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Abstract: In the simplest scalar-tensor theories, wherein the scalar field is non-minimally

coupled to the Ricci scalar, spontaneous scalarization of electrovacuum black holes (BHs)

does not occur. This ceases to be true in higher dimensional spacetimes, d > 4. We consider

the scalarization of the higher dimensional Reissner-Nordström BHs in scalar-tensor models

and provide results on the zero modes for different d, together with an explicit construction

of the scalarized BHs in d = 5, discussing some of their properties. We also observe that a

conformal transformation into the Einstein frame maps this model into an Einstein-Maxwel-

scalar model, wherein the non-minimal coupling occurs between the scalar field and the

Maxwell invariant (rather than the Ricci scalar), thus relating the occurence of scalarization

in the two models. Next, we consider the spontaneous scalarization of the Schwarzschild-

Tangherlini BH in extended-scalar-tensor-Lovelock gravity in even dimensions. In these

models, the scalar field is non-minimally coupled to the (d/2)th Euler density, in d spacetime

dimensions. We construct explicitly examples in d = 6, 8, showing the properties of the four

dimensional case are qualitatively generic, but with quantitative differences. We compare

these higher d scalarized BHs with the hairy BHs in shift-symmetric Horndeski theory, for

the same d, which we also construct.
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1 Introduction

Spontaneous scalarization triggered by strong gravity effects emerges in some classes of

scalar-tensor models. This phenomenon could provide a smoking gun for scalar-tensor

theories and may be interpreted as a strong gravity phase transition. Here, for concreteness,

we shall be considering models described by the generic d-dimensional action

S = − 1

16π

∫
ddx
√
−g (1.1)

×
{

[1− αstfst(φ)]R− 1

2
∂µφ∂

µφ+ αLfL(φ)L(p) − αemgfemg(φ)FµνF
µν − Lmat

}
.

R is the Ricci scalar of the d-dimensional spacetime metric, gµν , with determinant g; φ is

a real scalar field, with a canonical kinetic term; Fµν is the Maxwell 2-form; Lmat is an

unspecified matter Lagrangian and L(p) is the pth Euler density:

L(p) ≡
(2p)!

2p
δµ1[ρ1
· · · δµ2pρ2p]R

ρ1ρ2
µ1µ2 · · ·R ρ2p−1σ2p

µ2p−1µ2p , (1.2)

where R αβ
µν is the Riemann tensor. The functions fst(φ), fL(φ) and femg(φ) are three

unspecified non-minimal coupling functions that, when appropriately chosen, lead to spon-

taneous scalarization, in each case triggered by a different source; the strength of each of

– 1 –



J
H
E
P
0
9
(
2
0
2
0
)
1
8
6

the effects is controlled by the coupling constants, αst, αL, αemg. In geometrized units, αst

and αemg are dimensionless, whereas αL has dimensions of length squared.

The original scalarization mechanism [1] was proposed in d = 4 scalar-tensor theo-

ries with

αst 6= 0 , αL = 0 = αemg . (1.3)

Scalar-free objects that may become scalarized must have R 6= 0. This is the case, e.g.

of neutron stars, but not of the electrovacuum black holes (BHs), which are immune to

scalarization in this framework.

More recently, it was observed [2–4] that the scalarization of vacuum BHs could occur

in d = 4 extended scalar-tensor theories with

αL 6= 0 , αst = 0 = αemg . (1.4)

Scalarization now requires a non-vanishing Gauss-Bonnet (GB) invariant, which holds for

vacuum BHs, whose Kretschmann scalar is non-vanishing, despite being Ricci flat.1 Scalar-

ized solutions have been constructed in these models, but a dynamical study of the full

scalarization process, from the initial trigger around a vacuum BH until the settling into a

scalarized BH is still lacking.

In parallel, it was observed [6] that scalarization of d = 4 electrovacuum BHs occurs

in Einstein-Maxwell-scalar models which have

αemg 6= 0 , αst = 0 = αL . (1.5)

In this guise of spontaneous scalarization, the trigger is a non-vanishing Maxwell invariant

FµνF
µν and thus the phenomenon needs not gravity; moreover, in this case it was possible

to establish dynamically that the scalarization of electrically charged electrovacuum BHs

indeed occurs, when these BHs have sufficiently high charge, and that the evolution set-

tles into the scalarized solutions that can be constructed as stationary states of the field

equations [6, 7].

