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Abstract Scalar field cosmologies with a generalized har-
monic potential and a matter fluid with a barotropic equa-
tion of state (EoS) with barotropic index y for the locally
rotationally symmetric (LRS) Bianchi I and flat Friedmann—
Lemaitre—Robertson—Walker (FLRW) metrics are investi-
gated. Methods from the theory of averaging of nonlinear
dynamical systems are used to prove that time-dependent
systems and their corresponding time-averaged versions have
the same late-time dynamics. Therefore, the simplest time-
averaged system determines the future asymptotic behavior.
Depending on the values of y, the late-time attractors of phys-
ical interests are flat quintessence dominated FLRW universe
and Einstein-de Sitter solution. With this approach, the oscil-
lations entering the system through the Klein—Gordon (KG)
equation can be controlled and smoothed out as the Hubble
parameter H — acting as time-dependent perturbation param-
eter — tends monotonically to zero. Numerical simulations are
presented as evidence of such behavior.

1 Introduction

Mathematical methods have been widely used in cosmology.
For example, in reference [1] the method of Lie symmetries
was applied to Wheeler—De Witt equation in Bianchi class
A cosmologies for minimally coupled scalar field gravity
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and hybrid gravity in general relativity (GR). Several invari-
ant solutions were determined and classified. In reference
[2] a model-independent criterion based on first integrals of
motion was used; and in reference [3] dynamical symme-
tries of the field equations were used to classify dark energy
(DE) models in the context of scalar field (quintessence or
phantom) FLRW cosmologies. Using Noether symmetries in
[2] the system was simplified and its integrability was deter-
mined. For the exponential potential as well as some types of
hyperbolic potentials, extra Noether symmetries apart of the
conservation law were found; suggesting that these potentials
should be preferred along the hierarchy of scalar field poten-
tials. In [3] under the requirement that field equations admit
dynamical symmetries resulted in two potentials, one of them
is the well known unified dark matter (UDM) potential and
another hyperbolic model. In reference [4] a mathematical
approach to reconstruct the EoS and the inflationary poten-
tial of the inflaton field from observed spectral indices for the
density perturbations and the tensor-to-scalar ratio (based on
the constraints system) was implemented. In reference [5] an
algorithm to generate new solutions of the scalar field equa-
tions in FLRW universes was used. Solutions for pure scalar
fields with various potentials in absence and in presence of
spatial curvature and other perfect fluids were obtained. A
series of generalizations of Chaplygin gas and bulk viscous
cosmological solutions for inflationary universes were found.
In reference [6] the f(T) cosmological scenario was stud-
ied. In particular, analytical solutions for isotropic, homo-
geneous universe containing dust fluid and radiation, and
for an empty anisotropic Bianchi I universe were found. The
method of movable singularities of differential equations was
used. For the isotropic universe, the solutions are expressed
in terms of Laurent expansion, while for anisotropic uni-
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verse a family of exact Kasner-like solutions in vacuum is
found. In reference [7] the symmetry classification of the KG
equation in Bianchi I spacetime was performed. A geometric
method which relates the Lie symmetries of the KG equa-
tion with the conformal algebra of the underlying geometry
was applied. Furthermore, by means of Lie symmetries that
follow from the conformal algebra (which are also Noether
symmetries for the KG equation) all the potentials in which
the KG equation admits Lie and Noether symmetries were
determined. The Lie admitted symmetries are useful to deter-
mine the corresponding invariant solution of the KG equation
for specific potentials. Additionally, the classification prob-
lem of Lie/Noether point symmetries of the wave equation
in Bianchi I spacetime was solved, and invariant solutions of
the wave equation were determined. In reference [8] a new
method to classify Bianchi I spacetimes which admits con-
formal killing vectors (CKV) was developed. The method is
useful to study the conformal algebra of Kasner spacetime
and other Bianchi type I matter solutions of GR.

Other useful mathematical methods are asymptotic meth-
ods and averaging theory [9-15]. These methods have been
applied in cosmology for example in [16-24] with inter-
est in early and late-time dynamics. Some works related
to Einstein-KG, Maxwell, Yang—Mills and Einstein—Vlasov
systems are [23—41]. In reference [42] LRS Bianchi type
IIT cosmologies with a massive scalar field were studied by
means of the theory of averaging of nonlinear dynamical sys-
tems. In reference [43] a theorem about large-time behavior
of solutions of a general class spatially homogeneous (SH)
cosmologies with oscillatory behavior was presented. The
results are based on a first order approximation of H, when
H is non-negative and monotonic decreasing to zero.

Inspired in [16-19] we have started the “Averaging gen-
eralized scalar field cosmologies” program which consists in
using asymptotic methods and averaging theory to obtain rel-
evant information about the solution’s space of scalar field
cosmologies with generalized harmonic potential in pres-
ence of matter (with a barotropic EoS with barotropic index
y) minimally coupled to a scalar field. This research pro-
gram has three steps according to the three cases of study: (I)
Bianchi I1I and open FLRW model [20], (IT) Bianchi I and flat
FLRW model (the present case) and (III) Kantowski-Sachs
and closed FLRW [21]. In reference [19] relevant results
for the aforementioned program were presented. In particu-
lar, interacting scalar field cosmologies with generalized har-
monic potentials for flat and negatively curved FLRW, and
for Bianchi I metrics were studied. Using asymptotic and
averaging methods stability conditions for several solutions
of interest as H — 0 were obtained. This analysis suggests
that the asymptotic behavior of the time-averaged model is
independent of the coupling function and the geometry. Fol-
lowing analogous procedures in references [20,21] the cases
(I) and (IIT) of the program were studied.

@ Springer

For LRS Bianchi III metric in paper I [20] was proved
that the late-time attractors of full and time-averaged sys-
tems are: a matter dominated FLRW universe if 0 < y < %
(mimicking de Sitter, quintessence or zero acceleration solu-
tions), a matter-curvature scaling solution if % <y <1
and Bianchi III flat spacetime for 1 < y < 2. For FLRW
metric with k = —1 late-time attractors are: a matter dom-
inated FLRW universe if 0 < y < % (mimicking de Sitter,
quintessence or zero acceleration solutions) and the Milne
solution if % < y < 2. For Kantowski—Sachs metric (see
references [44-49]) in paper III [21] was proved that late-
time attractors of full and time-averaged systems are: two
anisotropic contracting solutions if 0 < y < 2, a non-flat
LRS Kasner Bianchi I, a Taub (flat LRS Kasner) and a mat-
ter dominated FLRW universe if 0 < y < % (mimicking
de Sitter, quintessence or zero acceleration sblutions). For
FLRW metric with k = 41 late-time attractors are: Einstein—
de Sitter solution if 0 < y < 1, the matter dominated FLRW
universe for0 < y < %(mimicking de Sitter, quintessence or
zero acceleration solutions) and a matter dominated contract-
ing isotropic solution if 1 < y < 2. In all the metrics, the
matter dominated FLRW universe represents quintessence
fluidif 0 < y < %

This paper is devoted to case (II). It is organized as fol-
lows: in Sect. 2 we motivate our choice of potential and
the topic of averaging in the context of differential equa-
tions. In Sect. 3 we introduce the model under study. In
Sect. 4 we apply averaging methods to analyze periodic
solutions of a scalar field with self-interacting potentials
within the class of generalized harmonic potentials [17]
where in particular, Sect. 4.1 is devoted to LRS Bianchi
I model and Sect. 4.2 is devoted to flat FLRW metric. In
Sect. 5 we study the resulting time-averaged systems where,
in particular, Sect. 5.1 is devoted to LRS Bianchi I mod-
els and Sect. 5.2 is devoted the flat FLRW metric. Finally,
in Sect. 6 our main results are discussed. In Appendix A
the proof of our main theorem is given and in Appendix B
numerical evidence supporting the results of Sect. 4 is pre-
sented.

2 Motivation
2.1 The generalized harmonic potential

Scalar fields are relevant in the physical description of the
universe, particularly, in inflationary scenario [50-55]. For
example, chaotic inflation is a model of cosmic inflation
in which the potential term takes the form of the harmonic

m2¢2
potential V (¢) = —5— [52-55].
In this research we consider the generalized harmonic

potential which incorporates cosine-like corrections
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2
Vig) = u’ [bf <1—Cos <f))+¢—] b >0, ey
f Iz

with 13bf <« 1.
Introducing a new parameter o through the equation by +
2fu? — fw* = 0, potential (1) can be re-expressed as

Vv — 242 2 2_22 (1_ (f)) 2
@) =129+ 17 (o7~ 27) (1= cos @)

The applicability of this re-parametrization will be discussed
at the end of Sect. 2.3.
Potential (2) has the following generic features:

1. V is a real-valued smooth function V € C°°(R) with
limg_ 400 V() = +00.

2. V is an even function V (¢) = V(—¢).

3. V(¢) has always a local minimum at ¢ = 0; V(0) =
0, V/(0) =0, V"(0) = w? > 0.

4. There is a finite number of values ¢, # 0 satisfying

2u*¢e + f (@ —2p?)sin <¢7‘) = 0, which are local

maximums or local minimums depending on whether
V7 (¢e) = 2,uz+(a)2 — 2u2) cos (‘7)7”) <0or V" (¢.) >

0. For || > % = ¢y, this set is empty.

5. There exist Viax = maXge[—g, ¢, V(@) and Viin =
minge[—¢,.4,] V(¢#) = 0. The function V has no upper
bound but it has a lower bound equal to zero.

The asymptotic features of potential (2) are the follow-
ing. Near the global minimum ¢ = 0, we have V(¢) ~
# + ﬁ(¢3), as ¢ — 0. That is, > can be related
to the mass of the scalar field near its global minimum. As
¢ — +oo the cosine-correction is bounded, then V (¢) ~
w?¢® + 0 (1) as ¢ — =oo. This makes it suitable to
describe oscillatory behavior in cosmology.

Potential (1) or (2) is related but not equal to the mon-
odromy potential of [56] used in the context of loop-quantum
gravity, which is a particular case of the general mon-
odromy potential [57]. In references [17-19] it was proved
that the potential of [56,57] for p = 2, say V(¢) =
w [% + bf cos <%)], b # 0 is not good to describe the
late-time FLRW universe driven by a scalar field because
it has two symmetric local negative minimums which are
related to Anti-de Sitter solutions. Therefore, in [17,18] the
following potential was studied

2
V(¢)=%+f[1 _ cos (?)} 3)

that is obtained by setting u = */Tj and bu = 2 in Eq. (1).
On the other hand, setting u = 4 and w = \/5, we have

2
V(¢)=¢7+f2 [1—005 <?)i| 4)
The potentials (3) and (4) provide non-negative local min-
imums which can be related to a late-time accelerated uni-
verse. The generalized harmonic potentials (2), (3) and (4)

belong to the class of potentials studied by [23]. Addition-
ally, potentials like V (¢) = A* [1 — cos (%)
est in the context of axion models [58].AIn [59] axionic
dark matter with modified periodic potential for the pseu-

m? &2 2
doscalar field V (¢, @,) = ?ﬂz [1 — COos (T*)] has been
studied in the framework of the axionic extension of the
Einstein-aether theory. This periodic potential has minima
at ¢ = nd,,n € Z, whereas maxima are found when
n—m+ % Near the minimum, i.e., ¢ = n®, + ¥ with ||

2.2
m
a small value, V — A2¢

] are of inter-

where m 4 the axion rests mass.

2.2 Simple example

Given the ordinary differential equation x = f(x, 7, £) with
& > 0 and f periodic in 7. One approximation scheme which
can be used to solve the full problem is the resolution of
the unperturbed problem x = f(x, 7, 0) by setting ¢ = 0 at
first and then with the use of the approximated unperturbed
solution to formulate variational equations in standard form
which can be averaged. The term averaging is related to the
approximation of initial value problems involving perturba-
tions [15, chapter 11].
For example, consider the initial value problem:

¢+ o’ = e(—2¢), Q)

with ¢ (0) and dB(O) prescribed. The unperturbed problem
(}5 + w2¢ = 0 admits the solution qB(t) = rowcos(wt —
Dg), ¢(t) = rosin(wt — D), where rg and @ are constants
depending on initial conditions.

Let be defined the amplitude-phase transformation [15,
chapter 11]:

o) = r(t)wcos(wt — P (1)),

() = r(t) sin(wt — D (1)), (6)
such that
/32 212 B
r= ¢(t)+a)¢(t)’ @ = wt — tan 1<a)‘¢(t)>'(7)
® (1)

Then, Eq. (5) becomes,

F=—2recos’(t — ®), ® = —esin2(t — P)). (8)

From (8) it follows that  and @ are slowly varying with time,
and the system takes the form y = ¢f(y). Theideais consider
only nonzero average of the right-hand-sides keeping r and @
fixed and leaving out the terms with average zero and ignoring

@ Springer
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the slow-varying dependence of r and @ on ¢ through the
averaging process

_ 1 (L 2

f(:):=— f(-,r)dt, L=—. )
L 0 w

Replacing r and @ by their averaged approximations r and

@ we obtain the system

r = —¢twr,

@ =0. (10)

Solving (10) with 7(0) = rg and @ (0) = @, we obtain ¢ =

roe " sin(wt — @), which is an accurate approximation of

the exact solution

¢ (t) = —roe "¢ sin(Pg) cos (t\/m)

roe” "¢ sin (t w? — 82) (¢ sin(Pg) — w cos(Pp))

s

02— &2
due to
b0) — (o) = ETIMNICO)poiry
ase — 0T,

2.3 General class of systems with a time-dependent
perturbation parameter

Let us consider for example the KG system

b+ 0*¢p = —3Ho, (11)

H=—14 (12)
2

The similarity between (5) and (11) suggests to treat the latter
as a perturbed harmonic oscillator as well, and to apply aver-
aging in an analogous way. However, care has to be taken
because in contrast to ¢, H is time-dependent and itself is
governed by the evolution equation (12). If it is valid, then
a surprising feature of such approach is the possibility of
exploiting the fact that it is strictly decreasing and goes to
zero by promoting Hubble parameter H to a time-dependent
perturbation parameter in (11) controlling the magnitude of
the error between solutions of the full and time-averaged
problems. Hence, with strictly decreasing H the error should
decrease as well. Therefore, it is possible to obtain the infor-
mation about the large-time behavior of the more compli-
cated full system via an analysis of the simpler averaged sys-
tem equations by means of dynamical systems techniques
[60—88]. With this in mind, in [43] the long-term behavior of
solutions of a general class of systems in standard form was
studied:

@ Springer

H\ 0 > fPx, 1)
(5) = (o) e (707) o

where H is positive strictly decreasingin ¢ and lim,_, oo H(?) =
0.

In this paper we study systems which are not in the stan-
dard form (13) but can be expressed as a series with center
in H = 0 according to the equation

H 0 0
(x) = <f0(x, r)) +H <f1(x, t))

(2]
+H (f & ”) T+ o), (14)

depending on a parameter w which is a free frequency that
can be tuned to make £° (x, ) = 0. Therefore, systems can be
expressed in the standard form (13). In particular, assuming
w? > 2u? and setting f = wzl’i‘; > (which is equivalent to
tune the angular frequency w) the ul;ldesired terms evolving as

o HY are eliminated in the series expansion around H = 0.

3 The model

It is well-known that there is an interesting hierarchy in
Bianchi models [88-91]. In particular, LRS Bianchi I model
naturally appears as a boundary subset of LRS Bianchi III
model. The last one is an invariant boundary of LRS Bianchi
type VIII model as well. Additionally, LRS Bianchi type
VIII can be viewed as an invariant boundary of LRS Bianchi
type IX models [92-97]. Bianchi spacetimes contain many
important cosmological models that have been used to study
anisotropies of primordial universe and its evolution towards
the observed isotropy of the present epoch [98—102]. The list
includes FLRW model in the limit of the isotropization.

In GR the Hubble parameter is always monotonic for
Bianchi I and anisotropies decay for H > 0. Therefore,
isotropization occurs [103,104]. The exact solutions of field
equations have been found in some particular Bianchi space-
times for an exponential potential [105-107]. These exact
solutions lead to isotropic homogeneous spacetimes as it was
found in references [108,109]. An anisotropic solution of
special interest is Kasner spacetime [110-117], essential for
the description of BKL singularity [118].

The action integral of interest given by

1 1
S = /d4x gl [ER - Eg’”VmVu(b — V(o) +-$m] ,
15)
isexpressed in a system of unitsinwhich87G = c = h = 1.

In Eq. (15) R is the scalar curvature of the spacetime, .Z, is
the Lagrangian density of matter, ¢ is the scalar field, V,, is
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the covariant derivative and V (¢) is the scalar field potential
defined by (1).

3.1 LRS Bianchi III, Bianchi I and Kantowski—Sachs
models

Considering that

lim &k 'sin?(Vk9) = sinh?(®), (16)
k——1

lim k! sin>(Vk®) = 92, (17
k—0

lim &~ 'sin?(Vk9) = sin?(9), (18)
k—+1

the metric element for LRS Bianchi III, Bianchi I and
Kantowski—Sachs models can be written as [119]

ds? = —di® + [e1 1(;)]72 dr?
+ [622(2‘)]72 [dﬂz k! sinz(\/%ﬂ)dﬁ] .19

where ¢!, e,2 and 33 = \/l;ezz/ sin(«/%t?) are functions
of ¢ which are components of the frame vectors [120]:
e = 0;,e] = e1'0,,ex = 220y, €3 = e338;. Compar-
ing with reference [119] we have settled the parameters
a=f=0ande ' (t) = Dy(t)™", e?(t) = D2(t)~! and
we have used the identifications (9, £) = (y, z). The line
elements for spatially homogeneous self-similar LRS mod-
els have been given by Wu in [121]. We concentrate only
in the spatially homogeneous but anisotropic class with the
exception of spatially homogeneous LRS Bianchi V, that is:
LRS BianchiIIl (k = —1), Bianchi I (k = 0) and Kantowski—
Sachs (k = +1) [122]. It is useful to define a representative
length £(¢) along worldlines of uw = 9; for describing the
volume expansion (contraction) behavior of the congruence
completely by [123]

£ _ ld g 20002
(= HO=—3 5 [e1! 2] (20)

where dots denote derivatives with respect to time ¢, H (¢)
is the Hubble parameter in terms of £(t) its time derivative.
The anisotropic parameter o (¢) is defined by

1d
oy = 3 Infer @) ] 1)

The variation of (15) for the 1-parameter family of metrics
(19) leads to [122]:

1.
3H? 4 kK = 30.2 4 pm + §¢2 +V(p), (22)
—3(0y + H)> =20y —2H — kK

1.
= = Dpw + 5¢2 — V(g), (23)

—3042+30.H —3H?> + oy —2H

1.
=@ = Dpw + 5¢2 — V(g), (24)

where for the matter component we use barotropic EoS
pm = (¥ — Dpy with p, the pressure of the fluid, p,, is
the energy density and the barotropic index is a constant y
which satisfies 0 < y < 2.

The Gauss curvature of the spatial 2-space and 3-curvature
scalar are [120]

K = (e22(1))*, >R = 2kK. (25)

Furthermore, the evolution equation of the Gauss curvature
of the spatial 2-space is

K = —2(o4 + H)K, (26)
while the evolution for e;! is given by [120]

el = —(H — 204)er . Q7
From Egs. (23) and (24) the shear equation

oy =—-3Hoy — —, (28)

is obtained. Equations (22), (23), (24) and (28) give the Ray-
chaudhuri equation

S SPPS VNSNS P
H=—H"=20"= 2@y =2)pn = 3¢"+ 3V (). (29)

Finally, the matter and KG equations are

Pm = =3y Hpp, (30)

$=-3Hp — ——. (31)

In this paper we will focus our study in LRS Bianchi I model.
Therefore, using Eq. (17) the metric (19) reduces to

ds® = —di® + A2(t)dr® + B2(t) (dﬁz + 02d§2> . (32

where the functions A(¢) and B(t) are interpreted as the scale
factors: A(r) = e; (1)~ and B2(t) = K (1)~ .

3.2 FLRW models

The general line element for spherically symmetric models
can be written as [120]

-2
ds* = —dt* + [ell(t, r)] dr?

+ [622(1‘, r)]_2 (do? + sin2 9 de?). (33)

@ Springer
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Spatially homogeneous spherically symmetric models, that
are not Kantowski—Sachs, are the FLRW models where the
metric can be written as

ds? = —di® + a2(t)[dr2 + f2r)(d0* + sin? ® d;2)],
(34)
with f(r) =sinr, r, sinhr, (35)

for closed, flat and open FLRW models, respectively. In
comparison with metric (33), the frame coefficients are
given by e;! = a7'(r) and e2®> = a~ (1) f~(r) where
a(t) is the scale factor. The anisotropic parameter o, =
3 3 > In(ey /e22) vamshes and the Hubble parameter (20) can
be written as H = E In [a(?)]. Furthermore, by calculating

3R we obtain

6k
3p = K

2 k=1709_1’ (36)
a

for closed, flat and open FLRW, respectively. Therefore, evo-
lution/constraint equations reduce to

¢=-3Hp—V'(¢p), (37a)

Pm = =3y Hpm, (37b)

a=aH, (37¢c)

H=—1(ypm+¢)+5 (37d)
2

3H? = pp + ¢ +V(¢)—%. (37e)

4 Averaging scalar field cosmologies

As in reference [42] we construct a time-averaged version of
the original system and prove that it shares the same late-time
dynamics of the original system.

4.1 Bianchi I metric

In this section averaging methods are applied for Bianchi I
metrics for the generalized harmonic potential (1) minimally
coupled to matter.

Setting k = 0 in Egs. (22), (28) and (29) we obtain

H=-H>—20," - é(?»y —2)pm
iy, (38)
3 3
d+ = —3HO'+, (39)
2 2 1 ;2
3H? =30," + pm + §¢ + V(o). (40)

Using the characteristic length scale ¢ along worldlines of
the 4-velocity field such that H = %, defining ¢ the current
value of ¢ such that

@ Springer

0 (o
=la'0E@®?] " = ( « ) (4D

and de3noting by convention ¢+ = 0 the current time, then
(%D) = m = 1 and 7(0) = 0. Using the def-
inition (20) and integrating (39) we obtain o, = 008 /03,
where oy is an integration constant, which is the value of
oy when £ = £y. The term Go(£) = oy 68 /£°, which cor-
responds to anisotropies in Bianchi I metric, does not corre-
spond to a fluid component in the model. However, it can be
interpreted as a stiff-matter fluid for flat FLRW metric with
scale factor a(t) = £(t). The term o_% dilutes very fast with
expansion, isotropizing if H > 0.

The evolution equation for matter and the KG equation do
not depend on k. Therefore, the field equations are deduced:

¢ =-3Hp—V'(¢), (42a)
Pm = =3y Hpm, (42b)
¢ =(H, (420)
. 1 o\ 30368
H=—5(ypm+¢ ) - =52, (424)
30260
3H? = pp + ¢ + V() + ; 0 (42e)
Now, we define Hubble normalized variables
o="2_ »=2 43)
- \/EH £l - H E)

along with » and @ which are defined in (7) and oy =
006(3) /€3 is obtained by integrating (39). Then, we obtain the
system

3
o _b)/flg 2 Sinz(«/;HQfsai)n(tw7¢))

_ bu? cos(tw — @)sm(w>
V6H fo
3 2 292
+IHR (-2 4y - T
2 2

+ H cos®(tw — @)(93<y<30‘)‘—227%)+3>739>
N (0? —2p4%) 2 sintw — 20)

, 44
2w )
5o _byf/,}E Sinz(\/gygbin(m)—@))
H Te
H _E(,,_z)z(xz—l)
2
3yu2292 Sinz(ta) — D)
0)2
3 2 2t
S 2) X H Q7 cos”(tw — D), (44b)
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3 .
& — _b,bL sin(tw — @) Sin(\/EH.Q;ir;)(tw—qﬁ))
V6H 2

- %H sin(tw — @)

(0? —2p4%) sin’(tw — @)

3

(44¢)

w

H=—(+q)H> (444d)

where the deceleration parameter g is given by

3
= 1Y G (Anesaee)
q= e kL

2y u? 2% sin®(tw — q>)>
2

3 2
+=-—-(y—-2X+y—
2 w

- %(y —2)2% cos’(tw — D). (45)

Denoting x = (£2, X, ®)7 system (44) can be symbolically
written in form (14). Notice that using the condition bu’ +
2fu* — fw? = 0, the function
2(fo?—p*(bu+2f)) sin(tw—2®)
2fw
0 , (46)
(—%—2#2—&-&)2) sin?(to—®)

w

x,1) =

in the Eq. (14) becomes trivial. Hence, we obtain:
X = Hf(x,1) + O(H?), (47)
H= —%H2<y (1- 52— 2%) +252 + 207 cos’(& - lw))

+ O(H?), (48)

where (48) is Raychaudhuri equation and

f(x,1)

[NSIS8]

.Q<y (1 _x2_ 92) 125242 (92 - 1) cos?(® — tw))

[S[O%}

E<fy ():2+.(22 - 1) 1252 4222 cos2(@ — tw) 72>

-3 sinQ2tw — 20)
49)

Replacing x = Hf(x, r) with f(x, 7) as defined in (49) by
y = Hf(y) withy = (S_Z, x, 4_5)T and f as defined by (9),
we obtain the averaged system:

fz:%Hé(y(1—22—92)+22‘2+f}2—1), (50)
i:§H2<y(1—2‘2—(22)+22'2+f22—2), 51)
® =0, (52)

H= —%Hz ()/ (1 52 92) +252 4 fzz) . (53)

Proceeding in analogous way as in references [24,33] but for
3 dimensional systems instead of a 1-dimensional one, we
implement a local nonlinear transformation

2 =80+ Hgi(H, 29, Xy, o, 1),
Y =Xy+ Hgr(H, 20, Xo, Do, 1),

& = P+ Hgs(H, $20, Xo, Do, 1), (54)
which in vector form can be written as
X = Y (xo) :=xo + Hg(H, X0, 1), (55)
where xg = (£2¢, X0, QDO)T and

g1(H, $20, X0, Do, 1)
g(H,x0,1) = | &2(H, 20, Xo, Do, 1) (56)

g3(H, 829, Xo, Po, t)

Taking derivative of (55) with respect to 7, we obtain
Xo + Hg(H, X0, 1)

0 . 0
H| —g(H, xgp,t H—g(H, xq, 1t
+ <a;g( X0, 1) + aHg( X0, 1)

+ ong(H7 X0, t) : XO)

=X, 57
where
0g1 9g1 081
i %y 10
_ g2 382 082
Dxog(H. X0.1) = | 55, 75, 900 |- (58)
dgs 9g3 083

420 90Xy 0Po

is the Jacobian matrix of g(H, Xo, t) for the vector xo. The
function g(H, xo, t) is conveniently chosen.
By substituting (47) and (55) in (57) we obtain

(13 + HDy,g(H, Xo, t)) -Xo = Hf(xo + Hg(H, X, 1), 1)

a . . 0
- HEg(H,XO,t) - Hg(Hv X0, t) - HH_g(H’ X09t)’

oH
(59)
100
where I3 = | 0 1 0 | is the 3 x 3 identity matrix.
001

Then we obtain

-1
X.O = <I3 + H]D)X()g(Ha XOv t))
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ad
: <Hf(X0 + Hg(Hv X0, t)v t) - Hgg(Hv X0, t)
. . 0
Using Eq. (48), we have H= ﬁ(Hz). Hence,

Xb = (13 — HDX()g(Oa X0, t) + ﬁ(H2)>

3x 3 matrix

: (Hf(xo, t) — H%g(O, X0, 1) + ﬁ(Hz))

3x1 vector

= Hf(xo, 1) — H%g(o, X0, 1) + O(H?). 61)

3x1 vector

The strategy is to use Eq. (61) for choosing conveniently
% g(0, xo, ¢) in order to prove that

Axg = —HG (x0, X) + O(H?), (62)

where X = (2, X, @) and Axg = x¢ — X. The function
G (xp, X) is unknown at this stage.

By construction we neglect dependence of dg; /9t and g;
on H,i.e., assume g = g(Xo, f) because dependence of H is
dropped out along with higher order terms in Eq. (61). Next,
we solve the differential equation for g(xo, ):

0 -
5,8(%0. 1) = f(x0, 1) —£(X) + G(x0, X). (63)

where we have considered xg and ¢ as independent variables.

The right hand side of (63) is almost periodic of period
L = %’ for large times. Then, implementing the average
process (9) on right hand side of (63), where the slow-
varying dependence of quantities xo = (£20, X0, @) and
X = (2,2, ®)T on t are ignored through the averaging
process, we obtain

L
l/ [f(xo, s) — (%) + G(xo, i)}ds
L Jo

= f(x¢) — f(X) + G(x0, X). (64)
Defining
G(x0, %) := — (f(x0) — £(X)) . (65)

the average (64) is zero so that g(xo, 7) is bounded.
Finally, Eq. (62) transforms to

Axo = H (f(xo) — f®)) + O(H), (66)
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and Eq. (63) is simplified to

0 _
5,8(0. 1) = f(xo, 1) — f(x0). (67)

Theorem 1 establishes the existence of the vector (56).

Theorem 1 Let the functions §2, X, ® and H be defined as
solutions of the averaged equations (50), (51), (52) and (53).
Then, there exist continuously differentiable functions g1, g»
and g3 such that §2, X, @ are locally given by (54) where
20, Xo, @o are zero order approximations of 2, X, ® as
H — 0. Then, functions §2y, Xo, ®o and averaged solution
2, %, ® have the same limit as t — 0. Setting ¥ = Xy =
0 analogous results for flat FLRW model are derived.

Proof The proof is given in Appendix A. O

Theorem 1 implies that £2, ¥ and @ evolve according to
the averaged equations (50), (51), (52) as H — 0 because
(54) is a formal near-identity (this means that Dy, ¥ |g—o =
I) nonlinear change of coordinates, the first order solutions
20, X, @o and averaged solutions 2, ¥, @ have the same
limit when ¢+ — oo by monotony and non-negativity of H
and the limit H — 0.

4.2 Flat FLRW metric.

In this case the field equations are obtained from (37) by
setting k = 0. We obtain §2, @ and H by substituting ¥ = 0
in (44) and (45). Finally, we obtain the Taylor expansion:

x=Hf(t,x) + O(H?), x=(2,o)T,
. 3
H=—-H? (Ey (1 - 92) + 3822 cos® (tw — @))

+ O(H), (68)
3y (1 - 22) +32 (2% - 1) cos’ (tw — @)
f(X, t) =
—3 sin(2tw — 20)
(69)

Replacing x = Hf(x, t) and f(x, ¢) as defined by (69) with

¥y = Hf(y) wherey = (£2, dS)T with the time averaging
(9), we obtain the following time-averaged system:

fzz—;H Sy —1) (.(‘32—1), (70)

T8
Il

0. (71)

The time-averaged Raychaudhuri equation for flat FLRW
metric is obtained by setting X = 0 in Eq. (53).

Theorem 1 applies for Bianchi I and the invariant set ¥ =
0 corresponds to flat FLRW models.
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5 Qualitative analysis of averaged systems

According to Theorem 1 for Bianchi I and flat FLRW, Hubble
parameter H plays the role of a time-dependent perturbation
parameter controlling the magnitude of the error between
solutions of full and time-averaged problems. Thus, oscilla-
tions are viewed as perturbations. In time-averaged system
Raychaudhuri equation (53) decouples by using a new time
variable 7 through % = 111 d{ Therefore, the analysis of
the original system is reduced to study the corresponding
averaged equations.

5.1 Bianchi I metric

The averaged system (50), (51), (52) and (53) is transformed
to

82 3 - L, o
E:zQ(y(1—22—92>+222+92—1),
(72a)
dx 3 _ - - - -
d—:§Z<y<1—22—92)+222+92—2>,
T
(72b)
do
4@ _o. (72¢)
dt
dH 3 2 52 =2, 52
E_—§H<y<l—2 —sz)+22 +9), (72d)

by defining the logarithmic time 7 through j—i =1/H.

We investigate the 2D guiding system (72a)—(72b).

The function £2,, = 1 — £? — 22 is interpreted as an
averaged Hubble-normalized density parameter for the mat-
ter component. Therefore, imposing the energy condition
2., > 0 the phase space is

{(Q,E)GR2:Q2+2251,930}. (73)

Before the discussion we introduce the following concept.
A set of non-isolated singular points is said to be normally
hyperbolic if the only eigenvalues with zero real parts are
those whose corresponding eigenvectors are tangent to the
set.

Since by definition any point on a set of non-isolated sin-
gular points will have at least one eigenvalue which is zero,
all points in the set are non-hyperbolic. However, a set which
is normally hyperbolic can be completely classified as per
its stability by considering the signs of eigenvalues in the
remaining directions (i.e., for a curve, in the remaining n — 1
directions) (see [69, pp. 36]).

The resulting 2D guiding system (72a)—(72b) has the fol-
lowing equilibrium points:

1. T: (82, %) = (0, —1) with eigenvalues {3,322 — y)}.

. 0:(2, D)

(1) Itisasource for0 <y <2,
(i1) It is nonhyperbolic for y = 2.

For y = 2 the point T is contained in the unstable nor-
mally hyperbolic line of equilibrium points [69, pp. 36]
A (2,%)=(0,2%).

Using a representative length scale £ which is defined in
(41) and denoting by convention ¢ = 0, the current time

3
£0) 1 _ -
then ( 0 ) = g = 1 and 7(0) = 0.
Starting with Raychaudhuri equation (44d) and evaluating

it at 7 we obtain:

H = —3H? H(t) = 3H0t+1
' = L4
i=tH 0t) = £o/3Hor F1
Y = —1 implies oy = —H = 3Ht+l From Eq.

(26) it follows that K = (e22(1))? = c, ~1is a constant.
Substituting back K in Eq. (27) is obtained:

. 3Hy
l=—— ', ¢'0)=ca. 75
el 3H0t+1€1 ., e1 (0)=0c (75)
Hence,
1 2
)= —. 76
Y (76)

Finally, line element (32) becomes

(3Hot + 1)?
2
)

T [dﬂz + ﬁzdg“z] . 77

ds* = —di* + dr?

Therefore, the corresponding solution can be expressed as
Taub-Kasner solution (p; = 1, p» = 0, p3 = 0) where
the scale factors of Kasner solution are tPi,i = 1,2,3
with py+ p2 + p3 = 1, pl 4+ p3+ p3 = 1[91, Sect 6.2.2
and p. 193, Eq. (9.6)].

= (0, 1) with eigenvalues {% 312 — y)}.

(1) Itisasource for0 <y < 2.

(i1) It is nonhyperbolic for y = 2. In this case, Q is
included in a normally hyperbolic line of equilib-
rium points 7] : (2, X) = (0, X%).

Evaluating Raychaudhuri equation (44d) at Q and inte-

grating H, we obtain

H,
Hi) = —2 (78)
3Hot + 1
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> = limplieso, = H = % Hence, Egs. (26) and
(27) become

4HoK

K:——, K(0) = _1, 79
3Hot + 1 0) = ¢ (79)
and

. Ho

1 _ 1 Loy = ¢. 80
el 3H0t+lel , e (0)=c (80)

Then, by integration

e1' (1) = c1/3Hot + 1, (81)

1

Kt)= —— . 82
® c1 3Hot + D)*3 (82)
Then, line element (32) becomes
ds® = —di* + ¢;2 3Hot + 1) 3 dr?
+ 7' GHot + )3 [av? + v2dc?]. (83)

Therefore, the corresponding solution can be expressed
as non-flat LRS Kasner (p; = —%,pz = _%,p3 = %)
Bianchi I solution [91, Sect. 6.2.2 and Sect. 9.1.1 (2)].

. Fp: (£2,X) = (0,0) with eigenvalues

{3()/271) 3(y;2) }

(1) Itisasink for0 <y < 1.
@ii) Itisasaddle for1 <y < 2.
(iii) It is nonhyperbolic for y = 1, 2.

If y = 1, Fy is included in a normally hyperbolic line of
equilibrium points % : (£2, X) = (£2%,0). If y = 2,
Fj is included in normally hyperbolic line of equilibrium
points % : (£2, X) = (0, X*).

Evaluating Eq. (44d) at F we obtain

2H
H(1) = 575002
— L. (84)
0w =t (28 +1)”

H= —%sz

{=1(H

That is, the line element (32) becomes

4
3y Hopt 3
ds2=_dz2+e§( VZO +1) " dr?
4

3y Hot 3
+£3< ”20 +1> ’ [d92+z92d;2]. (85)

The corresponding solution is a matter dominated FLRW
Universe with £2,,, = 1 (mimicking de Sitter, quintessence
or zero acceleration solutions).

@ Springer

a2
dt

4. F: (2, %) = (1, 0), with eigenvalues

(-3, -3 - D}

(1) Itisasaddle0 <y < 1.
(i) Itisasink for 1 <y <2.
(iii) It is nonhyperbolic for y = 1.

For y = 1 point F is contained in a stable normally
hyperbolic line [69, pp. 36] of equilibrium points % :
(2, X) = (£2*%,0).

Evaluating Raychaudhuri equation (44d) at equilibrium
point F we have

2 bﬂ3m

2 6
H= by sin2 @H(w272u2)sin(¢ftw)
w? —2u?

1, 6yu2 sin2(<D —tw)
+3H (-3v+ -
+3(y —2) cos®(® — ta))). (86)
Therefore,
H ~ —3H?cos’*(tw — ®), (87)

for large 7. In average, @ is a constant, setting @ = 0 for
simplicity and integrating we obtain

4Hyw

H(1) = . )
6Hptw + 3Hp sin(2tw) + 4w

(88)

where Hy is the current value of H (). Finally, H (¢) ~ %
for large ¢. Equations (26) and (27) become

o 2e] 4K
el =-Sh K=- (89)
with general solution
elt) = t% K(t) = t% (90)
Then, line element (32) becomes
ds* = —dt* + ;1Y 3dr?

+oy [dl?z n 192d§2] . 1)

For large ¢, F can be associated with Einstein- de Sitter
solution [91, Sec 9.1.1 (1)] with y = 1).

InFig. 1 a phase plane for system (72a), (72b) for different

choices of y is presented.

System (72a), (72b) when y = 1 reduces to

:%2‘2:}, d—2=—%2 (1-)32). (92)
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Fig. 1 Phase plane for system %

y=1

(72a), (72b) for different choices
of y. For y = 1 the dashed
vertical line

P (2, 2) = (£2*,0)is
stable. For y = 2 the dashed
horizontal unstable line

L (2,2)=(0,2%

Table 1 Exact solutions associated with equilibrium points of the reduced averaged system (72a), (72b). A(t) and B(t) denote the scale factors of

metric (32) and ¢y, 2, £y € RT

Point A(t) B(t) Solution
T % Jer Taub—Kasner solution (p; = 1, p» =0, p3 =0)
Cl_2 (3Hot + 1)*]/3 cl_l(SHot + 1)2/3 Non-flat LRS Kasner (p; = —%, P2 = %, p3 = %) Bianchi I solution
F c]_ltz/ 3 cy 22/3 Einstein-de Sitter solution
Fy ap (@ + 1) % ag (@ + 1) % Flat matter dominated FLRW universe

From the above system we obtain

d (5 2@

dt 22 x5 826

We have assumed that the orbit passes by (2,2) =
(£29, Xo) at time g = 0. These values are identified with
the current epoch. Using Eq. (92) and the chain rule we have
dx? _dY ;d2 2(1 -2

— =2y — =-2— 94
ds2 dt / drt 2 4

Then,

a1 -3x% _,01-3%

dQ Q2 ®3)

Due to (£2, £) = (£, Xo) at the time 79 = 0 by solving
(95) with the variables separation method it follows that

1—x2 2

— = == (96)
2 2
-5 2
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Finally, the orbits of system (92) are given by

2\ 52
Sr=1- w 97)
2
In Table 1 exact solutions are associated with equilibrium
points of the reduced averaged system (72a), (72b) are sum-
marized, where A(¢) and B(t) denote the scale factors of the
metric (32) and ¢y, ¢z, £o € RT are integration constants.

5.1.1 Late-time behavior

Results from the linear stability analysis which are combined
with Theorem 1 lead to:

Theorem 2 The late-time attractors of full system (44) and
time-averaged system (72) for LRS Bianchi I line element
are:

(i) The flat matter dominated FLRW Universe Fy with the
line element (85) if 0 < y < 1. Fy represents a
quintessence fluid if 0 < y < % or a zero-acceleration
model if y = % Taking limit y = 0 we have £(t) =

2
3y
e (L 1) s ggetlor

(ii) The scalar field dominated solution F with line element
(91) if 1 <y < 2. For large t the equilibrium point can
be associated with Einstein-de Sitter solution.

, 1.e., a de Sitter solution.

For y = 1, Fp and F are stable because they belong to stable
normally hyperbolic line of equilibrium points. For y = 2,
F is asymptotically stable (see Fig. 1b, d).

5.2 Flat FLRW metric

For flat FLRW universe (k = 0) and for y # 1, we obtain
the following time-averaged system in the new logarithmic
time variable t:

g - —%Q(y —n(e2-1), (98a)
do

o, (98b)
iz_l;l =—§H[y(l—f22)+f22]. (98¢)
Equation (98a) has solution

G0 e , (99)

- J @Bt + e (1- 23)

where £2(0) = £2o.
Equation (98a) has the following equilibrium points
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1. Fy : £ = 0 with eigenvalue —%(1 — y). Itis a sink for
O<y <lorasourceforl <y <2.

2. F : 2 = 1 with eigenvalue 3(1 — y). It is a source for
0O<y <lorasinkforl <y <2.

Evaluating averaged Raychaudhuri equation (98c) at Fyy we
obtain Eq. (84). Then, metric (34) in flat case becomes

w‘#

3y Hot
ds2=—dt2+a§< yzo +1) " ar?

4
3y Hyt 3y
+a§( "20 +1) "2 [dﬁ2+192d{2]. (100)

Evaluating averaged Raychaudhuri equation (98c) at F; we
obtain

__ _2Hp
H() = 53,52

— , . (10D
a(t) = ag (34 +1)°

Then, metric (34) in flat FLRW case becomes

7 _ _ 3152
H=-3H

a=aH

4
3Hot | \*
ds* = —d* + @} <—2° + 1> dr*

4
a2 <@ + 1) * 2 [d192 + ﬁzdg“z] . (102)
In Table 2 exact solutions which are associated with equi-
librium points of the reduced averaged equation (98a) are
presented.
For y = 1, the time-averaged system truncated at order
O(H%) is given by

A2 9H Q2 (? — 247

dr T R202ubt (103a)
dd 3H? (a)2 — 2,11,2)3 3H3Q* (a)2 — 2;;2)5
dr 8b2 w3 3241205
(103b)
dH  3H 9H392%(o? —2u2)
_ 34 (* —21%) (103c)

dr 2 3202 115w

Assuming that H is an explicit function of §2 and using the

chain rule, we obtain H'(§2) = dd—lz %. From the first and

third equations of (103) we obtain

H() = 1662 0w B H(2)

= — 2 - (104)
329H(2) (212 — w?) 2

Given Hy and $29, the initial values of H and §2 when 7 = 0,
i.e., H($£20) = Hy we obtain the solution
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Table 2 Exact solutions

Solution

associated with equilibrium Point a®
points of the reduced averaged

equation (98a). a(t) denotes the F

scale factor of metric (34) in flat

case and ap € R™ Fo

ao(@-&-l)‘

2
3y
ao (3}/5]{)[ + 1) 12

2
’ Einstein-de Sitter solution

Flat matter dominated FLRW universe

16b2pubw? 22 20252
\/3(6()2—2}1.2)3 (1 Qg) + H()Q QO

H(R) = =

(105)
Then, Eq. (103) can be expressed as

io 3 392 (1607000t + 332 (212 - )’

dr ~ 2 32b2ubw* 25

3

(106a)

2 2)3 16b2u6w4(1_%§> 25265
2

dt 8b2 b3
o2
162 1 %w* (l—_—z

90) 26202
No2)] + Hy 2582

3/2

3 (a)2 — 2,u2)5

32b4u12w55_22
(106b)
By integration we obtain
_ 433202 0
S(1) = pre oo
\/16b2u6e37w4 +3HE (1 —€37) 28 (w? — 2,112)3

’

which satisfies lim;_, _o, £2(7) = 0 and lim;_, oo 2(7) =
4b;/.3a)2(_20

= =. Furthermore,
16624804 +3H 23 (212 —0?)

Hoe*3r\/16b2uc‘e3’w4 +3H7 (37 — 1) 24 (2u2 — ‘”2)3

H =
) AR’

satisfies lim;_, _oo H(t) = oo and lim;_, y o, H(7) = 0.
Finally,

dd 3H06’3f[_2§ (a)272py2)3 (Hg.(_zg (a)272py2)2 — 4b2;4(’e3ta)2)

dr

8b3u9w3\/16b2u6e31w4 +3HZ (37 — 1) 28 212 — ?)

is integrable leading to ®(1).

In Fig. 2 the phase plot of equation (98a) for different
choices of y is presented. The arrows indicate the direction
of the flow for a 1-dimensional dynamical system (see, e.g.
[124, pages 16-17, Figure 2.2.1]).

Analyzing the dynamics on the extended phase space
(2, H) for y = 1 (see phase plot 7b), the solutions tend
to finite £2 and H = 0. The equilibrium point F : (2, H) =

0.0
~0.1
-0.2"

ic -0.3;
~04
-0.5'
-0.6- ‘ ‘ ‘

00 02 04 06
Q
(a)

y=4/3

A
~e

08 1.0

0.20f
0.15
ic 0.10;

0.05/
Fo F

08

0.00 —
00 02 04 06
Q

(b)

Fig. 2 Phase plot of Eq. (98a) for different choices of y

Fe.

1.0

(1, 0) is the attractor of the horizontal line with £ = 1.
Foy : (2, H) = (0, 0) is the attractor of the horizontal line
with £2 = 0. The solution of the full system with same initial
conditions is affected by boundary effects at £2 = 1 and has
large oscillations for large values of H, but they are damped
as H — 0. For y = 2 (see phase plot 7d) the attractor is F'.
Only the solution with initial value 20 = 0 tends to Fy.

5.2.1 Late-time behavior

The results from the linear stability analysis are combined
with Theorem 1 (for X' = 0) and lead to:

Theorem 3 The late-time attractors of full system (44) with
Y = 0 and averaged system (98a) are:
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(1) The flat matter dominated FLRW Universe Fy with line
element (100) if 0<y < 1. Fy represents a quintessence

L 2 . . 2
fuidifl <y < 3 orazero—accelzeratlon model ify = 3.

+ l)w — apef asy — 0,
i.e., a de Sitter solution is recovered.

(ii) The scalar field dominated solution F with line element
(102)if1 < y < 2. Forlarge t the equilibrium point can
be associated with Einstein-de Sitter solution.

We have a(t) = ag (w

ObserveinFig. 7bthatas H — 0 the values of §2 lying on the
orange line (solution of time-averaged system at fourth order)
give an upper bound to the value £2 of the original system.
Therefore, by controlling the error of averaged higher order
system, one can also control the error in the original one.

6 Conclusions

This is the second paper of the “Averaging generalized scalar
field cosmologies” program that was initiated in reference
[20]. This program consists in using asymptotic methods and
averaging theory to obtain relevant information about solu-
tion’s space of scalar field cosmologies in presence of a matter
fluid with EoS with barotropic index y minimally coupled to
a scalar field with generalized harmonic potential (1).

According to this research program, in paper I [20] was
proved that late-time attractors in LRS Bianchi III model are:
a matter dominated flat FLRW universe if 0 < y < % (mim-
icking de Sitter, quintessence or zero acceleration solutions),
amatter-curvature scaling solution if % < y < 1l and Bianchi
III flat spacetime if 1 < y < 2. Late-time attractors in FLRW
metric with k = —1 are: a matter dominated FLRW universe
if0 <y < % (mimicking de Sitter, quintessence or zero
acceleration solutions) and Milne solution if % <y <2In
all metrics, the matter dominated flat FLRW universe repre-
sents quintessence fluid if 0 < y < % For LRS Bianchi I
and flat FLRW metrics as well as for LRS Bianchi III and
open FLRW, we can use Taylor expansion with respect to H
near H = 0. Hence, the resulting system can be expressed
in standard form (13) after selecting a convenient angular
frequency w in the transformation (7). Next, we have taken
the time-averaged of previous system obtaining a system that
can be easily studied using dynamical system’s tools.

In particular, we have proved in Theorem 1 that late-time
attractors of full and time-averaged systems are the same for
some homogeneous metrics. Theorem 1 implies that £2, >
and @ evolve according to time-averaged equations (50), (51)
and (52) as H — 0. Therefore, we can establish the stability
of a periodic solution as it matches exactly the stability of a
stationary solution of averaged equation.

We have given a rigorous demonstration of Theorem 1
in Appendix A based on the construction of a smooth local

@ Springer

near-identity nonlinear transformation, well-defined as H
tends to zero. We have used properties of the sup norm and
the theorem of the mean values for a vector function f :
R?> — R2. We have explained preliminaries of the method
of proof in Sect. 4.1. As in paper [42], our analytical results
were strongly supported by numerics in Appendix B as well.

More specific, according to Theorem 1 for Bianchi I and
flat FLRW metrics, Hubble parameter H plays the role of a
time-dependent perturbation parameter controlling the mag-
nitude of error between solutions of full and time-averaged
systems. Therefore, analysis of system is reduced to study
time-averaged equations. In this regard, we have formulated
theorems 2 and 3 concerning to the late-time behavior of our
model.

For LRS Bianchi I late-time attractors of full system (44)
and averaged system (72) are:

(i) The matter dominated FLRW Universe F{ with line ele-
ment (85) if 0 < y < 1. Fy represents a quintessence
fluid or a zero-acceleration model for y = % In the limit
y = 0 we have a de Sitter solution.

(ii) The scalar field dominated solution F with line element
@D if 1 < y < 2. For large ¢ the equilibrium point can
be associated with Einstein-de Sitter solution.

For flat FLRW metric late-time attractors of full system
(44) with ¥ = 0 and averaged system are:

(i) The matter dominated FLRW Universe F{ with line ele-
ment (100) if 0 < y < 1. Fj represents a quintessence
fluid or a zero-acceleration model for y = % In the limit
y = 0 we have a de Sitter solution.

(i1) The scalar field dominated solution F with line element
(102) if 1 < y < 2. For large ¢ the equilibrium point can
be associated with Einstein-de Sitter solution.

It is interesting to note that for LRS Bianchi I and flat FLRW
cases when matter fluid is a cosmological constant, H tends
asymptotically to constant values depending on initial condi-
tions which is consistent to de Sitter expansion (see Figs. 3(a)
and 7(a)). For dust y = 1 in flat FLRW metric, we have from
qualitative analysis in Section 5.2 that £2(t) tends to a con-
stant and H (7) tends to zero as T — +o00. Observe in Fig. 7a
thatas H — 0 the values of §2 lying on the orange line (solu-
tion of time-averaged system at fourth order) give an upper
bound to values of £2 in the original system. Therefore, by
controlling the error of averaged higher order system, one
can also control the error of the original one.

We have illustrated that asymptotic methods and averag-
ing theory are powerful tools to investigate scalar field cos-
mologies with generalized harmonic potential. One evident
advantage is that to determine stability of full oscillation it
is not needed to analyze the full dynamics, but only the late-
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time behavior of time-averaged (simpler) system has to be
analyzed. Interestingly, we have examined in detail sub-case
2 = 0 of LRS Bianchi III and open FLRW, i.e., flat limits
LRS Bianchi I and zero-curvature FLRW. We have obtained
for LRS Bianchi I that late-time attractors of full and time-
averaged systems are: a flat matter dominated FLRW Uni-
verse if 0 < y < 1 or an equilibrium solutionif 1 < y <2
which for large ¢ can be associated with Einstein-de Sitter
solution. For flat FLRW metric, late-time attractors of full
system and time-averaged system are: a flat matter dominated
FLRW (mimicking de Sitter, quintessence or zero accelera-
tion solutions) if 0 < y < 1 and Einstein-de Sitter solution
if 1 < y < 2.Inall metrics, the matter dominated flat FLRW
universe represents quintessence fluid if 0 < y < %
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Appendix A: Proof of Theorem 1

Lemma 4 (Gronwall’s Lemma (integral form)) Let be &(t)
a nonnegative function, summable over [0, T | which satisfies
almost everywhere the integral inequality

t
E(1) < le &(s)ds + Ca, C1,Cy > 0.
0

Then,
E(t) < Cre“V,

almost everywhere fort in 0 <t < T. In particular, if

t
() < € / E(s)ds, C1 = 0,
0

almost everywhere fort in0 <t < T, then & = 0, almost
everywhere fort in0 <t <T.

Lemma 5 Let U C R"” be open, f : U — R™ continuously
differentiable and x € U, h € R™ vectors such that the line
segment X + z h, 0 < z < 1 remains in U. Then, we have:

1
f(x+h) — f(x) = </ Df(x—i—zh)dz) -h, (A1)
0

where Df denotes the Jacobian matrix of £ and the integral
of a matrix is understood as componentwise.

Proof of Theorem 1 Step 1: From Eq. (48) it follows that H
is a monotonic decreasing function of ¢ if 0 < 2%+ 2?2 < 1.
This allows to define recursively the bootstrapping sequences

to =ty l‘n+1=tn+HLn
, ; (A.2)

Ho = H (1) Hy+1 = H(tyy1)
such that lim,, o H, =0y lim, . t, = 00. O

Given expansions (54) from (61) we have

_% _ 2 _ 2
.Q()—ZH.QO y|1— X9 20

125242 (902 - 1) cos (@ — tw))

- %HJF@’(HZ),
£o= %HZ‘o(— v -2 (5 1) - = D2}

+ 0% cos(2(Py — ta))))

—%H+6(H2),

by = —(3cos(Py — tw) sin(Pg — tw)) H

0

i (HZ) .

at
Let define A2) = 20 — 2, AXy = Xo— %, Ady =
@®y — @ and take same initial conditions at t = ¢,,, such that
[_ZO(tn) = -Q(tn) = Qn» EO(tn) = E(tn) = En’ q)()(tn) =
D(ty) = Dy, 0 < 2, <1, =1 < X}, < 1. The system
(67) becomes

ogr 3 2

o = E90 (.QO — 1) cos(2(Pg — tw)),

9 3

% = 520902 cos(2(Py — 1)),

983 _ 3 i@ — 10)) (A3)
—— = — S1Nn —Ilw)). .
ot 2 0
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Explicit expressions for g; are obtained straightforwardly by
integration of (A.3):

3020 (1 — 2§) sin(2(Py — tw))

81(829, Xo, Po, 1) =

)

4w
(A4)
330022 sin(2(Pg — tw))
82(£20, Xo, Do, t) = — 0 1 , (A.5)
3cos(2(Py — tw))
83(£20, X0, @9, 1) = 0 , (A.6)

4w

where we set three integration functions C; (£2¢, Yo, @), i =
1,2, 3 to zero. The g;,i = 1,2, 3 are continuously differ-
entiable, such that their partial derivatives are bounded on
t € [ty, thy1].

The second order expansion around H = 0 of system (66)

where the vector function f is explicitly given (the last row
corresponding to Eq. (A.7¢) was omitted) by:

—n(—r+ & —-Dyf+ =2y + 1)) .

f =
(1, y2) ( —n (v —Dyi+ @ -2 (3 -1))

It is a vector function with polynomial components in vari-
ables (y1, y2). Therefore, it is continuously differentiable in
all its components.

Letbe Axo(t) = (20— 2, o — X)T with 0 < |Axg| :=
max {|.Qo — 21, 1% — Z_‘|} < o0 in the closed interval
[t,, tn+1]. Using same initial conditions for xo and X we
obtain by integration:

t
Axo(1) = / Axods
n

i itt : ! _ _
s Wit as = f (H (F(xo) — F(®)) + ﬁ(Hz)) ds. (A8)
tn
1 _ _ )
AR = 3H (39 ((y —)2 4y 1) (92 — 1)) 302 (y (23 + k- 1) 232 -2+ 1))
2
+ 8b21;11,76w3 |:8.Qg (2M2 — a)2>3 sin3(<1§0 —tw) cos(Pgy — tw)
— 9218022 (Qg - 1) Sin(2(®g — tw)) (y (1 52— 93)
1253 + (493 + 1) cos(2Pg — 1)) + 93) ] (A.7a)
. 3 _ _ _
A¥y = SH (): ((y —2 (22 - 1) Ty - 1)92) —(y —2)%0 (23 - 1) —(y— 1)2093)
9H2 20823 sin(2(®g — 1w) (y (1 - 52— .(23) +252 4402 cos2Py — 1)) + 93)
- - , (A.7b)
a2 (2u2 - w2)3 22 82} (2u2 - a)2>3 sint (@) — tw)
AP = W[ b2 B 3620
+ 302 cos2(Pg — ta)))(y (1 - 93) +232+ (93 + 2) cos(2(Pg — 1)) + 93)] (A.7¢)

Denoting xo = (20, Zo)7, X = (22, X)T Egs. (A.7a) and
(A.7b) are reduced to:

Axp = H (F(xo) — T(®) + O(H?),

max
te(ty,thy1]

M| =

— 9200?82 (93 — 1) sin(2(Pp — 1)) (y (1 — 52— .(202) 1252+ (493 + 1) cos(2(Py — tw)) + 93) ]

950822 sin(2(Pg — tw)) (y (1 — I3 — 22) + 253 + 422 cos(2(®g — tw)) + £23)

The terms of order ¢ ( H?) under the integral signin Eq. (A.8)
come from the second order terms in the series expansion
centered in H = 0 of A2y and AX in (A.7a) and (A.7b).
These terms are bounded in the interval [#,,, #,+1] by M an,
where

1 3
{'W [893 (Z[Lz — 602) Sin3 (¢() — ta)) COS(¢() — ta)),
pOw’

)

| -

I
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is finite by continuity of £2, £, ¥, Xy, ®o in the closed
interval [#,, t;41].
Using Lemma 5 we have

f(xo(s)) — F(X(5))
1
= (/ Df (X(s) +z (xo(s) — X(5))) dZ>
0

A(s)

- (Xo(s) — X(s5)) , (A.9)

where Df denotes the Jacobian matrix of f and the integral
of a matrix is understood as componentwise.

Omitting the dependence on s we calculate the matrix
elements of A as

ab
A= (Cd>, (A.10)
where
a=_> (1(;/ —2) (202 + 3524 ):2)
2\3 0
Ty -1 (Qofz+f22+9§— 1)) (A11)
1 . _
b=—3(r =2 (X (22 + £20) + Zo (2 + 252))) .
(A.12)
e =3~ (5 (22 + 20) + 50 (2 +22)).
(A.13)
3 ) 2
d——z((y—Z)(EOE—i—E +53-1)
+%(y —1) (szofz +s‘22+93)). (A.14)

Taking the sup norm |Axg| = max {|.Qo — 21, 1% — Z_‘|}
we have for all ¢ € [t,,, t,+1]:

t
/ A.X()dS’
tll

t - _
= / (H (f(xo(s))—f(f((s)))+ﬁ(H2)>ds
1,

n

t
/ H (f(xo(s)) — £(X(s))) ds
In

|A%0()| =

IA

+ MiH(t — 1)

= /HA(S) Axo(s)ds +M1H2(t—fn)

( )AXO(S)
(22wl

IA

ds + M H?(t —t,),

On the other hand

()

<2

where the sup norm of a matrix

max{lal, [c|, |b], |d[}.
By continuity of £2, £y, X

is defined by

ab
cd
, 2o in [t,, tn+l]

a(s) b(s)
c(s) d(s)

is finite. Hence, for all ¢ € [#,, t,+1] we have:

L1 =2 max

s€ltn,tn41]

A% < )

t
< LlHn/ ‘Axo(s)‘ds + M H,
tn

duetot —ty <typ1 —ty = 7

Using Gronwall’s Lemma 4,1, we have for t € [t,,, ty+1]:
'Axo(t)‘ < My Hypel =t < ppipebt,
Then,

A2 = Mie H,

AZ’O(I)‘ < Myel'H,.
Furthermore, defining

3 |:(2u2 - w2)3 Q2

My = max |—=
2 t€ltntnr1] | 8> b2ub
8022 (2u% — 0?)’ sin*(@g — tw)
3b2M6

+ 302 cos(2(do — s (v (1= 5o — 20)

1252 + (902 + 2) Cos(2(Dp — sw)) + 902)} '
(A.15)

which is finite by continuity of 2, 20, ¥, X0, @¢ in the
closed interval [¢,, t,,41], we obtain from Eq. (A.7¢) that

|ADo(1)| =

t
/ A@o(s)ds
th

< MaH2( = 1) + |0 (H,)

< MaH, + )ﬁ(Hn

duetor—t, < t,+1 —t, = . Finally, taking limitn — oo
we obtain H,, — 0. Then, as H — 0 functions £2¢, Xy, Do
and 2, X, @ have same limit as t — oo.

Step 2: For FLRW the second order expansion around
H = 0 of system (66) is written as:
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. 3 o
Af2 = =5y = DHAS (1 — 28— 2082 - 92)

9H?$2) (25 — 1) sin(2(®g — tw)) (—y 23 +y + (425 + 1) cos(2(®g — tw)) + £23)

8w
H?23 (0* —2u? Dy —t Dy —t
| H22] (o - 21) sbl;( 0 — t) cos(Pg — 1) (A6
. BHAT(2u - 0?) 22 8022 (242 — 0?)’ sint (@) — 1)
ADy = —
8w3 b2 3b2 0
+ 302 cos(2(Py — ta)))()/ (1 - 902) + (902 n 2) cos(2(Pg — tw)) + 902)]. (A.16b)
Then,
t . T3 -
|AQ0(1)] = ‘ / (.{20(s) _ Q(s)) ds| = / I:—E(y — YHAQ, (1 — 22— 282 — 92) +ﬁ(H2)] ds
I n
and and
Ado() <¢ (s) (p( )) M 3 [(2u? —w2)3 22
|A®o®)] = 0% s 4= te[ItEE}i(H] 83 b2
3 = 3.
f 3H?T (2u? — %) 22 8927 (21? — @) sin* (P — 1)
Sw3 Mﬁ 3b2pL6
8022 (212 — w?) sin* (@ — tw) + 302 cos(2(@g - sw) (7 (1 - 20?)
3b2u 2 2
Q 2) 2dy — Q ) ,
+ 302 cos(2(Pp — sw))(y (1 — 5202> + ( 07 +2) cos(2(®o = sw) + £ }
+ (.(202 + 2) cos(2(Pg — sw)) + 902)} such that the terms proportional to H2 in Eq. (A.16a) are

bounded in absolute value by M3 an and the terms propor-
tional to H? in Eq. (A.16b) are bounded in absolute value by

+ O(H) }ds o
M4Hn2 in the interval [t,,, t,+1]. Then,

By continuity of 2, 820 and P in [t,, tn+1] the following
finite constants are found:

3 -
L= max -(1—;/)(1—93—909—92) ,
te[tnatn+1] 2
Y 9920 (23 — 1) sin2(Po — tw)) (—y 25 + v + (423 + 1) cos2(Pg — tw)) + 27)
= max
’ t€ltn,tny1] 8w
23 (0? — 212)’ sin3 (@ — 1) cos(Py — 1) |
+ 2 3
b2 udw
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t
mmwns/
n

%(1—;/)(1—93—90(2—:}2)‘

<L,
- H |AQ0(s)|ds + M3H,2(t — t,)
SHI‘I

t
sum/|M%mew@ﬁa—m
n

t
SLﬂm/IM%mwﬁﬂhm,
n

duetor—t, <ty41—t, = HL Using Gronwall’s Lemma 4,
n
we have for r € [t,, t,4+1]:

4200 < M Hyel2H 000 < My, et

Furthermore, from Eq. (A.16b) we have

'
[AD(1)| = /A@o(s)ds

In

< MyH2(t — 1) + ’ﬁ(Hf)’

fmm+wwh

’

duetot —1t, <tyy1—tp, = HLH Finally, taking limitn — oo
we obtain H,, — 0. Then, as H,, — 0 functions £2¢, @ and
£2, @ have same limit as 1 — oco. |

Summarizing, according to Theorem 1 for Bianchi I and
flat FLRW metrics, Hubble parameter H plays the role
of a time-dependent perturbation parameter controlling the
magnitude of the error between solutions of full and time-
averaged systems. Therefore, the analysis is reduced to study
time-averaged equations.

Appendix B: Numerical simulation

In this section we present numerical evidence that supports
the main results in Sect. 4 by solving numerically full and
averaged systems for each metric, namely LRS Bianchi I and
flat FLRW.

For this purpose, an algorithm in the programming lan-
guage Python was elaborated where systems of differential
equations were solved using the solve_ivp code that is pro-
vided by the SciPy open-source Python-based ecosystem.
The integration method is an implicit Runge-Kutta method
of the Radau Ila family of order 5 with relative and abso-
lute tolerances of 10~* and 1077, respectively. All systems
of differential equations were integrated with respect to t
in an integration range of —40 < t < 10 for the original
systems and in an integration range of —40 < v < 100
for the averaged systems. All of them are partitioned in

Table 3 Seven initial data sets for the simulation of full system (44)
and averaged system (72) for Bianchi I metric are displayed. All initial
conditions satisfy 22(0) + £22(0) + 2, (0)=1

Sol. H(0) 2(0) £22(0) £2,,(0) @(0) t(0)
i 0.1 0.1 0.9 0.09 0 0
ii 0.1 0.4 0.1 0.74 0 0
iii 0.1 0.6 0.1 0.54 0 0
iv 0.02 0.48 0.02 0.7496 0 0
v 0.1 0.48 0.02 0.7496 0 0
vi 0.1 0.5 0.01 0.74 0 0
vii 0.1 0 0.685 0315 0 0

10,000 data points. Furthermore, each full and time-averaged
systems were solved considering only one matter compo-
nent. These are cosmological constant (y = 0), non rel-
ativistic matter or dust (y = 1), radiation (y = 4/3)
and stiff fluid (y = 2). Vacuum solutions correspond to
2 = £, = 0 and solutions without matter fluid corre-
spond to £2,, = 0. Finally, we have considered these con-
stants: u = \/5/2, b = \/5/5 and v = \/5, that lead to
the value of f = wa—Iiu? = 1/10 which fulfills the condi-
tion f > 0. These values are translated into a generalized
harmonic potential:

2
V(g) = LA L(1 — cos(10¢)).

B.17
2 100 ( )

Appendix B.1: LRS Bianchi I model
For LRS Bianchi I metric we integrate:

1. The full system (44).
2. The time-averaged system (72).

As initial conditions we use seven data sets which are pre-
sented in Table 3.

In Figs. 3, 4, 5 and 6 projections of some solutions in
the (X, H, 2%) space of full system (44) and time-averaged
system (72) along with their respective projection in the sub-
space H = 0 are presented. Both systems were integrated
using the same initial data sets from Table 3. Figure 3a, b
show solutions for a matter fluid which corresponds to cos-
mological constant (y = 0). Figure 4a, b show solutions for a
matter fluid which corresponds to dust (y = 1). Figure 5a, b
show solutions for a matter fluid which corresponds to radi-
ation (y = 4/3). Figure 6a, b show solutions for a matter
fluid which corresponds to stiff fluid (y = 2). These figures
numerically support the main theorem that is presented in
Sect. 4 for Bianchi I metric. As an interesting point, in this
example, for y = 0 when the matter fluid corresponds to a
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(b) Projection in the space (Z, 07?). The black line represents the constraint Q2 = 1 — X2,

Fig. 3 Some solutions of the full system (44) (blue) and time-averaged system (72) (orange) for Bianchi I metric when y = 0. We have used for
both systems the initial data sets that are presented in Table 3
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Fig. 4 Some solutions of the full system (44) (blue) and time-averaged system (72) (orange) for Bianchi I metric when y = 1. The line denoted
by red diamonds corresponds to the attracting line of equilibrium points. We have used for both systems the initial data sets that are presented in

Table 3
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Fig. 5 Some solutions of the full system (44) (blue) and time-averaged system (72) (orange) for Bianchi I metric when y = 4/3. We have used

for both systems the initial data sets that are presented in Table 3
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Fig. 6 Some solutions of the full system (44) (blue) and time-averaged system (72) (orange) for Bianchi I metric when y = 2. We have used for

both systems the initial data sets that are presented in Table 3
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Fig. 7 Some solutions of full system (44) with X = O (blue) and time-
averaged system (98) or (103) if y = 1 (orange) for flat FLRW metric
(k = 0) when the matter fluid correspond to: a cosmological constant,
b dust, ¢ radiation and d stiff fluid. The black line represents the con-

cosmological constant, H tends asymptotically to a constant,
which is consistent to de Sitter expansion.

Appendix B.2: Flat FLRW model
For flat FLRW model we integrate:

1. The full system given by (44) with ¥ = 0.
2. The time-averaged system (98) if y # 1 or the system
(103) truncated at fourth order if y = 1.

As initial conditions we use eight data sets that are presented
in Table 4.

In Fig. 7a—d projections of some solutions in the (H, £2?)
space of full system (44) with ¥ = 0 and time-averaged
system (98) for flat FLRW metric (k = 0) are presented.
Both systems were integrated using the same initial data sets
from Table 4. Figure 7b shows solutions for a matter fluid
which corresponds to cosmological constant (y = 0). Fig-
ure 7a shows solutions for a matter fluid which corresponds
to dust (y = 1). Observe that as H — 0 the values of Q2

@ Springer
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straint £22 = 1. In a the line denoted by red diamonds corresponds to
the attracting line of equilibrium points (de Sitter solutions). We have
used for both systems initial data sets that are presented in Table 4

Table 4 Eight initial data sets for the simulation of full system (44)
with £ = 0 and time-averaged system (98) if y # 1 or (103)if y = 1
for flat FLRW metric (k = 0) are displayed. All initial conditions satisfy
2%0) + 2,0 =1

Sol. H(0) £2%(0) 2,,(0) @(0) 1(0)
i 0.1 0.4 0.6 0 0
ii 0.1 0.5 0.5 0 0
iii 0.1 0.6 0.4 0 0
iv 0.1 0.7 0.3 0 0
v 0.1 0.8 0.2 0 0
vi 0.1 0.9 0.1 0 0
vii 0.1 1.0 0.0 0 0
viii 0.1 0.0 1.0 0 0

lying on the orange line (solution of time-averaged system
at fourth order) give an upper bound to the value of §2 of
the original system. Figure 7c shows solutions for a matter
fluid which corresponds to radiation (y = 4/3). Figure 7d
shows solutions for a matter fluid which corresponds to stiff
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fluid (y = 2). These figures support numerically the main
theorem that is presented in Sect. 4 for flat FLRW metric.
It is interesting to note that in the flat FLRW case when the
matter fluid corresponds to a cosmological constant, H tends
asymptotically to constant values depending on initial condi-
tions which is consistent to de Sitter expansion (see Fig. 7a).
With our approach, the oscillations which enter the system
through the KG equation can be controlled and smoothed out
as the Hubble parameter H tends monotonically to zero. This
fact was analytically proved in Appendix A and we have pre-
sented numerical simulations as evidence of such behavior
in Appendix B.

References

1.

10.

11.

12.

13.

14.

15.

16.

17.
18.
19.
20.

21.

22.
23.

A. Paliathanasis, L. Karpathopoulos, A. Wojnar, S. Capozziello,
Eur. Phys. J. C 76(4), 225 (2016)

. S. Basilakos, M. Tsamparlis, A. Paliathanasis, Phys. Rev. D 83,

103512 (2011)

. A. Paliathanasis, M. Tsamparlis, S. Basilakos, Phys. Rev. D

90(10), 103524 (2014)

. J.D. Barrow, A. Paliathanasis, Gen. Relativ. Gravit. 50(7), 82

(2018)

. J.D. Barrow, A. Paliathanasis, Phys. Rev. D 94(8), 083518 (2016)
. A. Paliathanasis, J.D. Barrow, P.G.L. Leach, Phys. Rev. D 94(2),

023525 (2016)

. A. Paliathanasis, M. Tsamparlis, M.T. Mustafa, Int. J. Geom.

Methods Mod. Phys. 12(03), 1550033 (2015)

. M. Tsamparlis, A. Paliathanasis, L. Karpathopoulos, Gen. Relativ.

Gravit. 47(2), 15 (2015)

. F. Dumortier, R. Roussarie, Canard Cycles and Center Manifolds,

Memoirs of the American Mathematical Society, p. 577 (1995)
N. Fenichel, Geometric singular perturbation theory for ordinary
differential equations. J. Differ. Equ. 31, 53-98 (1979)

G. Fusco, J.K. Hale, J. Dyn. Differ. Equ. 1, 75 (1988)

N. Berglund, B. Gentz, Noise-Induced Phenomena in Slow-
Fast Dynamical Systems, Series: Probability and Applications
(Springer, London, 2006)

M.H. Holmes, Introduction to Perturbation Methods (Springer
Science+Business Media, New York, 2013). ISBN 978-1-4614-
5477-9

J. Kevorkian, J.D. Cole, Perturbation Methods in Applied Mathe-
matics. Applied Mathematical Sciences Series, vol. 34 (Springer,
New York, 1981) (ISBN 978-1-4757-4213-8)

F. Verhulst, Methods and Applications of Singular Perturbations:
Boundary Layers and Multiple Timescale Dynamics (Springer,
New York, 2000) (ISBN 978-0-387-22966-9)

G. Leon, FO.F. Silva, Class. Quantum Gravity 37(24), 245005
(2020)

G. Leon, F.O.F. Silva, arXiv:1912.09856 [gr-qc]

G. Leon, F.O.F. Silva, Class. Quantum Gravity 38, 015004 (2021)
G. Leon, F.O.F. Silva, arXiv:2003.03563 [gr-qc]

G. Leon, E. Gonzalez, S. Lepe, C. Michea, A.D. Millano, Aver-
aging Generalized Scalar Field Cosmologies I: Locally Rota-
tionally Symmetric Bianchi III and open Friedmann-Lemaitre-
Robertson-Walker models, Eur. Phys. J. C 81 (2021) no.5, 414.
arXiv:2102.05465 [gr-qc]

G. Leon, E. Gonzilez, S. Lepe, C. Michea, A.D. Millano,
arXiv:2102.05551 [gr-qc]

J. Llibre, C. Vidal, J. Math. Phys. 53, 012702 (2012)

A.D. Rendall, Class. Quantum Gravity 24, 667 (2007)

24.

25.

26.
27.

28.

29.
30.
31.
32.

33.
34.
35.
36.

37.
38.
39.
40.
41.
42.

43.
44.
45.
46.
47.
48.
49.
50.
51.
52.
53.
54.
55.
56.
57.
58.

59.

61.

62.

63.

64.

65.

66.

67.

68.

A. Alho, J. Hell, C. Uggla, Class. Quantum Gravity 32(14),
145005 (2015)

M. Alcubierre, R. Becerril, S.F. Guzman, T. Matos, D. Nunez,
L.A. Urena-Lopez, Class. Quantum Gravity 20, 2883-2904
(2003)

A.D. Rendall, Ann. Henri Poincare 5, 1041-1064 (2004)

S.B.N. Tchapnda, A.D. Rendall, Class. Quantum Gravity 20,
3037-3049 (2003)

S. Liebscher, A.D. Rendall, S.B. Tchapnda, Ann. Henri Poincare
14, 1043-1075 (2013)

M. Reiris, Gen. Relativ. Gravit. 49(3), 46 (2017)

K.D. Lozanov, M.A. Amin, Phys. Rev. D 97(2), 023533 (2018)
J. Wang, Class. Quantum Gravity 36(22), 225010 (2019)

S. Klainerman, Q. Wang, S. Yang, Commun. Pure Appl. Math.
73(1), 63-109 (2020)

A. Alho, V. Bessa, F.C. Mena, J. Math. Phys. 61(3), 032502 (2020)
A.D. Ionescu, B. Pausader, arXiv:1911.10652 [math.AP]

D. Fajman, Z. Wyatt, arXiv:1901.10378 [gr-qc]

H. Barzegar, D. Fajman, G. Heiflel, Phys. Rev. D 101(4), 044046
(2020)

N. Siemonsen, W.E. East, Phys. Rev. D 103(4), 044022 (2021)
A. Chatzikaleas, arXiv:2004.11049 [math.AP]

A. Chatzikaleas, J. Math. Phys. 61(11), 111505 (2020)

H. Barzegar, Class. Quantum Gravity 38(6), 065019 (2021)

H. Barzegar, D. Fajman, arXiv:2012.14241 [math-ph]

D. Fajman, G. Heiflel, M. Maliborski, Class. Quantum Gravity
37(13), 135009 (2020)

D. Fajman, G. Heif3el, J.W. Jang, Class. Quantum Gravity 38(8),
085005 (2021)

A.S. Kompaneets, A.S. Chernov, Zh. Eksp. Teor. Fiz. (J. Exptl.
Theoret. Phys. (U.S.S.R.)) 47, 1939 (1964)

A.S.Kompaneets, A.S. Chernov, Sov. Phys. JETP 20, 1303 (1965)
R. Kantowski, R.K. Sachs, J. Math. Phys. 7, 443 (1966)

A.B. Burd, J.D. Barrow, Nucl. Phys. B 308, 929 (1988)

J. Yearsley, J.D. Barrow, Class. Quantum Gravity 13, 2693 (1996)
S. Byland, D. Scialom, Phys. Rev. D 57, 6065-6074 (1998)
A.H. Guth, Phys. Rev. D 23, 347 (1981)

A.H. Guth, Adv. Ser. Astrophys. Cosmol. 3, 139 (1987)

A.D. Linde, Phys. Lett. B 129, 177-181 (1983)

A.D. Linde, Phys. Lett. B 175, 395-400 (1986)

A.D. Linde, arXiv:hep-th/0205259 [hep-th]

A.H. Guth, J. Phys. A 40, 6811-6826 (2007)

M. Sharma, M. Shahalam, Q. Wu, A. Wang, JCAP 1811, 003
(2018)

L. McAllister, E. Silverstein, A. Westphal, T. Wrase, JHEP 09,
123 (2014)

G. D’Amico, T. Hamill, N. Kaloper, Phys. Rev. D 94(10), 103526
(2016)

A.B. Balakin, A.F. Shakirzyanov, Universe 6(11), 192 (2020)
E.A. Coddington, N. Levinson, Theory of Ordinary Differential
Equations (McGraw-Hill, New York, 1955)

J.K. Hale, Ordinary Differential Equations (Wiley, New York,
1969)

D.K. Arrowsmith, C.M. Place, An Introduction to Dynamical Sys-
tems (Cambridge University Press, Cambridge, 1990)

S. Wiggins, Introduction to Applied Nonlinear Dynamical Sys-
tems and Chaos (Springer, New York, 2003)

L. Perko, Differential Equations and Dynamical Systems, 3rd edn.
(Springer, New York, 2001)

V.1. Arnold, Ordinary Differential Equations (M.L.T. Press, Cam-
bridge, 1973)

M.W. Hirsch, S. Smale, Differential Equations, Dynamical Sys-
tems, and Linear Algebra (Academic Press, New York, 1974)

J. Hale, Ordinary Differential Equations (Robert E. Krieger Pub-
lishing Co., Inc., Malabar, 1980)

J.P. Lasalle, J. Differ. Equ. 4, 57-65 (1968)

@ Springer


http://arxiv.org/abs/1912.09856
http://arxiv.org/abs/2003.03563
http://arxiv.org/abs/2102.05465
http://arxiv.org/abs/2102.05551
http://arxiv.org/abs/1911.10652
http://arxiv.org/abs/1901.10378
http://arxiv.org/abs/2004.11049
http://arxiv.org/abs/2012.14241
http://arxiv.org/abs/hep-th/0205259

489

Page 26 of 26

Eur. Phys. J. C (2021) 81:489

69.

70.
71.
72.
73.

74.

75.

76.

77.

78.
79.
. K. Tzanni, J. Miritzis, Phys. Rev. D 89(10), 103540 (2014).
81.
82.
83.

84.
85.

86.
87.

88.

89.

90.

91.

92.
93.
94.

95.

96.
97.
98.
99.
100.
101.
102.

B. Aulbach, Continuous and Discrete Dynamics Near Manifolds
of Equilibria, Lecture Notes in Mathematics No. 1058 (Springer,
1984)

R. Tavakol, Introduction to Dynamical Systems, ch 4. Part one
(Cambridge University Press, Cambridge, 1997), pp. 84-98

S. Foster, Class. Quantum Gravity 15, 3485 (1998)

J. Miritzis, Class. Quantum Gravity 20, 2981 (2003)

R. Giambo, F. Giannoni, G. Magli, Gen. Relativ. Gravit. 41, 21
(2009)

G. Leon, C.R. Fadragas, Dynamical Systems: And Their Appli-
cations (LAP Lambert Academic Publishing, Saarbriicken).
arXiv:1412.5701 [gr-qc]

G. Leon, P. Silveira, C.R. Fadragas, Phase-space of flat
Friedmann—Robertson—Walker models with both a scalar field
coupled to matter and radiation, in Classical and Quantum Grav-
ity: Theory, Analysis and Applications ed. by V.R. Frignanni, ch.
10 (Nova Science Publisher, New York). arXiv:1009.0689 [gr-qc]
C.R. Fadragas, G. Leon, Class. Quantum Gravity 31(19), 195011
(2014)

D. Gonzilez Morales, Y. Napoles Alvarez, Quintaesencia con
acoplamiento no minimo a la materia oscura desde la perspectiva
de los sistemas dinamicos, Bachelor Thesis, Universidad Central
Marta Abreu de Las Villas (2008)

G. Leon, Class. Quantum Gravity 26, 035008 (2009)

R. Giambo, J. Miritzis, Class. Quantum Gravity 27,095003 (2010)

Addendum: [Phys. Rev. D 89(12), 129902 (2014)]

R.J. van den Hoogen, A.A. Coley, D. Wands, Class. Quantum
Gravity 16, 1843 (1999)

E.J. Copeland, A.R. Liddle, D. Wands, Phys. Rev. D 57, 4686
(1998)

A.A. Coley, Introduction to Dynamical Systems. Lecture Notes
for Math 4190/5190 (1994)

A.A. Coley, arXiv:gr-qc/9910074

B. Alhulaimi, Einstein-Aether Cosmological Scalar Field Models.
Phd Thesis, Dalhousie University (2017)

V.G. LeBlanc, D. Kerr, J. Wainwright, Class. Quantum Gravity
12, 513 (1995)

J.M. Heinzle, C. Uggla, Class. Quantum Gravity 27, 015009
(2010)

A.A. Coley, Dynamical Systems and Cosmology (Kluwer Aca-
demic, Dordrecht, 2003), pp. 7-26. https://doi.org/10.1007/
978-94-017-0327-7 (ISBN 1-4020-1403-1)

M.P. Ryan, L.C. Shepley, Homogeneous Relativistic Cosmolo-
gies (Princeton University Press, Princeton, 2016) (ISBN:
9781400868568)

J. Plebanski, A. Krasinski, An Introduction to General Relativity
and Cosmology (Cambridge University Press, Cambridge, 2006).
https://doi.org/10.1017/CB0O9780511617676

J. Wainwright, G. Ellis (eds.), Dynamical Systems in Cosmology
(Cambridge University Press, Cambridge, 1997). https://doi.org/
10.1017/CB0O9780511524660

U. Nilsson, C. Uggla, Class. Quantum Gravity 13, 1601 (1996)
C. Uggla, H. Zur-Muhlen, Class. Quantum Gravity 7, 1365 (1990)
M. Goliath, U.S. Nilsson, C. Uggla, Class. Quantum Gravity 15,
167 (1998)

B.J. Carr, A.A. Coley, M. Goliath, U.S. Nilsson, C. Uggla, Class.
Quantum Gravity 18, 303 (2001)

A. Coley, M. Goliath, Class. Quantum Gravity 17, 2557 (2000)
A. Coley, M. Goliath, Phys. Rev. D 62, 043526 (2000)

K.C. Jacobs, Astrophys. J. 153, 661 (1968)

C.B. Collins, S.W. Hawking, Astrophys. J. 180, 317 (1973)

J.D. Barrow, Mon. Not. R. Astron. Soc. 175, 359 (1976)

J.D. Barrow, D.H. Sonoda, Phys. Rep. 139, 1 (1986)

H. Barzegar, D. Fajman, G. Heiflel, Phys. Rev. D 101, 044046
(2020)

@ Springer

103.

104.
105.

106.
107.
108.
109.
110.
111.
112.
113.
114.
115.
116.
117.
118.
119.
120.
121.
122.

123.
124.

M. Thorsrud, B.D. Normann, T.S. Pereira, Class. Quantum Grav-
ity 37, 065015 (2020)

M. Heusler, Phys. Lett. B 253, 33 (1991)

J.M. Aguirregabiria, A. Feinstein, J. Ibanez, Phys. Rev. D 48, 4662
(1993)

T. Christodoulakis, Th Grammenos, Ch. Helias, P.G. Kevrekidis,
J. Math. Phys. 47, 042505 (2006)

M. Tsamparlis, A. Paliathanasis, Gen. Relativ. Gravit. 43, 1861
(2011)

A.A. Coley, J. Ibanez, R.J. van den Hoogen, J. Math. Phys. 38,
5256 (1997)

J. Ibanez, R.J. van den Hoogen, A.A. Coley, Phys. Rev. D 51, 928
(1995)

K. Adhav, A. Nimkar, R. Holey, Int. J. Theor. Phys. 46, 2396
(2007)

S.M.M. Rasouli, M. Farhoudi, H.R. Sepangi, Class. Quantum
Gravity 28, 155004 (2011)

X.0. Camanho, N. Dadhich, A. Molina, Class. Quantum Gravity
32, 175016 (2015)

P. Halpern, Phys. Rev. D 63, 024009 (2001)

J.D. Barrow, T. Clifton, Class. Quantum Gravity 23, L1 (2006)
T. Clifton, J.D. Barrow, Class. Quantum Gravity 23, 2951 (2006)
A. Paliathanasis, J.D. Barrow, P.G.L. Leach, Phys. Rev. D 94,
023525 (2016)

A. Paliathanasis, J. Levi Said, J.D. Barrow, Phys. Rev. D 97,
044008 (2018)

V.A. Belinskii, E.M. Lifhitz, .M. Khalatnikov, JETP 33, 1061
(1971)

U. Nilsson, C. Uggla, Class. Quantum Gravity 13, 1601-1622
(1996)

A.A. Coley, W.C. Lim, G. Leon, arXiv:0803.0905 [gr-qc]

W.Z. Chao, Gen. Relativ. Gravit. 13, 625-647 (1981)

C.R. Fadragas, G. Leon, E.N. Saridakis, Class. Quantum Gravity
31, 07501 (2014)

H. van Elst, C. Uggla, Class. Quantum Gravity 14, 2673 (1997)
S. Strogatz, Nonlinear Dynamics and Chaos: With Applications to
Physics, Biology, Chemistry and Engineering (CRC Press, Boca
Raton, 2018)


http://arxiv.org/abs/1412.5701
http://arxiv.org/abs/1009.0689
http://arxiv.org/abs/gr-qc/9910074
https://doi.org/10.1007/978-94-017-0327-7
https://doi.org/10.1007/978-94-017-0327-7
https://doi.org/10.1017/CBO9780511617676
https://doi.org/10.1017/CBO9780511524660
https://doi.org/10.1017/CBO9780511524660
http://arxiv.org/abs/0803.0905

	Averaging generalized scalar field cosmologies II: locally rotationally symmetric Bianchi I and flat Friedmann–Lemaître–Robertson–Walker models
	Abstract 
	1 Introduction
	2 Motivation
	2.1 The generalized harmonic potential
	2.2 Simple example
	2.3 General class of systems with a time-dependent perturbation parameter

	3 The model
	3.1 LRS Bianchi III, Bianchi I and Kantowski–Sachs models
	3.2 FLRW models

	4 Averaging scalar field cosmologies
	4.1 Bianchi I metric
	4.2 Flat FLRW metric.

	5 Qualitative analysis of averaged systems
	5.1 Bianchi I metric
	5.1.1 Late-time behavior

	5.2 Flat FLRW metric
	5.2.1 Late-time behavior


	6 Conclusions
	Acknowledgements
	Appendix A: Proof of Theorem 1
	Appendix B: Numerical simulation
	Appendix B.1: LRS Bianchi I model
	Appendix B.2: Flat FLRW model

	References




