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BPS vortex systems on closed Riemann surfaces with arbitrary genus are embedded into 2D
supersymmetric Yang—Mills theory with matters. We turn on background R-gauge fields to keep
half of the rigid supersymmetry (topological A-twist) on the curved space. We consider two
complementary descriptions: Higgs and Coulomb branches. The path integral reduces to the zero
mode integral by the localization in the Higgs branch. The integral over the bosonic zero modes
directly gives an integral over the volume form of the moduli space, whereas the fermionic zero
modes are compensated by an appropriate operator insertion. In the Coulomb branch description
with the same operator insertion, the path integral reduces to a finite-dimensional residue integral.
The operator insertion automatically determines a choice of integral contours, leading to the
Jeffrey—Kirwan residue formula. This result ensures the existence of the solution to the BPS
vortex equation and explains the Bradlow bounds of the BPS vortex. We also discuss a generating
function of the volume of the vortex moduli space and show a reduction of the moduli space
from semi-local to local vortices.

Subject Index B16, B27, B35, B81

1. Introduction

Vortices play an important role in many physical phenomena in diverse area of physics, and give vital
information on non-perturbative dynamics of gauge theories in two dimensions. When the quartic
coupling of the Higgs scalar field is given by the square of the gauge coupling, static forces between
vortices cancel, leaving vortex position and orientation as moduli parameters of the solution. These
vortices are called BPS vortices [1,2]. In flat space, their characteristic features can be understood
from symmetry, since the bosonic theory admitting BPS vortices can be embedded into supersym-
metric theory and BPS vortices preserve half of the supercharges [3]. Important generalizations
of BPS vortices have been studied in curved space, such as hyperbolic space [4-7] and general
Riemann surfaces [8]. The moduli space of BPS vortices allows interesting applications to many
physical phenomena, including the thermodynamics of vortices [9,10]. The volume of the moduli
space is primarily obtained by an integration of the volume form, which is constructed from the
metric, over the moduli space. It is generally difficult to construct an explicit metric for the moduli
space of the vortices, except in simple situations such as well separated vortices [11]. However, it
has been observed that the volume of the moduli space can be evaluated in the case of U(1) gauge
theory with a single flavor of charged scalar field, which is called the Abrikosov—Nielsen—Olesen

© The Author(s) 2019. Published by Oxford University Press on behalf of the Physical Society of Japan.

This is an Open Access article distributed under the terms of the Creative Commons Attribution License (http://creativecommons.org/licenses/by/4.0/),
which permits unrestricted reuse, distribution, and reproduction in any medium, provided the original work is properly cited.

Funded by SCOAP3



PTEP 2019, 043B01 K. Ohta and N. Sakai

(ANO) vortex, even though the metric for multi-vortices cannot be obtained explicitly [12]. One of
the physically interesting properties of the moduli space of BPS vortices is the Bradlow bound: the
BPS equations admit solutions only if the number of vortices is smaller than the area divided by the
intrinsic size of BPS vortices [13].

In recent years, the localization method in supersymmetric field theories [14] has been developed
and applied to evaluate various quantities exactly, including the partition function. In the localization
method, it is essential to maintain some part of rigid supersymmetry on a curved manifold with
isometry, such as the (squashed) three-sphere [15,16] and (2-deformed) two-sphere [17-20]. A few
studies have also been done on the A-twist that may be applicable to general Riemann surfaces
[21-24]. A systematic way of formulating rigid supersymmetry on curved space has been developed
recently: twisting by a background R-gauge field plays a vital role and various choices generally
give different types of rigid supersymmetry in curved space [25,26]. One should note that the usual
choice of twist is applicable only for nice manifolds with isometry such as round or squashed sphere.
On the other hand, we wish to consider vortices on arbitrary Riemann surfaces that do not possess
isometry in general. Moreover, the usual choice is not compatible with the BPS equation on the
Riemann surface that we are looking for. In previous works, we have proposed a formalism to study
the moduli space of vortices and other BPS solitons through the localization method, using a twisting
different from the conventional one [29-33]. By inserting an appropriate operator, we can obtain
the moduli space volume with this choice of twisting. We strengthen and develop our previously
proposed method by studying two complementary descriptions and computing the effective action
including fermionic terms explicitly in this work.

The purpose of this paper is to characterize the BPS vortex equations on Riemann surfaces X
with a genus (handles) # by embedding the theory into a rigid supersymmetric theory through a
new choice of twisting by an R-gauge field background, and formulate the method to compute the
moduli space volume of BPS vortices using the localization method. We here use a path integral
formalism of U (N¢) gauge theory with Nf flavors in the fundamental representation. To derive and
understand the volume of the moduli space from the field theoretical (path integral) point of view, the
localization arguments in two different branches (phases) are important. To embed the BPS vortices,
we will consider the supersymmetric Yang—Mills theory with vector and chiral multiplets. We also
need to evaluate the vacuum expectation value (VEV) of an appropriate operator in order to obtain
the volume of the vortex moduli space.

If we consider localization of the path integral around the fixed point at non-zero values of the
chiral multiplets, we find that the path integral gives an integral of the volume form over the moduli
space. This is called the Higgs branch description of the volume of the moduli space. The Higgs
branch description is useful to demonstrate the physical meaning of moduli space volume directly.
However, it is difficult to evaluate explicitly in general since we need an explicit metric to construct
the volume form as we have mentioned.

Using the same field theory, we can evaluate the vacuum expectation value of the operator in an
alternative Coulomb branch description. The localization method is so powerful in the Coulomb
branch description that the path integral will reduce to a simple contour integral. We can always
perform this contour integral in principle. Since we are evaluating the same quantity in two different
descriptions, this simple contour integral gives an alternative method of evaluating the moduli space
volume. Although the relation between the contour integral (without knowing the metric explicitly)
and the structure of the original moduli space is somewhat indirect, the field theory connects two
different descriptions and explains why we can obtain the volume of the moduli space by the contour
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integral. To evaluate the path integral in this Coulomb branch description, we need to integrate over
non-zero modes to find effective action for zero modes. Since we have inserted an operator, we also
need to evaluate terms contributing to the correction to the operator, including fermionic terms. This
point is also an improvement over our previous works [31-33].

We also consider a generating function of the moduli space volume. We can take a sum over
vorticity £ ignoring the Bradlow bound for an asymptotically large area A. The leading .4 behavior
of the volume is found to reduce from A to AX in the case of local vortices (Nc = Ny = N) on
the sphere. The generating function allows us to show the reduction for arbitrary values of N and £,
improving our previous result [31].

The organization of this paper is as follows. In Sect. 2, we review the BPS equations on general
Riemann surfaces. In Sect. 3, we introduce N = (2, 2) supersymmetric field theory and twisting by
background R-gauge field to obtain the rigid supersymmetry. In Sect. 4, the Higgs branch description
is given, leading to the physical meaning as the volume of the vortex moduli space. In Sect. 5, the
Coulomb branch description is given, leading to a simple contour integral formula. Section 6 gives
a generating function of the moduli space volume that leads to the reduction of the moduli space in
the case of the local vortex. Section 7 is devoted to the conclusion and discussion. Appendix A gives
the Cartan—Weyl basis and Appendix B gives the heat kernel regularization.

2. BPS vortices on curved Riemann surfaces

We first consider 2 4+ 1D Yang—Mills—Higgs theory on R; x X, to study a vortex system on the 2D
curved Riemann surface X; with genus 4. The space-time metric is given by

ds3 . = Guvd™ @ dx" = —dt* + g, dx" @ dx", 2.1

where M,N = 0,1,2 and u,v = 1,2. We can take the metric of the Riemann surface to be
conformally flat,

guvdxt ® dx" = 2g;zdz @ dz,

in suitable complex coordinates z = x!' + ix?> and z = x' — ix?> to be g,z = gz. = %ez"’ (@2),
We are interested in U (N¢) gauge theory with Nr flavors of scalar fields in the fundamental

representation as an Nc x N matrix H. The action is given by

2

1
S = /d3x«/5Tr [——ZGMKGNLFMNFKL — GMN.@M]‘].@]\/]‘IT — £

S _ Y2
22 1 (C1n. —HH') ] (2:2)

where the covariant derivatives and field strengths are defined as ZyH = (y + iAy)H, Fyy =
—i[Zy, Pn]- It has been noticed that the Bogomolnyi completion can be found to give a topological
bound for the energy E of static configurations (in the 49 = 0 gauge):

1 _ _ _ 2
E = . d*z /g Tr [—g—Z ZF + ¢ P HIH + 7 D-HD.H + ‘%(glNC — HHW]
h

1 i 2 2 _
= / d’z /g Tr |:_2 (_igZZFzz + %(CINC - HHT)) + 287 ZHZ.H + ngZZFzé:|
I g

> 2k, (2.3)
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where we have dropped the total derivative term 2g7 9, H %5 H T due to the compactness of the
Riemann surface ¥j. The vorticity £,
k=-— | d*2gg%F.: € Ty, (2.4)
2 = -

measures the winding number of the U (1) part of broken U (Nc) gauge symmetry. The bound is
saturated if and only if the following BPS equations are satisfied:

_ 2 i
— g+ g?(;hvc —HH =0, (2.5)

Z:H = 2.H" = 0. (2.6)

In the flat space, the above theory can be embedded in a supersymmetric theory, and the BPS
vortices preserve precisely half of the supersymmetry. This is the reason why BPS vortices have
many nice features such as no static force between vortices, resulting in vast moduli space for
multi-vortices.

Even in curved space-time such as R; x Xj, the above BPS equations have been found and several
interesting properties such as moduli space volume have been obtained in the case of U (1) vortices
[8]. These vortices on Riemann surfaces enjoy many nice features similar to those on flat space. With
the development of detailed understanding of supersymmetry on curved space-time [26], it is now
possible to understand more precisely the relation between BPS vortices on Riemann surfaces X,
and the supersymmetry on curved space-time, which will be clarified in subsequent sections.

3. Supersymmetric QCD on curved Riemann surfaces

The Bogomolnyi completion of the energy of the vortices on the curved Riemann surface discussed
in the previous section can be naturally embedded in 2D N = (2, 2) supersymmetric gauge theory.
The supersymmetric theory with four supercharges is obtained by a dimensional reduction from 4D
N = 1 supersymmetric theory. Apart from the 2 4+ 1D Lorentzian metric of the Yang—Mills—Higgs
theory of the vortex system, we first introduce 4D Euclidean space-time X;, x T2 to construct the
rigid supersymmetry on Xj.

The metric of the 4D space-time is

dsi; = 2g::dz ® dz + dw ® dw,

3.4

where w = x3 +ix*, w = x> — ix* are complex coordinates on a flat two-torus 7'2. This is a particular
choice among the more general metric discussed in Ref. [26]. After dimensional reduction along the
torus 72, we can define a rigid supersymmetry with four supercharges on .

We first consider the vector multiplet part. The gauge fields in four dimensions reduce to gauge
field 4, (u = z,z) and adjoint scalar fields X; (i = w,w). Spinors in four dimensions reduce to
those in two dimensions. If we consider the spinors in space-time with the Euclidean signature, the
two spinors in the vector multiplet, A and A, are independent of each other. On the other hand, A is
related to A by complex conjugation in the Lorentzian space-time. We will consider the Euclidean
case, although the following arguments are also essentially valid in the Lorentzian signature. We will

use the same notation as in Refs. [15,34] in the following.
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Following Refs. [25,26], let us consider Killing equations for the supersymmetry transformation
parameters on the curved Riemann surface

VRE = V& +iAlE =0,

VRE =V, E—iANE =0, (3.1)
where spin connections in the covariant derivative V,, are written in terms of the exponent of the
conformal factor p(z,z) and Aﬁ is a background gauge field associated with a gauged U(1)r R-
symmetry. This equation appears as a transformation of the gravitino in the new minimal supergravity.
Note here that there is no solution to Eq. (3.1) if Aﬁ = 0, except for 2 = 0. As we will see, Eq. (3.1)
has a solution by choosing Aﬁ suitably, since the background U (1) gauge field can compensate the

curvature of the Riemann surface.
The Lagrangian density for the vector multiplet is given by

1 1 - 1 .
L, = 2 Tr {EFWF“" + DX 7" X"+ 2in6* PR — 5[X,-,X,-]2 — 245X, Al — DZ}, (3.2)
0

where g is a gauge coupling constant for the supersymmetric theory. The field strength and covariant
derivatives are defined by

Fz = 0,4z — 0:A4; + i[A4;, 4z],
DX = Vuh +i[Ay, 1] + i AR,
DRh = Vh + iy, 1] — iARD,
D Xi = V. X; +i[A,, X
The action (3.2) is invariant under the supersymmetry transformation with § = £€%Q, + £, 0%:
84y, = —irGuE + kG,
8X; = —irGiE + iEGiA,
SA = 20%EF,; +20ME D, X; + 2i0"7E[ Xy, Xi] + iED,
8h = —2867F,; — 266" 9, X; — 2iE5™V [ Xy, Xi] — iED,
8D = —£0" JRh — D0oME — ilX;, E0'A] — i[X;, Ao €],
up to total derivatives since the supersymmetry transformation parameters & and £ are covariantly
constant in the background U (1) gauge field.
In order to preserve part of the supersymmetry on the curved space, we have to find a solution to
Eq. (3.1). Fortunately, it is easy to find the solution to Eq. (3.1) in two dimensions. Indeed, if we set

AR = % .0 and A§ = —% =0, they cancel some of the p with the spin connections in the covariant
derivatives and the Killing equations (3.1) for each component of & reduce to

1
Ve = 0, - 500+ iARE = (3, — 8.p)& =0,

1
VR = (3. + S0=p + iARYE, = 8.6, = 0,
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1
Vg = (3 + S0+ iARYE = (8; + 0zp)E = 0,

1
VRE = (9; — S0 + iARYEy = 8:6 = 0,

and similarly for &. Then Eq. (3.1) has a solution

_ 1 (0 o 1 (&
5“_ﬁ<so>’ é—ﬁ<0>, (3.3)

where & and & are constant spinors.
By using explicit representation of the spinors and gamma matrices, we obtain the supersymmetry
transformations in terms of components:

i
84 = ——=&pe"r1,

z \/5
84 ! Ege’ A

A

z ﬁ 1
85X, =0,

i -

58Xy = E(Eokz + &o0)2),

SA1 = 23 260e P DX,

i
8h2 = 260 Foz + iv/280[X,, Xi] + —=£0D,
V2
8X1 = Zﬁéoe_pgng,
-_ - P i &
8)\,2 = —«/E"g‘oe_zpFZz + iﬁgO[XW5XW] - EgOD’

8D = N280e " DRi — V2E0e P DRy — iN280[ Xy, 23] + iV 2E0[ Xy, A2 ).

Now let us choose to keep a single supercharge for a rigid supersymmetry O = \%(Ql + Qi),

corresponding to the constant Grassmann parameter related by £y = —&g in Eq. (3.3). We obtain the
following transformation properties of the fields:

QAM = Ay, Q)w = i.@MCI),
0d =0,
0d =2, On = i[®, @],

OD = ig“(Z:0z — Zsh2) + [@,x],  Ox =D — ig“Fz,
where we have also redefined the fields as follows:
& =2X,, o = 2X;,

A= Lefh, Az = ——ellj,

V2 _ V2 _
n= —%5(/\2 —A3), X = —\/Li(kz + A3).

Note here that the dependence of the R-gauge field in the covariant derivative @ff is absorbed into
the factor e” in front of A1 and )_‘i so that A, and A; behave as 1-forms on Xj.
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Furthermore, if we define Y = D — ig”F.z, the algebra simply reduces to

QAM = )LM, Q)‘u = i.@MCD,
0P =0, (3.4)
0 =2, On = 5[, D], '

oY =[®,x], Ox=7Y.

We find that the supercharge Q is nilpotent up to a gauge transformation with the field ® as the gauge
parameter:

0 = —idg. (3.5)

Using this QO and the redefined fields, we can rewrite the Lagrangian for the vector multiplet in a
Q-exact form:

1 5 - 5 -1 =
L, = —;QTr {igZZAZQEQD +ig“r: 2. D — En[cb, D]+ x (Y — 2,u,)}, (3.6)
0
where p, = —ig?®F.: is a moment map associated with the D-term.

To turn on the Fayet-Iliopoulos (FI) term and the 6-angle, we should add
Lriso = (O Tr x + it Trg“Fz, (3.7

where t = ¢ — i6. The first term can be absorbed into a redefinition of the moment map

2
. 27 &
wy — _ngZFzé =+ EOQ‘INC' (3.8)

Next let us consider the chiral multiplet. We have the Nr chiral multiplets (flavors) in the funda-
mental representation of the U (N¢) gauge group. We represent them by an Nc x Nr matrix. The
chiral multiplet consists of boson H, fermion v, and auxiliary field F', which are assumed to have
U(1)g charges (r,r — 1,7 — 2), respectively. By taking Af = % , 0 and .,45 = —% -0, the lowest
component H behaves as an (3, 0)-form on %,. The Lagrangian

Lo=Tr {@ﬁHQR“HT + %|d_>H|2 + %|<DH|2 +iyo IRy + yo'yX; — FFY
—iV20H — HYR) — (D — gR)HHT} (3.9)
is invariant under the supersymmetry transformation
SH = ~2E Y,
8o = iN20" 0aE Y DRH — 207 0aE X H + V264 F,
OF = in/285"* D{rg — N 2846"* Xitho + 21851 H,

where R denotes the scalar curvature of the Riemann surface. Similar transformation properties apply
for H T, 1&, FT. If we divide the two component fermions 1, into

v =1, Xz = ey,
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the supersymmetry transformation becomes

OH =, Oy = ®H,
OF =2ie P PRy + e P dyz +2ie PrzH,  Qxz = e’F —2i78H,

in terms of the supercharge Q.
For later convenience, we define V; = e’ F — 2i @ERH . Then the supersymmetry transformation in
terms of Q simply reduces to

OH =y, Qv = ®H,

3.10
OY: = Pyz:, Oxz: =Yz ¢.19)
Similarly, for these complex conjugate fields, we have
HY =4 y=—-H'®
oH' =9, 0OV : G

QYZ = XZcD9 QXZ = _Yz,

with ¥, = e?FT + 2i9RHT.
Using this O and the redefined fields, we can write the Lagrangian as a O-exact form except for a
part corresponding to the D-term:

1 T x T T 1 zz 1 zz
Le= EQTT VH'® — PHY + 58 (Yz —2uz) %z — 58 Xz(Yz —2pz) ¢,

where p; = —2i @ERH and u, = 2i @ZRH . The term of Tr DHH T can be absorbed into the moment
map /., in the vector multiplet by shifting
- g2
ur = —ig Fzz + S (e — HHY).

This moment map consists of a part of the vortex equation.
To summarize, the total Lagrangian is written as a sum of the O-exact part and O-closed topological

term:
L=Ly+itTrg”F.;, (3.12)
where
1
»CO = Q _ZVV + Vc )
0
and
_ _ _ _ 1 _
V,=—Tr {igzzxz%cb +ig71: 2. D — L@, @]+ x (¥ — 2M,)}, (3.13)
! & D E /s 1 zz 1 zz
Ve = > Tr{vH'® — PHY + Egz (Yz —2pz)x: — Egz xz(Yz —2uz) ¢, (3.14)

with the moment maps

2
23 g
wr = —ig“F.z + 3‘)(;1NC — HHD), (3.15)
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uz = —2i9%H, (3.16)
w. =2i7RHT. (3.17)

The bosonic part of this Lagrangian reduces to the 2+ 1D Yang—Mills—Higgs Lagrangian in Eq. (2.2)
after the auxiliary fields are eliminated. Note here that the auxiliary fields Y, Y-, and Yz will give
moment map constraints u, = u; = i, = 0, which are nothing but the BPS equations (2.5) and (2.6)
of the vortices on the curved Riemann surface. This is an essential reason why the supersymmetric
theory gives the volume of the vortex moduli space (the space of solutions to the BPS equations).
So far, we have assigned the generic R-charge for the components of the chiral multiplet
(H, ¥, xs, ¥3). This means that we can consider a generalization of the vortex equations that con-
tain higher spin (form) fields. However our original vortex equations contain only the Higgs scalar
(0-form) field H. So we concentrate on a specific R-charge such that » = 0 in the following.

4. Higgs branch localization

4.1. Coupling independence and fixed point equations

Let us now consider a partition function for the supersymmetric theory that we have constructed in
the previous section. We will see that the partition function is closely related to the volume of the
vortex moduli space.

The partition function is defined by the following path integral over the configuration space of the
whole fields W:

zz/ 7V e S, 4.1
Vol(G)

where 2V is a suitable path integral measure for the fields and Vol(G) is a volume of the gauge
group G = U(Nc). The action S[W] is also written as a sum of the Q-exact and topological parts
through the Lagrangian density (3.12)

S[W] = So[V] + it f d*z/g Trg¥F,; (4.2)
Zp

where

1
Sol¥] =0 / d*z /g {—2% + V{|. (4.3)
P/ 8o

Then the partition function is given by a summation over the possible topological sector

Z = Z Zpe 2tk (4.4)
k

where Zj is defined by the path integral over the fixed topological sector with & magnetic flux

(vorticity):
z :/[ 7V } )
Vol(G) |,

We will see that this Z; is related to the volume of the moduli space of & vortices. So we concentrate
only on Zj for a while.
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First of all, we note that Zj, is independent of the overall coupling of Sy. For instance, if we consider
the following partition function with rescaled action:

_ v 1Sl W]
Zk(t)_/[Vol(G)]ke B

we can show that a derivative of the partition function with respect to the parameter ¢ vanishes:

—izk(z) = <Q/ d’z /g [iz Vi + Vci|> =0, (4.5)
ot Zn gO k

where (- - - )z stands for the vacuum expectation value under the fixed topological sector, because

of the Q-exactness of the action Sy. Thus, we can conclude that the WKB (1-loop) approximation
becomes exact in the limit of # — oo. Similarly, we also find that the vacuum expectation value of
the supersymmetric (cohomological) operator O, such that QO = 0, is not only independent of the
parameter ¢ but also the gauge coupling gy in the O-exact action.

After eliminating the auxiliary fields, the bosonic part of the Q-exact action Sy becomes a sum of
the positive definite pieces

1 -1 - 1 1 - 1
So|B=Trf d’*z\/g —z{g“"%<1>@v<1>+—[d>,d>12+u3}+—|<I>H|2+—|<I>H|2+—g”uzuz :
pIA ) 4 2 2 2

Using this coupling independence, we find that the path integral would be localized at solutions of
a set of fixed (saddle) point equations as follows:

2,0 =0, (4.6)
(@, P] =0, 4.7)
®H = dH =0, (4.8)
Mr =z = pz = 0. (4.9)

We examine the solutions to the above fixed point equations later, but we here focus on Eq. (4.8).
Equation (4.8) gives two different kinds of solution, i.e.,

® =0and H #0, (4.10)

or
® #0and H = 0. (4.11)

We refer to each kind of solution (4.10) and (4.11) as the Higgs and Coulomb branch fixed points,
respectively.

The moment map constraints (the BPS vortex equations) in Eq. (4.9) say that H does not vanish
except at a finite number of points (vortex positions). These vortex solutions are compatible with the
Higgs branch fixed points in Eq. (4.10), but incompatible with the Coulomb branch fixed points in
Eq. (4.11). In fact, the moment map constraint ;,, = 0 with H = 0 cannot be satisfied except for one
particular value of the couplings at gé{ = % (the saturation point of the Bradlow bound). For the

generic value of the couplings, we need to consider the Higgs branch description only and should
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(a) Vortex  (b)
Higgs branch (®=0 and H#0) Coulomb branch (®#£0 and H=0)
Small size vortices (g3¢ > %) Vortices near the Bradlow bound (g3¢ ~ %)

Fig.1. Two different descriptions of the vortices on the Riemann surface. For the generic (small) size of the

vortices (g2¢ > %), the Higgs vacuum dominates over the Riemann surface and the Higgs branch description

is valid. At the Bradlow bound (gi¢ = %), the vortex size becomes large and the Coulomb branch inside the
vortices occupies the whole Riemann surface. The Coulomb branch description is valid for this situation.

not sum contributions from Higgs and Coulomb branch fixed points in performing the path integral
(see Fig. 1(a)).

Let us now elaborate on the possible significance of the Coulomb branch fixed points. From the
exact solution of the ANO vortex (Nc = Nr = 1), whose typical size is proportional to 1/g9+/C,
we can see that the VEV of the Higgs field inside the vortices decreases rapidly. If we take the large
size limit of the vortices ggg“ — % by making go smaller, we encounter the upper bound of the
vortex size due to the Bradlow bound (gé{ > %). When the Bradlow bound is saturated, the center
cores of the vortices are enlarged and the Riemann surface can be filled up with the Coulomb vacua
(® # 0 and H = 0), where Eq. (4.9) is solved as

8k

g% F,: = 5 and H =0, (4.12)

using a critical value g, for the coupling gy, which is defined by gg{ = %. In this situation, the
magnetic flux uniformly spreads out on the Riemann surface (see Fig. 1(b)).

The localization theorem says that the path integral is independent of the coupling gy in the Q-
exact action. Therefore we can tune the coupling g to allow the Coulomb branch fixed point without
changing the path integral results. Moreover, we can expect that the evaluation of the path integral
(the partition functions or VEVs of the cohomological operators) in the two different parameter

1

regions gives the same answer ", i.e., for the partition function, we obtain

o
2% (gy > go) = 2P (g = g.) (4.13)

(see Fig. 2).

Thus, we can use the extreme Coulomb branch description of the path integral instead of the Higgs
branch. A similar complementarity of two descriptions between the Higgs and Coulomb branches
through the FI parameters is also discussed in the quiver quantum mechanics [27,28].

In the following, we first discuss the Higgs branch description, but we will see that it is difficult
to evaluate the path integral concretely in the Higgs branch. We will also see that the Coulomb

' This gauge coupling gy in the Q-exact action can be different from the coupling g in the vortex BPS
equations that we are interested in. In Sect. 4.4, we will introduce other controllable coupling by inserting a
cohomological operator.
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Bradlow bound

////////////////// 7
no vortex / nggs branch 4

solution
0 Atk s
A
Coulomb branch

-

Fig.2. Complementary descriptions of the Higgs and Coulomb branches with respect to the gauge coupling
and FI parameter (vortex size) g2¢. In the general coupling region, the Higgs branch description is valid, but
the Coulomb branch arises on the whole Riemann surface when the Bradlow bound is saturated. Using the
coupling independence of the localization theorem, the evaluations of the path integral are equivalent to each
other and we can use the Coulomb branch description at the extreme couplings, instead of the Higgs branch
localization.

branch description makes the evaluation of the path integral easy. This equivalence of two different
descriptions is our key point of the calculation of the volume of the vortex.

4.2. Gauge fixing

Since our model has U (N¢) gauge symmetry, we need to fix the gauge symmetry in the quantization.

We adopt the Becchi, Rouet, Stora, and Tyutin (BRST) formalism to fix the gauge symmetry.
Introducing the Faddeev—Popov (FP) ghosts C and C and the Nakanishi—Lautrup (NL) field B,

which are in the adjoint representation, we define the BRST transformations

8pC = iC?,
8pC = 2iB, 8B = 0.

The BRST transformation acts on the fields as the gauge transformation with replacing the gauge
transformation parameter by C:

8pA, = —2,C,
op® = i[C, D],
opH = iCH,
etc.

Note that the BRST transformation is nilpotent 8]23 = 0 as usual.
Once the gauge fixing function f'(4,,, ®, ®,H,H',B) is given, a Lagrangian of the gauge fixing
term and FP term can be written in the §z-exact form:

LGF+Fp = —253 Tr (Cf )
&0

The BRST symmetry of the above Lagrangian is apparent from the nilpotency of 83, but this gauge
fixing condition violates the supersymmetry. Similarly to the supersymmetry transformation in the
Wess—Zumino gauge, this phenomenon suggests that we need to supplement the supersymmetry
transformation by a compensating transformation associated with the gauge transformation in order
to pull the field configuration back to the gauge fixing subspace. For that purpose, we consider a
linear combination of the supercharge Q and the BRST transformation 83, as Op = O +idp [14]. We
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find that the modified supercharge Op becomes nilpotent, namely leg = 0, provided that we make
an additional assumption for the supersymmetry transformation of the ghost field

oC = @,

and OC = OB = 0.
Using Op, we now introduce the total gauge fixed Lagrangian replacing the Lagrangian of Sy in
Eq. (4.2),

L=0p |:i2Vv+ Vc+i2Tr (Cf)}, (4.14)
&0 80

as a Op exact form. Since V), and V, are gauge (BRST) and Q invariant functions of the fields, this
Lagrangian reduces to

~ 1 i ~ 1 =
L= WV + Ve —0pTr (C —0Tr(C
o[ gumiens pove

= Lo + Lgr+rp + Lz Tr [C(Of)],
80

using the definition of Op. The first and second terms are the ordinary gauge fixed Lagrangian in
the BRST formalism. The extra last term Tr (C ofr ) can be neglected, since it can be absorbed by
a shift of a field n with a suitable choice of the gauge fixing function f', as we will see in the next
subsection.

Since the total Lagrangian is written in the exact form of the nilpotent operator Op and the measure
is invariant under the Op-symmetry, we can conclude that the path integral is invariant under the
rescaling of the overall coupling:

L — tL.

Thus we can use the localization arguments again for the total gauge fixed Lagrangian. Hence we
consider the localization for the Op-exact action instead of Q.

4.3.  Evaluation of the 1-loop determinant

Now let us consider the 1-loop approximation of the Op-exact action (4.14). The additional gauge
fixing term in Eq. (4.14) imposes the gauge fixing condition, but the localization fixed points do
not change from the original one in the O-exact action. In particular, the fixed points are given by
solutions of the moment map constraints, i.e., the vortex equations

mr = pz = pz = 0.

In the Higgs branch, we have fixed points of ® = ® = 0, since the solution of the vortex equation
gives H # 0 in general. Once we obtain the classical solution, we expand the fields around the fixed
points by
L

N

A, =4,
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where hat fields denote a classical solution, which satisfies the moment map constraints (vortex
equations), and tilde fields are fluctuations around them. Similarly we also need to expand other
fields around the zeros, but it is just a rescaling of the fields like & — %&), Y —» \Lﬁ Y,y — %&,
etc. We will omit the tilde for these rescaled fields including the FP ghosts and NL field for simplicity
in the following.

Using this expansion (rescaling) of the fields, we also expand the rescaled total Lagrangian up to
the quadratic order of the fluctuations,

1 1 ~ A A AL = 1 - A A A A
1Ly = —Tr [Ecp(—@“% +glHHT® + §¢(—9M.@M +gtHANH®
&0
- A ~ A ~ gz ~ A A~
— Y242 {—ig®(2.4: — D:A.) — ?O(HHT +AEY

&

DeV.: — ighe | o+ A V. + iy | i) }

+ O/, (4.15)
for the bosonic part, and
oy = é Tr [2ig25,\2@5n +2ig”:Pon — g wH 0 — ggnH Y
0
+ X {2igzz(.@zkz — Jhe) + G (WHT + 1%/‘,)}
+igig” {@zlff + ikzﬁ[} X: — 2087 Xz {.@ZIZ/ - ifIT)»Z} ]
+ O/, (4.16)

for the fermionic part, where @M means that the gauge field inside the covariant derivative is classical
one.

Next let us consider the gauge fixing term. To find a suitable gauge fixing function, we pay attention
to the terms proportional to 1:

2i = A A g% - n -
S Tedn &9z + Zea) — 2wl — 1)
&0

2i A~ g(% - A n o~
== TrinQ @“AM—iE(HHT—HHT) .
0

So if we adopt the gauge fixing function for the fluctuations by
2
-~ o~ o~ A~ ~ A A o~ 1
FC,, HHT By = 94, — i‘%(HHT — i) + 3B, 4.17)

the extra term ng Tr [C‘(Qf )] in the Op-exact gauge fixing Lagrangian (4.15) can be absorbed by
0
shifting

i
— =C,
n n+ 5
without changing the path integral, as expected.
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Thus we obtain the gauge fixing and FP ghost Lagrangian for the above gauge fixing function:

i _
tLarrp = —8p Tr(Cf)
&0
= Tr |~ 2B — 0 (<98, + GHAY) T 5T (<918, + gAY €
= 3 5 2 w T 80 ) 2 n T80 i
80 £0 £0
(4.18)

where we have used the BRST transformation for the fluctuation:

8pd, = —9,C,
53]:1 = iCﬁ,

since the ghost C is the same order as the fluctuations.

Comparing the bosonic part of the Lagrangian (4.15) with the ghost kinetic term in Eq. (4.18),
we immediately find that the 1-loop determinants for ®—® and C—C cancel each other completely.
Thus we can eliminate ®—® and C—C from the Lagrangian.

For other fields, we now define sets of the bosonic and fermionic fields by

B = (4, i), Y =(Y+iBY:),
B = ., aHT, Y= -iBY.)T,
F=0zvY), X=m—x,x),

Ft=o. T, Xt =0+ x )7,

then the quadratic part of the Lagrangian is written simply as

1 - - A = —> A st

tLg ="Tr | —=|V*+ YDB" + BDTY' |,
80

(Lr =T [RDF! + FDTAT)

where
- g2 _
VPP =7>+ B+ EOgZZYZYz,

and

2i zZ ? 2i 7z ¢ 27 ¥
L (%gEy  —h (% i
D= gSg_A@Z ). b= gggA'@Z £,
Zht g, _it igZ

The 1-loop determinants of non-zero modes of the bosons and fermions cancel each other
completely:
det' DD 1

1-loop det) = — =
( p det) det' DTD

bl

where prime stands for omitting the zero modes (eigenvalues).
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The bosonic zero modes are given by solutions to the linear equations:
DB =o,

i.e., ker D. Since this equation is a linearized vortex equation and ker D' = ¢ under our choice of
the BPS vortex solution 4 u and H we find that

dim M}, = dim ker D. (4.19)
On the other hand, the fermionic zero modes are given by the equations
DFt =DIxT =o.

As we discussed for the bosonic zero modes, we have seen ker DY = ¢ in the BPS vortex background.
So we can conclude that there is no zero mode in X T, and the number of zero modes in FTis the
same as the number of bosonic zero modes, which is dim ker D.

We need to integrate these bosonic and fermionic zero modes after integration of the non-zero
modes, which gives the cancellation of the 1-loop determinant.

4.4.  Volume of the moduli space

We have seen that the partition function of the fixed topological sector Z; of our model itself vanishes
in general due to the existence of the fermionic zero modes. As we discussed above, we expect that
there exist fermionic zero modes only in the fields F 1 and ]?2, ie., A, ¥,and V.

In order to obtain a meaningful quantity from Z;, we need to insert some operator within the path
integral, which compensates the fermionic zero modes. However an arbitrary operator cannot be
inserted since it spoils the localization arguments above. As mentioned before, the supersymmetric
operator does not break the coupling independence, but if we want a non-trivial (non-vanishing)
quantity, we have to insert a O-closed but not Q-exact operator (Q-cohomological operator).

(Q-cohomological operators are classified in terms of the descent equations [22,35]

00 =0,
Q0 =dO,
00, =d0Oy, (4.20)
whose n-form operators O, are given by
Op = Tr W (),

O) = —iTr W (DA,
1
O, =Tr {—iW/(QD)F + S W (@) A x} , 4.21)

where W (®) is a polynomial of ®, the one-form A = A dz+Azdz, and the two-form? F = dA+iAAA.
From the descent equation (4.20), we find that the integration of O,

122/ 0,
2

2 The two-form F should not be confused with the auxiliary field of the chiral multiplet in Eq. (3.9).
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is O-closed but not Q-exact, since X, is the compact Riemann surface. If we insert the exponential
of this O-closed operator %2, the zero modes in A are compensated at least because of the bi-linear
term of A in Z;. However, this operator depends on the vacuum expectation value of @ in general
and changes the value of Z; excluding the zero modes. This is undesirable for our purpose.

In order not to yield the extra contribution from the inserted operator, we need to modify e?? by
adding other O-closed terms to be

P (@)

2

2
= exp [,3 Tr/ &’z /g {cp (—ing -+ %(glNC _ HHT)> — g — %w&” . (4.22)
Zp

where g is an additional coupling constant that can differ from the coupling gy in the O-exact action
So in Eq. (4.3). The parameter 8 serves to count the dimension of the moduli space volume (the
number of continuous moduli parameters). Note here that the VEV of e#Z7 () explicitly depends on
the parameter 8 and the coupling g (and also ¢), since the above operator is O-closed but not O-exact
(Q-cohomological), in contrast to the coupling g¢ in the O-exact action. We identify this coupling g
in the inserted operator 77 (&%) as the physical coupling for the BPS vortices that we study.

According to the localization theorem, the VEV of the O-cohomological operator can be evaluated
by the solutions to the fixed point equations. As we explained before, we can evaluate the VEV of
the operator at any value of the gauge coupling go in the Q-exact action Sy in Eq. (4.3), without
changing the value. Evaluating the path integral in the Higgs branch, we can choose the coupling
go in S identical to g in the inserted operator e#Z7. Then the moment map constraint (fixed point
equation) u, in Eq. (3.15) becomes

Hr = =g Fis + 5 (e — HHT) = 0. (4.23)

Since the solution to Eq. (4.23) eliminates the factor of ® in the exponent of /77, the operator ef%”
at go = g in the Higgs branch fixed points reduces to

T 2 7z g -
PIr (@) Higgs branch fed point exp |:—,B Tr /Eh d°z\/g {g Az + 71//1#}] . (4.24)
The bosonic part of this operator value at the Higgs branch fixed point gives just unity, but the
fermionic part compensates all the fermionic zero modes since the exponent contains bi-linear
terms of fermion pairs: (A, A3) and (¢, 1}). After integrating over the fermionic zero modes, only an
appropriate product of the fermionic pairs survives to give a power of 8 with a unit coefficient. Hence
the power of § is given by a sum of the number of fermionic zero modes, namely the dimension of
the moduli space because of Eq. (4.19).

Since the operator e#Z” &) does not change the bosonic part of the path integral at the Higgs branch
coupling go = g, the path integral at the Higgs branch reduces to the integral over the classical
solution of the vortex equation:

<eﬂIV<g>>i°:g = N gdimec My / 24,90 9H",

where (- - - )80=8 stands for the evaluation of the path integral by using the O-exact action with the
same coupling go = g as in the operator efZV(©) | dimc M, is a complex dimension of the moduli

17/38



PTEP 2019, 043B01 K. Ohta and N. Sakai

space of k vortices, and V' is a numerical constant that is associated with the normalization of the
path integral measure.

Let us now rewrite the above integral in the field configuration space in terms of the moduli
parameters, which parametrize the BPS vortex solution. We denote the moduli parameters by complex
coordinates m“, which span the K&hler moduli space. Changing the integral measure from the fields
of 4 1 H, and AT, which are defined in the flat configuration space, to the moduli parameters m“,
the Jacobian factor det G,;(m) will appear, where G,; is the Kdhler metric of the moduli space. So
we obtain

f0=g dimg My
<eﬂIV(g)> — N glime My / 1_[ dm®dm® det G4z (m)
k My

a=1

= N Bdime Mi yiol My, (4.25)

where Vol M, is the volume of the k-vortex moduli space as we expected.

Thus we find that the path integral with the operator /77 (®) insertion gives the volume of the
moduli space. However, to evaluate the above integral, we need to know the details of the Kahler
metric Gz, but this is difficult in general. We see that the (77 (©) )iozg is proportional to the volume
of the moduli space in the Higgs branch description, but we need to move into the Coulomb branch
description to evaluate the volume explicitly.

Thanks to the localization theorem, we can also evaluate the above VEV of the operator in the
other coupling region without changing the value of the path integral, and can reach even extreme
Coulomb branch couplings gop = g, which satisfy gf; = %. Thus we can expect equivalence
between the Higgs and Coulomb branch descriptions

(eﬁIV(g)>g0:g — <651V(g)>g0:gc , (4.26)
k k

using the same cohomological operator e#Z7 (&) which measures the volume of the moduli space
at the physical coupling g for our BPS vortices. We emphasize that the evaluation of the Coulomb
branch path integral can be done using the O-exact action Sy with the critical coupling g., which
differs from the physical coupling g in the inserted operator e#Z7 (&),

5. Coulomb branch localization
In this section, we consider the localization at the Coulomb branch, where the fields are expanded

around the fixed point solution with non-vanishing ®. In the following, we evaluate the path integral
using the O-exact action Sy in Eq. (4.3) with the critical coupling g. defined by

drk
2
g ¢ = 1 (5.1)
which is different from the physical value of the coupling g in the inserted operator ef77(®)
We will discuss the general non-Abelian case, but to see an essence of the Coulomb branch

localization, we first explain the Abelian case.

5.1. Abelian case

In the Abelian theory, we denote the neutral scalar field by a lowercase letter ¢. The fixed point
equations d,¢ = 0 in Eq. (4.6) and ¢ H = 0 in Eq. (4.8) say that // vanishes if ¢ is a non-vanishing
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constant. We denote the solution to this fixed point equation by ¢ (constant zero mode). The classical
solution of the Abelian gauge field a,, satisfies
i

o | dPz(0.az — dzaz) = k € Lo,

2 Jx B -
which is fixed while integrating the fluctuations in the k-vortex sector.

We now expand the bosonic fields in the vector multiplet around the classical solution (fixed points)

by

1 -
¢:¢0+$¢,
AM:aM—i_EAM’

and the auxiliary field Y is also rescaled by ¥ — %f/ .

For the fermionic fields, we expect that there are two 0-form zero modes and 2/ 1-form zero modes
on the Riemann surface with the genus #, since these zero modes are associated with Oth and 1st
cohomology on ¥, respectively. We denote the 0-form zero modes by ng and the xo and 1-form
zero modes by Ao, = Z;’:l k(()l)w(l) and Aoz = Z?:l 5»(()1)6)(’), where @ and ®? take values in the
bases of H10(%),, Z) and H' (%, 7), respectively. The 1-form bases are normalized by

/ d*z 0" = 5. (5.2)
h

Thus we also expand the fermionic fields in the vector multiplets around these zero modes as

|

J— 1 v
)»M=)L()IL+L)~»M.

s \/;

In contrast to the Higgs branch evaluation, the fixed point solution of the bosonic field H vanishes.
So we rescale the bosons and fermions in the chiral multiplet as

1 - 1 - 1
H— —H, Y,—> —Y,, — —, = —Xu.
g e e VgV Xe=

This rescaling is always guaranteed by the invariance of the path integral measure

D*HD*Y, D>y D*x,..

Using the above expansion and rescaling, we find that the Lagrangian becomes just quadratic order
in the fluctuations:

1 ~ = 1. - z ~ y
L= g_za,u(pal/«(p _ _2Y(Y + 2igZZ(8ZAg — 034))

C Cc
+ 2ing™ 8.4z + d:hz) — 2ix g7 (A — d:hz)
+ VMVt + 01/,
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where ¥ = H, ¥, %), Vi = (HT, l/:/, x-)T, and

A0 _
279090 1 1gol> o+ x0)  —&7hoz

. -z (1
M= —(mo — x0) —o —igZ PV
_ =200 _
_gzzko’z _lgzzgz( ) %gzzqﬁo

The covariant derivatives @,Sn) are acting on the n-form field.
If the Lorentz gauge SMZW = 0 is chosen, the gauge fixing and FP terms are given by

I _ 1 -~ -
tLGF+FP = ;C(—auau)c - ;B(B +2g% (942 + 0:42)). (5.3)
C C

Combining the quadratic part of the Lagrangian and the gauge fixing and FP terms, 1-loop deter-
minants from the bosonic fields (q~5, ¢~>, Y , B) and the fermionic fields (c, ¢, 17, x) completely give the
same contribution and cancel each other (just giving one).

On the other hand, the 1-loop determinant from the chiral multiplets is given by

1
Sdet M’

after integrating out the fluctuations V and V1. If we use a decomposition of M by
A B
M = ,

-2g7 7090 + Igol,

where

4=
B= (—(770 + x0) —gZE)»0,2>>
—(mo — x0)
C= ( _ ZE)\, >
g A0,z

—o —igZ )
D=\ -0 1.2, |
—ig¥#7; 58 %o

then the superdeterminant is given by the determinants of the decompositions
1 detD detD
— det(l = X) = —— Trlog(l—X)’
Sdet M~ deta N T = Gaa

where X = D~'C4~1B.

To evaluate this determinant further, let us consider the eigenvalues of the Laplacians Ag =
—2gZE @;1)@;0) and &1 = —2gzz @Z(O) .@2(1) , which are acting on 0-form and 1-form eigenfunctions,
respectively. If the 0-form eigenfunctions g, have non-vanishing eigenvalues, i.e.,

AOgn = Augn,

with A, # 0, then there are associated 1-form eigenfunctions, which also have the same non-
vanishing eigenvalues, since

Al(gz(o)gn) = @;O)Aogn = An(@z(o)gn)-
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So we find
Spec’Ag = Spec’Aq,

where the prime denotes that the zero eigenvalues are omitted. Thus, for the non-zero eigenvalue
modes, the 1-loop determinants det D/det A cancel each other:

det' D /TT,(An+ 1d0lD(Ay + 10>
det 4 [1,(An + [0l?) B

1,

by the bosons and fermions.
On the other hand, for zero eigenvalue modes, there is no one-to-one correspondence between
0-forms and 1-forms. If we define the number of zero eigenvalue modes of the operator .@,(L") by

noy = dim ker @Z(O), n; = dim ker @2(1),

the zero eigenvalue modes contributes to the 1-loop determinant via

de_(%wwwdm
detod  \ [po[?0 '

So the 1-loop determinant reduces to

I-loop det) =
(I-loop det = et M

_ Nr
_ (@0 @)™\ trieg(-x)
B |po|210

_ 1 eTrlog(le),

T NeGk+ L)

Po
where we have used the Hirzebruch—Riemann—Roch index theorem,

1
no — ny =k—|—§xh, (5.4)

and the trace “Tr” is taken over all modes and species (flavors) of the fields.
Next let us consider the contribution to the 1-loop determinant from e °8(1=%) We first expand

Trlog(l - X)=—-TrX +---,

then we have

—TrX = —2Ngtr <¢0770X0 + éogzzko,zMi) )

(Ao + o2

where “tr” means the trace over the modes only (the sum over flavors is already taken) and we have
used the fact that the terms proportional to

2"

tr——
(Ao + |¢ol?)?
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in the trace part vanish. Using the heat kernel regularization as explained in Appendix B, we can
evaluate the trace of the operator:

h
bog™ 1 n Z nzd
¢0770X0 + ¢0gzz)»0,z)»o,g> = W (¢0n0x0 -+ ¢0 A(())A,(())> + ...

I=1

tI'A—<
(Ao + [¢ol?)?

Thus we obtain

Trlog(l — X) ~ —2—F (5.5)
T

h D=
10 X0 i 21:1)\(()))\8)
o ®o ’

at the 1-loop level.

Now we can explicitly evaluate the vacuum expectation value of the operator efZ7 @ which gives
the volume of the moduli space of the vortices. First of all, we note here that e#77(®) takes a value
at the fixed point in the Coulomb branch

2 -
P Q) _ eﬂ¢o<%A—2nk> —BY I ADRO

Coulomb branch fixed point -

; (5.6)

in terms of the zero modes, where A is the area of the Riemann surface X;. We would like to
emphasize here that the coupling g on the right-hand side of Eq. (5.6) is the physical coupling of the
vortex system whose volume can be evaluated and differs from the critical value coupling go = g,
in the O-exact action, i.e., we can generally assume

ggA 2k # 0, (5.7)

even in the Coulomb branch localization. We just need to insert this fixed point value into the
path integral since the operator e#7®) is O-closed. Putting together the 1-loop correction of the
supersymmetric Yang—Mills action and the contribution from the operator e#77® we can evaluate
the vacuum expectation value of e#Z77® by an integral over the residual zero modes of the vector
multiplet:

=8¢ d d
<eﬂzy(g>>g° s =/ %o ¢0d,7 dx nd/\a)dka)

k 2mi 2w Nr(k+1 )

=1 b0

Y
X exp {,B¢o (g gA 2 k) 271’1(;() n0X0 — <13 +

where we have normalized the integral measure of ¢ and ¢y, dividing by 27i. Using the evaluation

h
Nr )ka;(n ’
2ndo) =

(5.8)

of the following integral:

/ d?‘i _ L (5.9)
27'L'l¢() 2
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with a suitable contour that contains a pole at the origin, the integral (5.8) reduces to a contour
integral of ¢ only,

h
N 2
. 25 (e
(o _ N / dio_—(ﬁ 20 pon(54 2’”‘), (5.10)
k 4 Jo 2mi ¢(1)VF(k+th)
fter i i 1l fermioni des and ¢g. The f: VY from th
after integrating out all fermionic zero modes and ¢g. The factor <ﬁ + 57 ¢0) comes from the

integral of the zero modes of A and A. This is a physical derivation of the observations in Refs.
[29,30].

The integrand in Eq. (5.10) contains a multiple pole at the origin ¢9 = 0. If we consider a small
shift of the position of the pole by

$o — ¢o + €,
€ should satisfy
SRee > 0,

since the operator /77 (&) which originally contains a factor

e—,s fz,, dzz@(¢+e)HHT,
under the shift of ®, must converge as well as in the Higgs branch integral where ® = 0.
On the other hand, in the Coulomb branch integration, the factor

ﬂ(¢0+€)<g27;¢4*27[k>
e

in the integrand shows that
Regpg <0 or Regy >0

is required if (g;—gA -2 k) is positive or negative respectively, when we add an integration contour
at sufficiently large values of |¢g| in upper or lower half plane in order to have a closed contour for
the integral without changing its values.
Thus we can pick up the residues at ¢p9 = —e if and only if
2

‘%A—anzo (5.11)
(see also Fig. 3). If g%A — 2wk is negative, the contour cannot contain the pole and then the integral
vanishes. This mean that the moduli space (BPS solution) of the vortex does not exist if the condition
(5.11) is not satisfied. This result is known as the Bradlow bound for the vortex [13]. The bound can
be interpreted as each BPS vortex has an intrinsic finite size 477/(g2¢) preventing more vortices on
the Riemann surface of area A than Ag?¢ /(47). The integral (5.8) gives the correct formula for the
volume of the moduli space without explicit knowledge of the moduli space metric. It automatically
gives the selection rule of integration contours leading to the Bradlow bound.
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(a) A l@ (b) A ¢0

-€ -€
pole pole
2 2
LA~ 27k >0 LA~ 27k < 0

Fig.3. The choice of contours depending on the sign of “%A — 2 k. The pole is inside the contour and the
volume of the moduli space exists if and only if the Bradlow bound is satisfied.

Let us give a concrete example. If we consider the vortices on the sphere (2 = 0 and x;, = 2), the
contour integral (5.10) gives

)kNF+NF—1

LA 2mk
<eﬂzy<g>>g°:gc _ M BENE+NE—1 ( 2 (5.12)

k 4 (kNg + Np — 1)!

The power of § agrees with the complex dimension of the moduli space and we find that the volume
of the moduli space for the Abelian vortex on the sphere is given by

<g27§.,4 — 2k
(kNr + Ng — 1)!

)kN]:-l—N]:—l

Vol MM (825 A) = , (5.13)

up to the irrelevant path integral constant ' = f‘v—;. For the case of the vortices on the torus (4 = 1),
we obtain

kNp—1
NeSEA (A= 2mk)

<eﬂIV(g)>g°:gc _ N T (5.14)
k 4 (kNg)! ’
and
Ne&EA(SEA- 2nk)kNF_l
1,Np 2. _ T
Vol M (T A) = )] , (5.15)
fork > 0.

By setting N = 1, the above examples agree with Ref. [8], where the volume of the moduli space
is directly computed from the metrics.

In the case of £ = 0, the contour integral represents the volume of the vacuum moduli space. In
particular, the contour integral gives

g2§A Ne—1
Vol MY (825 A) = @ — Vol(CPNe -1y (5.16)
N ’ '
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2
which is the volume of the complex projective space with the radius ‘%A, and

Nr

7 (5.17)

Vol MM (T2 A) =

which is proportional to the number of isolated vacua (the Witten index).
Finally we comment on the power of 8 (the dimension of the vortex moduli space). It can be found
generally by rescaling ¢g as ¢po — ¢ = ¢o/p in the integral formula (5.10):

h
1 —NF/> s

= ﬁlgé(NF—l)X;ﬁNpk/ dd’(/) ( + 2y e¢0<g7“472”k>

A c 2mi , Ne(k+3xn) '

?

The integral expression here does not depend on 8 any more and this agrees with the integral formula

<eﬂIV(g)>
k

discussed in Ref. [31]. Thus the dimension of the moduli space of the Abelian vortex is given by
dime M (3,) = %(NF — 1) + Nyk. (5.18)

In order for the moduli space to exist, at least the dimension should be equal to or greater than zero®.

So the vorticity is restricted on the generic Riemann surface as

K (Ng — 1)) . ( (h — DNy — 1>>
——— ) =max|{0, .
2Nf Nr

k > max (O, — (5.19)

Note here that there is a non-trivial lower bound for the vorticity £ on higher genus Riemann surfaces
(xn < 0)if Np > 1, while the usual bound (k£ > 0) holds in the case of Ngp = lor x;, > 0(h =0, 1).
It is interesting to understand this phenomena from the point of view of the differential equations of
the BPS vortex on higher genus Riemann surfaces.

5.2. Non-Abelian case

Now we generalize the above localization arguments to the non-Abelian case.
Let us consider the fixed point equation first. The fixed point equations for the non-Abelian theory
are given by

2, = [®,P] =0,
My = pz = pz = 0. (5.20)
Using the Cartan—Weyl bases (see Appendix A), the fixed point equations can be solved by
d = piH;,
121 w= aLHl-,

in a suitable gauge, where d)é is a constant zero mode and the field strength F Z(;) = 8Za§ — dza’ gives
magnetic fluxes for each U(1) Cartan part:

| dyzeFY =k (i=1....,No),
2 =5

3 If the dimension of the moduli space is zero, the moduli space becomes 0D isolated points.
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which satisfies k = vazcl ki.
We now expand fields around the solution of the fixed point equations, i.e.,

n 1 -~
P+ —b
N
i 1 i o
=¢0Hl~+%(¢Hi+¢> ),
Ay =4, + 1,?1
= At A
i 1 i o
= dHi+ (A0 + A0E, ). (5.21)

Similarly, the fermions are expanded around the corresponding zero modes:
Ay = Z/\’ Dy, — ()J H; + A“Ea)

: 1. _
n=noH + — (7'Hi + 1°Ea)

7

. 1 . B
X = XxoHi + 7 (X'Hi + x“Eq) -

Other fields (auxiliary fields Y and the chiral multiplets) are expanded around zero, i.e., just rescaling
by 1/+/t. We omit the tilde of the fluctuations for these fields.

Substituting the above expansion (5.21) into the Lagrangian, which is also rescaled by £ — ¢L,
we find, thanks to the overall coupling independence,

1Ly = gig[ng (1967 + 13:8) + |7 (02— 0:21) |
+8% (12:0° — ia(g0) A2 +12:4" — ia(go) A2 )
e (922 - )|+ %Ia(qﬁo);ﬁ_“ - a(%)&“ﬁ}
+01/V1)

for the bosonic part, after eliminating the auxiliary field Y, and

o = gig[zng (A;azn" — AL AT e — A Azn“)
+ 2ig%a (Go)A; “2E + iae(o)n*n* — ie(do)x " x“
_ g7 (xi (001 + 8:00) + x (DAY + %\g)) ]
+O(1/v1)

for the fermionic part, where a(¢p) = ) ; (xl-¢("), @zqg"‘ = Zq;“ + ia (az)</§“, etc
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Introducing two component fermions by

W= (x' — ', 27T, Ui= (x'+ 7,2,
Ve = (Xa + nav _)"(Z‘X)Ta ‘il_a = (X_a - n_aa)‘z_a)v

the quadratic Lagrangian of the fermionic part is written simply by

1

tLr = —
g

[Z WPw' 4+ TP - iMo,<</>o>>\If“} +0/V),

where

B 0 2g%0. B 0 2% 9. (a0 0
a_<—2gﬁag 0 ) 4 _(—Zng@g 0 ) M"‘(¢O)_< 0 2g25a(<13o)>'

At a generic value of ¢y, the root components of the fermions such as W* are always massive. Thus
there is no true zero mode in the off-diagonal components and we expect that there are zero modes
only in the Cartan part of the fermions.

Because of the supersymmetry, we can expect essentially that the 1-loop determinants reduce
to one by cancellation of bosons and fermions for the non-zero modes. We should, however, pay
attention to the zero eigenvalue states of the operator QM. According to the index theorem on the
Riemann surface ¥j, the numbers of zero eigenvalue states for 0-forms and 1-forms on ¥, differ.
So the contributions to the 1-loop determinant from these zero eigenvalue states should not cancel
each other. We call these zero eigenvalue states pseudo-zero modes.

Actually, if we evaluate the 1-loop determinant from the off-diagonal components of the pseudo-
zero modes, it reduces to

[T — ¢ 2t = (1) T (g — #) ™, (5.22)

i i<

where we have used the Hirzebruch-Riemann—Roch index theorem for & and (—1)7 is a sign factor
depending on the total magnetic flux & via

(=D = (_1)%}’NC(Nc—1)—Zi<j(ki_/9.)

(—1)¥NC(NC_1)+" if Nc is even
- (5.23)

(—1) #NcWe=D) if N is odd

After integrating out all off-diagonal components of the fields, the argument of the localization
for each Cartan part is almost parallel to the Abelian case in the previous subsection. Using the
Q-exactness of each Abelian component of the effective U (1) theory, we can vary the ith U(1)
gauge coupling g(()i) to be independently gg) = géi), satisfying

. A k;
M2 = —— 5.24
(g:7)7¢ 1 (5.24)
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Choosing the Lorentz gauge al‘aib = 0 for each U(1) part, the vacuum expectation value of the
operator e#77 (@) with a fixed partition of k reduces to the zero mode integral

<eﬂIV(g)>§OZ§C _ (_l)afl—[ ¢() d’od Ldx l_ld)‘l (l)dkl 0} 1_[(¢0 %)Xh

(¢ )NF(k+ Xn)
X exp [i [ﬂ«p ( A— 2nk) Ne A, <ﬂ+ Nr ) ! Xz;(l)/-\i,(nH

0 0Xo — ; E ,
= 2nigsy 2y ) i

where gg = g. stands for g(()l) =W (=1,...,No)and k = (ki,. .., kn..). Here we again note that
the coupling g on the right-hand side coming from the inserted operator differs from the coupling

g(()l) = gc(l) in the Q-exact action. After integrating out the fermionic zero modes and (l;(i), the path

2mi 2mi

integral finally reduces to a contour integral formula:

e = (5 o [ H b T —

i<j

(/3+ z)h €8 A2k,
Xl_[ 27 ¢ ﬂz ¢0< >

il ](¢ )NF(kl 3Xn)

By summing over the partition of the total vorticity k = Zf\fl k; into k= (k1, k2, ... kne), we
obtain the integral formula for the volume of the moduli space of the non-Abelian vortices:

ﬂdim(C My Vol M,

</3+%;0‘>h ﬂz ¢0(g5A 27rk>

(¢ )NF(kz 2Xh) > (5:25)

= (-1)° Z/]‘[ .H<¢ asf)Xhl_[

|k|=k i=1 i<j

. . NC . . . .
up to the irrelevant numerical constant N = <iv—;) . This is the contour integral expression of the

volume of the non-Abelian vortex moduli space and agrees with our previous result [31] by setting
B =1

The power of 8 is also easily found by rescaling ¢6 as ¢6 — ¢ 6 = ¢6 /B. Using this rescaling,
we find that the dimension of the moduli space of the non-Abelian vortex is generally given by

dime My (s;) = %Ncavls — N¢) + Nk
= %NCNC + (Nc + No)k, (5.26)

where Nc = Np — Nc. It is interesting that the dimension of the moduli space (5.26) is invariant
under the duality transformation Nc <> Nc. The k-dependent part in Eq. (5.26) agrees with the
result on the flat space R? [3,36,37]. The positivity of the dimension leads to the lower bound of the
vorticity:

(5.27)

NN,
k > max (0, (h— 1)L>.

Nc + Nc
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From the viewpoint of the BPS differential equations, it is difficult to find a topology ( x;)-dependent
part in Egs. (5.26) or (5.27) that also satisfies the duality.

5.3.  Bradlow bound and Jeffrey—Kirwan residue formula
The contour integral (5.10) by ¢ has non-vanishing residue if and only if

2
‘%A — 27k > 0. (5.28)
The condition is known as the Bradlow bound, which immediately follows from the BPS equations
2 . 2
/ d’z /g (g_§ — igZZFZg) = g—C.A — 2k
o 2 2
g2

=< f d*z Jg(HHT) > 0.
2 Js,

A similar selection rule for the contour is also known as the Jeffrey—Kirwan residue formula [38]
in mathematical literature, to satisfy the D-term condition

(HH') = ¢.

The contour for the Jeffrey—Kirwan residue formula is chosen to get non-vanishing and vanishing
residues if and only if ¢ > 0 and ¢ < 0, respectively. This Jeffrey—Kirwan residue formula causes
wall-crossing phenomena in supersymmetric quantum mechanics.

The Bradlow bound can be considered as a generalization of the Jeffrey—Kirwan residue formula
for the effective FI parameter including the magnetic flux

(HH') = e (k).
where

4r k
Sefr (k) = -2 (5.29)

g* A
is a function of the number density of the vortex o = k/.A. The contour is chosen whether Zefr (k) is
positive or not.
For the non-Abelian theory, our integral formula (5.25) suggests the effective FI parameter for
each Abelian part as

4 k,'

Sefr (ki) = ¢ — A (5.30)

This is also a generalization of the Jeffrey—Kirwan residue formula in the non-Abelian gauge theories.

6. Generating function

So far, we have considered the volume of the moduli space under a fixed magnetic flux k. We consider
the generating function of the volume of the moduli space, which can be obtained by a summation
over the flux &

Znee(gs Zn) = ) B MEVOL M ¢, (6.1)
k

29/38



PTEP 2019, 043B01 K. Ohta and N. Sakai

where we set g = e 277, Znc,Ne can be regarded as the field theoretical partition function (4.4) with
the insertion of the operator ePLr (@) We should, however, note that the summation over k in the
generating function (6.1) is restricted from above by the Bradlow bound, which depends on the size
A of the Riemann surface.

Under this restriction of the summation over k, the explicit evaluation of the generating function
(6.1) is rather difficult. So we consider only the case that the area of the Riemann surface A or the
physical couplings g?¢ are sufficiently large, namely, cases where we can take the summation up to
k — oo. This implies that we should use the integration contour to enclose the pole at ¢9 = —e¢ as
in Fig. 3(a). We note that we can shift the position of the pole to the left at finite distances away from
the origin without modifying the result.

Let us see some concrete examples. For the Abelian theory (G = U (1)), the generating function

is given by
/3 h
d¢o + 27T¢0) 2nﬂ¢0(A—k) i
Z s 2p) = - , 6.2
1LNe (g5 Zp) = Z/ i NF(k+2Xh) e q (6.2)
where the contour C is always chosen to enclose the pole at ¢g = —e, and
2
&8¢
A==2-=A.
4

If we take the summation of k£ first assuming the interchangeability of sum and integral, we
obtain

h
Nr k
dgo \P+ 22 T
oo [ 2L ()
k=0

c 277 ¢(:7hNF ¢éVFe27T/3¢O

h

NF Np—1

- / ago (P00 + 3:00) b 63)
C’ 27Tl ¢(])VF — qe_2”ﬂ¢0

The integrand of the above contour integral has poles at zeros of the denominator, which are solutions
of

oo — ge7 ¥ — 0, (6.4)

The original degenerated pole at ¢g = —e spreads out into Mg simple poles, which are distributed
roughly in the range of |¢|'/VF. The integration contour C’ still encloses all the above poles since we
can shift the center of the poles by a (sufficiently large) finite distance ¢ away from the origin (see
Fig. 4).

There is no analytical solution of the transcendental equation (6.4), but we have generally Np
independent solutions denoted by x) (¢ = 1,...,Nf). In terms of these solutions, the contour
integral (6.3) can be rewritten as
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_61

Y

Nr poles

Fig. 4. The integral contour of the generating function and a split of the degenerated pole. After summing
up the vorticity & ignoring the Bradlow bound, the degenerated pole splits into Ny simple poles. The integral
contour still encloses all the poles since we can shift the center of the poles by a sufficiently large distance €
against the distributions of the poles.

h
NFp & Np—1

doo (B + 200"")
i TN (o — )

Zine(q; Zp) = /
c

271x2> x4
= S 2B (A 6.5)
b#a

i~ )
If we assume x); < 1, which corresponds to ¢ < 1 (t — 00), then x; approximately becomes
X @i/, (6.6)

where w = exp (ZN—”F’> is the Nrth root of unity. Plugging this approximation into Eq. (6.5), we obtain

Nr </3 NI\ — ) Np—1
. - 27 =gl /NF 2B g /NE (A—h) h——k—
Zine (g Tn) = Y M@ =P e q
a

a=1

h h—j 00

h\ . ([ Nr J 1 A !

= (J),B/ (E) > (2nB(A-n)
j=0 =1
Np )
1 . IR WA s ]
(GHI+1—=h)(a—1) h—1+=F-—
X — E w o, 6.7

where we have used the identity

Ne _ 1 M
a—1 h—1 . X F
bLl (07" —w’ ) = lim (x _wa—l> =T
a

Because of the identity
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1 X

Nf

w(]'+1+1_h)(a_1) _ 1 if ] +I4+1—-h=0 (mod N]:)

0 otherwise

b

a=1
we find that the power of ¢ in Eq. (6.7)

JAHI+1—h

k=h—-1
+ Ne

always becomes an integer number with a bound
dky=kNp —(h—1D(Ng—1)=j+1>0, (6.8)

ie., k > max (—(l_h)]\(,#, O). This condition is nothing but the positivity of the dimension of the

moduli space. Furthermore, using a bound
dk) —j=1=0,
we find

0 <j < min (h,d(k)).

Using these definitions and bounds, we can rewrite Eq. (6.7) as

o d(k)—j
o0 “® mm(h d(k)) (J) ( )h - 271(A—h)) i
Z s 2p) = ' ’
1.Ne (G5 Z) k;mﬁ o d(k) —))! 1
where
[ (h=DWr—-1)
ko = { - W , (6.9)

using the ceiling function. Thus we find the volume of the moduli space,

d(k)—j
271.4)

lme M yol A, ~;3‘“")Z(J)( ) dk) — !’

in the large area limit A/ k — oo for fixed k. This agrees with our previous result [31], and the power
of B8, d (k) represents the dimension of the moduli space as we expected in the Higgs branch analysis.

Next let us consider the non-Abelian case. Ignoring the Bradlow bound, we take the summation
over the vorticity first, then we have

d
Znee (@3 Ep) = (1) Ve f l_[ % e CREA

l<_]

h
c (B@)ON + SE(pi)Nr~! -
» l—[< 0. 2 0 : ) eZnﬁAqﬁ{), (6.10)
i1 (@Y F ge2 TP

where the sign in front of ¢ depends on whether Nc is even or odd.
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Again, if we denote a set of solutions to the transcendental equation
()" F g% =0, (6.11)
by x} (a =1,..., Nr) the contour integral (6.10) is evaluated in terms of the residues

Xn -
Znee (@ En) = (=D FNCCTIN S " [T — x5

b} i<

NC (:l:ﬂ + ZNF* ) A %
TTXg; ezﬂﬂ(A—h)xal,qh (612)

b
i=1 Ha;ﬁai x;lkl' _xZZk)

X

where the g; are a set of Nc indices chosen from N indices a, and ordered asa; < az < -+ < anc.
(Note that we are assuming Nc < Nr.) This choice of indices comes from the fact that we can
rearrange the order of the indices up to the Weyl permutation of the gauge group, whereas the
Vandermonde determinant necessitates the choice of different poles for different qbé integrals. Thus
we have summation over the set of indices whose number is given by (11\\,/2 ) in total.

It is difficult to evaluate further the expression of the volume (6.12), since the transcendental
equation (6.11) does not have analytic solutions in general, but the case of Nc = Np = N and & =0
(5 = S?), i.e., the non-Abelian local vortex on the sphere, is rather special. Indeed, in this case, the
Vandermonde determinant is divisible by the denominator in Eq. (6.12), and it reduces to

Zyn(g;S?) = N1 2 PATi=1 % (6.13)

where the sign factor also disappears by a cancellation with the divisor.
If we use the approximation (6.6), we cannot obtain the g-dependence of the generating function
since ZQ’ZI w1 = 0. So we need the approximation to the next order by

x; ~ wa—l(iq)l/Ne—27r/N/Sa)a’1(:|:q)1/N'

Using this approximation, we find

N N o0 !

% o a1 g NN L (27BN ety g N
> xh= Y o' (Eg) El, W )¢ =D
a=1 a=l =0 "

_ QrpN!

Substituting this approximation into Eq. (6.13), the generating function of the volume of the non-
Abelian local vortex is given by

o0 N k
L[ @xB)Y | &
Zyn(g;S?) =~ N! — : 6.14
Vv (g;5) X;m{w_m““} q (6.14)
So we find that the volume of the moduli space of the non-Abelian local vortex becomes
k
, N!' [ @zp)N .
dlm(c./\/lkv 1 N,N S2 ~_ A 6.15
p oMY SH) = T Al (6.15)

in the large area limit.
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This volume of the moduli space of the non-Abelian local vortex has been conjectured in Eq. (4.52)
of Ref. [31] by inference from the concrete evaluation for the N = 2,3 cases, but the conjecture
turns out to be in slight disagreement with our present result (6.15), which shows a slightly different
coefficient. We have derived, for the general V, the reduction of (the dimension of) the volume of the
local vortex moduli space, where the moduli space volume is proportional to A¥ rather than A®Y,
by using the generating function. This is one of the advantages of using the generating function of
the volume of the vortex moduli space.

7. Conclusion and discussion

In this paper, we derive an integral formula for the volume of the moduli space of the BPS vortex
on the closed Riemann surface with the arbitrary genus. The BPS vortex system is embedded into
N = (2,2) supersymmetric Yang—Mills theory with matters, where we have used natural topological
twisting on the curved space by turning on the background flux of the gauged R-symmetry. The
background flux is compatible with the BPS vortex and preserves just half of the supercharges while
the other half of the supercharges is preserved by the background for the anti-BPS vortex. This means
that the zero BPS vortex sector (vacuum) on the Riemann surface differs from the zero anti-BPS
vortex sector, except on the torus (4 = 1).

We firstly find that the path integral of the supersymmetric Yang—Mills theory in the Higgs branch
gives directly the integral over the vortex moduli space. So the partition function of the supersym-
metric Yang—Mills theory essentially gives the volume of the moduli space except for the integration
of fermionic zero modes. Due to the fermionic zero modes, the partition function itself vanishes.
We need to insert the appropriate operator in order to obtain the moduli space volume from the path
integral. The inserted operator just compensates the fermionic zero modes and reduces to unity at
the localization fixed point.

Secondly, in the Higgs branch description, we cannot perform the moduli space integral since the
metric of the moduli space is not known in general. However, if we evaluate the same supersymmetric
system in the Coulomb branch description by using the localization method, the path integral reduces
to a simple finite-dimensional contour integral, which should give the volume of the vortex moduli
space as discussed in the Higgs branch description. We also derive the exact 1-loop contribution
to the gaugino mass including the higher genus case, which is needed to make the effective action
supersymmetric.

The localization formula for the vortex moduli space captures the effect of the finite area of the
Riemann surface, known as the Bradlow bound. The choice of the contours changes whether the
area and vorticity satisfy the bound or not. This can be regarded as a kind of wall-crossing or
Jeffrey—Kirwan residue formula where the choice of the contour depends on the flux in general.

We also discussed the generating function of the volume of the moduli space of the vortex. Under
some assumptions, we can take the summation over the vorticity first. The summation modifies the
contour integral whose poles and residues are given by the transcendental equations and are difficult
to obtain analytically. However, this generating function can give a simple understanding of the
reduction of the moduli space dimension in the case of the local vortices (Nc = Ng = N).

Our volume formula for the vortex moduli space on the Riemann surface suggests that there is a
lower bound of vorticity (6.9) on a Riemann surface with a higher genus (2 > 1 and Nr > Nc),
besides the upper Bradlow bound. This means that there is no solution to the BPS vortex equations
for too few vortices on a higher genus surface. It is interesting to understand this from the point
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of view of the BPS differential equations by using the moduli matrix method [3], or the Jacobian
variety of the Riemann surface [39,40].

In this paper, we consider only the case of the closed Riemann surface. If there are boundaries
(punctures) of the Riemann surface, we should consider holonomies of the gauge fields around the
boundaries. We expect that the partition function (the volume of the vortex moduli space) is a function
of the boundary holonomies besides the vorticity and area. As known from Ref. [41], the partition
function of the pure bosonic Yang—Mills theory on the arbitrary punctured Riemann surface can be
constructed from those on one, two, and three punctured spheres (disk, cylinder, pants) by gluing
together at some boundaries. So we can expect that the volume of the vortex moduli space on the
punctured Riemann surfaces may also be constructed from similar building blocks.

Our system and evaluations can be extended to three dimensions, like S' x %, [42—44]. The
operator that measures the volume of the vortex moduli space naturally uplifts to the Chern—Simons
operator in three dimensions. So if we consider Yang—Mills—Chern—Simons matter theory in three
dimensions, the partition function may give a counterpart of the volume of the moduli space of
the vortex. After summing up the vorticity in the Yang—Mills—Chern—Simons matter theory, the
Bethe equations appear [45—48] to determine the position of the poles in the contour integral as a
generalization of our transcendental equations. In these analyses, the effects of the size of the vortices
do not appear. So it is interesting to consider the dependence on the finite area A of the Riemann
surface to these 3D theories.
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Appendix A. Cartan—Weyl basis

An Nc x Nc matrix X in the adjoint representation of U(Nc) can be expanded by the so-called
Cartan—Weyl bases by

N
X = XC:XiHi + ZX“EO[,
i=1 o

where « stands for the root. The Cartan—Weyl bases satisfy the following algebra:

[H;, Hi] =0,

[Hi> Eia] = :l:aiE:tOh
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[Ew, E—o] = ﬁ: a;H;, [Ew, Egl = Ny gEq+5,
i=1
El =E_,, TrEgEp = 8ip0,  TrHH = Zaiaj = 5;. (A.1)
o
We use these notations in this paper.
Appendix B. Heat kernel regularization

To compute the 1-loop contributions to the fermion bi-linears, we need to consider the contribution
from the propagators in the boson—fermion loop

1
tr ——QO (B.1)
(Ao + l¢ol?)?
where Ao = —2g22 @;1)@;0) is a Laplacian acting on the 0-form wave function, and O(z) is an
operator. The trace is evaluated as an integral over the coordinate z:
1 1
tr ——Q0 = fdzz(zlA—|z)O(z)
(Ao + l¢ol?)? (Ao + l¢ol?)?
o0 ~
— f d’z f dt 1 (z]le~!Bo¥190) |y O ).
0
We need to evaluate essentially
(zle"0)z) = lim (z]e~ A0 wy, (B.2)
wW—z
via the heat kernel
hz,w;t) = (zle_’AOIW).
The heat kernel /(z, w; t) obeys the heat equation
0 n
% + Ag ) h(z,w;t) =0, (B.3)

with an initial condition

lim h(z, w: 1) = 82(z — w).
t—

The Laplacian Ay is defined on the curved Riemann surface and includes the spin connections, but
if we expand the Laplacian around the flat-space Laplacian
Ao = —43.9; + Vo,

and treat f/o as a perturbation, the leading part of the heat kernel is solved to yield

1
h(z,w;t) = Ee“z_wlz/d't +-
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Thus we find
1 1 [
tr—— 0= — dte_’|¢0|2/d22 O@) + - -
(Ao + |¢ol?)? 4 Jo
1 1
- d’zO0@) + -, B4
4 poP? / ®B4)

taking the limit of the trace (B.2). The higher order terms in 1/|¢g|? contain the higher pole of ¢.
We only need the above leading term since these higher poles would disappear after the integration
of ¢y.
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