These three guises of spontaneous scalarization have been considered in d = 4. Con-

sidering d 6= 4 raises interesting questions, which also address the universality of the phe-

nomenon. Firstly, for the d > 4 electrovacuum BHs, i.e. the higher dimensional gener-

alizations of the Reissner-Nordström (RN) solution (see e.g. [9]), R = 0 ceases to hold,

since classical electromagnetism is only conformally invariant in d = 4. Thus, higher di-

mensional charged BHs can be scalarized in the original scalar-tensor models (1.3), with

Lmat = FµνF
µν . Here, we shall show this indeed occurs and construct explicit scalarized

RN BHs in these models.2

Secondly, one may inquire if there is anything special about the scalarization in d = 4

extended scalar-tensor models (1.4), or if similar scalarized BHs occur in d 6= 4. We

1Scalarization should occur also in Einstein-Chern-Simons models with a suitable coupling between the

scalar field and the Pontryagin density. No static scalarized solutions, however, have yet been studied, the

only case investigated so far being the NUT generalization of the Schwarzschild BH [5].
2Taking into account quantum corrections, electrovacuum BHs can also become scalarized in the original

scalar-tensor model [10].

– 2 –



J
H
E
P
0
9
(
2
0
2
0
)
1
8
6

shall show that, indeed, the phenomenon is universal, and the properties of the higher

dimensional scalarized BHs, using the appropriate Euler density, are similar to the ones of

the four dimensional model with the GB term.

Finally, the simultaneous consideration of these three different guises of spontaneous

scalarization raises the following question: models (1.3) and (1.5) can be mapped into one

another (for particular couplings) via a conformal transformation; how does this mapping

allow relating scalarized solutions of both models in d > 4? Here, we shall provide the

explicit mapping and exemplify how information can be extracted from it.

This paper is organized as follows. In section 2 we review the basic ingredients for

spontaneous scalarization. In section 3 we address the scalarized electrovacuum BHs in

scalar-tensor d > 4 models, constructing the zero modes for general d and the scalarized

BHs for the simplest coupling function allowing scalarization in d = 5, exhibiting some of

their properties. We also address the mapping into the Einstein frame and the relation with

Einstein-Maxwell-scalar models. In section 4 we consider higher d extended scalar-tensor

theories, where the scalar field non-minimally couples to the appropriate Lovelock density.

Again we construct the scalarized BHs for d = 6, 8 (besides d = 4) and discuss some of

their properties. We also compare them with the hairy BHs in shift-symmetric Horndeski

for the same d emphasizing some of the differences between the two models. We conclude

with a summary and discussion in section 5.

2 A scalarization primer

Scalarized BHs occur in the family of models (1.1), co-existing with scalar-free electrovac-

uum BHs for appropriate choices of the coupling functions fst(φ), fL(φ) and femg(φ). These

solutions violate the scalar no-hair theorems (see e.g. [8]) due to the presence of a tachy-

onic effective mass term in the scalar field action. To understand the source of the effect,

consider the scalar sector of the action (1.1), which reads

Sφ = −
∫
ddx
√
−g
[

1

2
∂µφ∂

µφ+ αf(φ)I
]
, (2.1)

where f(φ) and α stand for any one of the three coupling constants and coupling functions

in (1.1) and I is the source term, which in (1.1) would be one the three choices

I =
{
R,−L(p), FµνF

µν
}
. (2.2)

Then, the scalar field equation of motion reads

�φ = α
df

dφ
I . (2.3)

The phenomenon of “spontaneous scalarization” requires the following ingredients:

i) There exists a scalar-free solution with φ = φ0. For I 6= 0 eq. (2.3) implies the

coupling function should satisfy the condition

df

dφ

∣∣∣
φ=φ0

= 0 . (2.4)
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One may set φ0 = 0 via a field redefinition. Thus electrovacuum BHs plus a vanishing

scalar field solve the model.

ii) The scalar-free solution suffers a tachyonic instability triggered by linear scalar per-

turbations. For a small scalar field φ = δφ, linearizing (2.3) yields

(�− µ2
eff)δφ = 0 , where µ2

eff ≡ α
d2f

dφ2

∣∣∣
φ=0
I . (2.5)

Let us assume that d2f/dφ2
∣∣∣
φ=0

is strictly positive (a similar reasoning holds for a

negative sign). Then the tachyonic condition µ2
eff < 0 implies

αI < 0 , (2.6)

must hold for some region outside the horizon.

iii) A second set of solutions exist, with a nontrivial scalar field, the scalarized BHs.

These solutions are continuoulsy connected with the scalar-free set, approaching it as

φ → 0. In this limit the scalar field becomes a scalar cloud or zero mode. Although

the quantitative properties of these solutions depend on the choice of the coupling

function, qualitative properties are not so sensitive, as long as the condition (2.4)

is satisfied.

3 Scalarized electrovacuum BHs in d > 4 scalar-tensor models

3.1 The framework

For our first analysis we consider a scalar-tensor model, with the matter Lagrangian de-

scribing classical electromagnetism. Thus, we take (1.1) with (1.3) and Lmat = FµνF
µν .

Moreover, we take the simplest coupling function allowing for spontaneous scalarization:

fst(φ) = φ2 , (3.1)

and for ease of notation we drop the subscript label in the coupling constant: αst → α. As

such, the action of the model reads

S = − 1

16π

∫
ddx
√
−g
{

(1− αφ2)R− 1

2
∂µφ∂

µφ− FµνFµν
}

; (3.2)

observe that the scalar and electromagetic fields interact only indirectly, via the backreac-

tion on the spacetime metric.

Restricting to spherically symmetric configurations, we consider a metric ansatz in

Schwarzschild-like coordinates, together with a scalar field and electric potential which

depend on the radial coordinate only,

ds2 = −N(r)σ2(r)dt2 +
dr2

N(r)
+ r2dΩ2

d−2 , φ ≡ φ(r) , A = V (r)dt . (3.3)

– 4 –



J
H
E
P
0
9
(
2
0
2
0
)
1
8
6

The coordinates (r, t) possess the usual meaning and dΩ2
d−2 is the line element on the unit

(d− 2)-sphere. This ansatz results in the following equations (where the “prime” denotes

radial derivatives):

(d−2)N ′−(d−2)(d−3)
(1−N)

r
+

1

2
rNφ′2+

2rV ′2

σ2

+4α

{
rNφφ′′+rNφ′2+

1

2
φφ′
[
rN ′+2(d−2)N

]
+
d−2

4
φ2

[
N ′− d−3

r
(1−N)

]}
= 0 , (3.4)

σ′− rσφ′2

2(d−2)
− α

(d−2)

{
φσ′[(d−2)φ+2rφ′]−2rσ(φ′2+φφ′′)

}
= 0 , (3.5)

(rd−2Nσφ′)′+2αφ
{
rd−3[σ(rN ′′+(d−2)N ′)+σ′(3rN ′+2(d−2)N)+2rNσ′′]−LE

}
= 0 ,

(3.6)

V ′′+

[
(d−2)

r
−σ
′

σ

]
V ′= 0 . (3.7)

These equations can also be derived from the effective Lagrangian

Leff = LE + Ls + LM + LR , (3.8)

where

LE = (d− 2)rd−4σ

{
rN ′ + (d− 3)(N + 1) + 2Nr

σ′

σ

}
, Ls = −1

2
Nσrd−2φ′2 , (3.9)

and

LM =
2rd−2V ′2

σ
, LR = −αφ

[
φLE + 2rd−2φ′(σN ′ + 2Nσ′)

]
.

The equation for the electric potential possesses the first integral, which, for convenience

we write as

V ′ =
(d− 3)Q0σ

rd−2
, (3.10)

where Q0 is an integration constant fixing the electric charge.

We are interested in BH solutions, with an horizon at r = rh > 0. Restricting to

non-extremal configurations, the solutions possess a near horizon expansion with the first

terms being

N(r) = N1(r − rh) + . . . , σ(r) = σ0 + σ1(r − rh) + . . . , (3.11)

φ(r) = φ0 + φ1(r − rh) + . . . , V (r) = v1(r − rh) + . . . ,

which contains two essential parameters φ0 and σ0 (the remaining ones are determined in

terms of these).

The approximate form of the solutions in the far field reads

N(r) = 1− m

rd−3
+ . . . , φ(r) =

Qs
rd−3

+ . . . ,

V (r) = Φ− Q0

rd−3
+ . . . , σ(r) = 1− [d− 3− 4α(2d− 5)]Q2

s

4(d− 2)r2(d−3)
+ . . . .

(3.12)
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Apart from m and Q0, the essential parameters here are Φ (the electrostatic potential)

and Qs (the scalar ‘charge’). Thus, the data at infinity is specified by the ADM mass M ,

electric charge Q, electrostatic potential Φ and scalar ‘charge’ Qs, which are read off from

the far field asymptotics (3.12), where the physical M,Q relate to the parameters m,Q0 as

M =
(d− 2)V(d−2)

16π
m , Q =

√
2(d− 2)(d− 3)

V(d−2)

8π
Q0 , (3.13)

and V(d−2) is the area of a (d− 2)-sphere.

The horizon data, on the other hand, is the Hawking temperature TH and the event

horizon area AH , which are given by

TH =
(d− 3)

4πrh

(
1− [(d− 3)Q0]2

r
2(d−3)
h

)
, AH = V(d−2)r

d−2
h , (3.14)

together with the value at r = rh of the scalar field φ = φ0.

We also define the reduced electric charge, horizon area and temperature as

q ≡ Q

M

√
d− 2

2(d− 3)
, aH ