in sharp contrast with the Euclidean expansion (3.22) that is only valid when
the point xg is in the vicinity of z1. In particular, the integral formulation of both (3.34)
and (3.36) is specially suitable to study monodromies of the block.

3.3 Regge limit

The limits described in the previous section shared a common feature as they could be
taken in a kinematics where all points are still spacelike separated from each other. This
is a significant restriction on the positions of operators and the physics that one is probing
with a given correlation function. The goal of this subsection is to introduce and describe
another limit, the Regge limit, as depicted in figure 8. The main novelty is that some
points are timelike related, while others are still spacelike separated, more concretely the
pairs of points (1,4),(2,3), (3,5), (2,5) are timelike, while the other pairs remain spacelike.
The configuration represented in figure 8 can be parametrized by the following variables

r1=-—rT (sinh 51,COSh 517001—2) , XLog=T (Sinh 52, cosh (52, Od_g) y (340)
xr3 = (—Sinh52,008h52, Od_g) N T4 = (sinh51, — COSh(Sl,Od_2> s Ty = (0, hl, hQ,Od_g) .

where 0; are being taken to infinity and r and h; can assume generic values. Here we also
use a d-dimensional vector of zeros denoted by 04. This configuration can also be written
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in terms of the cross ratios u; as

4r? (22 4+ 1 — 2hy cosh &) 1472 —2rcoshd 2
uy = Uo =
' (142 +2rcoshd) (a2 4+ 12 — 2hyrcosh o) 2 1+ 72+ 2rcoshd
4 (22 +1* —2h ho
ug = : (o + 7 2har cosh &) , (3.41)
(14 72+ 2rcoshd) (2 + 1 — 2hy cosh d3)
1 x% + 1 + 2hq cosh 6 1 a:% + 72 4 2hy7r cosh 6;

VU2 22 +1 —2h; cosh b’ Vuz 22 + 12 — 2hyrcosh 8y

where § = 01 + 09 and x% = h? + h3. Tt is simple to see that both u; and uz approach zero
as the ¢; are sent to infinity and that the remaining u; go to 1 (note that ug approaches
1 faster then the other two cross ratios). This limit, in terms of cross ratios, is the same
as the Euclidean OPE limit discussed in section 3.1. The main distinction between these
two limits resides in the different causal ordering of the operators. The similarity to the
Euclidean OPE limit should come as no surprise to the reader that is familiar with Regge
limit for four points. In reality there is a simple reason for this to be the case as one can
also interpret this configuration as an OPE limit between 11 and 2, as well as 3 and 4~
where 17 and 4~ are defined respectively as the image of the points 1 and 4 on the next
and previous Poincaré patch on the Lorentzian cylinder. This is shown in figure 8.

The fifth point is kind of a spectator in this limit. Nonetheless, it is important as it
allows to introduce other parameters to differentiate the gaps d; and do. This is essentially
the same as we already see in the Regge limit of five-point scattering amplitudes.

Note that in this section we made a choice of analytic continuation but there are other
possible ways to attain Regge kinematics. Indeed, with some care, one can even move
the fifth point in other directions and even boost it and find similar OPE behavior after
lightcones are crossed. The latter can be used as a guiding principle when we look for Regge
kinematics. In appendix D, we present some additional kinematics and path continuations
that might be useful in understanding single-Reggeon exchanges or the Regge limit six-
point functions in CFTs .

As mentioned before, the different causal relations between the points have important
consequences. The analysis of the correlator in this setting is more elaborate and for this
reason we devote the next section to it.

3.4 Conformal partial waves

The conformal block decomposition (3.3) is not the most appropriate option to analyze the
Regge limit of correlation functions. A better alternative is to do the so-called conformal
partial wave decomposition

oo min(J1,J2)

dV1 dl/g
=> Z / b5, 1, (1,v2) Foy v gy a(us) (3.42)
J;=0 =0

27i 27i
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where the conformal partial wave coefficient bf}l 7,(V1,v2) contains all the dynamical infor-
mation of the correlation function, i.e. dimensions and OPE coefficients. The function
Fo, vs.01,05,0(w;) is the conformal partial wave defined by the integral

A
x2,22,)2 (232
Fo s, J27€(U’Z) ( = 34() 5 ()Alj 35 /ddx6ddx7 <O zul(xfi? )OQ_WQ(.Z‘7,DZ2)O($5)>(Z)
ri3) %

x(O(21)0(2)O4g 1y, (26, 21))(O(23)O(24) Ot 44, (77, 22)) » (3.43)

where the () should be understood as the term proportional to C{ys in (3.9) (in other
words, it is just the space dependence of the three-point function) and D, is the differential
operator defined in (3.6). It is simple to see that both integrals in z¢ and x7 are conformal
and that F, j, ¢ should satisfy the conformal Casimir equation in the channels (12) and

(34) with eigenvalue Cq d iy, and C4 respectively. In particular, this implies that

5 tive,J2?
the conformal partial wave can be written as a linear combination of conformal blocks

which solve the same equation

o ‘
111,1/2,J7,,f Z Z Aa1 [eD) +ZO¢1V1,2+ZO¢2V2,J1( ) ) (344)

§ o1,02=%

where we used the symmetry of the eigenvalue Cy_,;, ;, = Cu The sum over ¢
2 191

5 Wi, Ji”

appears because the Casimir equation is not able to fix it, and so in piinciple we can have
a sum over this number. The coefficients A% were determined in [15] and are expressed
in terms of several sums. It would be interesting to see if the coefficients in the new basis
introduced in 3.1 are simpler and, more importantly for this work, analytic in spin. The
conformal partial waves have the advantage that are Euclidean single valued.'® Recall that

the correlator also enjoys this property in contrast with a single conformal block.

4 Regge theory

4.1 Wick rotation or how to go Lorentzian

The Regge limit of a correlation function is an intrinsically Lorentzian limit that explores
a specific causal configuration of the operators. On the other hand, CFTs have been better
understood in Euclidean space. It is thus important to understand how to analytically
continue from Euclidean to Lorentzian space and what can we say about convergence and
other properties of the Lorentzian correlator from CFT axioms. These questions have only
very recently been discussed in firmer grounds in [52, 53], extending the works of Liischer
and Mack [54, 55]. However, there the analysis focuses only on correlation functions of
n < 4 points and no systematic study for higher-point functions exists to date.'6

15Conformal partial waves are single valued for integer J. It should be possible to add a term to them to
make them single valued for positive real J as was done in [51] for four points. We hope to return to this
point in the future.

16This seems to be technically challenging (see discussion of appendix B of [53]) but we hope that our
results may also increase the motivation of community to tackle these questions on higher-point functions.
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We want to consider Lorentzian invariant correlation functions of local operators that
commute at spacelike separated points,

W(z1,x2,...,2n) = (O(x1)O(22) ... O(xy)) . (4.1)

These are called Wightman functions (or distributions). In particular, note that up to
spacelike separated points, different orders of local operators give rise to different Wightman
functions. We stress that these are not the standard time-ordered correlation functions
one encounters in QFT textbooks. In fact, one can decompose time-ordered correlation
functions in terms of Wightman functions!'”
(QIT{O(21)O(x2) ... O(a)} ) = (4.2)
= (QO(t1,x1)O(t2,x2) ... Otn,%xn)|Q)0(t1 > to > -+ > t,,) + permutations
=W (x1,x2,...,2,)0(t1 >ty > -+ > t,) + permutations.

One Wightman axiom states that Wightman functions are indeed tempered distributions
even at coincident points. This means that when integrated against test functions belonging
to Schwartz class f(x;) € S, the following integral is finite

/d%l W@, wn) f(@1) . f () < 00 (4.3)

Our goal is to reach a Wightman correlation function with a given order starting from
a translational- and rotational-invariant Euclidean one. The basic idea is that there should
be some holomorphic function G(x1,...,z,) that reduces to a Lorentzian correlator in a
given limit and to a Euclidean one in another. Let us then consider a real-analytic (away
from coincident points) Euclidean correlator, with operators at z; = (7;,x;),

<O(T1,X1)O(T2,X2>...O(Tn,xn»E, (4.4)

where Euclidean times 7; are ordered 74 > 7 > --- > 7,. Recall that this ordering
is necessary. If we assume the existence of a Hilbert space and a Hamiltonian that is
bounded from below, we get that our Euclidean correlator can be rewritten as

(Q0(0,x1)e M=) 00, x5)e HT277) | O(7,,%,) Q) (4.5)

where we use the Heisenberg representation of the field operators O. To avoid high-energy
states being exponentially enhanced, we immediately recognize that the Euclidean corre-
lator needs to be “time-ordered”.

To move towards a Lorentzian configuration, we want to consider an analytic con-
tinuation of the Euclidean correlator. This is achieved by taking 7, — €; + it;. Heuris-
tically, adding the imaginary parts does not harm the convergence, as long as we keep

"We assume the existence of a Hilbert space with a unique vacuum € under the unitary action of the
Poincaré group. We can however talk about Wightman distributions without making any such assumption
since Wightman’s reconstrution theorem guarantees that we would find a Hilbert space once we assumed
spectral and positivity properties of the distributions - see [53, 56].

~ 93 -



€1 > -+ > €,. This analytic continuation defines our function G(z1,...,z,) that is holo-
morphic in 7; = ¢; + it; and real-analytic in x;. We can then find a Lorentzian correlator
by sending €¢; — 0 while keeping the order of limits,

(QIO(t1,%1) . Otn xa)|Q) = lim (QIO(e1 +it1,%1) ... Oen + i, %0)| 9. (4.6)

€1>:->¢€n

This formally defines our Wightman function W(z1, ..., z,). Note that to achieve different
orderings we should start from an Euclidean correlator in a different ordering. Holomor-
phicity may however be lost as we take ¢; — 0. We expect nonetheless the correlator to
converge at least in a distributional sense. For CFT Wightman functions, the authors in [53]
found power law bounds and used Vladimirov’s theorem to assure that indeed this limit
converges at least in the distributional sense (even at coincident points) for n < 4-point
functions in Minkowski space.'®

We want to consider the Regge limit of CFT five-point functions of identical scalars.
In this context, we are interested in correlation functions where the operator ordering is

consistent with time ordering. Using the causal relations of figure 8, we take

(9(z4)p(21)d(2)(5)P(3)) (4.7)

where permutations between spacelike separated operators are equivalent. As we approach
the Regge kinematics, starting from a configuration where all operators are spacelike
separated (essentially equivalent to a Euclidean configuration), we find branch-cut
singularities whenever an operator crosses the lightcone of another. The way we deal
with branch-cuts depends on the ie prescription we adopted to reach this ordering of the
Wightman function. In particular, as we move from fully spacelike separated points to the
Regge kinematics we have {23, ¥3;, 735, 235} — {|224], 12%5], |235], |235|} x exp(7i) which
implies that the cross-ratios ug,us and us go around 0 with the first going anticlockwise
and the last two in clockwise direction. At the branch-cuts, OPEs ¢1 X ¢ and ¢3 X ¢y,
in which we block decompose our correlation function, are no longer convergent. We
should then worry about boundedness in Regge limit. For a four-point function in the
Regge limit and with operator ordering consistent with time ordering one can prove its
boundedness. The general proof uses Rindler positivity [23, 57-59] and bounds the latter
Wightman function with another correlator of different ordering where the OPE does
converge. This proof does not work however with five-point functions. Nonetheless, we
expect to be possible to find these type of bounds between different ordered Wightman
functions or different channel decompositions but we will not make these considerations
any more precise here. Conformal Regge theory, on the other hand, provides a method
to resum divergent OPEs and exhibit the dominant Reggeon-exchange contributions.
This resumation invokes an analytic continuation of OPE data in spin for which, in
the case of four-point functions, the justification follows from the Lorentzian inversion
formula [23, 60]. For higher-point functions, there are additional representation labels
associated with the possible three-point structures between spinning operators.

18All the remaining Wightman axioms were also proved from standard axioms of translational- and
rotational- invariant Euclidean correlators.
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In what follows we focus on double Reggeon-exchanges but similar analysis can be per-
formed at the level of the single Reggeon exchanges, that we briefly discuss in appendix D.
The proper ie prescription for these cases follows straightforwardly from the corresponding
kinematics since we want to consider the operator orderings consistent with time ordering.

4.2 Mellin amplitudes

The similarities of Mellin and flat space scattering amplitudes make the former a suitable
tool to build intuition. The goal of this section is to analyze the Regge limit for Mellin
amplitudes [22]. We shall see that the Regge limit for five operators, as defined in the
previous section, is dominated by the same kinematics of flat space scattering amplitudes
reviewed in section 2. In the following, we will review the definition of Mellin amplitudes,
some of its properties and then analyze the Regge limit in this language. The definition of
a Mellin amplitude, M(J;;), is given by!?

(©O(@1)..Ow) = [l M@) TT

1<i<j<n (35)%

I'(di;)

(4.8)

where we decided to extract a standard prefactor containing I' functions and the integration
variables d;; run parallel to the imaginary axis. Since the Mellin variables are restricted
by the condition Zj 0i; = 0, with 0;; = —A;, we shall use the following set of independent
Mellin variables

t1a = 2A¢ — 2512 R t34 = 2A¢ — 2534 R (49)
513 = Ay + 2013, So5 = —2025 , 845 = —2045 ,
which is the same number as conformal cross ratios - see figure 10. One advantage of Mellin
amplitudes is that it is easy to analytically continue from the Euclidean configuration to

Lorentzian, as the space-time dependence is simple [61]. For example, the configuration of
figure 8 can be obtained just by adding a phase to the integrand [22]

Go(ul) = /[dtijdsij] ’LL42 Uq U32 Uy 2 Ug 2 M(Sijutij) e
- A
XF(_S%)F(_S45)F<813+525+845>F<813 ¢) (4.10)
2 2 2 2

_ _ — — 2A 4 — 2A 4 —
" F(tm 513 845) F<t34 513 825> F( ® t12) F( ¢ t34>
2 2 2 2

A t1o — t A —t t
xF( ¢+525;L 12 34>F( ¢+S452 12 + 34>

S45 t12 134 s13ts45-t12  t34—525—1t12 iw2(513+525+545)+A¢
2

where G© is the correlator analytically continued to the Regge kinematics. This particular
phase seems to make the integrand divergent for large imaginary values of s;;. However,
the I' functions in the definition of the Mellin amplitude cancel this apparent divergence.
To see this in more detail we just have to use the identity

. . o N\ a+b—1 .
r (a + i) r <b - 13;) ~ 2meis(ab) (2) e 5% (4.11)

9Here we are assuming that there exists a Mellin amplitude. This might only be true if one performs
some subtractions of the correlator, such as the contribution of the identity.
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in a regime where s13 goes faster to infinity than s45 and ss5. In the Regge limit, as defined
in section 3.3, we have that the cross ratios us — 1+ 01093, ug — 1 —09&9, us — 1 —01&1,
with u; = 0%, u3 = 05 going to zero while &; are left fixed. This simplifies the dependence
of the Mellin amplitude on the cross ratios

S45 t12  t34 s13+s45—t12  t34—so5-t12 Y12 34 i(yggoq&]+ya50og cosh Eo—yi30109E3)

2,3 g2 p p =,z
Uy Uy us® Uy us, — uy® us® e 2 . (4.12)

where we made the change s;; = 1y;;. Note that the exponent is not small provided o; and
y;j scale appropriately. By putting every piece together we obtain that in the Regge limit

_ _ t12 t34
GO(u;) = 7 / [dtij]r(2A¢ t”)r<2A¢ t34) 71 % (4.13)

2 2 2t12+t34+A¢716 im(Ay+3t1o—t3y)
2 1

t12+t342747A¢ t12+A¢27t3472 t34+A¢27t1272 (y250161 +ya509 cosh £2—y13019E3)
x| [dyijl y13 Ya5 Yus5 e 2

where we have defined u; = 0%, u3 = 03 and we should take the leading behavior in
M(tij,yi5) when y;; — oo with y13/y25y25 fixed. Thus, in the remaining part of the section
we shall analyze the Mellin amplitude in this limit. Let us just remark that the region
of integration that dominates in the Regge limit is the same as for flat space scattering
amplitudes. One of the reasons to use Mellin amplitudes is their simple analytic structure.
They are meromorphic functions of the Mellin variables d;; with just simple poles. This
property follows, in a loose sense, from the structure of the OPE [62]. The exchange of
primary operator with dimension A and spin J (and its conformal family) implies that the
Mellin amplitude has a infinite set of poles whose residues are given by a dynamical part
(related to OPE data) and a kinematical one, i.e. determined by symmetry2’

_ Ry (0:5)
T or—(A—J+2m)’

M((S”)%MA m=0,1, ..., (4.14)

where
k n
SLr=Y_ Y O, (4.15)
a=1i=k+1
m labels subleading twists and R,, is related with lower-point Mellin amplitudes whose
precise form has been studied in [62]. This property is analogous to the factorization in
flat space scattering amplitudes.

The residue itself, depending on the number of points, can have poles. To see this,
take as an example the Mellin amplitude of a five-point correlator and look, without loss
of generality, to poles in d12 (this corresponds to setting k = 2 and n = 5 in (4.15)). The
residue R;,,(0;5), as mentioned before, depends on a kinematical part and on the four-point
Mellin amplitude M @345, where O is the operator being exchanged. A four-point Mellin
amplitude can also have poles for the very same argument.

20This formula should be valid for any CFT. The fact that we decided to extract I' functions in the
definition of Mellin amplitudes does not imply that we are assuming the existence of double trace like
operators. If they do not exist in the spectrum then the Mellin amplitude should have zeros that cancel
the poles of these I functions.
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525 545

513

1
29 x— 0
while keeping t1o and t34 fixed. As can be seen in Mellin space the dominant contribution to the

kinematics described in figure 8 is the same.

Figure 10. Regge kinematics for scattering amplitudes can be defined as s13, s35, 535 —

In this language, the exchange of operators of dimension A; and As in the channels
(12) and (34) is respectively encoded by the presence of poles in the Mellin amplitude
M5(Sij,tij) at t190 = (Al —J1+ 2m1) and t34 = (AQ —Joy + 2m2),

Qmy,m» (525, 845, 513)
M (855, ti5) = - +..., 4.16
5( J ]) %; (tlg — (’7’1 + 2m1)) (t34 — (7‘2 + 2m2)) ( )

where the ... represent regular terms (or poles at other locations). Notice that the poles
with m; = mg = 0 are associated with the position space lightcone blocks 3.37 and m; > 0
correspond to corrections around the lightcone. The residue for these sequential poles is
related to three-point functions involving the operators that are exchanged.

Now it remains to analyze the large s;; limit of the Mellin amplitude M (;;, s;5). As
for the four-point case, the Casimir differential equations can be translated into Mellin
space, where it transforms to a recurrence relation that we defer to (A.3) in appendix A.
For the m; = 0 sector, the difference equation simplifies considerably. Moreover, for each
pair of spins (J1,J2), there are 1 + min(J;, J2) polynomial solutions which can be labeled
by an integer n and have the leading large s;; behavior

Qumams (525, 545, 513) = ComymaSoh S48 slg+ ..., (4.17)
where ... represent lower degree terms in the Regge limit. Note that the ¢ denotes a differ-

ent basis of tensor structure compared to the position space. We have Mellin transformed
the lightcone blocks (3.37) and verified the behavior (4.17).

The recurrence relation (A.3) can be used to derive relations between ¢y, m, with
different values of m;

2mlcg,m17m2 (d — 2(J1 +mq + 7’1)) — Clmi—1,ma (A¢ +2J9 — 2my9 — T19 — 26) (4.18)
X (le + 71— 2A¢) + Comi—1,ma—1 (2m1 + 711 — 2A¢) (2m2 + 7o — 2A¢) =0,

for the (12) channel where m;; = m; —m;. This particular limit is important in the Regge
kinematics. It gives two recurrence relations for the coefficients ¢y, m, that allow to fix

_97 —



them all in terms of the seed ¢y . As mentioned before, the label m; in the poles are
related to corrections around the lightcone blocks. Fortunately, we have worked out all
these corrections for scalar operators in position space in (A.1) and it is a simple exercise
to translate the result into Mellin space, written in (A.2). In particular, this solution is
consistent with (4.18).

It is possible to construct another solution to the scalar Casimir equation, written in
Mellin space, by studying conformal partial waves (or alternatively, exchanged Witten dia-
grams using the split representation [63]). The idea behind this approach is simple, however
the computation involves several steps and for this reason is given in the appendix B. The
five-point scalar partial wave can be defined by

x2h [ 12:1 T (A2i71+A§i—t2i—12i) (Ha::t T <h+U(A2i712—A2i)+iVi))i| -1
I'(As)T (A57i;1+w2> T (tlQ*t3§4+A5 ) T (2h*A572i1/1 fiuz) F<h7t12+2A57iV2>

( H F(h—f12+0A5—iV2)F<A5+0’i7/1+i1/2>)F(h—f34+il/2>F(t12—t34+A5)
Lo 2 2 2 2

Mot 10,0,0,0(055) =

t1o0— t34+Ar Ap—ivy +ivg Ar+LV1+7,V2 t h+A +
12 — 5ty
2 2
X 3F2 (A5 2— h+t12+A5+zu2 ) +P(A5)F( ) (419)
h t21 121_}_0.2”1 h— t12 ivy h-— t1%+u/1 h— t34 Vg
H HF 3by 2+h— t12 A5 11/2 h— t12+A5 zu27
o==%i=1 2

where we use the notation é;; = (A; + Aj —t;;)/2. Obviously, the Mellin amplitude of the
scalar conformal partial wave only depends on the variables t15 and t34 and it is symmetric
under ¥ — —v. More importantly, it gives a solution valid at finite ¢;; and reduces to the
solution (A.2) when t;; are at the poles. This leads us to study the casimir equation away
from the poles. For this purpose let us write the Mellin amplitude as

My 1 (sijs tig) = s~ Csi2 ™ sy fltaz, taa) (4.20)

and plug it in the recurrence relation (A.3). In turn, this leads difference equation for ¢12
and t34 that reads

foo (t12 — 71) (d — t1g — 71 — 2J1) + f-20 (284 — t12) (t34 — t12 + Ay +2J2 — 2¢)  (4.21)
+foo—2 (284 —t12) (284 —t34) =0,

where the subindices denote fq 4, = f(t12 + a1,%34 + a2). This difference equation can be
further simplified by redefining f(¢12,t34)

foo (11— t12) (d — 2J1 — 71 — t1a) +2f 20 (t12 —taa — Ay — 2Jo +20) —4f 5 5 =0 (4.22)

where f is given by R
f(t12,t34)

F( 2A¢2—t12 )F( 2A¢2—t34 ) ’

f(tia, t3a) =

(4.23)

Note that this prefactor is precisely the same as the one that comes from the Gamma
functions in the definition of Mellin amplitudes (4.8). It is now simple to see that the
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equation for J; = Jz and generic ¢ can be obtained from the scalar difference equation by
doing the following shifts

A¢ — A¢—|—2(J1 —5), d—d—2J;. (4.24)

This suggests that the Mellin partial wave for equal spin J; = Jo and generic ¢ can be
obtained from (4.19) by doing these replacements. One way to check this statement is to
build solutions with the recursion relations in spin derived in [14] (we have rederived parts
of these relations in the appendix A using lightcone blocks) and verify that it agrees with
the solution that we proposed above.

These solutions for Mellin amplitudes can then be inserted in (4.13) to obtain the
conformal block in the Regge limit, that is

G%Jz,f,l/huz (Uh pi) = U%7J1057J27'_[y1u2 (51, {2, 153) s (4.25)
with
¥ 204t 2A4—t 20— Ny+t1a+t34—2
Hu11/2(€17§27§3):/dt12dt34r< ¢2 12>I‘( ¢2 34>F< o) 212 34 )
2J1 =20+ Ay +t1a—t 2Jo—20+ Ay —t te
><F< 1 + 2¢+ 12 34)F< 2 + 2¢ 12+ 34)/\4”1,,,2(1512,7534)
t34—t10—Ay—2J1+20 t1o—t34—Ay—2J5+20 2—t19—tzq4+Ay—2L
G &7 & , (4.26)

where My, ,,(t12,t34) is the conformal partial wave in Mellin space in the Regge limit.
This expression highlights two properties of the Regge limit, firstly the limit is dominated
by operators of high spin and, secondly, it depends on three fixed cross ratios that can be
thought of as angles, which is similar to what happens in the Euclidean OPE limit as we
mentioned before. In fact H,,,, solves the Casimir differential equation in the Euclidean
region (3.19) but with a different eigenvalue C. Let us point out that the integral (4.26)
can be done by picking up poles.

It follows from what was said above that 7-_11,1,,2 (&1,&2,&3) must have the same form
as (3.22), as it solves the same conformal Casimir equation.

4.3 Comment on position space

The analysis of the Regge limit in Mellin space of the previous section exposed the sim-
ilarities to flat space scattering amplitudes but it does not emphasize enough the role of
analytic continuation in the cross ratios in changing the behavior of the conformal block.
This aspect is clearer in position space, in particular, in the lightcone expressions intro-
duced in subsection 3.2. The kinematics of the Regge limit (where some pair of points are
timelike while others are spacelike) can be reached from the Euclidean configuration after
doing analytic continuations in us,us4 and us around 0 as explained in section 4.1.

The analysis is simpler for the discontinuities around wu4,us = 0 in the lightcone
blocks (3.37) and contains most of the physics we want to highlight in this subsection.
These discontinuities come from the first two terms in the denominator of (3.37), pro-
vided that uy > 0. The origin of branch point at, say us = 0, comes from the region
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t1 ~ 1/(1 — us) where the denominator (1 — (1 — us)t;) changes sign. To deal with this it
is convenient to divide the integration region in two parts,

1
/ AT — / dtlI—i— )(h1—m—2£+A¢)/l T, (4.27)

1—ug

where the phase comes from the change of sign in the factor (1 — (1 — us)t;). The first
term drops out when taking the discontinuity and so we obtain

1 1
Discy;—0 /0 dt T = (1—(—1)(“—72—2“%))“731 /0 dn T, (4.28)

where we have changed variables to t; = (usm; —1)/(us —1) in order to have the integration
running from 0 to 1 again. It is possible to repeat the same steps to take the discontinuity
of Ug.

Recall that the cross ratios w4, us and uy approach 1 with % = % fixed
in the Regge limit. The discontinuity in u4 and wus of the lightcone block after the Regge
limit is given by

A¢—T1—7'2—2J1—2J2

m
1—2J1 1—2J2 oo ( 2 ) (_%) FF,
lim Disc g = U~ Ys (1+9) E mn
ug,us—1 us,us=0 ?2715617125 = F(2J1+A¢—2£+ng) F(2J2+A¢—24+m> ’

¢ fixed 2 2
(4.29)

where we have used 7;; = 7; — 7;, the cross ratios (3.15) and

WFQ(%QJZ)F(TZ—|—2J1)F(Tz—|-2jl+m—1) (6 Jz,Tl+1+2Jz+1+m 1 C—I—l)
2471

2Ji_%r‘(71+72+2Ji§2m+2£—A¢) 2Jz+1+2m+225+71+T2 Ay 2

F, =

The discontinuities in u4 and us are enough to reveal that the discontinuities of conformal
block behave with o7~ ”*o3~72 in the Regge limit, which compares with o' o3 22 of the
Euclidean block.?! It can also be shown from the previous formula that three sequential
discontinuities, Discy, u,,us, €valuate to zero. Recall that four-point conformal blocks have
vanishing double discontinuity. We believe that conformal blocks have this property away
from the lightcone limit.

4.4 Conformal Regge theory for five points

Let us consider the representation of the five-point correlation function in terms of con-
formal partial waves, and its implications for the Regge limit. This basis is complete and
orthogonal. Since we have more control over the analytic properties of the partial waves
in Mellin space, we consider the expansion

oo  min(J1,J2)

dvy dl/2
M SZ]? l] Z Z /27m i J17J27 (VlvVQ)MJl,Jm (SU?tU) (4‘30)
J1,J2=

213We also need to consider the monodromy of the lightcone block around the branch point at us = 0. It
is possible to do a Mellin transform of the lightcone block and apply the method of the previous subsection
to derive all discontinuities. In the appendix, we provide several checks that the discontinuity of the block
in uo has the same behavior.
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Figure 11. Integration contour in spins .Jj,Js. The blue contour can be deformed to the red
contour. We assume the leading Regge pole in the J;-plane is located at j;(v) and we don’t draw
any further dynamical singularities that might exist to the left. Red contour is understood to be de-
formed to the right of the other infinite series of poles depending on ¢ lying on the left in the J;-plane.

We suppress the dependence of the Mellin partial wave M j, j, ¢ on the scaling dimensions,
as the nontrivial analytic continuation occurs in other quantum numbers. We have intro-
duced poles in the variables v; and v, with residues corresponding to the OPE coefficients,

using
P vyt
by, j,0(v1,10) =~ Y1,02, 1,02 , 4.31
O S A ) 0+ (B — 1)) e
where A; = A;(J;) is the dimension of the i-th exchanged operator of spin J;. We remark
that the product of the OPE coefficients Py1 Vo J1,Jo
those in (3.11) that appear in the conformal block expansion.

in (4.31) is a linear combination of

We would like to provide a Sommerfeld-Watson representation of (4.30). First, we
swap the range of summations as

dvy dv
M(si5, i) Z Z / S 2 gy (v, 12) MUy gy (i, i) - (4.32)

=0T omi 27

Next, we analytically continue in the spin quantum numbers. However, the b, j, ; are not
expected to have a unique analytic continuation in the quantum numbers. For that reason
we need to consider their signatured counterparts.

Let us remind the reader the analogous construction [22] for the four-point correlator
A(u,v) in terms of the cross ratios

2 .2 2 .2
HEDYA T4
1234 v 1423 ) (433)

2 .2 > 2 .2
L13L24 L13L9y

After expanding in Euclidean partial waves, we can write the correlation function as

A(u,v) Z/H —cag Fa g(u,v), (4.34)
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where cp ; denotes the OPE function and Fj ; is the Euclidean partial wave. It can be
transformed to Mellin space as

t) — M t 4.35
(s, Z/+1R27” cag Ma (s, t). (4.35)
Again, the OPE function cpa ; is not uniquely defined in the complex J plane. Thus, we
define the signatured OPE function CGA 7 by

0
(5,1) Z/HR A MA(,1), (4.36)
where the signatured Mellin partial waves are given by
1
M s(s:8) = S [Ma(s,t) + OMa s (=5,1)], (4.37)

with 8 = 4+. The signatured Mellin amplitude allows for a unique analytic continuation of
the signatured OPE function CQA’ 7 [23]. The problem of the non-signatured OPE function
can be traced back the factor of (—1)” that appears in the transformation s — —s, which
follows from the large s behavior Ma s(s,t) ~ s”.

A similar construction can be done for five-point functions. We split the full corre-
lator into eight parts depending on the signature denoted by 6 = (61, 602,012) where each

component can be £. We define the signatured amplitudes as

1
3 [M (595, 545, 513) + 01 M (=525, 845, 513) + 02 M (525, —545, 513)

+ 60102 M (—s25, — 545, 513) + O012M (=525, —S45, —513) + 01012M (525, —S45, —S13)
+ 01200 M (=525, S45, —513) + 0101200 M (s25, S45, —513)] - (4.38)

My(s25, 545, 513) =

This equation is suitable only for s;; > 1. We also suppress the dependence on ¢;; for
brevity. We justify it by using the properties of the Mellin partial wave (4.20) which, in
terms of J/ = J; — ¢, behaves in the Regge limit as

JJ!
M g o(sij tig) = sabsid sz f(ta, taa) - (4.39)

By analogy with the four-point case, we expect that OPE functions associated with the
expansion of the signatured amplitudes in (4.38) have a unique analytic continuation in all
quantum numbers Ji, J5, £. It would be interesting to put this on a firm footing by deriving
dispersion relations along the lines of [23]. The full Mellin amplitude can then be written
in terms of the signatured Mellin amplitude as

M(s95,845,513) = Y. Mo(s2s, 545, 513) - (4.40)
0e{—1,1}3

In terms of the signatured analogue of partial waves defined through (4.38), we write

dl/l dI/Q 0 0
81]7 tz] ZZE) J/%: / o 27_” J J’ E(Ul, V2)MJ{7Jé7Z(Sij7 tl]) . (441)
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Next we perform a Sommerfeld-Watson transform on the ¢ contour

dl/1 dV2
Me(sij,tz’j):/(ﬂmsm Z /2m 53 VL. oL ) MG o (sig tig) . (4.42)
) 5l

where C is the contour that encircles the poles at non-negative integers in £ complex plane
counterclockwise.

Next we analytically continue in Jj and Jj by means of two Sommerfeld-Watson trans-
forms. The analytic structure in these variables is analogous to the case of four-point cor-
relation functions. Figure 11 shows the analytic structure of the integrand. In particular,
there is a leading Regge pole in the J; plane at J; = j;(v;) given by

[A(ji (i) = )" + 07 = 0. (4.43)

Picking the poles in the complex spin planes at J| = ji(v1) — £ and J5 = ja(va) — £, we
obtain the following expression for the signatured correlators

_ [ dvs i) gty [ b)) V1 2) Fo s o i) 1
M9 — = . 4 - 25 45 o . . . . . ’ (444)
270 27 c 2mi sin(wl) sin(7(j1(v1) — £)) sin(m(j2(v2) — £))

where f¢

v1,V2,
The integral over ¢ remains to be performed as we did not consider any particular

¢ is defined as the signatured analogue of f in (4.23).

limit in 7. One should however comment on the anticipated singularities in this complex
plane. Indeed, we expect no dynamical poles in ¢, i.e. bh(yl) Ja(va), ,(v1,v2) should not have
poles in ¢ and therefore all the singularities to be considered are determined by the explicit
sin functions in the integrand. This assumption is inspired by an analogous procedure for
the five-particle S-matrix. Indeed, the quantum number ¢ here labels a choice of tensor
basis for three-point functions but it also seems to control the scaling and the asymptotic
behaviour of the amplitude in multi-Regge limit. It seems unreasonable that the asymptotic
scaling can be basis dependent and therefore we expect the singularities in ¢ to be fully
determined by the singularities in spin. This is similar to the discussion for the helicity
quantum number in flat space following [40].
In the Regge limit the full correlator takes the form

dvy dv v v dl
M — / 1 ava Jl( 1) 3125( 2) 1 Gy it (tis) (4.45)

21 2mi 2m

where the function g, ., ¢(ti;) is defined from replacing (4.44) in (4.40). This allows us to
represent the Reggeized Mellin amplitude in terms of the operator content of the leading
Regge trajectories and their couplings to the external states.

5 Conclusions

In this paper, we have discussed and analyzed the generalization of the Regge limit to
five-point correlation functions in conformal field theories in general dimensions. The
kinematics of this limit is similar to the four point [22] case with one crucial difference,
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the insertion of one extra point. In particular the fifth point is essential to have different
rapidities between first set of four operators. The location of the fifth point is also important
for the interpretation of the five point Regge limit as an OPE limit in the second sheet. In
particular, the dimension and spin of the exchanged operators in this second sheet OPE is
transformed to (1 —J,1— A), which can be interpreted in terms of light-ray operators [64].

Our proposal for the five point Regge limit is also confirmed by the exploration of
this kinematics in Mellin space. More concretely, we have verified that the Regge limit is
dominated by a region in Mellin space characterized by some large Mellin variables in close
analogy to the Regge limit of scattering amplitudes in flat space. This similarity leads
us to focus more on Mellin amplitudes to study the Regge limit. In particular, we have
analyzed the generalization of Mack polynomials for Mellin amplitudes and discussed some
of its properties. We have also derived the conformal partial wave in Mellin space in the
Regge limit when the exchanged operators have the same spin. We have also studied the
behavior of the conformal block in this limit, using the recent results on lightcone blocks
for higher-point functions. To compute the monodromies of the conformal block, we also
used some techniques from the study of hypergeometric functions.

Equipped with a new formula for conformal partial wave in the Regge limit we have
extended Regge theory to five point correlation functions in Mellin space by borrowing the
methods that were used for flat space scattering amplitudes. Our final result for the five
point correlation function in the Regge limit corresponds to the exchange of two pomeron
like operators.

In the process, we also discussed a novel basis of three-point functions of operators
with spin (Ji, Jo2,0), respectively. This basis is useful for study of Euclidean OPE limit as
it leads to the analytic expression for the conformal block in this limit. These expressions
appear to be a natural generalization of the Wigner d function used in the S matrix. This
suggests that the basis used in the literature for three-point functions of operators with spin
(J1, J2, J3) might not be the most natural one for the study of Euclidean conformal blocks.
Given the importance of conformal blocks in numerical bootstrap, it would be interesting to
study the properties of this basis in more detail. The case of (.Ji, Ja, J3) three-point function
is accessible in the Euclidean OPE limit of six-point function in the snowflake channel.

The new basis appears to be useful to arrive at a Euclidean inversion formula for
the five-point functions, mainly due to simple orthogonality properties. While the study
of analytic structure of the correlator of higher-point functions is still in its infancy, we
expect that it admits a drastic simplification in the multi-Regge limit. In particular, it
would be interesting to investigate if the anomalous thresholds affect the Regge limit. It
would also be interesting to derive an inversion formula and dispersion relation in the multi-
Regge limit for CFTs, along the lines of [43]. An important ingredient is the multivariable
generalization of the Cauchy formula, called the Bargman-Weil formula.

It would be interesting to generalize the Regge limit considered in this work to higher
point functions. The generalization of the partial wave expansion in the S matrix is done
in [37], for four dimensional quantum field theories. Analogous generalization of the partial
wave expansion is within reach for three dimensional CFTs for n-point functions. We would
benefit from the fact that there are no representations of the rotation subgroup of the
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conformal group in three dimensions with more than one rows in the Young’s tableaux.
However, for higher dimensions, there will be proliferation of indices labelling the internal
vertices.

Finally, in the S matrix case, a crucial ingredient for the absence of singularities in
¢ was the use of Steinmann relations. It would be interesting to explore the analogue of
Steinmann relations in CFTs, with or without large central charge limit.
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A Lightcone blocks

The scalar five-point conformal blocks, mentioned in the main text, can be expressed in
terms of an expansion around the lightcone (3.39) by acting with (3.36) on a three-point
function. In (3.39) we have written it in terms of a function Z,, ,, given by

(a—A5) (2n1—A5+a) (a+4—A5—d) (2n1—A5+a+4—d)
~ 2 ny 2 no 2 ny 2 no

Tnine=

at2nq+2ng—Ag
(t§u1u4—t1 (tg(l—U5)+tQU4 (UQU5—1)+U1U4+U5—1)+U5(t§u:§—t2 (U3—UQU4+1)—|—1)) 2
Aki+2ni

2 (—l)ﬂ’if‘(Qni-FAki)(A;f’)2‘(151'(1—157;)) 3

1

28, +4—d 2n; + A
i=1 ni!(Ag, )2n; ( i ) F2( 5 )
mng

where a = Ay, + Ag,. One nice feature of this result is that it allows to analytic contin-

(A1)

uations in wug,u4,us at all orders in u; and wug, this is specially useful to verify that the
analytic continuation of the conformal block has a distinct behavior in the Regge limit.
With this expression in our hands we can also do a Mellin transform and obtain the Mellin
amplitude associated with the scalar conformal block. For instance the function @, m,
in (4.16) is given in this case by

2 2(=1)™ T (A
Quima= "I (Aik (=)™ T( Akl)

n;=0i=1 (ml—nz)‘FQ ) )F(Aqﬁ—mz_%) (1_g+Ak1)m—n

_ A _
(A7A4>) n1+n2+7¢*m1*m2*%)
mi1—ni

2 ni
X (A.2)

r (A¢+2m172m2+Ak1 —Apy )
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where A = Aj, + Ap,. Note that it does not depend on the variables s;; as expected since
the exchanged operators are scalars. The apparent asymmetry in the channels (12) and
(34) is related with the choice of which differential operator Fj we decide to act first on
a three-point function. Another advantage of having the Mellin amplitude for the scalar
conformal block is that it can be used to generate some solutions for spinning blocks as we
have shown in section 4.2.

We have checked that the solution (A.2) satisfies the Casimir recurrence equation, in
the channel (12), given by

[dooooo (2¢a, g, — af + a1(2ay4 + a5 — ag — 2d + 3A4) — 2as(az + a4) + 243 — 2a3a4 — 2azas
+ Ay (bag — 4day — 2a5 + 4d) + 203 + agas — 2A§))

+ doo—200(a1 — az + as — 2A4)(az — 2a2 — as + 2Ay)

— dooo—20(a1 — 2a2 + as — Ay) (a1 — a3 + as — 2A4) — azdooa—20(a1 — 2as + as — Ay)

+ a1d_2000-2(a1 — 2az — a5 + Ay) + ard_2002—2(a1 — 2a2 — a5 + Ay) + 2a1a2d_2_2_200
+ 2a1a2d_2_2000 + arasd_20-220 + arasd_20000 + aadoo—220(202 — a3z + a5 — 2A4)

+ asdooo20(as — as — as + Ay) + azdoo200(as + a5 — ag — Ag)] f(tij, sij) =0 (A.3)

where dj,iyiq4,i5 is defined by dijigizigis f(t12, 34, 513, 525, S45) = f(ti2 +i1, ..., 545 +45) and
the coefficients a; are given by

o 2A¢ — 134
— 5 ,
ag = S5 +t12 — t34 + Ay, as = S45 —t12 +t31 + Ay

a; = 204 — t12, a2 az = Ay — 513, (A.4)

This recurrence relation is also valid for spinning conformal blocks.

A.1 Spinning recursion relations

In [14] the authors have derived identities that blocks with different values of spin satisfy.
It is possible to verify part of these relations using lightcone blocks for unequal external
dimensions introduced in the previous subsection. Using (3.34) we can verify that the
lightcone blocks satisfy

A1,A5,A A1,A5,A
QR+ 204 = 2= )G, 4 20— OGN, o (A5)

A1+1,A5+1,A
AL 471 =2)2h+n—1) {VU5GT11+1,J131,7232,6 _ AR5 _0
(2J1 4+ 11 — A1 — 2) N T1,J1—1,72,J2,¢

where Gfllfi’fj? , represents the lightcone conformal block for the exchange of a twist 7;

and spin J; in the channels (12) and (34) for external with dimension A;,

1 T2 As

Gfﬁi}??ﬁﬁg,e:UFU?%T(l—M)Z/[dtldtz](l—u2u5+t2(u2—1)US)‘]14 (A.6)
(1—UQU4+t1(UQ—1)U4)J2_[
Ag+2J1+71—710—20 As+2Jo—711+79—20 2J1+2Jo+71+72—Ag
2 2

(1+t2(us—1)) B (I+(1—t1)(1—t2)(u2—1))

X

(I+t1(us—1))
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T, +2J. T,L‘+2J7;7a7;71

2 dt; I'(2J;+1;)t 2 1—t; 2
where [dt1dts] = [[i_; = ( lr 12i+2Ji+ai T T'(L+2Jil)*ai
I

itaq

with al = Alg,ag = A34. As

before, the index ¢ labels a particular structure in the three-point function (3.9)
A1,A5,A
7’117173'27;)27z
tion in spin (A.5) in terms of a Mellin amplitudes

By considering the Mellin transform of G we can phrase the recurrence rela-

2(2J1 + 71 — 2)(2J1 + 71 — 1)((A5 — 2055 + Tia) MR A pfnBefs )
(2J1 + 71— A12 — 2)
F I 4247+ — Ay — 2MEVRTAS Loy — YMELRA (A.7)

71,J1,72,J2, T1,J1,72,J2,0+
with
T1T2 T2-T1 Ap—ag—T]
A1,A5A3 B S » A1,A5,A3 N, —0a5, 02515 01305+ 2 .
GT1,J1,’7’2,J27€ = Uy” ug [d(sz-y]MTl,J17T27J2,€(5z.])u4 Us Ug HF((SU)
1<j
(A.8)

where we have used the constraints to eliminate the some of the §;; and 12 and d34 are
A1+%2—7’1 and

set to A3+%4_72 respectively. We have suppressed the dependence on Mellin
variables in (A.7) since there are no shifts in them.

There is an extra identity that is needed to turn (A.5) into a self-consistent recurrence
relation

Ap+1,A5,A5-1
A +20=1) (2420 = 1) (m+ 72+ 40— A5 —4) [G T e A1.85,84 ]

(T1 +2£_A12—2)(A34+7—2+2€—2) \/ﬂ\/@ T1A=1,72,0=1,0~1
A1+1,A5+1,A
L (Bs—mo)(m+20-1) [\/U5(A5+712)G711+1,z_ir2,z,53—1 VeI ]
(T2 +20—2)(11+20— A15—2) N SRR
(A5 +712) (12 +20—1) (11 + 72 +40— A5 — )G,
(71+2€—2)(A34+7'2+2€—2)
+ (i +m+4—-As —Q)GAI’AS’Ag =0. (A.9)

T1,,72,0,L

B Scalar Mellin partial-wave

In this appendix, we derive the Mellin partial-wave for scalar exchange within a five-point
function. We start from partial-wave definition in position space

Fonan000(@) = [ deodor(61620(26))(6(26)d50(w) (@19 (a7) (B.1)

where the subscripts ans superscript 0 in F),, ., 0,0,0 denote the scalar exchanges and the su-
perscripts refer to principal series representations of the exchanged operators. The notation
(pijor) denotes kinematical structure of three-point functions

(P1203) =

(_2P1 . PQ)%(A1+A2*A3) (—2P1 . P3) (A1+A3—A2) (—2P2 ] P3)%(A2+A27A1) s
(B.2)

where we use embedding space where —2F; - P; = z2,. Note that as we only consider

77"
scalar exchanges there is no sum over different possible tensor structures. In general, we
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consider unequal scalar fields labelled by their scaling dimensions A;. For operators of
fixed position we do the abuse of notation ¢; = ¢(z;) but we retain the dependence on
integrated variables using ¢(z;). The latter notation corresponds to scalar operators of
scaling dimension h + iv; with h = d/2. Moreover, shadow operators of scaling dimension
h — iv; are denoted with an extra tilde.

In order to integrate over zg and x7 we use the Schwinger parametrization

1 1 dt;; D,
— tm+a a ym 2t1]Pl PJ ) B.3
(—2P, - P;)° F(m—l—a)/o gy o (Ok)"e (B:3)

for any power a, (—P; - P;) > 0 and some integer m such that Re(m + a) > 0. For our
purposes here, it is enough to take m = 0. It will also be useful to consider the following
change of variables

t12 = 2112, tig = 2t1t, tog = 2tat, t34 = 2t3ty, ts7 = 2t3s,

ty7 = 2tys, ts6 = 27557?, ts7 = 2t55, ter = 27?5, (B.4)
which is introduced to reproduce the form of integral one finds from considering a tree-level
Witten diagram with two scalar exchanges using the notation of [65]. Here ¢;’s are related
with bulk-to-boundary propagators of the external scalars whereas t,t,s, 5 refer to split

representations of the bulk-to-bulk propagators.
The integrals over z¢ and x7 are easy to compute successively by noting [65]

0 0

where Ay + Ay = 2h with X and Y two timelike vectors. We then find (dropping constants)

dtdtdsds

Ful,VQ,O,O,O(-Ti)N/ — thtivigh—ivi ghiva gh=iva (H/ >exp [—titawdy (1 (%12 +1) +1)

—titaaigttss—titaat ttss—titsaistt (52 (P 41)+1) —totsadsttss—totaas ttss (B.6)
—totsaistt (52 (P +1)+1) —tatsad, (s +1) —tgtsadsss (2 +1) —tatsais;ss (2 +1)]

which is of the form of Symanzik’s formula [66]

oo n dtz Az —Zn ‘tithij . 1 B n ) 76ij
2/0 z-:HltTti e 2ui<i W/dawgr(%)% , (B.7)

with @;; > 0. The Mellin variables d;; are integrated along a contour parallel to the
imaginary axis with Re(d;;) > 0 and obey the constraints

n
D 6 =N (B.8)
J#i
This allows us to find the inverse Mellin transform of the position-space partial-wave and
the Mellin partial-wave

251
Ful,ug,O,O,O(xi) = /ddszul,yz,OOO ij HF zg ! (B9>
1<J
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The remaining integrations in ¢,, s and 5 are straightforward to do. We then find

w2h (( ?er <A2i71 +A§i—t2i—12i> (Ha::tr <h+U(A2i712—A2i)+iVi)))) -1
T (A5)F (A57i151+’iV2 ) T (t127t34+A5 ) T (2h7A572i1/1 —ivg ) T (h7t12+2A57i1/2 )

Moy 15,0,0,0(0i5) =

(B.10)
« HF<h—t12+0’A5—il/2>F<A5+Uiyl+iug> F<h—t34+iy2>r<t12—t34+A5>
- - 2 2 2 2
o=+

t19—t34+As5 ,Asf’iul+iu2 ’A5+iul+i1/2 t12_h+A5+ZV2

X 3Fy (As 2—2h+t12+A5+ﬁ/2 : §1> +I'(A5)T ( 2 )
) 2
2 . o B ) o
h_t2'712'+0'7/1/' h—t1o 7,1/17}1 t12+21/17h t34—1iv9
X ( H HF( ’ 9 . Z> 3kFy (2+h—2t12—A5—iu22 h—t12+A52—iu2 §1>
o==%i=1 2 ) 2

where we use the notation d;; = %.

Let us finish this appendix by noting that a similar computation can be performed for
spinning exchanges using Schwinger parametrization (B.3). To do so, at each moment, we
multinomially expand the integrand decomposing it into sums over integrands of similar
form to the ones encountered for scalar exchanges. In the end, one finds a spinning Mellin
partial wave written as several sums over scalar-type Mellin partial waves. In particular
the sums are bounded by the values of spin of the exchanged operators. This is no-good
for an analytic continuation in spin that we want to consider here. For that reason and
due to its length we do not write that result here.

C Explicit examples in position space

In this appendix, we single-out a conformal block contribution in position space and com-
pute its Regge-limit behavior.

We start with five-point conformal block lightcone limit in its integral representation

o7 26 rl
Crourye(us) =g uf (1—usg)lus? /0 (dt1][dts] (C.1)
Jo—L J1—4
(1—t1(1—U2)U4—U2U4) 2 (1—t2(1—U2)U5—U2u5) !
hg—11—20+A hi—g—20+A hitha—Ay )

(1-(l—ug)tzs) 7 (I=(I-us)tr) 7 (I-(1-t1)(1-t2)(1-ug)) ?

X

where 7; = A; — J; is the twist and h; = A; + J; the conformal spin of the i-th exchanged

] ) A+
operator. The measure is given by [dt] = ;((Agi;‘?i))(t(l —t)) "z L
Aits

Generically, we do not know how to evaluate these integrals in terms of known analytic
functions. However, when the exponents in the denominator of the integrand are integers,
this is no longer the case.?? As a matter of example we consider the simple case of A; =
Ay =2 and J; = Jo = £ = 0. Note that this is just a choice and spinning cases would also

22The package HyperInt [67] is particularly useful to evaluate these integrals.
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Figure 12. Discontinuities of lightcone block under analytic continuation (3.40). In blue, the
real part of the stripped-off lightcone block. In orange, the real part of the block with log(ug) —
log(ug) + 2mi. In green, the previous with log(us) — log(uys) — 2mi and in red, the latter with
log(us) — log(us) — 2mi. On the right, a zoomed-in version of the same plot. The plots are
obtained with do = 0.736;.

have a similar discussion but with longer explicit expressions. In this case, equation (C.1)
can be integrated and yields (apart from an overall constant)
U UZUS
1 —us + ug (ugus — 1)
—log (1 — up)log (uz) —log (1 — uy)log (us) — log (1 — us) log (us)
+ log (u4) log (us) + log (ugus) log (1 — ugus) + log (ugug) log (1 — ugug) + ¢(2)] .

[Liz (ugus) — Liz (ug) + Liz (ugus) — Liz (us) — Lia (u2)  (C.2)

As we perform the analytic continuation from an Euclidean to double-Reggeon ex-
change kinematics that we presented in (3.40), we cross block branch-cuts and it mixes
with other solutions of the Casimir equations. In particular, the discontinuities of the
block contain the leading contributions in the Regge limit. Having an explicit expression
to work with we can tell the full story.

As we perform the analytic continuation and as the lightcones are crossed, pairs of
operators become timelike separated and cross-ratios ug, 14 and us go around 0. Note then
that we are indeed crossing branch-cuts of the expression (C.2). In particular, we observe
that only log terms in (C.2) can contribute to the discontinuity as u; goes around 0 with
log(z) — log(x) £ 2mi. The actual sign one picks is determined by how one moves around
branch-cuts. As we reviewed in the main text, this depends on the ordering of operators of
the Wightman function we consider. As before, here we take an ordering compatible with
the time-ordering of Regge kinematics, i.e. (¢40102¢5¢3). Taking this ordering and the
associated ie-prescription, we can perform the path continuation to Regge kinematics in
our explicit-lightcone-block contribution and observe its discontinuities concretely. This is
plotted in figure 12.23 As we move according to the chosen path for analytic continuation,
we observe that the lightcone block (blue) has discontinuities. The first one can be removed
if one replaces log(ug) — log(usz)+2mi as shown by the orange line. Clearly, this shows that

Z3In this plot we only considered the terms within the brackets in (C.2). Note that only this part is
relevant for the discontinuities we want to study.
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the discontinuity of the lightcone block is due to a logarithmic discontinuity in us. Similarly,
when the orange line has a discontinuity, there is a continuation provided by the green line.
The latter is defined from the former with the replacement log(us) — log(us) — 2mi. We
conclude that a discontinuity in u4 has taken place. The same is true for the red line which
provides the continuation of the green line once we take log(us) — log(us) — 27 and once
again a discontinuity, this time in us, has to be considered. This simple example shows in
practice what we had already guessed: the lightcone block has discontinuities associated
with wug,uq4 and us going around 0 and all of them are important. Let us then study the
discontinuities of (C.2) on these variables.

It is possible to use the integral representation of the lightcone block to argue that
there are no sequential discontinuities involving us, i.e.

Discy, Discuy or us Gy ke ¢ = DisCuy or us DisCuy Gy e = 0. (C.3)

In the expression (C.2) this is straightforward to see as there are no products of the type
log(uz) log(us) or log(usz)log(us). As it was stated in the main text and as we will see
below, it is actually the sum Discy, G, i, ¢+ Discy;Discy, Gi, i, ¢ that dominates the Regge
behavior of the correlation function.

The discontinuity of expression (C.2) as ug goes around 0 with fixed ug,us > 0 is
given by

. uU1U3Us5 1-— (%)
+27i lo < > , C4
1—us+ U4(’LLQU5 — 1) & (1 — UQU4)(1 — ’LL2U5) ( )

which in the limit uq, us — 1 with xo = (1_1}4_)% fixed simplifies to

iZWiM log (x2) , (C.5)

(x2 — 1) xax5
where we also use y4 = 1\71%4 and x5 = 1\;1%5 which approach infinity due to the order

of limits considered. This order of limits does not correspond to the actual Regge limit:
indeed, we will call this ordered limit a boundary condition for Regge limit. The name
simply follows from the fact that we use it below as a boundary condition for a set of
recursion relations where we compute the Regge limit of a conformal block starting from
the lightcone. Note, moreo(veli’, )t/hat the scaling in both u; and ug in the expression above
1-J;)/2

agrees with the expected u; of Regge limit. As stated above we are indeed describing

a double Reggeon exchange. This clearly contrasts with the Euclidean OPE scaling,
u; 2, manifesting the difference between Regge and Euclidean kinematics. Perhaps a
more striking example would follow from considering a spinning case from the beginning.
The story is no different in those cases but the expressions grow considerably in size. We
also note the existence of a log term in the case at hand. We point out that some other
examples where the lightcone block can be integrated do not have these contributions in
the above limit. Its existence in this case suggests however that a generic function for the
discontinuity of the lightcone block as us goes around 0 must contain log terms when the

representation labels of the external and exchanged operators conspire in a certain way.
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We now consider the discontinuity in w4 with fixed and positive uo, us. This gives

. uiuzus 1-— Uy )
+9mi log [ ——— ) C.6
T 1—us+ U4(UQU5 — 1) & ((1 — UQU4)U5 ( )

which yields a boundary condition for Regge limit

Lo Vs (C.7)
X4

From the symmetry of (C.2) between uy and us we immediately see that a similar result

follows for the discontinuity in us. Note that these terms are subdominant in the limit
u1,u3 — 0 when compared to (C.5). In particular, in expression (C.7) u; scales as ulAl/ 2

1-J2)/2
whereas ug scales as ué 2)/

. The converse happens in the discontinuity in us complex
plane. This behavior should correspond to single Reggeon exchanges. Notably, the sequen-
tial discontinuity in u4 and ws produces a dominant contribution for the double Reggeon
kinematics. To see this, consider (C.6) and take the sequential discontinuity in us. This

gives
uiuzus

+472 ,
1—us+ uy (UQU5 - 1)

(C.8)
which fixes the boundary condition for Regge limit

47 2 = 1) s (C.9)

that is as dominant as (C.5). We conclude in this simple example, the generic statement we
have made in the main text that Disc,, Gk, i, ¢+ Discy;Discy, Gk, k. ¢ Provide the dominant
contributions of the correlation function in Regge limit.

Even though the existence of log terms in the boundary condition for the Regge limit
is not generic, we should however show how to deal with them when we compute the
conformal blocks at Regge limit. If there are no log terms in your case of interest, simply
set those terms to zero in the procedure below. We consider the Casimir equations in the
limit of u1,us — 0 with a block that scales as

1-J; 1-Jo

Grrae(zi) o< ug ® ug ® Hixe, x4, X5) - (C.10)

In this limit, the Casimir equations for H simplify and read

[ (42x2 = D)0y, = x30x:0xs) = (d = 1)xE0y, — (33 — 4) 303,
+4((x2 = Dxaxd +1) 02, + (A1 = 1)(A1 = d+ 1Dx3xE] Hlx xaxs) =0 (C.11)
with an entirely similar second equation obtained from the above by replacing A by As and

permuting the roles of x4 and x5. In our particular case of study, in the limit of uy, us — 0,
large x4, x5 and fixed x2, the leading Regge contribution of the block behaves as

e — s (a+ blog(x2)) (C.12)
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where a and b are constants. We can thus further impose in (C.11)

H X25 X4, X5
H(x2s X4, X5) = H(xz: x4:X5). (C.13)
X4X5
According to (C.12) and considering a small-y2 limit, we can look for solutions of the
Casimir equations of the form
H(XQv X4, X5) = Z Qny,na,n3 XQIXZ"ZXEM + bn17n2,”3 10g(X2)X72u inz X5_n3 (0'14)

ni,n2,n3
where the coefficients @y, nons and by, p, n, reduce to a and b, respectively, when all n;
are 0. The remaining expansion coefficients an, n, n; and by, n,n, are fixed by the Casimir
equations. It is easy to see that this ansatz gives rise to terms in the Casimir equations
of the form
Qny,na,nz

c1+ni, c2—n2. c3—n3 X

X2 X4 X5 (0-15)

bnl,ng,ng
bnynons log(x2)
Clearly, the terms that depend on log should cancel among each other in order to satisfy
the Casimir equation. This leads to two constraints per Casimir equation, one for the
log-dependent terms and one for the remaining. For the isolated log terms, we find
recursion relations for the coefficients by removing the y-dependence from the equations.
To do so, we shift each term accordingly, i.e. ny — ny — ¢1,n9 = no + c2 and ng — nsg + cs.
This leads to the following recursion relations
1

by nans = na(d — s — 4) [4(n1 + 1) ((n1 4 n3)bny+1,n2,m5—2 = (P14 2)bny 12,n0—2,m5-2)

—4(n1 +mn3 —1)(n1 + N3)bnl7n27n3_2] (C.16)

with a similar one where we exchange the roles of ng and no. Clearly, the above recursion
relation cannot be used whenever ng = 0. In such case, the other recursion relation
can be used instead (and vice-versa). An entirely similar argument follows for the
non-log-dependent terms. We find the recursion relations

4
Uny noms = P — [(n1+n2—1)(n1+12)an; no—2.n5 — (P14 1) (N1 +12)0n, +1,n9—2,ns
+(n1+1)(n1+2)an, +2.n0—2,n3—2+ (201 +2n2 — 1)bp, no—2.ns — (201 +n2+1)bp 41,n0—2,ns
+(2n143)bp, +2,n0—2,n5—2) (C.17)

with another equivalent relation where the roles of ny and ng are swapped.
These recursion relations are only meaningful once one prescribes a boundary condi-
tion. We impose that

Anyngng = bnl,ng,n3 =0 if ny <0V ng < oV ng < 0,
a0,0,0 = @ and boo0="0. (C.18)

It is easy to check that these recursion relations fix the behavior of all the coefficients up
to those of the form an, 0,0 and by, 00 but note that these can be read from (C.12) by
expanding it on small yo limit.
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D Other Regge kinematics

In this short appendix, we detail other possible Regge kinematics that we did not explore
in detail in this paper but that might be worth studying in the future.

Single Reggeon exchange. Within a five-point function, one can consider a single
Reggeon exchange. In terms of Mandelstam invariants so5 or s45 of figure 1 only one of the
two becomes large. In the context of CFTs,; this translates to having only two operators,
one in the first and one in the second Poincare patches, approaching each other in such a
way that there is only one cross-ratio going to 0 rather than two.

One possible analytic continuation that describes single Reggeon exchange is given by

xr1 = —r (Sinh((sl), COSh(51), Od_g) xr3 = (0, 1, Od_Q) Ty — (0, hl, hg, Od_g)
x9 = 7 (sinh(d2), cosh(d2), 04—2) x4 =(0,—1,04_2) . (D.1)

with positive rapidities d; and 04 denoting a d-dimensional vector of zeros. In the large-
rapidities limit, one can check that u; — 0 and wug,us — 1 with unfixed ug and ug. This
agrees with the Euclidean OPE limit in the (12) channel. Again, we emphasize that this
limit is attained after branch-cuts are crossed and thus in an intrinsically Lorentzian Regge
sheet.

Six-point snowflake. The six-point conformal block of external scalars is known in the
lightcone limit in the snowflake topology [15]. Even though we did not attempt in this
paper to analyze the cut-structure of this block, we nonetheless write down an analytic
continuation prescription to achieve a Regge limit configuration that is consistent at the
level of the cross-ratios with the OPE on channels (12), (34) and (56).

We use the set of 9 cyclic cross-ratios

2 .2
L12235
U1 = 53 Uir1 = Ui|z; e, mod 6
T13L325
2 .2
L1326
U1 = "5 5 UZ’+1 == Ui|mi4>xi+1 mod 3. (D.2)
L14T36

In the snowflake OPE limit wy,us,us — 0 and the remaining all go to 1. In the Regge
limit one should reobtain the same limiting values of the cross-ratios after some lightcones
are crossed. We start with a totally spacelike configuration and perform the analytic
continuation

x1 = —rq (sinh(d1),cosh(d1),04-2) x4 = (sinh(d1), — cosh(d1),04—2)

x9 = 71 (sinh(d2), cosh(d2), 04—2) x5 = (rosinh(ds), r3, h,re cosh(d3), 04_4)

x3 = (—sinh(d2), cosh(d2), 04—2) x = (—rosinh(d3), ra, h, —r2 cosh(d3),04—4) . (D.3)
where one can see that we use 9 degrees of freedom. Note as well that for six-point functions
one can at most use the conformal symmetry to state that any generic correlation function
is related to one that lives in some half-subspace in 4 dimensions [68]. Perhaps the most
notorious difference in this case is the need to boost a pair of points along some different

plane. It is easy to check however that this prescription indeed leads to the expected OPE
behavior for a snowflake six-point function.
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