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We study color allowed bottom baryon to s-wave and p-wave charmed baryon nonleptonic decays in this

work. The charmed baryons include spin-1=2 and spin-3=2 states. Explicitly, we consider Λb → Λð�;��Þ
c M−,

Ξb → Ξð��Þ
c M−, and Ωb → Ωð�;��Þ

c M− decays with M ¼ π; K; ρ; K�; a1; D;Ds; D�; D�
s , Λð�;��Þ

c ¼
Λc;Λcð2595Þ;Λcð2625Þ;Λcð2765Þ;Λcð2940Þ, Ξð��Þ

c ¼ Ξc;Ξcð2790Þ;Ξcð2815Þ and Ωð�;��Þ
c ¼

Ωc;Ωcð2770Þ;Ωcð3050Þ;Ωcð3090Þ;Ωcð3120Þ. There are six types of transitions, namely,
(i) Bbð3̄f; 1=2þÞ to Bcð3̄f; 1=2þÞ, (ii) Bbð6f; 1=2þÞ to Bcð6f; 1=2þÞ, (iii) Bbð6f; 1=2þÞ to Bcð6f; 3=2þÞ,
(iv) Bbð6f; 1=2þÞ to Bcð6f; 3=2−Þ, (v) Bbð3̄f; 1=2þÞ to Bcð3̄f; 1=2−Þ, and (vi) Bbð3̄f; 1=2þÞ to Bcð3̄f; 3=2−Þ
transitions. Types (i) to (iii) involve spin 1=2 and 3=2 s-wave charmed baryons, while types (iv) to
(vi) involve spin 1=2 and 3=2 p-wave charmed baryons. The light diquarks are spectating in these
transitions. The transition form factors are calculated in the light-front quark model approach. All of the
form factors in the 1=2 → 1=2 and 1=2 → 3=2 transitions are extracted, and they are found to reasonably
satisfy the relations obtained in the heavy quark limit, as we are using heavy but finite mb and mc. Using
naïve factorization, decay rates and up-down asymmetries of the above modes are predicted and can be
checked experimentally. We compare our results to data and other theoretical predictions. The study on
these decay modes may shed light on the quantum numbers of Λcð2765Þ, Λcð2940ÞΩcð3050Þ, Ωcð3090Þ,
and Ωcð3120Þ.
DOI: 10.1103/PhysRevD.100.034025

I. INTRODUCTION

There are some experimental progresses in the
charmed baryon sector recently. In year 2017 LHCb
discovered Λcð2864Þ and five Ωc states, namely
Ωcð3000Þ0, Ωcð3050Þ0, Ωcð3066Þ0, Ωcð3090Þ0, and
Ωcð3120Þ0 [1,2]. The first four states among the five newly
discovered Ωc were confirmed by Belle later [3]. In Table I
the mass spectra, decay widths and quantum numbers of
charmed baryons observed up to now are summarized.
Note that 16 out of 40 charmed baryons have unspecified
quantum numbers, while the quantum numbers of the rests
are determined with different levels of certainty [4,5].
Those with unspecified quantum numbers include
Λcð2765Þþ, Σcð2800Þþþ;þ;0, Ξcð2930Þ0, Ξcð2970Þþ;0,
Ξcð3055Þþ, Ξcð3080Þþ;0, Ξcð3123Þþ and the above men-
tioned five Ωc states. Various suggestions on the quantum
numbers of the newly discovered Ωc states were put

forward after the discovery, see e.g., [6–13]. Note that
even for the one with specified quantum number in PDG, it
is still room for different assignments. For example, two
possible quantum numbers of Λcð2940Þþ were proposed.
LHCb and PDG preferred the 3

2
− quantum number, but it is

not certain [1,4], while a 1
2
− state was advocated by the

authors of Ref. [6]. It is timely, of great interest and
importance to identify the quantum numbers of these states
and to study their properties.
The study of bottom baryon to charmed baryon weak

decays may shed light on the quantum numbers of some of
the charmed baryons. Up to now only several color allowed
Λb → ΛcP decay rates were measured. These include the
rates of Λb → Λcπ

−, ΛcK−, ΛcD− and ΛcD−
s decays,

which were reported by LHCb several years ago [17–
19]. It is not unrealistic to expect that further progress on
the experimental side, either from LHCb, from Belle II or
from elsewhere, will occur soon. In [16] we studied the

color allowed Λ0
b → Λð�;��Þ

c M, Ξb → Ξð��Þ
c M and Ωb →

Ωð�Þ
c M decays with M ¼ π; K; ρ; K�; a1; D;Ds;D�; D�

s ,

and Λð�;��Þ
c ¼ Λc;Λcð2595Þ;Λcð2765Þ;Λcð2940Þ, Ξð��Þ

c ¼
Ξc;Ξcð2790Þ and Ωð�Þ

c ¼Ωc;Ωcð3090Þ, which are spin-1=2
charm baryons. In this work we will extend the study to

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI. Funded by SCOAP3.

PHYSICAL REVIEW D 100, 034025 (2019)

2470-0010=2019=100(3)=034025(36) 034025-1 Published by the American Physical Society

https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevD.100.034025&domain=pdf&date_stamp=2019-08-26
https://doi.org/10.1103/PhysRevD.100.034025
https://doi.org/10.1103/PhysRevD.100.034025
https://doi.org/10.1103/PhysRevD.100.034025
https://doi.org/10.1103/PhysRevD.100.034025
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/


TABLE I. Mass spectra, widths (in units of MeV) and quantum numbers of charmed baryons are summarized. Experimental values of
masses and widths and JP are taken from the Particle Data Group (PDG) [4,5]. Note that S½qq�, Lk, LK , and Jl are the spin of the diquark
½qq�, the orbital angular momentum between the light quarks, the orbital angular momentum of theQ − ½qq� system and the total angular
momentum of the light degree of freedom, respectively. See [14–16] for more details.

State JP n ðLK; LkÞ SP½qq� JPl
l

Mass Width Decay modes

Λþ
c

1
2
þ 1 (0,0) 0þ 0þ 2286.46� 0.14 Weak

Λcð2595Þþ 1
2
− 1 (1,0) 0þ 1− 2592.25� 0.28 2.6� 0.6 Λcππ;Σcπ

Λcð2625Þþ 3
2
− 1 (1,0) 0þ 1− 2628.11� 0.19 <0.97 Λcππ;Σcπ

Λcð2765Þþ ?? ? ? ? ? 2766.6� 2.4 50 Σcπ;Λcππ

Λcð2860Þþ 3
2
þ 1 (2,0) 0þ 2þ 2856.1þ2.3

−6.0 68þ12
−22 Σð�Þ

c π; D0p;Dþn
Λcð2880Þþ 5

2
þ 1 (2,0) 0þ 2þ 2881.63� 0.24 5.6þ0.8

−0.6 Σð�Þ
c π;Λcππ; D0p

Λcð2940Þþ 3
2
− 2 (1,0) 0þ 1− 2939.6þ1.3

−1.5 20þ6
−5 Σð�Þ

c π;Λcππ; D0p
Σcð2455Þþþ 1

2
þ 1 (0,0) 1þ 1þ 2453.97� 0.14 1.89þ0.09

−0.18 Λcπ

Σcð2455Þþ 1
2
þ 1 (0,0) 1þ 1þ 2452.9� 0.4 <4.6 Λcπ

Σcð2455Þ0 1
2
þ 1 (0,0) 1þ 1þ 2453.75� 0.14 1.83þ0.11

−0.19 Λcπ

Σcð2520Þþþ 3
2
þ 1 (0,0) 1þ 1þ 2518.41þ0.21

−0.19 14.78þ0.30
−0.40 Λcπ

Σcð2520Þþ 3
2
þ 1 (0,0) 1þ 1þ 2517.5� 2.3 <17 Λcπ

Σcð2520Þ0 3
2
þ 1 (0,0) 1þ 1þ 2518.48� 0.20 15.3þ0.4

−0.5 Λcπ

Σcð2800Þþþ ?? ? ? ? ? 2801þ4
−6 75þ22

−17 Λcπ;Σ
ð�Þ
c π;Λcππ

Σcð2800Þþ ?? ? ? ? ? 2792þ14
−5 62þ60

−40 Λcπ;Σ
ð�Þ
c π;Λcππ

Σcð2800Þ0 ?? ? ? ? ? 2806þ5
−7 72þ22

−15 Λcπ;Σ
ð�Þ
c π;Λcππ

Ξþ
c

1
2
þ 1 (0,0) 0þ 0þ 2467.87� 0.30 Weak

Ξ0
c

1
2
þ 1 (0,0) 0þ 0þ 2470.87þ0.28

−0.31 Weak

Ξ0þ
c

1
2
þ 1 (0,0) 1þ 1þ 2577.4� 1.2 Ξcγ

Ξ00
c

1
2
þ 1 (0,0) 1þ 1þ 2578.8� 0.5 Ξcγ

Ξcð2645Þþ 3
2
þ 1 (0,0) 1þ 1þ 2645.53� 0.31 2.14� 0.19 Ξcπ

Ξcð2645Þ0 3
2
þ 1 (0,0) 1þ 1þ 2646.32� 0.31 2.35� 0.22 Ξcπ

Ξcð2790Þþ 1
2
− 1 (1,0) 0þ 1− 2792.0� 0.5 8.9� 1.0 Ξ0

cπ

Ξcð2790Þ0 1
2
− 1 (1,0) 0þ 1− 2792.8� 1.2 10.0� 1.1 Ξ0

cπ

Ξcð2815Þþ 3
2
− 1 (1,0) 0þ 1− 2816.67� 0.31 2.43� 0.26 Ξ�

cπ;Ξcππ;Ξ0
cπ

Ξcð2815Þ0 3
2
− 1 (1,0) 0þ 1− 2820.22� 0.32 2.54� 0.25 Ξ�

cπ;Ξcππ;Ξ0
cπ

Ξcð2930Þ0 ?? ? ? ? ? 2931� 6 36� 13 ΛcK̄
Ξcð2970Þþ ?? ? ? ? ? 2969.4� 0.8 20.9þ2.4

−3.5 ΣcK̄;ΛcK̄π;Ξcππ

Ξcð2970Þ0 ?? ? ? ? ? 2967.8� 0.8 28.1þ3.4
−4.0 ΣcK̄;ΛcK̄π;Ξcππ

Ξcð3055Þþ ?? ? ? ? ? 3055.9� 0.4 7.8� 1.9 ΣcK̄;ΛcK̄π; DΛ
Ξcð3080Þþ ?? ? ? ? ? 3077.2� 0.4 3.6� 1.1 ΣcK̄;ΛcK̄π; DΛ
Ξcð3080Þ0 ?? ? ? ? ? 3079.9� 1.4 5.6� 2.2 ΣcK̄;ΛcK̄π; DΛ
Ξcð3123Þþ ?? ? ? ? ? 3122.9� 1.3 4� 4 Σ�

cK̄;ΛcK̄π

Ω0
c

1
2
þ 1 (0,0) 1þ 1þ 2695.2� 1.7 weak

Ωcð2770Þ0 3
2
þ 1 (0,0) 1þ 1þ 2765.9� 2.0 Ωcγ

Ωcð3000Þ0 ?? ? ? ? ? 3000.4� 0.4 4.5� 0.7 ΞcK̄

Ωcð3050Þ0 ?? ? ? ? ? 3050.2� 0.33 <1.2 ΞcK̄

Ωcð3065Þ0 ?? ? ? ? ? 3065.6� 0.4 3.5� 0.4 ΞcK̄

Ωcð3090Þ0 ?? ? ? ? ? 3090.2� 0.7 8.7� 1.3 Ξð0Þ
c K̄

Ωcð3120Þ0 ?? ? ? ? ? 3119.1� 1.0 <2.6 Ξð0Þ
c K̄
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s-wave and p-wave charmed baryons up to spin-3=2 states,

these include Λð�;��Þ
c ¼Λc;Λcð2595Þ;Λcð2625Þ;Λcð2765Þ;

Λcð2940Þðspin-1=2Þ, Λcð2940Þðspin-3=2Þ, Ξð��Þ
c ¼ Ξc;

Ξcð2790Þ;Ξcð2815Þ and Ωð�;��Þ
c ¼Ωc;Ωcð2770Þ;Ωcð3050Þ;

Ωcð3090Þ;Ωcð3120Þ.

In Table II configurations of s-wave and p-wave
charmed baryons are shown. We consider the color allowed
nonleptonic two body weak decays, where the light quarks
are spectating in the processes. These transitions are
straightforward and easier to study. There are six types
of Bb → Bc transitions to be studied in this work, namely,

TABLE II. Configurations of s-wave and p-wave singly charmed baryons are shown. The angular momenta are defined as S⃗qq,
S⃗½qq� ≡ L⃗k þ S⃗qq, J⃗l ≡ S⃗½qq� þ L⃗K and J⃗ ≡ J⃗l þ S⃗Q, which are the angular momenta of the light quark pair (without the relative orbital
angular momentum), the whole diquark system, the light-degree of freedom, and the whole baryon, respectively. The quantum number
assignments of these states are from Table I and [16], while those with (†) are taken from [6]. States with LK ¼ 0 and 1 correspond to s-
wave and p-wave states, respectively.

n LK Lk flavor Sqq SP½qq� JPl JP Bc

1 0 0 3̄f 0 0þ 0þ 1
2
þ Λþ

c , Ξþ;0
c

2 0 0 3̄f 0 0þ 0þ 1
2
þ Λcð2765Þþð†Þ

1 0 0 6f 1 1þ 1þ 1
2
þ Σcð2455Þþþ;þ;0, Ξ0þ;0

c , Ω0
c

2 0 0 6f 1 1þ 1þ 1
2
þ Ξ0

cð2970Þþ;0ð†Þ, Ωcð3090Þ0ð†Þ
1 0 0 6f 1 1þ 1þ 3

2
þ Σcð2520Þþþ;þ;0, Ξcð2645Þþ;0, Ωcð2770Þ0

2 0 0 6f 1 1þ 1þ 3
2
þ Ωcð3120Þ0ð†Þ

1 1 0 3̄f 0 0þ 1− 1
2
− Λcð2595Þþ, Ξcð2790Þþ;0

2 1 0 3̄f 0 0þ 1− 1
2
− Λcð2940Þþð†Þ

1 1 0 3̄f 0 0þ 1− 3
2
− Λcð2625Þþ, Ξcð2815Þþ;0

2 1 0 3̄f 0 0þ 1− 3
2
− Λcð2940Þþ

1 1 0 6f 1 1þ 2− 3
2
− Σcð2800Þþþ;þ;0ð†Þ, Ξ0

cð2930Þþ;0ð†Þ, Ωcð3050Þ0ð†Þ
1 1 0 6f 1 1þ 2− 5

2
− Ωcð3066Þ0ð†Þ

TABLE III. Various bottom baryon to s-wave and p-wave charmed baryon transitions are shown. There are six transition types. Types
(i)-(iii) involve s-wave states, the corresponding transitions are (i) Bbð3̄f; 1=2þÞ → Bcð3̄f; 1=2þÞ, (ii) Bbð6f; 1=2þÞ → Bcð6f; 1=2þÞ and
(iii) Bbð6f; 1=2þÞ → Bcð6f; 3=2þÞ transitions. Types (iv)–(vi) involve p-wave baryons in the final states, the corresponding transitions
are (iv) Bbð6f; 1=2þÞ → Bcð6f; 3=2−Þ, (v) Bbð3̄f; 1=2þÞ → Bcð3̄f; 1=2−Þ and (vi) Bbð3̄f; 1=2þÞ → Bcð3̄f; 3=2−Þ transitions. Note that
types (i), (v) and (vi) transitions involve scalar diquarks, while type (ii), (iii) and (iv) transitions involve axial-vector diquarks. These
diquarks are spectating in the transitions. See Tables II for the quantum number assignments for charmed baryons. Note that the asterisks
denote the transitions where the final state charmed baryons are radial excited. The two possibilities of quantum numbers for Λcð2940Þ,
namely, a Bcð3̄f; 1=2−Þ state [6] or a Bcð3̄f; 3=2−Þ state [1], will be considered in this work.

Type ðn; LK; SP½qq�; J
P
l ; J

PÞb → ðn0; L0
K; S

P
½qq�; J

0P
l ; J

0PÞc Bb → Bc

(i) ð1; 0; 0þ; 0þ; 1
2
þÞ → ð1; 0; 0þ; 0þ; 1

2
þÞ Λ0

b → Λþ
c , Ξ

0ð−Þ
b → Ξþð0Þ

c

(i) � ð1; 0; 0þ; 0þ; 1
2
þÞ → ð2; 0; 0þ; 0þ; 1

2
þÞ Λ0

b → Λcð2765Þþð†Þ
(ii) ð1; 0; 1þ; 1þ; 1

2
þÞ → ð1; 0; 1þ; 1þ; 1

2
þÞ Ω−

b → Ω0
c

(ii) � ð1; 0; 1þ; 1þ; 1
2
þÞ → ð2; 0; 1þ; 1þ; 1

2
þÞ Ω−

b → Ωcð3090Þ0ð†Þ
(iii) ð1; 0; 1þ; 1þ; 1

2
þÞ → ð1; 0; 1þ; 1þ; 3

2
þÞ Ω−

b → Ωcð2770Þ0
(iii) � ð1; 0; 1þ; 1þ; 1

2
þÞ → ð2; 0; 1þ; 1þ; 3

2
þÞ Ω−

b → Ωcð3120Þ0ð†Þ
(iv) ð1; 0; 1þ; 1þ; 1

2
þÞ → ð1; 1; 1þ; 2−; 3

2
−Þ Ω−

b → Ωcð3050Þ0ð†Þ
(v) ð1; 0; 0þ; 0þ; 1

2
þÞ → ð1; 1; 0þ; 1−; 1

2
−Þ Λ0

b → Λcð2595Þþ, Ξ0ð−Þ
b → Ξcð2790Þþð0Þ

(v) � ð1; 0; 0þ; 0þ; 1
2
þÞ → ð2; 1; 0þ; 1−; 1

2
−Þ Λ0

b → Λcð2940Þþð†Þ
(vi) ð1; 0; 0þ; 0þ; 1

2
þÞ → ð1; 1; 0þ; 1−; 3

2
−Þ Λ0

b → Λcð2625Þþ, Ξ0ð−Þ
b → Ξcð2815Þþð0Þ

(vi) � ð1; 0; 0þ; 0þ; 1
2
þÞ → ð2; 1; 0þ; 1−; 3

2
−Þ Λ0

b → Λcð2940Þþ
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(i) Bbð3̄f; 1=2þÞ to Bcð3̄f; 1=2þÞ, (ii) Bbð6f; 1=2þÞ to
Bcð6f; 1=2þÞ, (iii) Bbð6f; 1=2þÞ to Bcð6f; 3=2þÞ,
(iv) Bbð6f; 1=2þÞ to Bcð6f; 3=2−Þ, (v) Bbð3̄f; 1=2þÞ to
Bcð3̄f; 1=2−Þ, and (vi) Bbð3̄f; 1=2þÞ to Bcð3̄f; 3=2−Þ tran-
sitions. They are summarized in Table III, where more
information of the decaying particles and the final states are
given. Types (i) to (iii) involve spin 1=2 and 3=2 s-wave
charmed baryons, while types (iv) to (vi) involve spin 1=2
and 3=2 p-wave charmed baryons. Since there are two
possible quantum number assignments for Λcð2940Þ,
namely a radial excited p-wave spin-1=2 or a spin-3=2
state, it will be useful to consider both possibilities and
compare the predictions on rates and so on. The transition
form factors are calculated in the light-front quark model
approach. For some other studies one is referred to [20–36].
Wewill compare our results to those obtained in otherworks.
The analysis and the scope of this work is improved and

enlarged compared to a previous study [16] in several
aspects. All of the form factors in the 1=2 → 1=2 and
1=2 → 3=2 transitions are extracted, while 1=2 → 3=2
transitions were not considered and only 2=3 of the 1=2 →
1=2 form factors were extracted in [16]. It is useful to note
that in the heavy quark (HQ) limit, the Bb → Bc transition
matrix elements with s-wave and p-wave Bc baryon form
factors have simple behavior [22,37–41]. Form factors are
usually related in the heavy quark limit. We will compare
the form factors obtained in this work with the relations in
HQ limit. Although some deviations are expected as we are
using heavy but finitemb andmc, it is still interesting to see
how well the form factors exhibiting the patterns required
by heavy quark symmetry (HQS).
The layout of this paper is as following. In Sec. II we

shall work out the formulas of form factors for various

bottom baryon to s-wave and p-wave charmed baryon
transitions in the light-front quark model approach. In
Sec. III the numerical results of Bb → Bc transition form
factors, decay rates and up-down asymmetries of Bb →
BcM decays will be presented. In Sec. IV we give our
conclusions. Appendixes A and B are prepared to give
some details of the light-front quark model and the
derivations of the vertex functions, while some formulas
involving kinematics are collected in Appendix C.

II. OBTAINING FORM FACTORS IN THE
LIGHT-FRONT APPROACH

A. Bbð1=2Þ → Bcð1=2Þ and Bbð1=2Þ → Bcð3=2Þ
weak transitions

The Feynman diagram for a typical Bb → Bc transition,
is shown in Fig. 1. For the Bbð1=2þÞ → Bcð1=2þÞ tran-
sition, the matrix elements of c̄γμb and c̄γμγ5b currents can
be parametrized as

hBcðP0; J0zÞjc̄γμbjBbðP; JzÞi ¼ ūðP0; J0zÞ
�
fV1 ðq2Þγμ þ i

fV2 ðq2Þ
M þM0 σμνq

ν þ fV3 ðq2Þ
M þM0 qμ

�
uðP; JzÞ;

hBcðP0; J0zÞjc̄γμγ5bjBbðP; JzÞi ¼ ūðP0; J0zÞ
�
gA1 ðq2Þγμ þ i

gA2 ðq2Þ
M −M0 σμνq

ν þ gA3 ðq2Þ
M −M0 qμ

�
γ5uðP; JzÞ; ð1Þ

with q≡ P − P0. We find that it is more convenient to use g2;3=ðM −M0Þ instead of g2;3=ðM þM0Þ in the above matrix
element. Note that these parametrization are different from those used in [16]. Similarly, for the Bbð1=2þÞ → Bcð1=2−Þ
transition, we have

hBcðP0; J0zÞjc̄γμbjBbðP; JzÞi ¼ ūðP0; J0zÞ
�
gV1 ðq2Þγμ þ i

gV2 ðq2Þ
M −M0 σμνq

ν þ gV3 ðq2Þ
M −M0 qμ

�
γ5uðP; JzÞ;

hBcðP0; J0zÞjc̄γμγ5bjBbðP; JzÞi ¼ ūðP0; J0zÞ
�
fA1 ðq2Þγμ þ i

fA2 ðq2Þ
M þM0 σμνq

ν þ fA3 ðq2Þ
M þM0 qμ

�
uðP; JzÞ: ð2Þ

For the Bbð1=2þÞ → Bcð3=2þÞ transition, the Vμ and Aμ matrix elements can be parametrized as

FIG. 1. Feynman diagram for a typical Bb → Bc transition,
where the scalar or axial-vector diquark ½qq� is denoted by a
dashed line and the vertex corresponding to the c̄γμð1 − γ5Þb
current is denoted by X. The orbital angular momentum of the
Q − ½qq� system can be s-wave or p-wave.
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hBcðP0; J0zÞjc̄γμbjBbðP; JzÞi ¼ ūνðP0; J0zÞ
�
f̄V1 ðq2Þgνμ þ

f̄V2 ðq2Þ
M

Pνγμ þ
f̄V3 ðq2Þ
MM0 PνP0

μ þ
f̄V4 ðq2Þ
M2

PνPμ

�
γ5uðP; JzÞ;

hBcðP0; J0zÞjc̄γμγ5bjBbðP; JzÞi ¼ ūνðP0; J0zÞ
�
ḡA1 ðq2Þgνμ þ

ḡA2 ðq2Þ
M

Pνγμ þ
ḡA3 ðq2Þ
MM” PνP0

μ þ
ḡA4 ðq2Þ
M2

PνPμ

�
uðP; JzÞ; ð3Þ

while for the Bbð1=2þÞ → Bcð3=2−Þ transition, we have

hBcðP0; J0zÞjc̄γμbjBbðP; JzÞi ¼ ūνðP0; J0zÞ
�
ḡV1 ðq2Þgνμ þ

ḡV2 ðq2Þ
M

Pνγμ þ
ḡV3 ðq2Þ
MM0 PνP0

μ þ
ḡV4 ðq2Þ
M2

PνPμ

�
uðP; JzÞ;

hBcðP0; J0zÞjc̄γμγ5bjBbðP; JzÞi ¼ ūνðP0; J0zÞ
�
fA1 ðq2Þḡνμ þ

f̄A2 ðq2Þ
M

Pνγμ þ
f̄A3 ðq2Þ
MM” PνP0

μ þ
f̄A4 ðq2Þ
M2

PνPμ

�
γ5uðP; JzÞ: ð4Þ

Using the light-front quark model, the general expression for a Bbð1=2Þ → Bcð1=2Þ [Bbð1=2Þ → Bcð3=2Þ] transition
matrix element is given by

hBcðP0; J0zÞjc̄γμð1 − γ5ÞbjBbðP; JzÞi ¼
Z

dpþ
2 d

2p2⊥
2ð2πÞ3

ϕ0�
n0L0

K
ðfx0g; fk0⊥gÞϕ1LK

ðfxg; fk⊥gÞ
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
pþ
1 p

0þ
1 ðp1 · P̄þm1M0Þðp0

1 · P̄
0 þm0

1M
0
0Þ

p
× ūðμÞðP̄0; J0zÞΓ̄ðμÞL0

KS½qq�J
0
l
ð=p0

1 þm0
1Þγμð1 − γ5Þð=p1 þm1ÞΓLKS½qq�JluðP̄; JzÞ; ð5Þ

where the diquark is spectating in the transition and the kinematics of the constituents are

pð0Þþ
i ¼ xð0Þi Pð0Þþ; pð0Þ

i⊥ ¼ xð0Þi P⃗ð0Þ
⊥ þ k⃗ð0Þi⊥; 1 −

X2
i¼1

xð0Þi ¼
X2
i¼1

k⃗ð0Þi⊥ ¼ 0;

ðp1 − p0
1Þþ ¼ qþ; ðp⃗1 − p⃗0

1Þ⊥ ¼ q⃗⊥; p2 ¼ p0
2; p

ð0Þ2
i ¼ mð0Þ2

i : ð6Þ

In Eq. (5) Γ̄μ denotes γ0Γ†μγ0 with the vertex functions ΓðμÞ
LKS½qq�Jl given by:

Γs00ðp1; p2Þ ¼ 1;

Γs11ðp1; p2; λ2Þ ¼
γ5ffiffiffi
3

p
�
=ε�LFðp2; λ2Þ −

M0 þm1 þm2

P̄ · p2 þm2M0

ε�LFðp2; λ2Þ · P̄
�
;

Γp01ðp1; p2Þ ¼
γ5
2

ffiffiffi
3

p
�
=p1 − =p2 −

m2
1 −m2

2

M0

�
;

Γμ
p01ðp1; p2Þ ¼ −

1

2
ðp1 − p2Þμ;

Γμ
s11ðp1; p2; λ2Þ ¼ −

�
ε�μLFðp2; λ2Þ −

pμ
2

P̄ · p2 þm2M0

ε�LFðp2; λ2Þ · P̄
�
;

Γμ
p12ðp1; p2; λ2Þ ¼ −

1

2
ffiffiffiffiffi
10

p γ5

��
ε�μLFðp2; λ2Þ þ ðp1 − p2Þμ

ε�LFðp2; λ2Þ · P̄
P̄ · p2 þM0m2

��
=p1 − =p2 −

m2
1 −m2

2

M0

�

þ ðp1 − p2Þμ
�
=ε�LFðp2; λ2Þ −

ε�LFðp2; λ2Þ · P̄
M0

��
; ð7Þ
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for baryon states with a S2 ¼ 0 or S2 ¼ 1 diquark. Note that the vertex functions Γs00, Γs11 and Γp01

are taken from [16], while Γμs are new and the derivations can be found in Appendixes A and B. For the wave function,
we have

ϕnLK
≡

ffiffiffiffiffiffiffiffiffi
dk2z
dx2

s
φnLK

: ð8Þ

We shall use a Gaussian-like wave function in this work: [16,42,43]

φn¼1;LK¼sðk⃗; βÞ ¼ 4

�
π

β2

�3
4

exp

�
−
k2z þ k2⊥
2β2

�
;

φn¼1;LK¼pðk⃗; βÞ ¼
ffiffiffiffiffi
2

β2

s
φn¼1ðk⃗; βÞ;

φn¼2;LK¼sðk⃗; βÞ ¼
ffiffiffi
3

2

r �
1 −

2

3

k⃗2

β2

�
φn¼1ðk⃗; βÞ;

φn¼2;LK¼pðk⃗; βÞ ¼
ffiffiffi
5

2

r �
1 −

2

5

k⃗2

β2

�
φn¼1;LK¼pðk⃗; βÞ: ð9Þ

One is referred to Appendix A for more details.
We shall extend the formulas in [16,44,45] to project out all the form factors from the

Bbð1=2þÞ → Bcð1=2�Þ and Bbð1=2þÞ → Bcð3=2�Þ transition matrix elements shown in Eq. (5). As in [16,42,44,45],
we consider the qþ ¼ 0, q⃗⊥ ≠ 0⃗ case. By applying the following identities to Eq. (1) for Vþ, Aþ, q⃗⊥ · V⃗, q⃗⊥ · A⃗, n⃗⊥ · V⃗ and
n⃗⊥ · A⃗,

ūðP; JzÞγþuðP0; J0zÞ
2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
PþP0þp ¼ δJzJ0z ; i

ūðP; JzÞσþνa⊥νuðP0; J0zÞ
2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
PþP0þp ¼ ðσ⃗ · a⃗⊥σ3ÞJzJ0z ;

ūðP; JzÞγþγ5uðP0; J0zÞ
2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
PþP0þp ¼ ðσ3ÞJzJ0z ; i

ūðP; JzÞσþνa⊥νγ5uðP0; J0zÞ
2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
PþP0þp ¼ ðσ⃗ · a⃗⊥ÞJzJ0z ; ð10Þ

with a⊥ ¼ ð0; 0; a⃗⊥Þ, where a⃗⊥ is an arbitrary 2 − d vector, and the following identities to Eq. (5),

X
Jz;J0z

uðP̄; JzÞδJzJ0z ūðP̄0; J0zÞ ¼
1

2
ffiffiffiffiffiffiffiffiffiffiffiffiffi
PþP0þp ð=̄PþM0Þγþð=̄P0 þM0

0Þ;

X
Jz;J0z

uðP̄; JzÞðσ⃗ · a⃗⊥σ3ÞJzJ0z ūðP̄0; J0zÞ ¼
i

2
ffiffiffiffiffiffiffiffiffiffiffiffiffi
PþP0þp ð=̄PþM0Þσþνa⊥νð=̄P0 þM0

0Þ;

X
Jz;J0z

uðP̄; JzÞðσ3ÞJzJ0z ūðP̄0; J0zÞ ¼
1

2
ffiffiffiffiffiffiffiffiffiffiffiffiffi
PþP0þp ð=̄PþM0Þγþγ5ð=P0 þM0

0Þ;

X
Jz;J0z

uðP̄; JzÞðσ⃗ · a⃗⊥ÞJzJ0z ūðP̄0; J0zÞ ¼
i

2
ffiffiffiffiffiffiffiffiffiffiffiffiffi
PþP0þp ð=̄PþM0Þσþνa⊥νγ5ð=̄P0 þM0

0Þ; ð11Þ

we obtain
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fV1 ðq2Þ ¼
Z

dpþ
2 d

2p2⊥
2ð2πÞ3

ϕ0�
n0L0

K
ðfx0g; fk0⊥gÞϕ1LK

ðfxg; fk⊥gÞ
16PþP0þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

p0þ
1 pþ

1 ðp0
1 · P̄

0 þm0
1M

0
0Þðp1 · P̄þm1M0Þ

p
× Tr½ð=̄PþM0Þγþð=̄P0 þM0

0ÞΓ̄L0
KS½qq�J

0
l
ð=p0

1 þm0
1Þγþð=p1 þm1ÞΓLKS½qq�Jl �;

fV2 ðq2Þq2
M þM0 ¼ i

Z
dpþ

2 d
2p2⊥

2ð2πÞ3
ϕ0�
n0L0

K
ðfx0g; fk0⊥gÞϕ1LK

ðfxg; fk⊥gÞ
16PþP0þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

p0þ
1 pþ

1 ðp0
1 · P̄

0 þm0
1M

0
0Þðp1 · P̄þm1M0Þ

p
× Tr½ð=̄PþM0Þσþνq⊥νð=̄P0 þM0

0ÞΓ̄L0
KS½qq�J

0
l
ð=p0

1 þm0
1Þγþð=p1 þm1ÞΓLKS½qq�Jl �;

fV3 ðq2Þ − fV1 ðq2Þ ¼
Z

dpþ
2 d

2p2⊥
2ð2πÞ3

ϕ0�
n0L0

K
ðfx0g; fk0⊥gÞϕ1LK

ðfxg; fk⊥gÞ
8q2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
PþP0þp ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

p0þ
1 pþ

1 ðp0
1 · P̄

0 þm0
1M

0
0Þðp1 · P̄þm1M0Þ

p
× Tr½ð=̄PþM0Þγþð=̄P0 þM0

0ÞΓ̄L0
KS½qq�J

0
l
ð=p0

1 þm0
1Þ=q⊥ð=p1 þm1ÞΓLKS½qq�Jl �;

fV1 ðq2Þ − fV2 ðq2Þ ¼
−i

M −M0

Z
dpþ

2 d
2p2⊥

2ð2πÞ3
ϕ0�
n0L0

K
ðfx0g; fk0⊥gÞϕ1LK

ðfxg; fk⊥gÞ
8

ffiffiffiffiffiffiffiffiffiffiffiffiffi
PþP0þp ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

p0þ
1 pþ

1 ðp0
1 · P̄

0 þm0
1M

0
0Þðp1 · P̄þm1M0Þ

p
× Tr½ð=̄PþM0Þσþνn⊥νð=̄P0 þM0

0ÞΓ̄L0
KS½qq�J

0
l
ð=p0

1 þm0
1Þ=n⊥ð=p1 þm1ÞΓLKS½qq�Jl �;

gA1 ðq2Þ ¼
Z

dpþ
2 d

2p2⊥
2ð2πÞ3

ϕ0�
n0L0

K
ðfx0g; fk0⊥gÞϕ1LK

ðfxg; fk⊥gÞ
16PþP0þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

p0þ
1 pþ

1 ðp0
1 · P̄

0 þm0
1M

0
0Þðp1 · P̄þm1M0Þ

p
× Tr½ð=̄PþM0Þγþγ5ð=̄P0 þM0

0ÞΓ̄L0
KS½qq�J

0
l
ð=p0

1 þm0
1Þγþγ5ð=p1 þm1ÞΓLKS½qq�Jl �;

gA2 ðq2Þq2
M −M0 ¼ −i

Z
dpþ

2 d
2p2⊥

2ð2πÞ3
ϕ0�
n0L0

K
ðfx0g; fk0⊥gÞϕ1LK

ðfxg; fk⊥gÞ
16PþP0þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

p0þ
1 pþ

1 ðp0
1 · P̄

0 þm0
1M

0
0Þðp1 · P̄þm1M0Þ

p
× Tr½ð=̄PþM0Þσþνq⊥νγ5ð=̄P0 þM0

0ÞΓ̄L0
KS½qq�J

0
l
ð=p0

1 þm0
1Þγþγ5ð=p1 þm1ÞΓLKS½qq�Jl �;

gA1 ðq2Þ þ gA3 ðq2Þ ¼ −
Z

dpþ
2 d

2p2⊥
2ð2πÞ3

ϕ0�
n0L0

K
ðfx0g; fk0⊥gÞϕ1LK

ðfxg; fk⊥gÞ
8q2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
PþP0þp ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

p0þ
1 pþ

1 ðp0
1 · P̄

0 þm0
1M

0
0Þðp1 · P̄þm1M0Þ

p
× Tr½ð=̄PþM0Þγþγ5ð=̄P0 þM0

0ÞΓ̄L0
KS½qq�J

0
l
ð=p0

1 þm0
1Þ=q⊥γ5ð=p1 þm1ÞΓLKS½qq�Jl �;

gA1 ðq2Þ þ gA2 ðq2Þ ¼
−i

M þM0

Z
dpþ

2 d
2p2⊥

2ð2πÞ3
ϕ0�
n0L0

K
ðfx0g; fk0⊥gÞϕ1LK

ðfxg; fk⊥gÞ
8

ffiffiffiffiffiffiffiffiffiffiffiffiffi
PþP0þp ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

p0þ
1 pþ

1 ðp0
1 · P̄

0 þm0
1M

0
0Þðp1 · P̄þm1M0Þ

p
× Tr½ð=̄PþM0Þσþνn⊥νγ5ð=̄P0 þM0

0ÞΓ̄L0
KS½qq�J

0
l
ð=p0

1 þm0
1Þ=n⊥γ5ð=p1 þm1ÞΓLKS½qq�Jl �; ð12Þ

with q⊥ ≡ ð0; 0; q⃗⊥Þ, n⊥ ≡ ð0; 0; n⃗⊥Þ, n2⊥ ¼ −1 and n⃗⊥ · q⃗⊥ ¼ 0. In Ref. [16,44,45] only f1;2 and g1;2 can be extracted.
Now we can extract all form factors. Note that the above equations are over constraining in determining fi and gi. There are
consistency relations needed to be satisfied. The equations involving f1, f2 and f1 − f2 need to be consistent and likewise
for those involving g1, g2 and g1 þ g2.
Similarly, for Bbð1=2þÞ → Bcð1=2−Þ transition, we have

fA1 ðq2Þ ¼
Z

dpþ
2 d

2p2⊥
2ð2πÞ3

ϕ0�
n0L0

K
ðfx0g; fk0⊥gÞϕ1LK

ðfxg; fk⊥gÞ
16PþP0þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

p0þ
1 pþ

1 ðp0
1 · P̄

0 þm0
1M

0
0Þðp1 · P̄þm1M0Þ

p
× Tr½ð=̄PþM0Þγþð=̄P0 þM0

0ÞΓ̄L0
KS½qq�J

0
l
ð=p0

1 þm0
1Þγþγ5ð=p1 þm1ÞΓLKS½qq�Jl �;

fA2 ðq2Þq2
M þM0 ¼ i

Z
dpþ

2 d
2p2⊥

2ð2πÞ3
ϕ0�
n0L0

K
ðfx0g; fk0⊥gÞϕ1LK

ðfxg; fk⊥gÞ
16PþP0þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

p0þ
1 pþ

1 ðp0
1 · P̄

0 þm0
1M

0
0Þðp1 · P̄þm1M0Þ

p
× Tr½ð=̄PþM0Þσþνq⊥νð=̄P0 þM0

0ÞΓ̄L0
KS½qq�J

0
l
ð=p0

1 þm0
1Þγþγ5ð=p1 þm1ÞΓLKS½qq�Jl �;

fA3 ðq2Þ − fA1 ðq2Þ ¼
Z

dpþ
2 d

2p2⊥
2ð2πÞ3

ϕ0�
n0L0

K
ðfx0g; fk0⊥gÞϕ1LK

ðfxg; fk⊥gÞ
8q2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
PþP0þp ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

p0þ
1 pþ

1 ðp0
1 · P̄

0 þm0
1M

0
0Þðp1 · P̄þm1M0Þ

p
× Tr½ð=̄PþM0Þγþð=̄P0 þM0

0ÞΓ̄L0
KS½qq�J

0
l
ð=p0

1 þm0
1Þ=q⊥γ5ð=p1 þm1ÞΓLKS½qq�Jl �;
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fA1 ðq2Þ − fA2 ðq2Þ ¼
−i

M −M0

Z
dpþ

2 d
2p2⊥

2ð2πÞ3
ϕ0�
n0L0

K
ðfx0g; fk0⊥gÞϕ1LK

ðfxg; fk⊥gÞ
8

ffiffiffiffiffiffiffiffiffiffiffiffiffi
PþP0þp ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

p0þ
1 pþ

1 ðp0
1 · P̄

0 þm0
1M

0
0Þðp1 · P̄þm1M0Þ

p
× Tr½ð=̄PþM0Þσþνn⊥νð=̄P0 þM0

0ÞΓ̄L0
KS½qq�J

0
l
ð=p0

1 þm0
1Þ=n⊥γ5ð=p1 þm1ÞΓLKS½qq�Jl �;

gV1 ðq2Þ ¼
Z

dpþ
2 d

2p2⊥
2ð2πÞ3

ϕ0�
n0L0

K
ðfx0g; fk0⊥gÞϕ1LK

ðfxg; fk⊥gÞ
16PþP0þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

p0þ
1 pþ

1 ðp0
1 · P̄

0 þm0
1M

0
0Þðp1 · P̄þm1M0Þ

p
× Tr½ð=̄PþM0Þγþγ5ð=̄P0 þM0

0ÞΓ̄L0
KS½qq�J

0
l
ð=p0

1 þm0
1Þγþð=p1 þm1ÞΓLKS½qq�Jl �;

gV2 ðq2Þq2
M −M0 ¼ −i

Z
dpþ

2 d
2p2⊥

2ð2πÞ3
ϕ0�
n0L0

K
ðfx0g; fk0⊥gÞϕ1LK

ðfxg; fk⊥gÞ
16PþP0þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

p0þ
1 pþ

1 ðp0
1 · P̄

0 þm0
1M

0
0Þðp1 · P̄þm1M0Þ

p
× Tr½ð=̄PþM0Þσþνq⊥νγ5ð=̄P0 þM0

0ÞΓ̄L0
KS½qq�J

0
l
ð=p0

1 þm0
1Þγþð=p1 þm1ÞΓLKS½qq�Jl �;

gV1 ðq2Þ þ gV3 ðq2Þ ¼ −
Z

dpþ
2 d

2p2⊥
2ð2πÞ3

ϕ0�
n0L0

K
ðfx0g; fk0⊥gÞϕ1LK

ðfxg; fk⊥gÞ
8q2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
PþP0þp ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

p0þ
1 pþ

1 ðp0
1 · P̄

0 þm0
1M

0
0Þðp1 · P̄þm1M0Þ

p
× Tr½ð=̄PþM0Þγþγ5ð=̄P0 þM0

0ÞΓ̄L0
KS½qq�J

0
l
ð=p0

1 þm0
1Þ=q⊥γ5ð=p1 þm1ÞΓLKS½qq�Jl �;

gV1 ðq2Þ þ gV2 ðq2Þ ¼
−i

M þM0

Z
dpþ

2 d
2p2⊥

2ð2πÞ3
ϕ0�
n0L0

K
ðfx0g; fk0⊥gÞϕ1LK

ðfxg; fk⊥gÞ
8

ffiffiffiffiffiffiffiffiffiffiffiffiffi
PþP0þp ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

p0þ
1 pþ

1 ðp0
1 · P̄

0 þm0
1M

0
0Þðp1 · P̄þm1M0Þ

p
× Tr½ð=̄PþM0Þσþνn⊥νγ5ð=̄P0 þM0

0ÞΓ̄L0
KS½qq�J

0
l
ð=p0

1 þm0
1Þ=n⊥ð=p1 þm1ÞΓLKS½qq�Jl �; ð13Þ

with q⊥ ≡ ð0; 0; q⃗⊥Þ, n⊥ ≡ ð0; 0; n⃗⊥Þ, n2⊥ ¼ −1 and n⃗⊥ · q⃗⊥ ¼ 0.
The following identities are useful in extracting 1=2 → 3=2 transition form factors,

δSzS0z ¼
ffiffiffi
3

2

r
M0

P0þ
ūðP0; S0zÞγþuþðP; SzÞ

2
ffiffiffiffiffiffiffiffiffiffiffiffiffi
PþP0þp ;

ðσ⃗ · a⃗⊥σ3ÞS0zSz ¼
ffiffiffi
3

2

r
M0

P0þ i
ūðP; SzÞσþνa⊥νuþðP0; S0zÞ

2
ffiffiffiffiffiffiffiffiffiffiffiffiffi
PþP0þp ;

ðσ3ÞSzS0z ¼
ffiffiffi
3

2

r
M0

P0þ
ūðP; SzÞγþγ5uþðP0; S0zÞ

2
ffiffiffiffiffiffiffiffiffiffiffiffiffi
PþP0þp ;

ðσ⃗ · a⃗⊥ÞSzS0z ¼
ffiffiffi
3

2

r
M0

0

P0þ i
ūðP; SzÞσþνa⊥νγ5uþðP0; S0zÞ

2
ffiffiffiffiffiffiffiffiffiffiffiffiffi
PþP0þp ; ð14Þ

and1

X
Sz;S0z¼�1=2

uðP̄; SzÞðσ3ÞSzS0z ūμðP̄0; S0zÞ ¼
ffiffiffi
3

p
M0

0

2
ffiffiffi
2

p
P0þ ffiffiffiffiffiffiffiffiffiffiffiffiffi

PþP0þp ð=̄PþM0Þγþγ5PþμðP̄0Þ;

X
Sz;S0z¼�1=2

uðP̄; SzÞðσ⊥ · a⃗⊥ÞSzS0z ūμðP̄0; S0zÞ ¼
ffiffiffi
3

p
M0

0i

2
ffiffiffi
2

p
P0þ ffiffiffiffiffiffiffiffiffiffiffiffiffi

PþP0þp ð=̄PþM0Þσþνa⊥νγ5PþμðP̄0Þ;

X
Sz;S0z¼�1=2

uðP̄; SzÞδSzS0z ūμðP̄0; S0zÞ ¼
ffiffiffi
3

p
M0

0

2
ffiffiffi
2

p
P0þ ffiffiffiffiffiffiffiffiffiffiffiffiffi

PþP0þp ð=̄PþM0ÞγþPþμðP̄0Þ;

X
Sz;S0z¼�1=2

uμðP̄; SzÞðσ⃗⊥ · a⃗⊥σ3ÞSzS0z ūμðP̄0; S0zÞ ¼
ffiffiffi
3

p
M0

0i

2
ffiffiffi
2

p
P0þ ffiffiffiffiffiffiffiffiffiffiffiffiffi

PþP0þp ð=̄PþM0Þσþνa⊥νPþμðP̄0Þ; ð15Þ

with (see, e.g., [46])

1Note that since we have uþðP̄0;�3=2Þ ¼ uðP̄0;�1=2ÞεþLFð�1Þ ¼ 0, see Eq. (B3), we can easily promote the sum in S0z ¼
−1=2;þ1=2 to J0z ¼ −3=2;−1=2; 1=2; 3=2 and, consequently, the convenient full polarization sum formula, Eq. (16) can be used.
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PμνðP̄0Þ≡ X3=2
J0z¼−3=2

uμðP̄0; J0zÞūνðP̄0; J0zÞ ¼ −ð=̄P0 þM0
0Þ
�
GμνðP̄0Þ − 1

3
GμσðP̄0ÞGνλðP̄0Þγσγλ

�
; ð16Þ

where GμνðP̄0Þ is defined as

GμνðP̄0Þ≡ gμν −
P̄0
μP̄0

ν

M02
0

: ð17Þ

We apply Eq. (14) to Eq. (3) for Vþ, Aþ, q⃗⊥ · V⃗, q⃗⊥ · A⃗, n⃗⊥ · V⃗, and n⃗⊥ · A⃗, and apply Eq. (15) to Eq. (5), and obtain, for the
Bbð1=2þÞ → Bcð3=2þÞ transition,

FV
1 ðq2Þ ¼

Z
dx2d2k2⊥
2ð2πÞ3

3M0
0

P0þ
ϕ0�
n0L0

K
ðfx0g; fk0⊥gÞϕ1LK

ðfxg; fk⊥gÞ
8PþP0þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

½ðm1 þ x1M0Þ2 þ k21⊥�½ðm0
1 þ x1M0

0Þ2 þ k021⊥�
p

× Tr½ð=̄PþM0Þγþγ5PþμΓ̄μL0
KS½qq�J

0
l
ð=p0

1 þm0
1Þγþð=p1 þm1ÞΓLKS½qq�Jl �;

FV
2 ðq2Þ ¼ −i

Z
dx2d2k2⊥
2ð2πÞ3

3M0
0

P0þ
ϕ0�
n0L0

K
ðfx0g; fk0⊥gÞϕ1LK

ðfxg; fk⊥gÞ
8PþP0þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

½ðm1 þ x1M0Þ2 þ k21⊥�½ðm0
1 þ x1M0

0Þ2 þ k021⊥�
p

× Tr½ð=̄PþM0Þσþνq⊥νγ5PþμΓ̄μL0
KS½qq�J

0
l
ð=p0

1 þm0
1Þγþð=p1 þm1ÞΓLKS½qq�Jl �;

FV
3 ðq2Þ ¼

Z
dx2d2k2⊥
2ð2πÞ3

3M0
0

P0þ
ϕ0�
n0L0

K
ðfx0g; fk0⊥gÞϕ1LK

ðfxg; fk⊥gÞ
4

ffiffiffiffiffiffiffiffiffiffiffiffiffi
PþP0þp ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi½ðm1 þ x1M0Þ2 þ k21⊥�½ðm0

1 þ x1M0
0Þ2 þ k021⊥�

p
× Tr½ð=̄PþM0Þγþγ5PþμΓ̄μL0

KS½qq�J
0
l
ð=p0

1 þm0
1Þ=q⊥ð=p1 þm1ÞΓLKS½qq�Jl �;

FV
4 ðq2Þ ¼ −i

Z
dx2d2k2⊥
2ð2πÞ3

3M0
0

P0þ
ϕ0�
n0L0

K
ðfx0g; fk0⊥gÞϕ1LK

ðfxg; fk⊥gÞ
4

ffiffiffiffiffiffiffiffiffiffiffiffiffi
PþP0þp ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

½ðm1 þ x1M0Þ2 þ k21⊥�½ðm0
1 þ x1M0

0Þ2 þ k021⊥�
p

× Tr½ð=̄PþM0Þσþνq⊥νγ5PþμΓ̄μL0
KS½qq�J

0
l
ð=p0

1 þm0
1Þ=n⊥ð=p1 þm1ÞΓLKS½qq�Jl �;

GA
1 ðq2Þ ¼

Z
dx2d2k2⊥
2ð2πÞ3

3M0
0

P0þ
ϕ0�
n0L0

K
ðfx0g; fk0⊥gÞϕ1LK

ðfxg; fk⊥gÞ
8PþP0þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

½ðm1 þ x1M0Þ2 þ k21⊥�½ðm0
1 þ x1M0

0Þ2 þ k021⊥�
p

× Tr½ð=̄PþM0ÞγþPþμΓ̄μL0
KS½qq�J

0
l
ð=p0

1 þm0
1Þγþγ5ð=p1 þm1ÞΓLKS½qq�Jl �;

GA
2 ðq2Þ ¼ i

Z
dx2d2k2⊥
2ð2πÞ3

3M0
0

P0þ
ϕ0�
n0L0

K
ðfx0g; fk0⊥gÞϕ1LK

ðfxg; fk⊥gÞ
8PþP0þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

½ðm1 þ x1M0Þ2 þ k21⊥�½ðm0
1 þ x1M0

0Þ2 þ k021⊥�
p

× Tr½ð=̄PþM0Þσþνq⊥νPþμΓ̄μL0
KS½qq�J

0
l
ð=p0

1 þm0
1Þγþγ5ð=p1 þm1ÞΓLKS½qq�Jl �:

GA
3 ðq2Þ ¼

Z
dx2d2k2⊥
2ð2πÞ3

3M0
0

P0þ
ϕ0�
n0L0

K
ðfx0g; fk0⊥gÞϕ1LK

ðfxg; fk⊥gÞ
4

ffiffiffiffiffiffiffiffiffiffiffiffiffi
PþP0þp ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

½ðm1 þ x1M0Þ2 þ k21⊥�½ðm0
1 þ x1M0

0Þ2 þ k021⊥�
p

× Tr½ð=̄PþM0ÞγþPþμΓ̄μL0
KS½qq�J

0
l
ð=p0

1 þm0
1Þ=q⊥γ5ð=p1 þm1ÞΓLKS½qq�Jl �;

GA
4 ðq2Þ ¼ i

Z
dx2d2k2⊥
2ð2πÞ3

3M0
0

P0þ
ϕ0�
n0L0

K
ðfx0g; fk0⊥gÞϕ1LK

ðfxg; fk⊥gÞ
8PþP0þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

½ðm1 þ x1M0Þ2 þ k21⊥�½ðm0
1 þ x1M0

0Þ2 þ k021⊥�
p

× Tr½ð=̄PþM0Þσþνn⊥νPþμΓ̄μL0
KS½qq�J

0
l
ð=p0

1 þm0
1Þ=n⊥γ5ð=p1 þm1ÞΓLKS½qq�Jl �; ð18Þ

with q⊥ ≡ ð0; 0; q⃗⊥Þ, n⊥ ≡ ð0; 0; n⃗⊥Þ, n2⊥ ¼ −1, n⃗⊥ · q⃗⊥ ¼ 0 and
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FV
1 ðq2Þ≡M0−M

M0

�
f̄V1 ðq2Þ−

�
MþM0þ q2

ðM0−MÞ
�
f̄V2 ðq2Þ
M

þ1

2

�
M2−M02−q2

2M0−M
M0−M

��
f̄V3 ðq2Þ
MM0 þ

f̄V4 ðq2Þ
M2

��
;

FV
2 ðq2Þ≡ q2

M0

�
f̄V1 ðq2Þ−

M0

M
f̄V2 ðq2Þþ

1

2
ðM2þM0M−2M02−q2Þ

�
f̄V3 ðq2Þ
MM0 þ

f̄V4 ðq2Þ
M2

��
;

FV
3 ðq2Þ≡ q2

M0

�
ð2M−3M0Þf̄V1 ðq2Þþðq2−ðM−2M0ÞðMþM0ÞÞf̄

V
2 ðq2Þ
M

þ½ðM−M0Þ2ðMþM0Þ−q2ðM−2M0Þ�f̄
V
3 ðq2Þ
MM0

�
;

FV
4 ðq2Þ≡ðM0−MÞ

�
f̄V1 ðq2Þþ

�
ðMþM0Þ2−q2

Mþ2M0

ðM0−MÞ
�
f̄V2 ðq2Þ
MM0

�
;

GA
1 ðq2Þ≡M0þM

M0

�
ḡA1 ðq2Þþ

�
M−M0−

q2

ðM0þMÞ
�
ḡA2 ðq2Þ
M

þ1

2

�
M2−M02−q2

2M0þM
M0þM

��
ḡA3 ðq2Þ
MM0 þ

ḡA4 ðq2Þ
M2

��
;

GA
2 ðq2Þ≡ q2

M0

�
ḡA1 ðq2Þ−

M0

M
ḡA2 ðq2Þþ

1

2
ðM2−M0M−2M02−q2Þ

�
ḡA3 ðq2Þ
MM0 þ

ḡA4 ðq2Þ
M2

��
;

GA
3 ðq2Þ≡ q2

M0

�
−ð2Mþ3M0Þf̄V1 ðq2Þþðq2−ðMþ2M0ÞðM−M0ÞÞf̄

V
2 ðq2Þ
M

þ½−ðMþM0Þ2ðM−M0Þþq2ðMþ2M0Þ�f̄
V
3 ðq2Þ
MM0

�
:

GA
4 ðq2Þ≡ðM0þMÞ

�
ḡA1 ðq2Þþ

�
−ðM0−MÞ2þq2

M−2M0

ðM0þMÞ
�
ḡA2 ðq2Þ
MM0

�
: ð19Þ

Similarly, for Bbð1=2þÞ → Bcð3=2−Þ transition, we have

FA
1 ðq2Þ ¼

Z
dx2d2k2⊥
2ð2πÞ3

3M0
0

P0þ
ϕ0�
n0L0

K
ðfx0g; fk0⊥gÞϕ1LK

ðfxg; fk⊥gÞ
8PþP0þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

½ðm1 þ x1M0Þ2 þ k21⊥�½ðm0
1 þ x1M0

0Þ2 þ k021⊥�
p

× Tr½ð=̄PþM0Þγþγ5PþμΓ̄μL0
KS½qq�J

0
l
ð=p0

1 þm0
1Þγþγ5ð=p1 þm1ÞΓLKS½qq�Jl �;

FA
2 ðq2Þ ¼ −i

Z
dx2d2k2⊥
2ð2πÞ3

3M0
0

P0þ
ϕ0�
n0L0

K
ðfx0g; fk0⊥gÞϕ1LK

ðfxg; fk⊥gÞ
8PþP0þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

½ðm1 þ x1M0Þ2 þ k21⊥�½ðm0
1 þ x1M0

0Þ2 þ k021⊥�
p

× Tr½ð=̄PþM0Þσþνq⊥νγ5PþμΓ̄μL0
KS½qq�J

0
l
ð=p0

1 þm0
1Þγþγ5ð=p1 þm1ÞΓLKS½qq�Jl �;

FA
3 ðq2Þ ¼

Z
dx2d2k2⊥
2ð2πÞ3

3M0
0

P0þ
ϕ0�
n0L0

K
ðfx0g; fk0⊥gÞϕ1LK

ðfxg; fk⊥gÞ
4

ffiffiffiffiffiffiffiffiffiffiffiffiffi
PþP0þp ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi½ðm1 þ x1M0Þ2 þ k21⊥�½ðm0

1 þ x1M0
0Þ2 þ k021⊥�

p
× Tr½ð=̄PþM0Þγþγ5PþμΓ̄μL0

KS½qq�J
0
l
ð=p0

1 þm0
1Þ=q⊥γ5ð=p1 þm1ÞΓLKS½qq�Jl �;

FA
4 ðq2Þ ¼ −i

Z
dx2d2k2⊥
2ð2πÞ3

3M0
0

P0þ
ϕ0�
n0L0

K
ðfx0g; fk0⊥gÞϕ1LK

ðfxg; fk⊥gÞ
4

ffiffiffiffiffiffiffiffiffiffiffiffiffi
PþP0þp ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

½ðm1 þ x1M0Þ2 þ k21⊥�½ðm0
1 þ x1M0

0Þ2 þ k021⊥�
p

× Tr½ð=̄PþM0Þσþνq⊥νγ5PþμΓ̄μL0
KS½qq�J

0
l
ð=p0

1 þm0
1Þ=n⊥γ5ð=p1 þm1ÞΓLKS½qq�Jl �;

GV
1 ðq2Þ ¼

Z
dx2d2k2⊥
2ð2πÞ3

3M0
0

P0þ
ϕ0�
n0L0

K
ðfx0g; fk0⊥gÞϕ1LK

ðfxg; fk⊥gÞ
8PþP0þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

½ðm1 þ x1M0Þ2 þ k21⊥�½ðm0
1 þ x1M0

0Þ2 þ k021⊥�
p

× Tr½ð=̄PþM0ÞγþPþμΓ̄μL0
KS½qq�J

0
l
ð=p0

1 þm0
1Þγþð=p1 þm1ÞΓLKS½qq�Jl �;

GV
2 ðq2Þ ¼ i

Z
dx2d2k2⊥
2ð2πÞ3

3M0
0

P0þ
ϕ0�
n0L0

K
ðfx0g; fk0⊥gÞϕ1LK

ðfxg; fk⊥gÞ
8PþP0þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

½ðm1 þ x1M0Þ2 þ k21⊥�½ðm0
1 þ x1M0

0Þ2 þ k021⊥�
p

× Tr½ð=̄PþM0Þσþνq⊥νPþμΓ̄μL0
KS½qq�J

0
l
ð=p0

1 þm0
1Þγþð=p1 þm1ÞΓLKS½qq�Jl �:
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GV
3 ðq2Þ ¼

Z
dx2d2k2⊥
2ð2πÞ3

3M0
0

P0þ
ϕ0�
n0L0

K
ðfx0g; fk0⊥gÞϕ1LK

ðfxg; fk⊥gÞ
4

ffiffiffiffiffiffiffiffiffiffiffiffiffi
PþP0þp ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi½ðm1 þ x1M0Þ2 þ k21⊥�½ðm0

1 þ x1M0
0Þ2 þ k021⊥�

p
× Tr½ð=̄PþM0ÞγþPþμΓ̄μL0

KS½qq�J
0
l
ð=p0

1 þm0
1Þ=q⊥ð=p1 þm1ÞΓLKS½qq�Jl �;

GV
4 ðq2Þ ¼ i

Z
dx2d2k2⊥
2ð2πÞ3

3M0
0

P0þ
ϕ0�
n0L0

K
ðfx0g; fk0⊥gÞϕ1LK

ðfxg; fk⊥gÞ
8PþP0þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi½ðm1 þ x1M0Þ2 þ k21⊥�½ðm0

1 þ x1M0
0Þ2 þ k021⊥�

p
× Tr½ð=̄PþM0Þσþνn⊥νPþμΓ̄μL0

KS½qq�J
0
l
ð=p0

1 þm0
1Þ=n⊥ð=p1 þm1ÞΓLKS½qq�Jl �; ð20Þ

with q⊥ ≡ ð0; 0; q⃗⊥Þ, n⊥ ≡ ð0; 0; n⃗⊥Þ, n2⊥ ¼ −1 and n⃗⊥ · q⃗⊥ ¼ 0. The expressions of FA
i and GV

i in terms of fAi and gVi are
similar to those of FV

i and GA
i in Eq. (19), by with V and A exchanged.

One can solve for f̄i and ḡi once Fi and Gi are known. It should be noted that there are relations in the q2 → 0 limit:

lim
q2→0

�
FV;A

4 ðq2Þ− ðMþ2M0ÞFV;A
1 ðq2ÞþðM02−M2ÞF

V;A
2 ðq2Þ
q2

�
¼ 0;

lim
q2→0

�
GA;V
4 ðq2ÞþðM−2M0ÞGA;V

1 ðq2ÞþðM02−M2ÞG
A;V
2 ðq2Þ
q2

�
¼ 0: ð21Þ

These are the consistency relations in the 1=2 → 3=2
case. In fact, they ensure the resulting form factors f̄i
and ḡi to be finite in the q2→0 limit, i.e., limq2→0q

2f̄iðq2Þ¼
limq2→0q

2ḡiðq2Þ¼0.2 Furthermore, we will expect

lim
q2→0

f̄iðq2Þ ¼ lim
q2→0

d
dq2

½q2f̄iðq2Þ�;

lim
q2→0

ḡiðq2Þ ¼ lim
q2→0

d
dq2

½q2ḡiðq2Þ�; ð23Þ

to hold.
Most of the traces in Eqs. (12), (13), (18), and (20) are

rather complicated to work out. We find that it is convenient

to work in the P⃗⊥ ¼ 0⃗ frame and all of the traces can be
obtained with the help of the FEYNCALC program [47,48].
The final expressions of the form factors can be obtained
using the kinematics of light-front quantities collected in
Appendix A. We found that all of the Pþ and P0þ factors in
these equations cancel out in the final expressions as they
should.

B. Form factors for Bbð3̄f;1=2+ Þ → Bcð3̄f;1=2+ Þ
transition [type (i)]

The Bbð3̄f; 1=2þÞ → Bcð3̄f; 1=2þÞ transitions involve
initial states in ðn; LK; SP½qq�; J

P
l ; J

PÞb ¼ ð1; 0; 0þ; 0þ; 1
2
þÞ

configuration and final states in ðn0; L0
K; S

P
½qq�; J

0P
l ; J

0PÞc ¼
ðn0; 0; 0þ; 0þ; 1

2
þÞ configurations (with n0 ¼ 1, 2). This type

of transition consists of Λ0
b → Λþ

c , Ξ0ð−Þ
b → Ξþð0Þ

c and
Λ0
b → Λcð2765Þþ transitions. In these transitions the spec-

tating diquarks are scalar diquarks ½ud�, ½us� and ½ds�. To
obtain form factors fVi and gAi , we use Eq. (12) with
ΓLKS½qq�Jl ¼ Γs00ðp1; p2Þ, Γ̄L0

KS½qq�J
0
l
¼ Γ̄s00ðp0

1; p2Þ, which
are given in Eq. (7), and n0 ¼ 1, 2.

C. Form factors for Bbð6f;1=2+ Þ → Bcð6f;1=2+ Þ
transition [type (ii)]

The Bbð6f; 1=2þÞ → Bcð6f; 1=2þÞ transitions involve
initial states in ðn; LK; SP½qq�; J

P
l ; J

PÞb ¼ ð1; 0; 1þ; 1þ; 1
2
þÞ

configuration and final states in ðn0; L0
K; S

P
½qq�; J

0P
l ; J

0PÞc ¼
ðn0; 0; 1þ; 1þ; 1

2
þÞ configurations (with n0 ¼ 1, 2). This type

of transition consists of Ω−
b → Ω0

c and Ω−
b → Ωcð3090Þ0

transitions. In these transitions the spectating diquarks are
axial-vector diquarks ½ss�. To obtain form factors fVi and
gAi , we use Eq. (12) with ΓLKS½qq�Jl ¼ Γs11ðp1; p2; λ2Þ,

2To see this we denote equations of F i in Eq. (19) as0
BBBBB@

F 1

F 2=q2

F 3=q2

F 4

1
CCCCCA ¼ A

0
BBBBB@

f̄1

f̄2

f̄3

f̄4

1
CCCCCA; ð22Þ

where A is a 4 × 4 matrix with elements correspond to the
coefficients of f̄i in Eq. (19). It is well known that f̄i can be
obtained by acting the inverse matrix A−1 ¼ adjðAÞ=jAj on
ðF 1;F 2=q2;F 3=q2;F 4ÞT , where adjðAÞ is the adjugate matrix
of A. For q2 approaches 0 the determinant of A, jAj ¼ Oðq2Þ,
approaches 0, which seems to lead to diverging f̄ið0Þ as the
denominator of ½adjðAÞ · ðF 1;F 2=q2;F 3=q2;F 4ÞT �=jAj is ap-
proaching 0, but it can be shown that the numerator,
adjðAÞ · ðF 1;F 2=q2;F 3=q2;F 4ÞT , is proportional to the l.h.s.
of first equation in Eq. (21) for small q2 and also approaches 0.
Hence, with the help of the first equation in Eq. (21) the limit of
f̄iðq2Þ for q2 approaching 0 can be obtained by using the
L’Hôpital’s rule and we find that finite f̄ið0Þ can be obtained
in this way. Similar argument holds for the Gi, ḡi case.
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Γ̄L0
KS½qq�J

0
l
¼ Γ̄s11ðp0

1; p2; λ2Þ, which are given in Eq. (7), and
n0 ¼ 1, 2. Note that one needs to sum over the axial-vector
diquark polarization (λ2).

D. Form factors for Bbð6f;1=2+ Þ → Bcð6f;3=2+ Þ
transition [type (iii)]

The Bbð6f; 1=2þÞ → Bcð6f; 3=2þÞ transitions involve
initial states in ðn; LK; SP½qq�; J

P
l ; J

PÞb ¼ ð1; 0; 1þ; 1þ; 1
2
þÞ

configuration and final states in ðn0; L0
K; S

P
½qq�; J

0P
l ; J

0PÞc ¼
ðn0; 0; 1þ; 1þ; 3

2
þÞ configurations (with n0 ¼ 1, 2). This

type of transition consists of Ω−
b → Ωcð2770Þ0 and

Ω−
b → Ωcð3119Þ0 transitions. In these transitions the spec-

tating diquarks are axial-vector diquarks ½ss�. To obtain
form factors f̄Vi and ḡAi , we use Eq. (18) with ΓLKS½qq�Jl ¼
Γs11ðp1; p2; λ2Þ, Γ̄μ

L0
KS½qq�J

0
l
¼ Γ̄μ

s11ðp0
1; p2; λ2Þ, which are

given in Eq. (7), and n0 ¼ 1, 2. Note that one needs to
sum over the axial-vector diquark polarization (λ2).

E. Form factors for Bbð6f;1=2+ Þ → Bcð6f;3=2− Þ
transition [type (iv)]

The Bbð6f; 1=2þÞ → Bcð6f; 3=2−Þ transitions involve
initial states in ðn; LK; SP½qq�; J

P
l ; J

PÞb ¼ ð1; 0; 1þ; 1þ; 1
2
þÞ

configuration and final states in ðn0; L0
K; S

P
½qq�; J

0P
l ; J

0PÞc ¼
ð1; 1; 1þ; 1þ; 3

2
þÞ configurations. This type of transition

consists of Ω−
b → Ωcð3050Þ0 transition. We follow

Ref. [6] to consider Ωcð3050Þ0 as a p-wave state. In these
transitions the spectating diquarks are axial-vector diquarks
½ss�. To obtain form factors f̄Ai and ḡ

V
i , we use Eq. (20) with

ΓLKS½qq�Jl ¼ Γs11ðp1; p2; λ2Þ, Γ̄μ
L0
KS½qq�J

0
l
¼ Γ̄μ

p12ðp0
1; p2; λ2Þ,

which are given in Eq. (7), and n0 ¼ 1. Note that one
needs to sum over the axial-vector diquark polariza-
tion (λ2).

F. Form factors for Bbð3̄f;1=2+ Þ → Bcð3̄f;1=2− Þ
transition [type (v)]

The Bbð3̄f; 1=2þÞ → Bcð3̄f; 1=2−Þ transitions involve
initial states in ðn; LK; SP½qq�; J

P
l ; J

PÞb ¼ ð1; 0; 0þ; 0þ; 1
2
þÞ

configuration and final states in ðn0; L0
K; S

P
½qq�; J

0P
l ; J

0PÞc ¼
ðn0; 1; 0þ; 1−; 1

2
−Þ configurations (with n0 ¼ 1, 2). This type

of transition consists of Λ0
b → Λcð2595Þþ, Ξ0ð−Þ

b →
Ξcð2790Þþð0Þ and Λ0

b → Λcð2940Þþ transitions. In these
transitions the spectating diquarks are scalar diquarks ½ud�,
½us� and ½ds�. To obtain form factors fAi and gVi , we use
Eq. (13) with ΓLKS½qq�Jl¼Γs00ðp1;p2Þ, Γ̄L0

KS½qq�J
0
l
¼

Γ̄p10ðp0
1;p2Þ, which are given in Eq. (7), and n0 ¼ 1, 2.

G. Form factors for Bbð3̄f;1=2+ Þ → Bcð3̄f;3=2− Þ
transition [type (vi)]

The Bbð3̄f; 1=2þÞ → Bcð3̄f; 3=2−Þ transitions involve
initial states in ðn; LK; SP½qq�; J

P
l ; J

PÞb ¼ ð1; 0; 0þ; 0þ; 1
2
þÞ

configuration and final states in ðn0; L0
K; S

P
½qq�; J

0P
l ; J

0PÞc ¼
ðn0; 1; 0þ; 1−; 3

2
−Þ configurations with n0 ¼ 1, 2. This type

of transition consists of Λ0
b → Λcð2625Þþ, Λcð2940Þþ and

Ξ0ð−Þ
b → Ξcð2815Þþð0Þ transitions. We follow LHCb and

PDG [1,4] to take Λcð2940Þ as a spin-3=2 particle. To
obtain form factors f̄Ai and ḡVi , we use Eq. (20) with
ΓLKS½qq�Jl ¼ Γs00ðp1; p2Þ, Γ̄μ

L0
KS½qq�J

0
l
¼ Γ̄μ

p01ðp0
1; p2Þ, which

are given in Eq. (7), and n0 ¼ 1, 2.

H. Heavy quark limit

It is useful to note that in the heavy quark (HQ) limit,
baryon form factors have simple behavior [37–39]. The
Bb → Bc transition matrix elements with s-wave and p-
wave Bc can be expressed as [22,37–40]3

hBcð3̄f; 1=2þÞðv0ÞjjμV−AjBbð3̄f; 1=2þÞðvÞi ¼ ζðωÞūðv0Þγμð1 − γ5ÞuðvÞ;

hBcð3̄f; 1=2−Þðv0ÞjjμV−AjBbð3̄f; 1=2þÞðvÞi ¼
σðωÞffiffiffi

3
p ūðv0Þγ5ð=vþ v · v0Þγμð1 − γ5ÞuðvÞ;

hBcð3̄f; 3=2−Þðv0ÞjjμV−AjBbð3̄f; 1=2þÞðvÞi ¼ −σðωÞūνðv0Þvνγμð1 − γ5ÞuðvÞ;

hBcð6f; 1=2þÞðv0ÞjjμV−AjBbð6f; 1=2þÞðvÞi ¼ −
1

3
ðgρσξ1 − vρv0σξ2Þ × ūðv0Þðγρ − v0ρÞγμð1 − γ5Þðγσ − vσÞuðvÞ;

hBcð6f; 3=2þÞðv0ÞjjμV−AjBbð6f; 1=2þÞðvÞi ¼ −
1ffiffiffi
3

p ðgρσξ1 − vρv0σξ2Þūρðv0Þγμð1 − γ5Þðγσ þ vσÞγ5uðvÞ;

hBcð6f; 3=2−Þðv0ÞjjμV−AjBbð6f; 1=2þÞðvÞi ¼ −
1ffiffiffiffiffi
30

p ½gρσξ5 þ ðv − v0Þρðv − v0Þσξ6�½ū · vðγρ − v0ρÞ þ ūρð=v − ωÞÞ�

× γμð1 − γ5Þðγσ − vσÞuðvÞ; ð24Þ

3Note that in the Bbð1=2þÞ → Bcð3=2�Þ transition matrix elements, we apply overall minus signs to match our sign convention,
which follow from the sign convention of the Clebsch-Gordon coefficients, see Eq. (A6).
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which imply, in the type (i) Bbð3̄f; 1=2þÞ → Bcð3̄f; 1=2þÞ transition,
fV1 ð3̄fÞ ¼ gA1 ð3̄fÞ ¼ ζðωÞ; fV2;3ð3̄fÞ ¼ gA2;3ð3̄fÞ ¼ 0; ð25Þ

in the type (ii) Bbð6f; 1=2þÞ → Bcð6f; 1=2þÞ transition,

fV1 ð6fÞ ¼
1

3
½ð2 − ωÞξ1 þ ð1 − ωÞ2ξ2� þ

1

3

M2 þM02

MM0 ½ξ1 þ ð1 − ωÞξ2�;

fV2 ð6fÞ ¼
1

3

ðM þM0Þ2
MM0 ½ξ1 þ ð1 − ωÞξ2�; fV3 ð6fÞ ¼ −

1

3

M2 −M02

MM0 ½ξ1 þ ð1 − ωÞξ2�;

gA1 ð6fÞ ¼
1

3
½−ð2þ ωÞξ1 þ ð1þ ωÞ2ξ2� þ

1

3

M2 þM02

MM0 ½ξ1 − ð1þ ωÞξ2�;

gA2 ð6fÞ ¼ −
1

3

ðM −M0Þ2
MM0 ½ξ1 − ð1þ ωÞξ2�; gA3 ð6fÞ ¼

1

3

M2 −M02

MM0 ½ξ1 − ð1þ ωÞξ2�; ð26Þ

in the type (iii) Bbð6f; 1=2þÞ → Bcð6f; 3=2þÞ transition,

f̄V1 ð6fÞ ¼ −ḡA1 ð6fÞ ¼ −
2ffiffiffi
3

p ξ1ðωÞ; f̄V3 ð6fÞ ¼ −ḡA3 ð6fÞ ¼ þ 2ffiffiffi
3

p ξ2ðωÞ; f̄V4 ð6fÞ ¼ ḡA4 ð6fÞ ¼ 0;

f̄V2 ð6fÞ ¼ −
1ffiffiffi
3

p ½ξ1 þ ð1 − ωÞξ2ðωÞ�; ḡA2 ð6fÞ ¼ −
1ffiffiffi
3

p ½ξ1 − ð1þ ωÞξ2ðωÞ�; ð27Þ

in the type (iv) Bbð6f; 1=2þÞ → Bcð6f; 3=2−Þ transition,

f̄A1 ð6fÞ ¼ −
2ffiffiffiffiffi
30

p ð1þ ωÞξ5ðωÞ; f̄A2 ð6fÞ ¼ −
2ffiffiffiffiffi
30

p ½ð1þ ωÞξ5ðωÞ þ ð1 − ω2Þξ6ðωÞ�;

f̄A3 ð6fÞ ¼ −
2ffiffiffiffiffi
30

p ½ξ5ðωÞ − 2ð1þ ωÞξ6ðωÞ�; f̄A4 ð6fÞ ¼
4ffiffiffiffiffi
30

p ½ξ5ðωÞ − ð1þ ωÞξ6ðωÞ�;

ḡV1 ð6fÞ ¼ −
2ffiffiffiffiffi
30

p ð1 − ωÞξ5ðωÞ; ḡV2 ð6fÞ ¼
1ffiffiffiffiffi
30

p ½ð1 − 2ωÞξ5ðωÞ − 2ð1 − ω2Þξ6ðωÞ�;

ḡV3 ð6fÞ ¼
2ffiffiffiffiffi
30

p ½ξ5ðωÞ þ 2ð1 − ωÞξ6ðωÞ�; ḡV4 ð6fÞ ¼
4ffiffiffiffiffi
30

p ½ξ5ðωÞ þ ð1 − ωÞξ6ðωÞ�; ð28Þ

in the type (v) Bbð3̄f; 1=2þÞ → Bcð3̄f; 1=2−Þ transition,

fA1 ð3̄fÞ ¼ gV1 ð3̄fÞ ¼
�
ω −

M0

M

�
σðωÞffiffiffi

3
p ;

fA2 ð3̄fÞ ¼ fA3 ð3̄fÞ ¼ −
M þM0

M
σðωÞffiffiffi

3
p ; gV2 ð3̄fÞ ¼ gV3 ð3̄fÞ ¼ −

M −M0

M
σðωÞffiffiffi

3
p ; ð29Þ

and in the type (vi) Bbð3̄f; 1=2þÞ → Bcð3̄f; 3=2−Þ transition,

f̄A2 ð3̄fÞ ¼ ḡV2 ð3̄fÞ ¼ σðωÞ; f̄A1;3;4ð3̄fÞ ¼ ḡV1;34ð3̄fÞ ¼ 0: ð30Þ

For low lying Bc states, the following normalizations are applied,

ζð1Þ ¼ 1; ξ1ð1Þ ¼ 1; ð31Þ

and it has been shown that in the large Nc limit, one has [41]

ξ1ðωÞ ¼ ð1þ ωÞξ2ðωÞ ¼ ζðωÞ: ð32Þ
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These imply very simple and specify relations of form
factors at q2 ¼ q2max (or ω ¼ 1), namely

fV1 ð3̄fÞ ¼ gA1 ð3̄fÞ ¼ 1; fV2;3ð3̄fÞ ¼ gA2;3ð3̄fÞ ¼ 0; ð33Þ

in the type (i) Bbð3̄f; 1=2þÞ → Bcð3̄f; 1=2þÞ transition;

fV1 ð6fÞ ¼
1

3
þ 1

3

M2 þM02

MM0 ; fV2 ð6fÞ ¼
1

3

ðM þM0Þ2
MM0 ;

fV3 ð6fÞ ¼ −
1

3

M2 −M02

MM0 ;

gA1 ð6fÞ ¼ −
1

3
; gA2 ð6fÞ ¼ gA3 ð6fÞ ¼ 0; ð34Þ

in the type (ii) Bbð6f; 1=2þÞ → Bcð6f; 1=2þÞ transition;
and

−f̄V1 ð6fÞ ¼ ḡA1 ð6fÞ ¼ −2f̄V2 ð6fÞ ¼ 2f̄V3 ð6fÞ

¼ −2ḡA3 ð6fÞ ¼
2ffiffiffi
3

p ;

ḡA2 ð6fÞ ¼ f̄V4 ð6fÞ ¼ ḡA4 ð6fÞ ¼ 0; ð35Þ

in the type (iii) Bbð6f; 1=2þÞ → Bcð6f; 3=2þÞ transition.
Furthermore, for other transitions at q2 ¼ q2max, we have

−f̄A1 ð6fÞ ¼ −f̄A2 ð6fÞ ¼ −4ḡV2 ð6fÞ ¼ 2ḡV3 ð6fÞ

¼ ḡV4 ð6fÞ ¼
4ffiffiffiffiffi
30

p ξ5ð1Þ;

f̄A3 ð6fÞ ¼ −
2ffiffiffiffiffi
30

p ½ξ5ð1Þ − 4ξ6ð1Þ�;

f̄A4 ð6fÞ ¼
4ffiffiffiffiffi
30

p ½ξ5ð1Þ − 2ξ6ð1Þ�; ḡV1 ð6fÞ ¼ 0; ð36Þ

in the type (iv) Bbð6f; 1=2þÞ → Bcð6f; 3=2−Þ transition;

fA1 ð3̄fÞ¼ gV1 ð3̄fÞ¼−gV2 ð3̄fÞ¼−gV3 ð3̄fÞ¼
�
M−M0

M

�
σð1Þffiffiffi

3
p ;

fA2 ð3̄fÞ¼ fA3 ð3̄fÞ¼−
MþM0

M
σð1Þffiffiffi

3
p ; ð37Þ

in the type (v) Bbð3̄f; 1=2þÞ → Bcð3̄f; 1=2−Þ transition;
and

f̄A2 ð3̄fÞ¼ ḡV2 ð3̄fÞ¼σð1Þ; f̄A1;3;4ð3̄fÞ¼ ḡV1;34ð3̄fÞ¼0; ð38Þ

in the type (vi) Bbð3̄f; 1=2þÞ → Bcð3̄f; 3=2−Þ transition.
Although obtaining these Isgur-Wise functions is beyond

the scope of this work, the above relations on form factors
can still be useful. Indeed, we expect our form factors to
roughly exhibit the above patterns, since we have large but
finite mb;c.

III. NUMERICAL RESULTS

In this section we will present the numerical results of
all the relevant Bb → Bc transition form factors. We will
give predictions on the decay rates and up-down asymme-

tries of various Λb → Λð�;��Þ
c M−, Ξb → Ξð��Þ

c M− and Ωb →

Ωð�Þ
c M− decays using naïve factorization.

A. Bb → Bc form factors

In Table IV we summarize the input parameters m½qq0�,
mq and β. Note that the constituent quark and diquark
masses are close to but smaller than those in Ref. [49]. For

the diquark masses, we use mS
½ud� for Λb and Λð�;��Þ

c , mS
½us�

andmS
½ds� for Ξb and Ξ

ð��Þ
c , andmA

½ss� forΩb andΩ
ð�Þ
c . The βs

for states only differ in their radial quantum numbers
should be identical. For example, the βs of Λc and of
the radial excited state Λcð2765Þ are identical, and the βs of
the low-lying 3=2− state Λcð2625Þ and of the radial excited
3=2− state Λcð2765Þ are identical. These input parameters
are chosen to satisfy the consistency constraints [see
discussions after Eqs. (12) and (21)] and to reproduce
the BrðΛb → ΛcPÞ data. In practice it is more convenient to

TABLE IV. The input parameters mS
½qq0 �, m

A
½qq0 �, mq and β’s appearing in the Gaussian-type wave function (9) (in units of GeV). The

superscript S and A denote scalar and axial vector diquarks, respectively.

mS
½ud� mS

½us�;½ds� mA
½ss� mb mc βðΛbÞ βðΞ0;−

b Þ
0.65 0.86 1.10 4.44 1.42 0.750 0.850
βðΩbÞ βðΛcÞ β½Λcð2595Þ� β½Λcð2625Þ� β½Λcð2765Þ� β½Λcð2940; 12−Þ� β½Λcð2940; 32−Þ�
0.900 0.345 0.350 0.450 0.345 0.350 0.450

βðΞþ;0
c Þ β½Ξþ;0

c ð2790Þ� β½Ξþ;0
c ð2815Þ� βðΩcÞ β½Ωcð2770Þ� β½Ωcð3050Þ� β½Ωcð3090Þ�

0.370 0.365 0.550 0.300 0.370 0.420 0.300
β½Ωcð3120Þ�
0.370
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enforce the consistency constraints by using floatingM and
M0, and the input parameters are determined by requiring
M and M0 to reproduce the physical masses of Bb and Bc,
respectively, within 10%. In fact, in most cases the agree-
ments are better than 10%, but in the case of Λcð2940Þ as a
radial excited 3=2− state, the corresponding M0 is larger
than mΛcð2940Þ by 25%.
Using the results in the previous section the form factors

of various Bb → Bc transitions can be obtained. The form
factors are calculated in spacelike region, as we are using
the qþ ¼ 0 frame, we shall follow [16,42,50–54] to
analytically continue them to the timelike region. We
follow [42,50,51,53,54] and parametrize the form factors
in the three-parameter form:

Fðq2Þ ¼ Fð0Þ
1 − aðq2=M2Þ þ bðq2=M2Þ2 ð39Þ

for Bb → Bc transitions with the parameters a, b expected
to be of order Oð1Þ, while for some cases, where the
corresponding a and b are much larger than 1, we shall use
the following form [16,42,44,54]

Fðq2Þ¼ Fð0Þ
ð1−q2=M2Þ½1−aðq2=M2Þþbðq2=M2Þ2� ; ð40Þ

to reduce the size of a and b and gives better fits. As
we shall see that there are cases where some of the
parameters a, b are still larger than Oð1Þ, but usually
the corresponding form factors are small and, consequently,
they do not have much impact on the corresponding Bb →
BcM decay rates.
The Bbð3̄f; 1=2þÞ → Bcð3̄f; 1=2þÞ transition form fac-

tors fV1;2;3ðq2Þ and gA1;2;3ðq2Þ for Λb → Λc;Λcð2765Þ and
Ξb → Ξc transitions are given in Table V and they are
plotted in Fig. 2. The uncertainties in form factors Fð0Þ
are obtained by varying mb, mc, m½qq�, βðBbÞ, and βðBcÞ
by 10% separately and combine the uncertainties

quadratically. Note that Λc and Ξc are low lying states,
while Λcð2765Þ is a radial excited state. From the table and
the figures, we see that fV1 ≃ gA1 and they dominate over fV2;3
and gA2;3. These are close to the predicted relations of form
factors in the heavy quark limit, see Eq. (25). The values of
fV1 and gA1 at q2max in Λb → Λc and Ξb → Ξc transitions are
smaller than the ones predicted in heavy quark limit with
ζð1Þ ¼ 1, Eq. (33), by roughly 25%. The reduction can be
more or less traced to the mismatch of the overlapping of
the wave functions of Bb and Bc, as βðBbÞ ≠ βðBcÞ.
Indeed, it is easy to see that, using βðΛbÞ and βðΛcÞ given
in Table IV, the overlapping integral of wave functions of
Λb and Λc is 0.66, which is smaller than the one in the ideal
case with βðΛbÞ ¼ βðΛcÞ. Things are similar in the Ξb →
Ξc transition. In the Λb → Λcð2765Þ transition the sizes of
the form factors are smaller than those in Λb → Λc and
Ξb → Ξc transitions. and the signs of form factors are
flipped. These changes are closely related to the fact that
Λcð2765Þ is a radial excited state. In fact, in the heavy
quark limit, one expects fV1 ¼ gA1 ¼ 0 at q2 ¼ q2max, as the
wave functions of the low-lying Bb state and the radial
excited Bc state are orthogonal [38]. This is not borne out as
βðBbÞ ≠ βðBcÞ, and instead the overlapping integral is
−0.53. As the overlapping integral has smaller size and
opposite sign compared to those in the low-lying Bb and Bc

states, the reduction in sizes and the flipping of signs in fV1
and gA1 in this transition are expected.
The Bbð6f; 1=2þÞ → Bcð6f; 1=2þÞ transition form fac-

tors fV1;2;3ðq2Þ and gA1;2;3ðq2Þ for Ωb → Ωc and Ωb →
Ωcð3090Þ transitions are given in Table VI and are plotted
in Fig. 3. Note that Ωc is a low lying state, while Ωcð3090Þ
is a radial excite state. Heavy quark symmetry and
large Nc QCD predict that in these transitions, we have
ξ1ðωÞ ¼ ð1þ ωÞξ2ðωÞ, see Eq. (32), which implies
gA2 ðq2Þ ¼ gA3 ðq2Þ ¼ 0. We see from the table and the plots
that we indeed have gA2;3ðq2Þ ≃ 0. In Ωb → Ωc transition,
Eq. (31) gives ξ1ð1Þ ¼ 2ξ2ð1Þ ¼ 1, and, consequently,

TABLE V. The transition form factors for various Bbð3̄f; 1=2þÞ → Bcð3̄f; 1=2þÞ transitions [types (i) and (i) �]. We employ a three
parameter form for these form factors, see Eq. (39).

Bb → Bc F Fð0Þ Fðq2maxÞ a b F Fð0Þ Fðq2maxÞ a b

Λb → Λc fV1 0.474þ0.069
−0.072 0.764þ0.111

−0.116 1.426 0.994 gA1 0.468þ0.067
−0.07 0.743þ0.106

−0.111 1.394 0.966

fV2 −0.153þ0.027
−0.029 −0.262þ0.046

−0.050 1.753 1.623 gA2 0.030þ0.005
−0.007 0.053þ0.009

−0.012 1.921 1.963

fV3 0.069þ0.021
−0.022 0.130þ0.039

−0.041 2.068 2.100 gA3 −0.070þ0.010
−0.009 −0.114þ0.016

−0.015 1.65 1.587

Ξb → Ξ0
c fV1 0.437þ0.070

−0.072 0.714þ0.114
−0.118 1.676 1.504 gA1 0.429þ0.068

−0.071 0.693þ0.110
−0.115 1.635 1.452

fV2 −0.175þ0.033
−0.035 −0.294þ0.056

−0.059 1.968 2.233 gA2 0.034þ0.006
−0.007 0.057þ0.010

−0.012 2.067 2.503

fV3 0.081þ0.025
−0.025 0.146þ0.045

−0.045 2.257 2.760 gA3 −0.078þ0.011
−0.010 −0.123þ0.017

−0.016 1.825 2.119

Λb → Λcð2765Þ fV1 −0.354þ0.027
−0.028 −0.494þ0.038

−0.039 1.079 −0.063 gA1 −0.341þ0.024
−0.026 −0.460þ0.032

−0.035 0.985 −0.047
fV2 0.135þ0.026

−0.018 0.246þ0.047
−0.034 1.844 0.346 gA2 0.012þ0.013

−0.010 0.014þ0.014
−0.012 1.874 5.804

fV3 0.047þ0.039
−0.037 0.057þ0.048

−0.045 1.838 4.433 gA3 0.062þ0.006
−0.007 0.120þ0.012

−0.014 2.014 0.551
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(a) (b)

(c) (d)

(e) (f)

FIG. 2. Form factors f1;2;3ðq2Þ and g1;2;3ðq2Þ for Λb → Λc;Λcð2765Þ and Ξb → Ξc transitions. The transitions are Bbð3̄f; 1=2þÞ →
Bcð3̄f; 1=2þÞ transitions [types (i) and (i) �].

TABLE VI. The transition form factors for various Bbð6f; 1=2þÞ → Bcð6f; 1=2þÞ transitions [types (ii) and (ii) �]. We employ a three
parameter form for these form factors, Eq. (39), while for those with asterisks we employ Eq. (40).

Bb → Bc F Fð0Þ Fðq2maxÞ a b F Fð0Þ Fðq2maxÞ a b

Ωb → Ωc fV�1 0.292þ0.062
−0.062 0.605þ0.128

−0.128 2.229 4.051 gA�1 −0.097þ0.021
−0.021 −0.194þ0.042

−0.042 1.421 1.723

fV�2 0.440þ0.094
−0.093 0.951þ0.203

−0.201 2.027 3.082 gA�2 −0.009þ0.002
−0.002 −0.018þ0.004

−0.004 1.501 2.114

fV�3 −0.125þ0.028
−0.026 −0.246þ0.055

−0.051 1.594 2.387 gA�3 0.015þ0.002
−0.003 0.027þ0.004

−0.005 1.230 1.895

Ωb → Ωcð3090Þ fV1 −0.291þ0.043
−0.043 −0.483þ0.071

−0.071 2.573 3.826 gA1 0.097þ0.013
−0.014 0.151þ0.02

−0.022 1.811 1.319

fV2 −0.433þ0.065
−0.066 −0.757þ0.114

−0.115 2.467 2.836 gA2 0.00þ0.002
−0.002 0.00þ0.002

−0.002 1.044 1.006

fV3 0.159þ0.033
−0.033 0.259þ0.054

−0.054 2.278 2.763 gA3 −0.010þ0.003
−0.003 −0.017þ0.005

−0.005 1.977 0.932
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form factors at q2max take the following values:
ðfV1 ; fV2 ; fV3 Þ ¼ ð1.23; 1.56; −0.60Þ and ðgA1 ; gA2 ; gA3 Þ ¼
ð−0.33; 0; 0Þ, see Eq. (34). From Table VI and
Fig. 3(a), (b) we see that the form factors basically exhibit
a similar pattern in sizes and signs, but the values of jfVi j
and jgA1 j are smaller by 40% to 60%, while the values of gA2;3
are closer to the HQS predicted values. The reductions can
again be more or less traced to the smaller wave function
overlapping integral, which is 0.46 in this case. In theΩb →
Ωcð3090Þ transition, we obtain form factors with similar

sizes and signs flipped compared to the previous ones.
These can also be more or less traced to the overlapping
integral of the low lying Ωb state and the radial excited
Ωcð3090Þ state. Explicitly, the corresponding overlapping
integral is −0.46, which is nonvanishing (unlike the one in
the ideal case), but has an opposite sign and a similar size
compare to the one in the previous case.
The Bbð6f; 1=2þÞ → Bcð6f; 3=2þÞ transition form fac-

tors are related to the Bbð6f; 1=2þÞ → Bcð6f; 1=2þÞ ones in
the heavy quark limit, see Eqs. (26) and (27). They are

(a) (b)

(c) (d)

FIG. 3. Form factors f1;2;3ðq2Þ and g1;2;3ðq2Þ for Ωb → Ωc and Ωcð3090Þ transitions. The transitions are Bbð6f; 1=2þÞ →
Bcð6f; 1=2þÞ transitions [types (ii) and (ii) �].

TABLE VII. The transition form factors for various Bbð6f; 1=2þÞ → Bcð6f; 3=2�Þ transitions [types (iii), (iii) �, and (iv)]. We employ
a three parameter form for these form factors, Eq. (39), while for those with asterisks we employ Eq. (40).

Bb → Bc F Fð0Þ Fðq2maxÞ a b F Fð0Þ Fðq2maxÞ a b

Ωb → Ωcð2770Þ f̄V�1 −0.734þ0.126
−0.127 −1.270þ0.218

−0.220 1.138 1.780 ḡA�1 0.526þ0.079
−0.083 1.023þ0.153

−0.161 1.217 1.010

f̄V�2 −0.300þ0.063
−0.066 −0.570þ0.120

−0.125 1.633 2.614 ḡA�2 0.088þ0.020
−0.019 0.230þ0.052

−0.049 2.137 1.960

f̄V�3 0.340þ0.069
−0.067 0.573þ0.117

−0.113 1.503 3.256 ḡA�3 −0.361þ0.069
−0.072 −0.838þ0.160

−0.167 1.983 2.245

f̄V�4 0.033þ0.016
−0.012 0.037þ0.018

−0.014 0.108 3.272 ḡA�4 0.021þ0.014
−0.013 0.031þ0.021

−0.019 1.233 3.716

Ωb → Ωcð3120Þ f̄V1 0.572þ0.062
−0.053 0.741þ0.080

−0.068 1.250 1.184 ḡA1 −0.369þ0.028
−0.032 −0.487þ0.037

−0.042 1.162 0.547

f̄V2 0.270þ0.039
−0.036 0.403þ0.058

−0.053 1.851 1.884 ḡA2 0.038þ0.029
−0.028 0.017þ0.013

−0.012 4.054 40.596

f̄V3 −0.263þ0.028
−0.033 −0.330þ0.035

−0.041 1.445 2.477 ḡA3 0.163þ0.021
−0.022 0.174þ0.022

−0.023 0.639 1.531

f̄V4 0.010þ0.016
−0.015 0.013þ0.02

−0.018 1.011 1.000 ḡA4 −0.106þ0.034
−0.035 −0.151þ0.048

−0.05 2.565 5.564

Ωb → Ωcð3050Þ f̄A1 −0.667þ0.115
−0.096 −1.164þ0.200

−0.167 2.007 1.089 ḡV1 0.163þ0.024
−0.026 0.127þ0.019

−0.020 −0.463 2.900

f̄A2 −0.376þ0.077
−0.075 −0.574þ0.118

−0.115 2.122 2.913 ḡV�2 −0.147þ0.048
−0.055 −0.541þ0.176

−0.202 3.160 2.247

f̄A3 0.300þ0.042
−0.049 0.405þ0.057

−0.066 2.034 3.976 ḡV3 0.335þ0.120
−0.109 0.255þ0.092

−0.083 −1.021 0.997

f̄A�4 0.047þ0.018
−0.013 0.157þ0.060

−0.045 2.785 1.298 ḡV�4 0.426þ0.115
−0.110 0.774þ0.208

−0.200 1.813 2.902
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governed by the same set of Isgur-Wise functions, namely
ξ1;2. In Table VII and Fig. 4, we show the form factors of
Bbð6f; 1=2þÞ → Bcð6f; 3=2þÞ transitions. These involve
Ωb → Ωcð2770Þ and Ωcð3120Þ transitions, where
Ωcð2770Þ is a low lying state, while Ωcð3120Þ a radial
excited state. In the Ωb → Ωcð2770Þ and Ωb → Ωcð3120Þ
transitions, as shown in the table and the figure, we have
f̄V1 ðq2Þ ≃ −ḡA1 ðq2Þ, f̄V3 ðq2Þ ≃ −ḡA3 ðq2Þ ≃ −f̄V2 ðq2Þ, and
f̄4ðq2Þ; ḡA2;4ðq2Þ much smaller than other form factors, in
accordance with the HQS relations using large Nc QCD, see
Eqs. (27) and (32). The agreement is better in the Ωb →
Ωcð2770Þ transition than in the Ωb → Ωcð3120Þ transition.
Heavy quark symmetry and large Nc QCD predict the form
factors in the Ωb → Ωcð2770Þ transition have the following
values at q2max: ðf̄V1 ;f̄V2 ;f̄V3 ;f̄V4 Þ¼ð−1.15;−0.58;0.58;0Þ and
ðḡA1 ; ḡA2 ; ḡA3 ; ḡA4 Þ ¼ ð1.15; 0;−0.58; 0Þ, see Eq. (35). From
Table VII, we see that f̄V1;2;3 agree with the above predictions

within 10%, ḡA1;3 within 20% and 45% and f̄V4 ; ḡ
A
4 are close to

zero, the predicted values,while ḡA2 ismuch smaller than jḡA1;3j
and closer to ḡA4 . As the overlapping integral is 0.56, the
agreements in f̄Vi and ḡ

A
i are better than expected. In theΩb →

Ωcð3120Þ transition, most of the form factors are smaller in
sizes and opposite in signs compared to the corresponding
form factors in the previous transition. This is understandable
as Ωcð3120Þ is a radial excited state, the corresponding
overlapping integral is −0.51, which has opposite sign
compare to the previous one.
In Table VII and Fig. 4 we also show the form factors of

the Bbð6f; 1=2þÞ → Bcð6f; 3=2−Þ transition, namely the
Ωb → Ωcð3050Þ transition, where Ωcð3050Þ is a p-wave
state. The signs of f̄V1;2 and ḡA2;3;4 at q2max are in agreement
with the HQS predictions, Eq. (36). If we naïvely make use
of Eq. (36), we obtain ξ5ð1Þ ≃ 1.4þ0.2

−0.7 and ξ6ð1Þ ≃ 0.7 from
these form factors, except from ḡA2 we have ξ5ð1Þ ≃ 3.0.

(a) (b)

(c) (d)

(e) (f)

FIG. 4. Form factors f̄V;Ai ðq2Þ and ḡA;Vi ðq2Þ for Ωb → Ωcð2770Þ, Ωcð3120Þ, and Ωcð3050Þ transitions. The transitions are
Bbð6f; 1=2þÞ → Bcð6f; 3=2þÞ transitions [types (iii) and (iii) �] and Bbð6f; 1=2þÞ → Bcð6f; 3=2−Þ transition [type (iv)].
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The Bbð3̄f; 1=2þÞ → Bcð3̄f; 1=2−Þ transition form fac-
tors fA1;2;3ðq2Þ and gV1;2;3ðq2Þ for Λb → Λcð2595Þ, Λcð2940Þ
and Ξb → Ξcð2790Þ transitions are given in Table VIII and

they are plotted in Fig. 5. We consider Λcð2940Þ as a
spin-1=2 p-wave radial excited state [6] in this case.
HQS requires fA1 ðq2Þ ¼ gV1 ðq2Þ, fA2 ðq2Þ ¼ fA3 ðq2Þ and

(a) (b)

(c) (d)

(e) (f)

FIG. 5. Form factors f1;2;3ðq2Þ and g1;2;3ðq2Þ for Λb → Λcð2595Þ, Λcð2940Þ, and Ξb → Ξcð2790Þ transitions. The transitions are
Bbð3̄f; 1=2þÞ → Bcð3̄f; 1=2−Þ transitions [types (v) and (v) �].

TABLE VIII. The transition form factors for various Bbð3f; 1=2þÞ → Bcð3̄f; 1=2−Þ transitions [type (v) and (v) �].

Bb → Bc F Fð0Þ Fðq2maxÞ a b F Fð0Þ Fðq2maxÞ a b

Λb → Λcð2595Þ fA1 0.286þ0.050
−0.051 0.338þ0.059

−0.060 0.667 0.483 gV1 0.238þ0.048
−0.049 0.232þ0.047

−0.048 0.120 0.722

fA2 −0.313þ0.079
−0.081 −0.439þ0.111

−0.114 1.312 1.105 gV2 −0.080þ0.020
−0.022 −0.112þ0.028

−0.031 1.416 1.510

fA3 −0.299þ0.080
−0.083 −0.459þ0.123

−0.128 1.722 1.791 gV3 −0.167þ0.039
−0.038 −0.228þ0.053

−0.052 1.286 1.234

Ξb → Ξ0
cð2790Þ fA1 0.269þ0.056

−0.046 0.330þ0.068
−0.056 0.895 0.755 gV1 0.221þ0.046

−0.046 0.221þ0.046
−0.046 0.254 0.959

fA2 −0.319þ0.083
−0.086 −0.447þ0.116

−0.121 1.487 1.544 gV2 −0.071þ0.020
−0.021 −0.099þ0.028

−0.029 1.619 2.187

fA3 −0.289þ0.081
−0.084 −0.436þ0.122

−0.127 1.944 2.580 gV3 −0.169þ0.042
−0.040 −0.228þ0.057

−0.054 1.404 1.663
Λb → Λcð2940Þ fA1 −0.255þ0.019

−0.010 −0.333þ0.025
−0.013 0.996 −0.156 gV1 −0.212þ0.017

−0.009 −0.241þ0.019
−0.010 0.533 0.034

fA2 0.338þ0.064
−0.066 0.584þ0.111

−0.114 1.997 0.642 gV2 0.081þ0.010
−0.013 0.138þ0.017

−0.022 2.029 0.839

fA3 0.331þ0.071
−0.071 0.592þ0.127

−0.127 2.176 1.031 gV3 0.157þ0.009
−0.015 0.301þ0.017

−0.029 2.324 0.954
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gV2 ðq2Þ ¼ gV3 ðq2Þ, see Eq. (29). From the table and the
figures, we see that the form factors roughly exhibit this
pattern. By naïvely compared to the HQ relations at q2max,
Eq. (37), we obtain σð1Þ ≃ 0.7þ0.5

−0.3 in the Λb → Λcð2595Þ
transition and σð1Þ ≃ 0.7þ0.4

−0.3 in the Ξb → Ξcð2790Þ tran-
sition, while for the transition involving radial excite state,
Λb → Λcð2940Þ transition, we have σð�Þð1Þ ≃ −0.8þ0.3

−0.4 .
The sign flip in Λb → Λcð2940Þ transition can again be
traced to the overlapping integral, whose value is −0.53,
while the one in the Λb → Λcð2595Þ transition is 0.67.
Roughly speaking these form factors exhibit the pattern
predicted by HQS.
We now turn to the last case, the Bbð3̄f; 1=2þÞ →

Bcð3̄f; 3=2−Þ transition, which includes Λb → Λcð2625Þ,
Ξb → Ξcð2815Þ and Λb → Λcð2940Þ transitions. We con-
siderΛcð2940Þ as a spin-3=2 p-wave radial excited state [1]
in this case. The corresponding form factors for these
transitions are shown in Table IX and are plotted in Fig. 6.
Note that for the form factors denoted with asterisks, the
parameters a and b are assumed to be one, while the values
of the form factors at q2 ¼ 0 are obtained by using Eq. (23).
These form factors are small and the assumptions on a and
b should not have much impact on decay rates. HQS
requires f̄A2 ¼ ḡV2 ¼ σðωÞ, while all other form factors are
vanishing, see Eq. (30). We see from the table and the plots
that these form factors roughly exhibit the pattern predicted
by HQS. By naïvely compared to the HQ relations at q2max,
Eq. (38), we obtain σð1Þ ≃ 0.7, 0.8 in the Λb → Λcð2625Þ
transition and σð1Þ ≃ 1 in the Ξb → Ξcð2815Þ transition,
while for the transition involving radial excite state, Λb →
Λcð2940Þ transition, we have σð�Þð1Þ ≃ −1.0;−1.4. These
σð1Þ and σð�Þð1Þ are similar to those obtained in
Bbð3̄f; 1=2þÞ → Bcð3̄f; 1=2−Þ transitions.

B. Bb → BcM decay rates and up-down asymmetries

Wewill present the results of Bb → BcM decay rates and
up-down asymmetries including 1=2 → 1=2 and 1=2 →
3=2 transitions in this subsection. The decay rates and
asymmetries for 1=2 → 1=2 transitions are updated from
those in [16], as we are using different input parameters and
more form factors.4 Under the factorization approximation,
the decay amplitudes for color-allowed Bb → BcM−

decays are given by

AðBb →BcM−Þ

¼GFffiffiffi
2

p VcbV�
ija1hM−ðq̄iqjÞjVμ−Aμj0ihBcjVμ−AμjBbi;

ð41Þ
where Vcb and Vij are the Cabibbo-Kobayashi-Maskawa
matrix elements and a1 is the color-allowed effective
Wilson coefficient. The effective Wilson coefficient a1 in
the naïve factorization approximation is given by c1 þ
c2=Nc with Nc ¼ 3, c1 ¼ 1.081 and c2 ¼ −0.190 at the
scale of μ ¼ 4.2 GeV [55]. The matrix element hBcjVμ −
AμjBbi is given by Eqs. (1)–(4), while hM−ðq̄iqjÞjVμ −
Aμj0i are given by

hPjVμ − Aμj0i ¼ iqμfP; hVjVμ − Aμj0i ¼ mVfVε�V;

hAjVμ − Aμj0i ¼ −mAfAε�A; ð42Þ

with fP;V;A the corresponding meson decay constants.
In type (i) and (ii) transitions [Bbð3̄f; 1=2þÞ →

Bcð3̄f; 1=2þÞ and Bbð6f; 1=2þÞ → Bcð6f; 1=2þÞ transi-
tions], the decay amplitudes are given by [22]

TABLE IX. The transition form factors for various Bbð3̄f; 1=2þÞ → Bcð3̄f; 3=2−Þ transitions [type (vi)]. Note that the a and b for form
factors denoted with asterisks are assumed, the corresponding form factors are small.

Bb → Bc F Fð0Þ Fðq2maxÞ a b F Fð0Þ Fðq2maxÞ a b

Λb → Λcð2625Þ f̄A1 0.028þ0.065
−0.032 0.035þ0.082

−0.040 1* 1* ḡV1 −0.007þ0.037
−0.026 −0.009þ0.046

−0.033 1* 1*

f̄A2 0.545þ0.111
−0.104 0.756þ0.154

−0.144 1.310 1.154 ḡV2 0.509þ0.184
−0.173 0.737þ0.267

−0.251 1.388 1.043

f̄A3 0.022þ0.033
−0.091 0.027þ0.041

−0.114 1* 1* ḡV3 0.088þ0.039
−0.043 0.115þ0.051

−0.056 2.022 4.221

f̄A4 −0.005þ0.104
−0.068 −0.006þ0.131

−0.086 1* 1* ḡV4 0.004þ0.058
−0.053 0.005þ0.072

−0.066 1* 1*

Ξb → Ξcð2815Þ f̄A1 0.049þ0.094
−0.048 0.033þ0.064

−0.033 −1.327 1.830 ḡV1 * 0.015þ0.046
−0.029 0.018þ0.057

−0.036 1* 1*

f̄A2 0.675þ0.128
−0.122 0.987þ0.187

−0.178 1.526 1.245 ḡV2 0.693þ0.247
−0.216 1.024þ0.365

−0.320 1.557 1.249

f̄A3 0.020þ0.045
−0.127 0.024þ0.056

−0.158 1* 1* ḡV3 0.055þ0.050
−0.075 0.068þ0.062

−0.093 1* 1*

f̄A4 −0.013þ0.173
−0.138 −0.017þ0.215

−0.171 1* 1* ḡV4 −0.020þ0.083
−0.083 −0.024þ0.103

−0.103 1* 1*

Λb → Λcð2940Þ f̄A1 −0.036þ0.053
−0.047 −0.043þ0.065

−0.057 1* 1* ḡV1 * −0.061þ0.013
−0.006 −0.074þ0.016

−0.007 1* 1*

f̄A2 −0.459þ0.067
−0.067 −1.049þ0.153

−0.153 2.400 −0.326 ḡV2 −0.820þ0.192
−0.155 −1.375þ0.321

−0.260 1.957 0.793

f̄A�3 −0.012þ0.148
−0.098 −0.004þ0.050

−0.033 −8.054 18.712 ḡV3 0.198þ0.080
−0.084 0.358þ0.145

−0.152 2.487 2.307

f̄A�4 0.192þ0.133
−0.120 0.139þ0.096

−0.087 −1.791 7.419 ḡV4 0.170þ0.102
−0.095 0.183þ0.110

−0.102 0.924 2.713

4Note that errors in the code in [16] are also corrected.
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A½Bb →Bcð1=2ÞP� ¼ iū0ðAþBγ5Þu;
A½Bb →Bcð1=2ÞV�
¼ ū0ε�μðA1γμγ5þA2P0

μγ5þB1γμþB2P0
μÞu;

A½Bb →BcA�
¼ ū0ε�μðA0

1γμγ5þA0
2P

0
μγ5þB0

1γμþB0
2P

0
μÞu; ð43Þ

with

A ¼ Gfffiffiffi
2

p VcbV�
q1q2a1fPðM −M0Þ

×

�
fV1 ðm2

PÞ þ
m2

P

M2 −M02 f
V
3 ðm2

PÞ
�
;

B ¼ Gfffiffiffi
2

p VcbV�
q1q2a1fPðM þM0Þ

×

�
gA1 ðm2

PÞ þ
m2

P

M2 −M02 g
A
3 ðm2

PÞ
�
;

A1 ¼ −
Gfffiffiffi
2

p VcbV�
q1q2a1fVmV ½gA1 ðm2

VÞ þ gA2 ðm2
VÞ�;

A2 ¼ −2
Gfffiffiffi
2

p VcbV�
q1q2a1fVmV

gA2 ðm2
VÞ

M −M0 ;

B1 ¼
Gfffiffiffi
2

p VcbV�
q1q2a1fVmV ½fV1 ðm2

VÞ − fV2 ðm2
VÞ�;

B2 ¼ 2
Gfffiffiffi
2

p VcbV�
q1q2a1fVmV

fV2 ðm2
VÞ

M þM0 ;

A0
1 ¼

Gfffiffiffi
2

p VcbV�
q1q2a1fAmA½gA1 ðm2

AÞ þ gA2 ðm2
AÞ�;

A0
2 ¼ 2

Gfffiffiffi
2

p VcbV�
q1q2a1fAmA

gA2 ðm2
VÞ

M −M0 ;

B0
1 ¼ −

Gfffiffiffi
2

p VcbV�
q1q2a1fAmA½fV1 ðm2

AÞ − fV2 ðm2
AÞ�;

B0
2 ¼ −2

Gfffiffiffi
2

p VcbV�
q1q2a1fAmA

fV2 ðm2
AÞ

M þM0 : ð44Þ

For the type (v) transition [Bbð3̄f; 1=2þÞ → Bcð3̄f; 1=2−Þ
transition], one simply replaces fVi and gAi in the above
equations by −fAi and −gVi , respectively.
In Bbð6f; 1=2þÞ → Bcð6f; 3=2þÞ transitions [type

(iii) transitions], the Bb → BcP and Bb → BcVðAÞ decay
amplitudes are given by [22]

A½Bb → Bcð3=2ÞP� ¼ iqμū0μðP0ÞðCþDγ5ÞuðPÞ;
A½Bb → Bcð3=2ÞV�

¼ ε�μū0νðP0Þ½gνμðC1 þ C2γ5Þ þ qνγμðC2 þD2γ5Þ
þ qνPμðC3 þD3γ5Þ�uðPÞ;

A½Bb → Bcð3=2ÞA� ¼ ε�μū0νðP0Þ½gνμðC0
1 þ C0

2γ5Þ
þ qνγμðC0

2 þD0
2γ5Þ þ qνPμðC0

3 þD0
3γ5Þ�uðPÞ; ð45Þ

with

C ¼ −
Gfffiffiffi
2

p VcbV�
q1q2a1fP

�
gA1 ðm2

PÞ þ ðM −M0Þ g
A
2 ðm2

PÞ
M

þ 1

2
ðM2 −M02 −m2

PÞ
�
gA3 ðm2

PÞ
MM0 þ gA4 ðm2

PÞ
M2

�

−m2
P
gA3 ðm2

PÞ
MM0

�
;

D ¼ Gfffiffiffi
2

p VcbV�
q1q2a1fP

�
fV1 ðm2

PÞ − ðM þM0Þ f
V
2 ðm2

PÞ
M

þ 1

2
ðM2 −M02 −m2

PÞ
�
fV3 ðm2

PÞ
MM0 þ fV4 ðm2

PÞ
M2

�

−m2
P
fV3 ðm2

PÞ
MM0

�
;

Cð0Þ
1 ¼ ∓ Gfffiffiffi

2
p VcbV�

q1q2a1mVðAÞfVðAÞḡA1 ðm2
VðAÞÞ;

Dð0Þ
1 ¼ � Gfffiffiffi

2
p VcbV�

q1q2a1mVðAÞfVðAÞf̄V1 ðm2
VðAÞÞ;

Cð0Þ
2 ¼ ∓ Gfffiffiffi

2
p VcbV�

q1q2a1mVðAÞfVðAÞ
ḡA2 ðm2

VðAÞÞ
M

;

Dð0Þ
2 ¼ � Gfffiffiffi

2
p VcbV�

q1q2a1mVðAÞfVðAÞ
f̄V2 ðm2

VðAÞÞ
M

;

Cð0Þ
3 ¼ ∓ Gfffiffiffi

2
p VcbV�

q1q2a1mVðAÞfVðAÞ

×

�ḡA3 ðm2
VðAÞÞ

MM0 þ
ḡA4 ðm2

VðAÞÞ
M2

�
;

Dð0Þ
3 ¼ � Gfffiffiffi

2
p VcbV�

q1q2a1mVðAÞfVðAÞ

×

�f̄V3 ðm2
VðAÞÞ

MM0 þ
f̄V4 ðm2

VðAÞÞ
M2

�
: ð46Þ

For the Bbð6f; 1=2þÞ → Bcð6f; 3=2−Þ and Bbð3̄f; 1=2þÞ →
Bcð3̄f; 3=2−Þ transitions [type (iv) and (vi) transitions], one
simply replaces f̄Vi and ḡAi in the above equations by −f̄Ai
and −ḡVi , respectively. The formulas of decay rates and the
up-down asymmetries are collected in Appendix C.
In our numerical study masses and life-times of all

hadron are taken from PDG [4], while the Cabibbo-
Kobayashi-Maskawa (CKM) matrix elements are taken
from the latest fitting results of the CKM fitter group [56].
We use [57]

fπ ¼ 130.2; fK ¼ 155.6; fD ¼ 211.9; fDs
¼ 249.0;

ð47Þ

and [42]
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fρ ¼ 216; fK� ¼ 210; fD� ¼ 220;

fD�
s
¼ 230; fK� ¼ −203; ð48Þ

for the values (in unit of MeV) of decay constants of
pseudoscalars, vectors, and the axial-vector mesons.
The decay rates are calculated using the naïve factori-

zation approach. We assign 10% uncertainty in the effective
Wilson coefficient a1 for estimations and uncertainties in
form factors shown in the previous subsection will be used.
Some studies using QCD factorization on B meson and
bottom baryon decays indicated that the effective Wilson
coefficients a1 in those decays are close to the one in naïve
factorization [33,58] The authors in Ref. [58] obtained the
ja1ðDPÞj agrees with the naïve factorization value within
few % indicating that for color allowed modes naïve

factorization is a good approximation.5 A recent study of
applying QCD factorization to Λb decays also shows a
similar conclusion [33]. However, it has been shown that
nonfactorizable contributions to Bb → BcP nonleptonic
decay amplitudes can be as large as 30% of the factorized
ones [23,24]. Since a precise estimation of nonfactorization
contributions is beyond the scope of the present work, we
should stick to the naïve factorization approximation.
Note that in the cases of Bb → Dð�Þ

ðsÞBc decays, penguin
terms from b → dðsÞc̄c decays can contribute to the
amplitudes. The most dominant penguin contributions to
rates are the so-called strong penguin contributions, with

(a) (b)

(c) (d)

(e) (f)

FIG. 6. Form factors fAi ðq2Þ and gAi ðq2Þ for Λb → Λcð2625Þ, Λcð2940Þ, and Ξb → Ξcð2815Þ transitions. The transitions are
Bbð3̄f; 1=2þÞ → Bcð3̄f; 3=2−Þ transitions [type (vi)].

5They obtained ja1ðB̄→DPÞj ¼ 1.055þ0.019
−0.017 − ð0.013þ0.011

−0.006 ÞαP1
with απ1 ¼ 0 and jαK1 j < 1. This is to be compared with the naïve
factorization value, aLO1 ¼ 1.025.
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effective Wilson coefficients a4 ¼ c4 þ c3=3 ¼ −0.03 and
a6¼c6þc5=3¼−0.04 at μ¼4.2GeV [55]. The a1hMjðV −
AÞj0i × hBcjðV − AÞjBbi term in Eq. (41) needs the fol-
lowing additional terms: a4hMjðV − AÞj0i × hBcjðV −
AÞjBbi and a6ð−2ÞhMjðSþ PÞj0i × hBcjðS − PÞjBbi.6
Note that we have neglected the subleading VubV�

udðsÞ
terms in the above expression. For M ¼ D�

ðsÞ, we have

hMjðSþ PÞj0i ¼ 0 and the resulting a6 contributions are
vanishing, and the Bb → BcD�

ðsÞ decay amplitudes can be

obtained with the following replacement

a1 → a1 þ a4; ð49Þ
in the corresponding amplitudes in Eqs. (44) and (46). The
penguin contributions are destructively interfere with the
tree contributions in these modes. For Bb → DðsÞBc decays,
through equations of motion, we have

− 2hDðsÞðqÞjðSþ PÞj0ihjBcjðS − PÞjBbi

¼
2m2

DðsÞ

ðmc þmqðsÞÞðmb −mcÞ
hDðsÞðqÞjV − Aj0ihBcjVjBbi

−
2m2

DðsÞ

ðmc þmqðsÞÞðmb þmcÞ
hDðsÞðqÞjV − Aj0i

× hBcjð−AÞjBbi; ð50Þ

where the quark masses are current quark masses with
mb ¼ 4.2GeV, mc¼1.3GeV, ms¼0.08GeV and mq ¼
0.003 at μ¼ 4.2GeV. Therefore, the Bbð1=2þÞ→Bcð1=2þ;
3=2þÞDðsÞ decay amplitudes can be obtained with the
following replacements:

a1 → a1 þ a4 þ
2m2

DðsÞ

ðmc þmqðsÞÞðmb −mcÞ
a6;

a1 → a1 þ a4 −
2m2

DðsÞ

ðmc þmqðsÞÞðmb þmcÞ
a6; ð51Þ

where the first (second) one is applicable for the A (B) term
in Eq. (44) and the D (C) term in Eq. (46), while for the
Bbð1=2þÞ → Bcð1=2−; 3=2−ÞDðsÞ amplitudes, one needs to
switch the above replacements. We also apply 10%
uncertainties on a4 and a6.
In this work we do not consider the effects of final state

interactions (FSI). In fact, from the studies of final state
interactions in B decays, one will expect the effects of FSI
be more prominent in color suppressed modes, where
various subleading contributions including FSI can com-
pete with each other and be surfaced, see example [59].
Whereas, for color allowed modes, the leading contribu-
tions dominate over subleading contributions, and, con-
sequently, we expect that FSI has little effect on the decay
rates and asymmetries of color allowed modes.

TABLE X. Branching ratios (in the unit of 10−3) of Bb → BcP decays. Note that the asterisks denote the transitions where the final
state charmed baryons are radial excited.

Transition type Mode P ¼ π− P ¼ K− P ¼ D− P ¼ D−
s

(i) ð1
2
þ → 1

2
þÞ BrðΛb → ΛcPÞ 4.16þ2.43

−1.73 0.31þ0.18
−0.13 0.47þ0.30

−0.21 11.92þ7.69
−5.28

(v) ð1
2
þ → 1

2
−Þ Br½Λb → Λcð2595ÞP� 1.09þ0.76

−0.51 0.08þ0.06
−0.04 0.07þ0.07

−0.04 1.72þ1.71
−1.01

(vi) ð1
2
þ → 3

2
−Þ Br½Λb → Λcð2625ÞP� 2.40þ4.09

−1.82 0.17þ0.30
−0.13 0.13þ0.22

−0.10 2.88þ4.92
−2.16

(i) � ð1
2
þ → 1

2
þÞ Br½Λb → Λcð2765ÞP� 1.70þ0.69

−0.52 0.13þ0.05
−0.04 0.15þ0.07

−0.05 3.54þ1.73
−1.24

(v) � ð1
2
þ → 1

2
−Þ Br½Λb → Λcð2940ÞP� 0.68þ0.21

−0.21 0.05þ0.02
−0.02 0.04þ0.02

−0.02 0.87þ0.46
−0.38

(vi) � ð1
2
þ → 3

2
−Þ Br½Λb → Λcð2940ÞP� 1.00þ2.00

−0.83 0.07þ0.14
−0.06 0.07þ0.10

−0.05 1.69þ2.30
−1.23

(i) ð1
2
þ → 1

2
þÞ BrðΞ−

b → Ξ0
cPÞ 3.88þ2.43

−1.69 0.29þ0.18
−0.13 0.45þ0.31

−0.21 11.54þ7.98
−5.34

(i) ð1
2
þ → 1

2
þÞ BrðΞ0

b → Ξþ
c PÞ 3.66þ2.29

−1.59 0.28þ0.17
−0.12 0.43þ0.29

−0.20 10.87þ7.51
−5.03

(v) ð1
2
þ → 1

2
−Þ Br½Ξ−

b → Ξ0
cð2790ÞP� 1.03þ0.79

−0.48 0.08þ0.06
−0.04 0.07þ0.08

−0.04 1.70þ1.88
−0.99

(v) ð1
2
þ → 1

2
−Þ Br½Ξ0

b → Ξ−
c ð2790ÞP� 0.97þ0.74

−0.45 0.07þ0.06
−0.03 0.07þ0.07

−0.04 1.60þ1.76
−0.93

(vi) ð1
2
þ → 3

2
−Þ Br½Ξ−

b → Ξ0
cð2815ÞP� 3.53þ6.46

−2.80 0.26þ0.47
−0.20 0.20þ0.35

−0.15 4.65þ8.08
−3.48

(vi) ð1
2
þ → 3

2
−Þ Br½Ξ0

b → Ξþ
c ð2815ÞP� 3.32þ6.08

−2.63 0.24þ0.44
−0.19 0.19þ0.33

−0.14 4.34þ7.54
−3.25

(ii) ð1
2
þ → 1

2
þÞ BrðΩb → ΩcPÞ 1.10þ0.85

−0.55 0.08þ0.07
−0.04 0.15þ0.14

−0.08 4.03þ3.72
−2.21

(iii) ð1
2
þ → 3

2
þÞ Br½Ωb → Ωcð2770ÞP� 1.37þ3.01

−1.19 0.11þ0.23
−0.09 0.28þ0.38

−0.20 7.46þ9.63
−5.04

(iv) ð1
2
þ → 3

2
−Þ Br½Ωb → Ωcð3050ÞP� 3.40þ4.45

−2.25 0.24þ0.31
−0.16 0.09þ0.15

−0.07 1.78þ3.16
−1.38

(ii) � ð1
2
þ → 1

2
þÞ Br½Ωb → Ωcð3090ÞP� 0.85þ0.50

−0.35 0.06þ0.04
−0.03 0.10þ0.07

−0.05 2.43þ1.79
−1.15

(iii) � ð1
2
þ → 3

2
þÞ Br½Ωb → Ωcð3120ÞP� 0.96þ0.95

−0.52 0.07þ0.07
−0.04 0.10þ0.08

−0.05 2.37þ1.81
−1.10

6See e.g., Eq. (4) in [55] for a similar expression.
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TABLE XI. Same as Table X but for Bb → BcV and Bb → BcA decays.

Type Mode M ¼ ρ− M ¼ K�− M ¼ D�− M ¼ D�−
s M ¼ a−1

(i) BrðΛb → ΛcMÞ 12.28þ7.19
−5.11 0.63þ0.37

−0.26 0.84þ0.51
−0.36 17.49þ10.60

−7.48 11.91þ6.98
−4.97

(v) Br½Λb → Λcð2595ÞM� 2.99þ2.20
−1.44 0.15þ0.11

−0.07 0.12þ0.11
−0.07 2.28þ2.21

−1.29 2.57þ2.01
−1.29

(vi) Br½Λb → Λcð2625ÞM� 4.38þ6.78
−3.17 0.22þ0.33

−0.16 0.13þ0.17
−0.08 2.41þ2.98

−1.52 3.50þ5.11
−2.45

(i) � Br½Λb → Λcð2765ÞM� 4.84þ2.01
−1.50 0.25þ0.10

−0.08 0.26þ0.12
−0.09 5.29þ2.54

−1.84 4.45þ1.91
−1.42

(v) � Br½Λb → Λcð2940ÞM� 1.85þ0.63
−0.60 0.09þ0.03

−0.03 0.06þ0.03
−0.03 1.16þ0.62

−0.48 1.57þ0.59
−0.54

(vi) � Br½Λb → Λcð2940ÞM� 1.93þ3.19
−1.43 0.10þ0.15

−0.07 0.06þ0.06
−0.03 1.11þ1.07

−0.62 1.58þ2.26
−1.08

(i) BrðΞ−
b → Ξ0

cMÞ 11.56þ7.25
−5.04 0.60þ0.37

−0.26 0.82þ0.53
−0.37 17.26þ11.2

−7.70 11.37þ7.14
−4.97

(i) BrðΞ0
b → Ξþ

c MÞ 10.88þ6.83
−4.74 0.56þ0.35

−0.24 0.77þ0.50
−0.35 16.24þ10.54

−7.25 10.70þ6.72
−4.67

(v) Br½Ξ−
b → Ξ0

cð2790ÞM� 2.86þ2.28
−1.36 0.14þ0.12

−0.07 0.12þ0.12
−0.06 2.25þ2.33

−1.26 2.48þ2.10
−1.23

(v) Br½Ξ0
b → Ξþ

c ð2790ÞM� 2.69þ2.15
−1.28 0.13þ0.11

−0.06 0.11þ0.11
−0.06 2.11þ2.19

−1.19 2.33þ1.98
−1.16

(vi) Br½Ξ−
b → Ξ0

cð2815ÞM� 6.49þ10.58
−4.84 0.32þ0.51

−0.24 0.20þ0.26
−0.13 3.74þ4.58

−2.32 5.24þ7.92
−3.72

(vi) Br½Ξ0
b → Ξþ

c ð2815ÞM� 6.10þ9.95
−4.55 0.30þ0.48

−0.22 0.19þ0.24
−0.12 3.51þ4.30

−2.18 4.92þ7.45
−3.50

(ii) BrðΩb → ΩcMÞ 3.07þ2.41
−1.53 0.16þ0.12

−0.08 0.16þ0.13
−0.08 3.18þ2.69

−1.61 2.76þ2.20
−1.37

(iii) Br½Ωb → Ωcð2770ÞM� 2.37þ4.68
−1.85 0.13þ0.24

−0.10 0.28þ0.30
−0.16 6.20þ6.19

−3.49 2.78þ4.35
−1.93

(iv) Br½Ωb → Ωcð3050ÞM� 4.09þ5.62
−2.71 0.20þ0.27

−0.13 0.08þ0.10
−0.05 1.43þ1.78

−0.88 2.84þ3.88
−1.86

(ii) � Br½Ωb → Ωcð3090ÞM� 2.29þ1.36
−0.94 0.11þ0.07

−0.05 0.09þ0.06
−0.04 1.69þ1.06

−0.71 1.92þ1.15
−0.79

(iii) � Br½Ωb → Ωcð3120ÞM� 1.50þ1.37
−0.76 0.08þ0.07

−0.04 0.11þ0.07
−0.04 2.37þ1.33

−0.88 1.55þ1.21
−0.71

TABLE XII. Comparisons of data and theoretical results on the branching ratios (in the unit of 10−3) of Λb → ΛcM, Ξb → ΞcM,
Ωb → ΩcM, and Ωb → Ωcð2770ÞM decays.

Mode Data [4] This work [21] [22] [23,24] [25] [26] [27] [33] [35] [36]

Λb → Λcπ
− 4.9� 0.4 4.16þ2.43

−1.73 4.6þ2.0
−3.1 4.6 5.62 3.91 … 1.75 4.96 … 5.67

Λb → ΛcK− 0.359� 0.030 0.31þ0.18
−0.13 … … … … … 0.13 0.393 … 0.46

Λb → ΛcD− 0.46� 0.06 0.47þ0.30
−0.21 … … … … … 0.30 0.522 … 0.76

Λb → ΛcD−
s 11.0� 1.0 11.92þ7.69

−5.28 23þ3
−4 13.7 … 12.91 22.3 7.70 12.4 14.78 19.94

Λb → Λcρ
− … 12.28þ7.19

−5.11 6.6þ2.4
−4.0 12.9 … 10.82 … 4.91 8.65 … 16.71

Λb → ΛcK�− … 0.63þ0.37
−0.26 … … … … … 0.27 0.441 … 0.87

Λb → ΛcD�− … 0.84þ0.51
−0.36 … … … … … 0.49 0.520 … 1.38

Λb → ΛcD�−
s … 17.49þ10.60

−7.48 17.3þ2.0
−3.0 21.8 … 19.83 32.6 14.14 10.5 25.16 30.86

Λb → Λca−1 … 11.91þ6.98
−4.97 … … … … … 5.32 … … 16.53

Ξ0
b → Ξþ

c π
− … 3.66þ2.29

−1.59 … 4.9 7.08 … … … … … …

Ξ−
b → Ξ0

cπ
− … 3.88þ2.43

−1.69 … 5.2 10.13 … … … … … …

Ξ0
b → Ξþ

c D− … 0.43þ0.29
−0.20 … … … … … … … 0.45 …

Ξ0
b → Ξþ

c D−
s … 10.87þ7.51

−5.03 … 14.6 … … … … … … …

Ξ0
b → Ξþ

c D�− … 0.77þ0.50
−0.35 … … … … … … … 0.95 …

Ξ0
b → Ξþ

c D�−
s … 16.24þ10.54

−7.25 … 23.1 … … … … … … …

Ωb → Ωcπ
− … 1.10þ0.85

−0.55 … 4.92 5.81 … … … … 1.88 …

Ωb → ΩcD−
s … 4.03þ3.72

−2.21 … 17.9 … … … … … … …

Ωb → Ωcρ
− … 3.07þ2.41

−1.53 … 12.8 … … … … … 5.43 …

Ωb → ΩcD�−
s … 3.18þ2.69

−1.61 … 11.5 … … … … … … …

Ωb → Ω�
cπ

− … 1.37þ3.01
−1.19 … 2.69 … … … … … 1.70 …

Ωb → Ω�
cD− … 0.28þ0.38

−0.20 … … … … … … … 0.16 …

Ωb → Ω�
cD−

s … 7.46þ9.63
−5.04 … 3.53 … … … … … … …

Ωb → Ω�
cρ

− … 2.37þ4.68
−1.85 … 3.81 … … … … … 5.58 …

Ωb → Ω�
cD�− … 0.28þ0.30

−0.16 … … … … … … … 0.58 …

Ωb → Ω�
cD�−

s … 6.20þ6.19
−3.49 … 3.93 … … … … … … …
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The predicted branching ratios for Bb → BcP and Bb →
BcV;BcA decays, are summarized in Tables X and XI,
respectively In Tables XII, we compare our results on
Λb → ΛcM, Ξb→ΞcM,Ωb→ΩcM, andΩb → Ωcð2770ÞM
decay rates to data [4] and the results of other theoretical
studies. Overall speaking, our results agree reasonably well
with data and with most of the results obtained in other
works [21–27,33,35,36]. It is interesting that the penguin
contributions slightly reduce the Λb → ΛcD and ΛDs rates
resulting a better agreement with data. Indeed, when the
penguin contributions are included, the central values of the
Λb → ΛcD and ΛDs branching ratios (in the unit of 10−3)
are reduced from 0.53 and 13.50 to 0.47 and 11.92,
respectively, which are closer to the experimental values,
0.46� 0.06 and 11.0� 1.0, respectively.
In Tables XIII and XIV, we show the prediction of up-

down asymmetries for Bb → BcM decays with M ¼ P, V,
A. From the tables we see that most of the signs of α are
negative, except those in Ωb → ΩcM, Ωb → Ωcð3050ÞM
and Ωb → Ωcð3090ÞM decays. In Tables XV, we compare
our results on the up-down asymmetries of Λb → ΛcM,
Ξb → ΞcM, Ωb → ΩcM and Ωb → Ωcð2770ÞM decays to

other results [21–24,26,27,33,35,36]. Our results agree well
within errors with almost all of the results obtained in
other works.
It will be interesting to comparing Λb → Λcð2940ÞM

decays with two different assignments of the configurations
of Λcð2940Þ, a radial excite p-wave spin-1=2 or spin-3=2
particle. From Tables X and XI, we have Br½Λb→
Λcð2940;3=2−ÞP�≃ð1.5∼2Þ×Br½Λb→Λcð2940;1=2−ÞP�,
Br½Λb →Λcð2940;3=2−ÞV�≃Br½Λb →Λcð2940;1=2−ÞV�
and Br½Λb → Λcð2940; 3=2−ÞA� ≃ Br½Λb → Λcð2940;
1=2−ÞA�. The asymmetries in Λb → Λcð2940; 1=2−ÞM
and Λb → Λcð2940; 3=2−ÞM decays are similar in most
cases, but have larger deviations in the cases of heavy
vector mesons. In Λb → Λcð2940ÞD�− and Λcð2940ÞD�−

s
decays, the predictions based on the spin-1=2 configura-
tion, give −25% and −19%, respectively, while the ones
based on the spin-3=2 configurations are −48% and −45%,
respectively.
It will be useful to understand why the Λb → Λcð2940;

3=2−ÞP is greater than the Λb → Λcð2940; 1=2−ÞP rate.
Using Eqs. (C1) and (C4), we have

Γ½Λb → Λcð2940; 32ÞP�
Γ½Λb → Λcð2940; 12ÞP�

¼ 2m2
Λb

3m2
Λcð2940Þ

×
½ðmΛb

þmΛcð2940ÞÞ2 −m2
P�jpcCj2 þ ½ðmΛb

−mΛcð2940ÞÞ2 −m2
P�jpcDj2

½ðmΛb
þmΛcð2940ÞÞ2 −m2

P�jAj2 þ ½ðmΛb
−mΛcð2940ÞÞ2 −m2

P�M2jBj2 : ð52Þ

TABLE XIII. The predicted up-down asymmetries (in the unit of %) of Bb → BcP decays. Note that the asterisks denote the
transitions where the final state charmed baryons are radial excited.

Type Mode P ¼ π− P ¼ K− P ¼ D− P ¼ D−
s

(i) ð1
2
þ → 1

2
þÞ αðΛb → ΛcPÞ −99.99þ4.70

−0.00 −99.97þ5.02
−0.01 −99.45þ7.94

−0.55 −99.19þ8.59
−0.81

(v) ð1
2
þ → 1

2
−Þ α½Λb → Λcð2595ÞP� −98.33þ12.89

−1.67 −98.12þ13.51
−1.88 −88.05þ26.57

−11.95 −86.49þ27.83
−13.51

(vi) ð1
2
þ → 3

2
−Þ α½Λb → Λcð2625ÞP� −97.76þ39.39

−2.24 −97.64þ39.37
−2.36 −97.44þ37.86

−2.56 −97.07þ38.04
−2.93

(i) � ð1
2
þ → 1

2
þÞ α½Λb → Λcð2765ÞP� −99.93þ1.65

−0.02 −99.87þ1.87
−0.11 −98.03þ5.04

−1.97 −97.23þ5.70
−2.70

(v) � ð1
2
þ → 1

2
−Þ α½Λb → Λcð2940ÞP� −98.32þ2.86

−1.47 −98.10þ3.11
−1.64 −86.24þ11.11

−9.26 −84.04þ12.19
−10.66

(vi) � ð1
2
þ → 3

2
−Þ α½Λb → Λcð2940ÞP� −99.41þ65.88

−0.59 −99.06þ61.14
−0.94 −89.25þ31.59

−10.75 −86.81þ30.72
−13.19

(i) ð1
2
þ → 1

2
þÞ αðΞ−

b → Ξ0
cPÞ −99.98þ5.73

−0.00 −99.96þ6.10
−0.00 −99.29þ9.61

−0.71 −98.99þ10.34
−1.01

(i) ð1
2
þ → 1

2
þÞ αðΞ0

b → Ξþ
c PÞ −99.98þ5.73

−0.00 −99.96þ6.10
−0.00 −99.29þ9.61

−0.71 −98.99þ10.34
−1.01

(v) ð1
2
þ → 1

2
−Þ α½Ξ−

b → Ξ0
cð2790ÞP� −98.13þ14.56

−1.87 −97.88þ15.26
−2.11 −86.62þ28.66

−13.38 −84.85þ29.84
−15.15

(v) ð1
2
þ → 1

2
−Þ α½Ξ0

b → Ξ−
c ð2790ÞP� −98.13þ14.56

−1.87 −97.88þ15.26
−2.11 −86.60þ28.67

−13.40 −84.83þ29.85
−15.16

(vi) ð1
2
þ → 3

2
−Þ α½Ξ−

b → Ξ0
cð2815ÞP� −97.63þ42.32

−2.37 −97.48þ42.09
−2.52 −96.48þ38.46

−3.52 −95.89þ38.40
−4.11

(vi) ð1
2
þ → 3

2
−Þ α½Ξ0

b → Ξþ
c ð2815ÞP� −97.70þ42.27

−2.30 −97.56þ42.03
−2.44 −96.71þ38.31

−3.29 −96.16þ38.26
−3.84

(ii) ð1
2
þ → 1

2
þÞ αðΩb → ΩcPÞ 59.94þ21.34

−18.76 59.39þ21.45
−18.70 56.04þ23.79

−19.29 55.16þ23.98
−19.18

(iii) ð1
2
þ → 3

2
þÞ α½Ωb → Ωcð2770ÞP� 2.60þ97.40

−102.23 1.17þ98.43
−100.15 −11.02þ55.88

−59.25 −11.70þ50.63
−55.10

(iv) ð1
2
þ → 3

2
−Þ α½Ωb → Ωcð3050ÞP� 18.07þ52.52

−41.45 17.73þ53.31
−42.50 9.16þ75.06

−71.89 7.09þ78.45
−76.03

(ii) � ð1
2
þ → 1

2
þÞ α½Ωb → Ωcð3090ÞP� 59.75þ14.13

−13.17 59.15þ14.21
−13.16 54.01þ16.49

−13.95 52.73þ16.61
−13.86

(iii) � ð1
2
þ → 3

2
þÞ α½Ωb → Ωcð3120ÞP� 4.58þ42.35

−41.22 3.81þ41.17
−40.26 −3.74þ22.18

−24.05 −4.20þ20.50
−22.52
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TABLE XIV. Same as Table XIII but for Bb → BcV and Bb → BcA decays.

Type Mode M ¼ ρ− M ¼ K�− M ¼ D�− M ¼ D�−
s M ¼ a−1

(i) αðΛb → ΛcMÞ −86.96þ5.60
−0.87 −82.96þ6.02

−1.11 −36.85þ7.08
−4.88 −32.69þ6.82

−5.05 −70.00þ7.00
−2.30

(v) α½Λb → Λcð2595ÞM� −85.6þ12.41
−3.85 −81.65þ12.21

−4.46 −33.47þ15.76
−11.40 −28.68þ15.97

−11.88 −68.66þ11.32
−6.19

(vi) α½Λb → Λcð2625ÞM� −91.48þ42.04
−3.89 −89.01þ41.55

−4.91 −53.92þ34.18
−18.71 −49.80þ33.31

−20.08 −80.52þ39.81
−8.58

(i) � α½Λb → Λcð2765ÞM� −86.15þ2.71
−1.04 −81.89þ3.24

−1.47 −31.54þ5.31
−4.91 −26.87þ5.07

−4.82 −67.99þ4.60
−2.94

(v) � α½Λb → Λcð2940ÞM� −84.01þ4.44
−3.07 −79.56þ4.84

−3.51 −24.77þ10.24
−9.27 −19.04þ10.34

−9.71 −64.97þ6.29
−4.97

(vi) � α½Λb → Λcð2940ÞM� −87.25þ66.15
−7.21 −84.14þ63.92

−8.45 −48.02þ36.43
−18.07 −45.28þ33.21

−18.13 −73.90þ56.57
−12.00

(i) αðΞ−
b → Ξ0

cMÞ −86.61þ6.57
−1.09 −82.52þ7.04

−1.38 −36.00þ8.09
−5.51 −31.85þ7.78

−5.73 −69.34þ8.13
−2.69

(i) αðΞ0
b → Ξþ

c MÞ −86.61þ6.57
−1.09 −82.52þ7.04

−1.38 −35.98þ8.08
−5.51 −31.84þ7.78

−5.72 −69.33þ8.13
−2.69

(v) α½Ξ−
b → Ξ0

cð2790ÞM� −85.14þ13.71
−4.14 −81.11þ13.40

−4.77 −32.40þ16.14
−11.43 −27.57þ16.30

−11.88 −67.92þ12.18
−6.55

(v) α½Ξ0
b → Ξþ

c ð2790ÞM� −85.13þ13.71
−4.15 −81.09þ13.40

−4.78 −32.35þ16.14
−11.43 −27.52þ16.30

−11.88 −67.90þ12.17
−6.55

(vi) α½Ξ−
b → Ξ0

cð2815ÞM� −91.55þ46.65
−4.08 −89.08þ45.9

−5.17 −55.07þ35.28
−18.5 −51.32þ34.12

−19.77 −80.63þ43.30
−8.94

(vi) α½Ξ0
b → Ξþ

c ð2815ÞM� −91.48þ46.84
−4.15 −89.00þ46.09

−5.27 −54.83þ35.37
−18.69 −51.06þ34.18

−20.08 −80.52þ43.48
−9.07

(ii) αðΩb → ΩcMÞ 61.63þ22.03
−19.83 62.20þ22.22

−20.19 72.15þ22.11
−25.51 73.53þ21.54

−26.05 64.27þ22.74
−21.45

(iii) α½Ωb → Ωcð2770ÞM� −5.22þ82.03
−88.99 −7.51þ78.52

−85.12 −22.24þ45.94
−51.42 −22.62þ42.82

−48.63 −13.64þ68.97
−74.18

(iv) α½Ωb → Ωcð3050ÞM� 24.95þ60.39
−59.79 24.72þ59.86

−60.40 13.22þ49.96
−62.37 10.39þ49.66

−61.11 23.53þ57.68
−62.28

(ii) � α½Ωb → Ωcð3090ÞM� 61.51þ14.81
−13.97 62.10þ15.02

−14.24 73.1þ15.51
−17.68 74.63þ14.95

−17.81 64.31þ15.63
−15.17

(iii) � α½Ωb → Ωcð3120ÞM� 1.15þ44.49
−48.55 −0.31þ41.58

−46.29 −11.06þ21.35
−24.74 −11.43þ19.79

−22.92 −4.44þ33.80
−39.57

TABLE XV. Various theoretical results on the up-down asymmetries (α in the unit of %) of Λb → ΛcM, Ξb → ΞcM, Ωb → ΩcM, and
Ωb → Ωcð2770ÞM decays are compared.

Mode This work [21] [22] [23,24] [26] [27] [33] [35] [36]

Λb → Λcπ
− −99.99þ4.70

−0.00 −100 −99 −99 … −99.9 −99.8 … −100
Λb → ΛcK− −99.97þ5.02

−0.01 … … … … −100 −100 … −100
Λb → ΛcD− −99.45þ7.94

−0.55 … … … … −98.7 −99.9 −98.9 −98.3
Λb → ΛcD−

s −99.19þ8.59
−0.81 −99.1 −99 … −98 −98.4 −100 −98.6 −97.8

Λb → Λcρ
− −86.96þ5.60

−0.87 −90.3 −88 … … −89.8 −88.8 … −87.5
Λb → ΛcK�− −82.96þ6.02

−1.11 … … … … −86.5 −85.9 … −83.6
Λb → ΛcD�− −36.85þ7.08

−4.88 … … … … −45.9 −47.8 … −37.1
Λb → ΛcD�−

s −32.69þ6.82
−5.05 −43.7 −36 … −40 −41.9 −43.9 −36.4 −32.7

Λb → Λca−1 −70.00þ7.00
−2.30 … … … … −75.8 … … −70.9

Ξ0
b → Ξþ

c π
− −99.98þ5.73

−0.00 … −100 −100 … … … … …

Ξ−
b → Ξ0

cπ
− −99.98þ5.73

−0.00 … −100 −97 … … … … …

Ξ0
b → Ξþ

c D−
s −98.99þ10.34

−1.01 … −99 … … … … … …

Ξ0
b → Ξ−

c D�−
s −31.84þ7.78

−5.72 … −36 … … … … … …

Ωb → Ωcπ
− 59.94þ21.34

−18.76 … 51 60 … … … … …

Ωb → ΩcD−
s 55.16þ23.98

−19.18 … 42 … … … … … …

Ωb → Ωcρ
− 61.63þ22.03

−19.83 … 53 … … … … … …

Ωb → ΩcD�−
s 73.53þ21.54

−26.05 … 64 … … … … … …

Ωb → Ωcð2770Þπ− 2.60þ97.40
−102.23 … −38 … … … … … …

Ωb → Ωcð2770ÞD−
s −11.70þ50.63

−55.10 … −22 … … … … … …

Ωb → Ωcð2770Þρ− −5.22þ82.03
−88.99 … −75 … … … … … …

Ωb → Ωcð2770ÞD�−
s −22.62þ42.82

−48.63 … −31 … … … … … …
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The first factor in the right-hand side (r.h.s.) of the above
equation is an enhancement factor, while the second factor
is expected to be close to unity as the form factors shown in
Tables VII and IX for Λb → Λcð2940; 1=2−Þ and Λb→
Λcð2940;3=2−Þ transitions are of similar sizes. For exam-
ple, in Λb→Λcð2940;3=2−Þπ− and Λb→Λcð2940;1=2−Þπ−
decays, we have ðA;BÞ ¼ ð−3.09;−8.20Þ × 10−8 and
pcðC;DÞ ¼ ð−2.33;−6.69Þ × 10−8, and the ratio of the
decay rates are given by

Γ½Λb → Λcð2940; 32−Þπ−�
Γ½Λb → Λcð2940; 12−Þπ−�

¼ 2.44 × 0.61 ¼ 1.49; ð53Þ

and, hence, the Λb → Λcð2940; 3=2−Þπ− rate is greater
than the Λb → Λcð2940; 1=2−Þπ− rate by about 50%. The
enhancements in other Λb → Λcð2940; 3=2−ÞP decay rates
can be understood similarly.
The predictions on rates and asymmetries presented

in Tables X, XI, XIII, and XIV can be verified exper-
imentally. These information may shed light on the
quantum numbers of Λcð2765Þ, Λcð2940ÞΩcð3050Þ,
Ωcð3090Þ, and Ωcð3120Þ.

IV. CONCLUSIONS

In this work, we study color allowed Bb → BcM decays
with Bb ¼ Λb;Ξb;Ωb, M ¼ π; K; ρ; K�; a1; D;Ds;D�; D�

s
and s-wave and p-wave charmed baryons, Bc, including

Λð�;��Þ
c ¼ Λc; Λcð2595Þ; Λcð2625Þ; Λcð2765Þ; Λcð2940Þ,

Ξð��Þ
c ¼Ξc;Ξcð2815Þ;Ξcð2790Þ, and Ωð�;��Þ

c ¼Ωc;Ωcð2770Þ;
Ωcð3050Þ;Ωcð3090Þ;Ωcð3120Þ. There are six types of
transitions, namely (i) Bbð3̄f; 1=2þÞ to Bcð3̄f; 1=2þÞ tran-
sition, (ii) Bbð6f; 1=2þÞ to Bcð6f; 1=2þÞ transition,
(iii) Bbð6f; 1=2þÞ to Bcð6f; 3=2þÞ transition, (iv) Bbð6f;
1=2þÞ to Bcð6f; 3=2−Þ transition, (v) Bbð3̄f; 1=2þÞ to
Bcð3̄f; 1=2−Þ transition, and (vi) Bbð3̄f; 1=2þÞ to
Bcð3̄f; 3=2−Þ transition. Types (i) to (iii) involve spin
1=2 and 3=2 s-wave charmed baryons, while types (iv) to
(vi) involve spin 1=2 and 3=2 p-wave charmed baryons. We
have scalar or axial vector light diquarks in the baryons.
The light diquarks are spectating in these transitions. The
bottom baryon to s-wave and p-wave charmed baryon form
factors are calculated in the light-front quark model
approach. The analysis and the scope of this work is
improved and enlarged compared to a previous study [16]
in several aspects. All of the form factors in the 1=2 → 1=2
and 1=2 → 3=2 transitions are extracted, while we only
have f1;2 and g1;2 for 1=2 → 1=2 transition in [16]. Some
consistency constraints are found and are imposed. We find
that the form factors can reasonably satisfy the relations
obtained in the heavy quark limit. In fact, we do not expect
them to satisfy the relations exactly as we are using heavy
but finite mb and mc.
Using naïve factorization decay rates and up-down

asymmetries for various Λb → Λð�;��Þ
c M−, Ξb → Ξð��Þ

c M−

and Ωb → Ωð�;��Þ
c M− decays are predicted and can be

checked experimentally. We find that most of the signs
of α are negative, except those in Ωb → ΩcM, Ωb →
Ωcð3050ÞM and Ωb → Ωcð3090ÞM decays. We compare
our results of rates and up-down asymmetries of Λb →
ΛcM, Ξb→ΞcM, Ωb → ΩcM and Ωb → Ωcð2770ÞM
decays to existing data and other theoretical results. Our
predictions agree well with data and with most of the results
of other works.
The study on these decay modes may shed light on the

quantum numbers of Λcð2765Þ, Λcð2940ÞΩcð3050Þ,
Ωcð3090Þ, and Ωcð3120Þ, as the decays depend on bottom
baryon to charmed baryon form factors, which are sensitive
to the configurations of the final state charmed baryons. For
example, there are two possible quantum numbers for
Λcð2940Þ, it can either be a Bcð3̄f; 1=2−Þ state [6] or a
Bcð3̄f; 3=2−Þ one [1]. Both possibilities are considered.
Comparing predictions on Λb → Λcð2940ÞM rates, we
have Br½Λb→Λcð2940;3=2−ÞP�≃ð1.5∼2Þ×Br½Λb→
Λcð2940;1=2−ÞP�, Br½Λb →Λcð2940;3=2−ÞV�≃Br½Λb →
Λcð2940;1=2−ÞV� and Br½Λb →Λcð2940;3=2−ÞA�≃
Br½Λb→Λcð2940;1=2−ÞA�. The asymmetries in Λb →
Λcð2940; 1=2−ÞM and Λb → Λcð2940; 3=2−ÞM decays
have larger deviations in the cases of heavy vector mesons.
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APPENDIX A: WAVE FUNCTIONS

In the light-front quark model the baryon state, which
consists of a heavy quark Q ¼ b, c and a scalar diquark
½qq� or an axial-vector diquark ½qq�, can be expressed as
(see, [16,42,43])

jBQðP;J;JzÞi¼
Z

fd3p1gfd3p2g2ð2πÞ3δ3ðP̃−p̃1−p̃2Þ

×
X

λ1;λ2;α;β;γ;b;c

ΨJJz
nLKS½qq�Jlðp̃1;p̃2;λ1;λ2ÞCαβγFbc

× jQαðp1;λ1Þ½qβbqγc�ðp2;λ2Þi; ðA1Þ

where S½qq�, LK, and Jl denote the spin of the diquark, the
orbital angular momentum of the Q − ½qq� system, and the
total angular momentum of the light degree of freedom,
respectively. In the above equation, n, ðα; β; γÞ, ðb; cÞλi,
and p1;2 are the quantum number of the wave function,
color indices, flavor indices, helicity and the on-mass-shell
light-front momenta, respectively. The following notations
are used
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p̃¼ðpþ; p⃗⊥Þ; p⃗⊥¼ðp1;p2Þ; p−¼m2þp2⊥
pþ ; ðA2Þ

and

fd3pg≡ dpþd2p⊥
2ð2πÞ3 ;

δ3ðp̃Þ ¼ δðpþÞδ2ðp⃗⊥Þ;
jQðp1; λ1Þ½qbqc�ðp2; λ2Þi ¼ b†λ1ðp1Þa†λ2ðp2Þj0i;

½aλ0 ðp0Þ; a†λðpÞ� ¼ 2ð2πÞ3δ3ðp̃0 − p̃Þδλ0;λ;
fbλ0 ðp0Þ; b†λðpÞg ¼ 2ð2πÞ3δ3ðp̃0 − p̃Þδλ0λ; ðA3Þ

with λ2 ¼ S2 ¼ 0 for a scalar diquark and λ2 ¼ 0;�1 and
S2 ¼ 1 for an axial vector diquark. The coefficient Cαβγ is a
normalized color factor and Fbc is a normalized flavor
coefficient, obeying the relation

Cα0β0γ0Fb0c0CαβγFbchQα0 ðp0
1; λ

0
1Þ½qβ

0
b0q

γ0
c0 �ðp0

2; λ
0
2ÞjQαðp1; λ1Þ

× ½qβaqγb�ðp2; λ2Þi
¼ 22ð2πÞ6δ3ðp̃0

1 − p̃1Þδ3ðp̃0
2 − p̃2Þδλ0

1
λ1δλ02λ2 : ðA4Þ

The momenta can be defined in terms of the light-front
internal momentum variables, ðxi; k⃗i⊥Þ for i ¼ 1, 2,

pþ
i ¼ xiPþ;

X2
i¼1

xi ¼ 1;

p⃗i⊥ ¼ xiP⃗⊥ þ k⃗i⊥;
X2
i¼1

k⃗i⊥ ¼ 0: ðA5Þ

The momentum-space wave-function ΨJJz
nLKS½qq�Jl can be

expressed as

ΨJJz
nLKS½qq�Jlðp̃1; p̃2;λ1;λ2Þ
¼

X
s1;s2;Lz;Jlz

hλ1jR†
Mðpþ

1 ; p⃗1⊥;m1Þjs1i

× hλ2jR†
Mðpþ

2 ; p⃗2⊥;m2Þjs2ihS1Jl;s1JlzjS1Jl;JJzi
× hLKS½qq�;Lzs2jLkS½qq�;JlJlziϕnLKLz

ðx1;x2;k1⊥;k2⊥Þ;
ðA6Þ

where ϕnLKLz
ðx1; x2; k1⊥; k2⊥Þ is the momentum

distribution of the constituents in the bound state,
hJ0J00;m0m00jJ0J00; Jmi the Clebsch-Gordan coefficients
and hλijR†

Mðpþ
1 ; p⃗1⊥; miÞjsii the Melosh transform matrix

element.

We normalize the state as

hBQðP0;J0;J0zÞjBQðP;J;JzÞi¼2ð2πÞ3Pþδ3ðP̃0−P̃ÞδJ0JδJ0zJz ;
ðA7Þ

consequently, ϕnLLz
ðx; p⊥Þ satisfies the following ortho-

normal condition,

Z
dxd2p⊥
2ð2πÞ3 ϕ0�

n0L0L0
z
ðx; p⊥ÞϕnLLz

ðx; p⊥Þ ¼ δn0;nδL0;LδL0
z;Lz

:

ðA8Þ

The wave function is defined as

ϕnLmðfxg; fk⊥gÞ ¼
ffiffiffiffiffiffiffiffiffi
dk2z
dx2

s
φnLm

�
k⃗1 − k⃗2

2
; β

�
; ðA9Þ

with

φn00ðk⃗; βÞ ¼ φnsðk⃗; βÞ;
φn1mðk⃗; βÞ ¼ kmφnpðk⃗; βÞ ¼ −εðk1 þ k2; mÞ · kφnpðk⃗; βÞ;
φn2mðk⃗; βÞ ¼ ðkkÞmφndðk⃗; βÞ

¼ εμνðk1 þ k2; mÞkμkνφndðk⃗; βÞ; ðA10Þ

where km ≡ ε⃗ðmÞ · k⃗ (or, explicitly kLz¼�1≡ ∓ ðkx � ikyÞ=ffiffiffi
2

p
, kLz¼0 ≡ kz), and φns and φnp are s-wave and p-wave

wave functions, respectively. The kinematics are given by

Mð0Þ2
0 ¼

X2
i¼1

mð0Þ2
i þ kð0Þ2i⊥

xi
;

kð0Þi ¼
�
mð0Þ2

i þ kð0Þ2i⊥
xð0Þi Mð0Þ

0

; xð0Þi Mð0Þ
0 ; k⃗ð0Þi⊥

�

¼ ðeð0Þi − kð0Þiz ; e
ð0Þ
i þ kð0Þiz ; k⃗

ð0Þ
i⊥Þ;

Mð0Þ
0 ¼ eð0Þ1 þ eðð0Þ2 ;

eð0Þi ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mð0Þ2

i þ kð0Þ2i⊥ þ kð0Þ2iz

q

¼ xð0Þi Mð0Þ
0

2
þmð0Þ2

i þ kð0Þ2i⊥
2xð0Þi Mð0Þ

0

;

kð0Þiz ¼ xð0Þi Mð0Þ
0

2
−
mð0Þ2

i þ kð0Þ2i⊥
2xð0Þi Mð0Þ

0

;

2Mð0Þ
0 ðeð0Þ

1ð2Þ þmð0Þ
1ð2ÞÞ ¼ ðMð0Þ

0 þmð0Þ
1ð2ÞÞ2 −mð0Þ2

2ð1Þ: ðA11Þ

Under the constraint of
P

2
i¼1 xi ¼ 1 and

P
2
i¼1 k⃗i ¼ 0, one

can easily obtain
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dk2z
dx2

¼ e1e2
x1x2M0

¼ dk1z
dx1

: ðA12Þ

For the heavy quark, the corresponding Melosh trans-
form is [60,61],

hλ1jR†
Mðpþ

1 ; p⃗1⊥; m1Þjs1i ¼
ūðp1; λ1ÞuDðp1; s1Þ

2m1

ðA13Þ

with u and uD the Dirac spinors in the light-front and
instant forms, respectively. The Melosh transform for a
scalar diquark is a trivial one, i.e.,

hλ2jR†
Mðpþ

2 ; p⃗2⊥; m2Þjs2i ¼ 1; ðA14Þ

whereas the Melosh transform for an axial-vector diquark is
more complicated

hλ2jR†
Mðpþ

2 ; p⃗2⊥;m2Þjs2i¼−ε�LFðp2;λ2Þ · εIðp2;s2Þ;
ðA15Þ

with εLF and εI the polarization vectors in light-front and
instant forms, respectively.
It is convenient to use the covariant form for ΨJJz

nLKS½qq�Jl.
We have

Ψ1=2Jz
nLKS½qq�Jlðp̃1; p̃2; λ1; λ2Þ ¼

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðM0 þm1Þ2 −m2

2

p ūðp1; λ1ÞΓLKS½qq�JluðP̄; JzÞϕnLK
ðx1; x2; k1⊥; k2⊥Þ;

Ψ3=2Jz
nLKS½qq�Jlðp̃1; p̃2; λ1; λ2Þ ¼

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðM0 þm1Þ2 −m2

2

p ūðp1; λ1ÞΓμ
LKS½qq�JluμðP̄; JzÞϕnLK

ðx1; x2; k1⊥; k2⊥Þ; ðA16Þ

with ΓðμÞ
LK;n;S½qq� given in Eq. (7). Note that we have

ϕnLK
≡

ffiffiffiffiffiffiffiffiffi
dk2z
dx2

s
φnLK

; ðA17Þ

with φnLK
given in Eq. (9). The vertex functions Γs00, Γs11, and Γp01 are taken from [16], while Γμ are new and the

derivations can be found in Appendix B.

APPENDIX B: VERTEX FUNCTIONS

1. Some useful identities

We collect some useful identities for the derivation of vertex functions. Relations involving Melosh transform for
spin-1=2 and spin-1 particles are given by

hλ1jR†
Mðx1; k1⊥; m1Þjs1iūDðk1; s1Þ ¼ ūðk1; λ1Þ

uDðk1; s1ÞūDðk1; s1Þ
2m1

¼ ūðk1; λ1Þ; ðB1Þ

hλ2jR†
Mðx2; k2⊥; m2Þjs2iε�I ðk2; s2Þ ¼ −ε�LFðk2; λ2Þ · εIðk2; s2Þε�I ðk2; s2Þ ¼ ε�LFðk2; λ2Þ; ðB2Þ

where the polarization vector in the light-front form εLF has the following expression,

εμLFð�1Þ ¼
�
2

Pþ ε⃗⊥ð�1Þ · P⃗⊥; 0; ε⃗⊥ð�1Þ
�
; ε⃗⊥ð�1Þ ¼∓ ð1;�iÞ=

ffiffiffi
2

p
;

εμLFð0Þ ¼
1

M0

�
−M2

0 þ P2⊥
Pþ ; Pþ; P⊥

�
: ðB3Þ

Note that in the particle rest frame, the polarization vectors in the instant and light-front forms, εI and εLF, are identical, and
likewise the spinors in the two different forms, uD and u, are identical.
It is useful to expressed the relevant Clebsch-Gordan coefficients occurring in Eq. (A6) in compact forms:	

1

2
1; s1s2





 12 1; 12 Jz
�

¼ 1ffiffiffi
3

p χ†s1 σ⃗ · ε⃗�ðk1 þ k2; s2ÞχJz

¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3½ðM0 þm1Þ2 −m2

2�
p ūDðk1; s1Þγ5=ε�ðk1 þ k2; s2Þuðk1 þ k2; JzÞ; ðB4Þ
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1

2
1; s1Jlz





 12 1; 32 Jz
�

¼ −χ†s1ε�μðk1 þ k2; JlzÞχμJz

¼ −
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðM0 þm1Þ2 −m2
2

p ūDðk1; s1Þε�μðk1 þ k2; JlzÞuμðk1 þ k2; JzÞ; ðB5Þ

	
1

2
2; s1Jlz





 12 2; 32 Jz
�

¼ −
ffiffiffi
2

5

r
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðM0 þm1Þ2 −m2
2Þ

p ε�μνðP̄; JlzÞūDðk1; s1Þγ5γνuμðk1 þ k2; JzÞ; ðB6Þ

h11; s2s4j11; 2Jlzi ¼ ενðP̄; s2ÞεμðP̄; s4Þε�μνðP̄; JlzÞ; ðB7Þ

where uμ is the Rarita-Schwinger spinor in the light-front form with

uμðk1 þ k2; JzÞ ¼
	
1

2
1; s3s4





 12 1; 32 Jz
�
εμLFðk1 þ k2; s4Þuðk1 þ k2; s3Þ; ðB8Þ

and ερσðP̄; mÞ is the spin-2 polarization vector defined as

εμνðP̄; sÞ≡ h11;m0m00j11; 2siεμðP̄; m0ÞενðP̄; m00Þ: ðB9Þ

Note the Rarita-Schwinger spinor satisfies the following relations: (see, e.g., [46])

P̄μuμðP̄; JzÞ ¼ 0; γμuμðP̄; JzÞ ¼ 0; =̄PuμðP̄Þ ¼ M0uμðP̄; JzÞ: ðB10Þ

It is useful to note that we have

uþðP̄; JzÞ ¼
ffiffiffi
2

3

r
δJzSzε

þ
LFðP̄; 0ÞuðP̄; SzÞ ¼

ffiffiffi
2

3

r
δJzSz

P̄þ

M0

uðP̄; SzÞ; ðB11Þ

which can be easily proved by using Eqs. (B3) and (B8), in particular, uþðP̄;�3=2Þ ¼ 0.
The following relations of the polarization vectors will be proved to be useful,

εμðk2; s2Þ ¼ εμðP̄; s2Þ −
M0k

μ
2 þm2P̄μ

m2M0

εðP̄; s2Þ · k2
e2 þm2

; ðB12Þ

ε�μðP̄; mÞενðP̄; mÞ ¼ −Gμν; ðB13Þ

ε�μνðP̄; mÞερσðP̄; mÞ ¼ 1

2
GμρGνσ þ

1

2
GμσGνρ −

1

3
GμνGρσ; ðB14Þ

where Gμν is defined as

GμνðP̄Þ≡ gμν −
P̄μP̄ν

M2
0

: ðB15Þ
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The relations in Eqs. (B4), (B5), and (B7) can be easily proved by using Eq. (B9) and Eq. (A11). Explicitly, we use

uDðk1; sÞ ¼
k1 · γ þm1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
e1 þm1

p
�
χs

0

�
¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

e1 þm1

p
� ðe1 þm1Þχs

σ⃗ · p⃗χs

�
;

uðk1 þ k2; λÞ ¼
ðk1 þ k2Þ · γ þM0ffiffiffiffiffiffiffiffiffi

2M0

p γþγ0
�
χλ

0

�
¼

ffiffiffiffiffiffiffiffiffi
2M0

p �
χλ

0

�
;

uμðk1 þ k2; λÞ ¼
ðk1 þ k2Þ · γ þM0ffiffiffiffiffiffiffiffiffi

2M0

p γþγ0
�
χμλ
0

�
¼

ffiffiffiffiffiffiffiffiffi
2M0

p �
χμλ
0

�
;

χμλ ≡
	
1

2
1;m0m00





 12 1; 32 ; λ
�
εμðk1 þ k2; m00Þχm0 ; ðB16Þ

the standard Dirac representation of γμ, γ5, εðk1 þ k2; sÞ ¼ ð0; ε⃗ðsÞÞ with ε⃗ð�1Þ ¼∓ ð1;�i; 0Þ= ffiffiffi
2

p
, ε⃗ð0Þ ¼ ð0; 0; 1Þ. One

can see [16] for the derivation of Eqs. (B4) and (B12). Equation (B5) can be easily proved using the above equation and the
usual normalization of the polarization vector: ε�μðP̄; mÞεμðP̄; m0Þ ¼ −δm;m0 .

To prove Eq. (B6), we need to use the following identity on Clebsch-Gordan coefficient:

	
1

2
2; s1Jlz





 12 2; 32 Jz
�

¼
ffiffiffi
6

5

r 	
1

2
1; s1s2





 12 1; 12 s3
�D

11; s2s4j11; 2Jlz
E	1

2
1; s3s4





 12 1; 32 Jz
�
; ðB17Þ

and use Eqs. (B4), (B7), (B8), and (B13),

	
1

2
2; s1Jlz





 12 2; 32 Jz
�

¼
ffiffiffi
6

5

r 	
1

2
1; s1s2





 12 1; 12 s3
�D

11; s2s4j11; 2Jlz
E	1

2
1; s3s4





 12 1; 32 Jz
�

¼ −
ffiffiffi
2

5

r
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðM0 þm1Þ2 −m2
2

p ε�μνðJlzÞūDðk1; s1Þγ5γνuμðk1 þ k2; JzÞ: ðB18Þ

Using Eq. (B9) and the following identity of the Clebsch-Gordan coefficients,

h11; a; bj11; 2mih11; c; dj11; 2mi ¼ 1

2
δa;cδb;d þ

1

2
δa;dδb;c −

1

3
ð−Þaþcδa;−bδc;−d; ðB19Þ

and noting that ε�ðP̄; mÞ ¼ ð−ÞmεðP̄;−mÞ, we have

ε�μνðP̄; mÞερσðP̄; mÞ ¼ 1

2
ε�μðP̄; mÞερðP̄; mÞε�νðP̄; m0ÞεσðP̄; m0Þ þ 1

2
ε�μðP̄; mÞεσðP̄; mÞε�νðP̄; m0ÞερðP̄; m0Þ

−
1

3
ε�μðP̄; mÞενðP̄; mÞερðP̄; m0Þε�σðP̄; m0Þ; ðB20Þ

which leads to Eq. (B14) after performing the polarization sum, Eq. (B13).
Note that using Eqs. (B12), (B2) and (B13), we have

hλ2jR†
Mðx2; k2⊥; m2Þjs2iε�νðP̄; s2Þ ¼ −ε�LFðk2; λ2Þ · εðk2; s2Þε�νðP̄; s2Þ

¼ ε�νLFðk2; λ2Þ −
M0kν2 þm2P̄ν

ðP̄ · k2 þm2M0Þ
ε�LFðk2; λ2Þ · P̄

M0

; ðB21Þ

which will be useful in obtaining vertex functions.

COLOR-ALLOWED BOTTOM BARYON TO s-WAVE AND … PHYS. REV. D 100, 034025 (2019)

034025-31



2. Γμ for states with configuration ðLK;SP½qq�;J
P
l ;J

PÞ = ð1;0+ ;1− ;32 − Þ
From Eq. (A6) the corresponding momentum-space wave-function ΨJJz

nLKS½qq�Jl is given by

Ψ
3
2
Jz
np01ðp̃1; p̃2; λ1; λ2Þ ¼ hλ1jR†

Mðpþ
1 ; p⃗1⊥; m1Þjs1i

	
1

2
1; s1Jlz





 12 1; 32 Jz
�
h10;Lz0j10; 1Jlziϕn1Lz

ðx1; x2; k1⊥; k2⊥Þ: ðB22Þ

It can be expressed as

Ψ
3
2
Jz
np01ðp̃1; p̃2; λ1; λ2Þ ¼

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðM0 þm1Þ2 −m2

2

p ūðp1; λ1ÞΓμ
p01uμðP̄; JzÞϕnpðx1; x2; k1⊥; k2⊥Þ; ðB23Þ

with

Γμ
p01 ¼ −

1

2
ðp1 − p2Þμ; ðB24Þ

where Eqs. (B1), (B5), (A10), (B13), and (B10) have been used.

3. Γμ for states with configuration ðLK;SP½qq�;J
P
l ;J

PÞ = ð0;1+ ;1+ ;32
+ Þ

From Eq. (A6) the corresponding momentum-space wave-function ΨJJz
nLKS½qq�Jl is given by

Ψ3=2Jz
ns11 ðp̃1; p̃2; λ1; λ2Þ ¼ hλ1jR†

Mðpþ
1 ; p⃗1⊥; m1Þjs1ihλ2jR†

Mðpþ
2 ; p⃗2⊥; m2Þjs2i

	
1

2
1; s1Jlz





 12 1; 32 Jz
�
h01; 0s2j01; 1Jlzi

× ϕn00ðx1; x2; k1⊥; k2⊥Þ: ðB25Þ

It can be expressed as

Ψ3=2Jz
ns11 ðp̃1; p̃2; λ1; λ2Þ ¼

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðM0 þm1Þ2 −m2

2

p ūðp1; λ1ÞΓμ
s11uμðP̄; JzÞϕnsðx1; x2; k1⊥; k2⊥Þ; ðB26Þ

with

Γμ
s11 ¼ −

�
ε�μLFðp2; λ2Þ −

pμ
2

P̄ · p2 þm2M0

ε�LFðp2; λ2Þ · P̄
�
; ðB27Þ

where Eqs. (B1), (B5), (B21), and (B10) have been used.

4. Γμ for states with configuration ðLK;SP½qq�;J
P
l ;J

PÞ = ð1;1+ ;2− ;32 − Þ
From Eq. (A6) the corresponding momentum-space wave function ΨJJz

nLKS½qq�Jl is given by

Ψ3=2Jz
np12 ðp̃1; p̃2; λ1; λ2Þ ¼ hλ1jR†

Mðpþ
1 ; p⃗1⊥; m1Þjs1ihλ2jR†

Mðpþ
2 ; p⃗2⊥; m2Þjs2i

	
1

2
2; s1Jlz





 12 2; 32 Jz
�
h11;Lzs2j11; 2Jlzi

× ϕn1Lz
ðx1; x2; k1⊥; k2⊥Þ: ðB28Þ

It can be expressed as

Ψ3=2Jz
np12 ðp̃1; p̃2; λ1; λ2Þ ¼

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðM0 þm1Þ2 −m2

2

p ūðp1; λ1ÞΓμ
p12uμðP̄; JzÞϕnpðx1; x2; k1⊥; k2⊥Þ; ðB29Þ

with
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Γμ
p12 ¼ −

1

2
ffiffiffiffiffi
10

p γ5

�
ðε�μðp2; λ2Þ þ

�
p1 − p2Þμ

ε�LFðp2; λ2Þ · P̄
P̄ · p2 þM0m2

��
=p1 − =p2 −

m2
1 −m2

2

M0

�

þ ðp1 − p2Þμ
�
=ε�LFðp2; λ2Þ −

ε�LFðp2; λ2Þ · P̄
M0

��
: ðB30Þ

The above result can be obtained by using Eqs. (B1), (B2), (B6), (A10), (B12), (B9), and (B14). In fact, from Eqs. (B2),
(B12), and (B9), we have

h11;Lzs2j11; 2JlziεσðP̄; LzÞhλ2jR†
Mðx2; k2⊥; m2Þjs2i

¼ −h11;Lzs2j11; 2Jlziε�LFðk2; λ2Þ · εðk2; s2ÞεσðP̄; LzÞ

¼ −
�
ε�ρLFðk2; λ2Þ þ

ε�LFðk2; λ2Þ · P̄
M0ðe2 þm2Þ

ðk1 − k2Þρ
2

�
ερσðP̄; JlzÞ ðB31Þ

Putting them together we obtain

Γμ
p12uμ ¼ −

ffiffiffi
2

5

r �
k1 − k2

2

�
σ

γ5γ
ν

�
ε�ρLFðk2; λ2Þ þ

ε�LFðk2; λ2Þ · P̄
M0ðe2 þm2Þ

�
k1 − k2

2

�
ρ
��

1

2
GμρGνσ þ

1

2
GμσGνρ −

1

3
GμνGρσ

�
uμ

¼ −
1ffiffiffiffiffi
10

p γ5

�
ε�ρLFðk2; λ2Þ

�
k1 − k2

2

�
σ

þ ε�LFðk2; λ2Þ · P̄
M0ðe2 þm2Þ

�
k1 − k2

2

�
σ
�
k1 − k2

2

�
ρ
�

×

�
gμρ

�
γσ −

P̄σ

M0

�
þ gμσ

�
γρ −

P̄ρ

M0

��
uμ: ðB32Þ

It can be further simplified into the following expression:

Γμ
p12uμ ¼ −

1

2
ffiffiffiffiffi
10

p γ5

�
ðε�μðk2; λ2Þ þ ðk1 − k2Þμ

ε�LFðk2; λ2Þ · P̄
M0ðe2 þm2Þ

��
=k1 − =k2 −

m2
1 −m2

2

M0

�

þ ðk1 − k2Þμ
�
=ε�LFðk2; λ2Þ −

ε�LFðk2; λ2Þ · P̄
M0

��
uμ: ðB33Þ

Boosting ki → pi in the LF boost we obtain Eqs. (B29) and (B30).

APPENDIX C: KINEMATICS

The decay rates and asymmetries read [22]

Γ½Bb → Bcð1=2ÞP� ¼
pc

8π

�ðM þM0Þ2 −m2
P

M2
jAj2 þ ðM −M0Þ2 −m2

P

M2
jBj2

�
;

Γ½Bb → Bcð1=2ÞVðAÞ� ¼
pc

4π

E0 þM0

M

�
2ðjSð0Þj2 þ jPð0Þ

2 j2Þ þ
E2
VðAÞ

m2
VðAÞ

ðjSð0Þ þDð0Þj2 þ jPð0Þ
1 j2Þ

�
; ðC1Þ

α½Bb → Bcð1=2ÞP� ¼ −
2κReðA�BÞ
jAj2 þ κ2jBj2 ;

α½Bb → Bcð1=2ÞVðAÞ� ¼
4m2

VðAÞReðSð0Þ�P2Þ þ 2E2
VReðSð0Þ þDð0ÞÞ�Pð0Þ

1

2m2
VðAÞðjSð0Þj2 þ jPð0Þ

2 j2Þ þ E2
VðAÞðjSð0Þ þDð0Þj2 þ jPð0Þ

1 j2Þ
; ðC2Þ

with κ ≡ pc=ðE0 þM0Þ and pc is the momentum in the center of mass frame
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Sð0Þ ¼ −Að0Þ
1 ; Pð0Þ

1 ¼ −
pc

EVðAÞ

�
M þM0

E0 þM0 B
ð0Þ
1 þMBð0Þ

2

�
;

Pð0Þ
2 ¼ pc

E0 þM0 B
ð0Þ
1 ; Dð0Þ ¼ −

p2
c

EVðAÞðE0 þM0Þ ðA
ð0Þ
1 −MAð0Þ

2 Þ: ðC3Þ

The Bb → Bcð3=2ÞP decay rates and asymmetries are given by

Γ½Bb → Bcð3=2ÞP� ¼
p3
c

12π

�ðM þM0Þ2 −m2
P

M02 jCj2 þ ðM −M0Þ2 −m2
P

M02 jDj2
�

ðC4Þ

and

α½Bb → Bcð3=2ÞP� ¼ −
2κReðA�BÞ
jAj2 þ κ2jBj2 ; ðC5Þ

respectively. The decay rates and asymmetries of Bb → Bcð3=2ÞV decays read [20,22,62]

Γ ¼ pc

16πM2

X
λV

ðjhλVþ1=2;λV ;1=2j2 þ jh−ðλVþ1=2Þ;−λV ;−1=2j2Þ ¼
pc

32πM2

X
λV

ðjhPVλVþ1=2;λV ;1=2
j2 þ jhPCλVþ1=2;λV ;1=2

j2Þ

α ¼
P

λV
jhλVþ1=2;λV ;1=2j2 − jh−ðλVþ1=2Þ;−λV ;−1=2j2P

λV
jhλVþ1=2;λV ;1=2j2 þ jh−ðλVþ1=2Þ;−λV ;−1=2j2

¼
P

λV
2hPVλVþ1=2;λV ;1=2

hPCðλVþ1=2Þ;λV ;1=2P
λV
jhPVλVþ1=2;λV ;1=2

j2 þ jhPCλVþ1=2;λV ;1=2
j2 ðC6Þ

where hλ0;λV ;λ ≡ hBcðλ0ÞVðλVÞjHW jBbðλÞi is the helicity amplitudes and

hPVλ0;λV ;1=2 ≡ hλ0;λV ;1=2 � h−λ0;−λV ;−1=2; ðC7Þ

with

hPVðPCÞ3=2;1;1=2 ¼∓ ffiffiffiffiffiffiffiffiffi
2Q�

p
EPVðPCÞ
1 ;

hPVðPCÞ−1=2;−1;1=2 ¼∓
ffiffiffi
2

3

r ffiffiffiffiffiffiffi
Q�

p �
EPVðPCÞ
1 −

Q∓
M0 E

PVðPCÞ
2

�
;

hPVðPCÞ1=2;0;1=2 ¼∓
ffiffiffiffiffiffiffi
Q�

p

2
ffiffiffi
3

p
M0mV

½2ðM2 −M02 −m2
VÞEPVðPCÞ

1 � 2Q∓ðM �M0ÞEPVðPCÞ
2 þQþQ−E

PVðPCÞ
3 �; ðC8Þ

EPV
i ≡ Ci, EPC

i ≡Di and Q� ≡ ðM �M0Þ2 −m2
V . The formulas for the decay rates and asymmetries of Bb → Bcð3=2ÞV

decays can be obtained by using the above formulas, but with λV , mV , Ci and Di and replaced by λA, mA, C0
i and D0

i,
respectively.
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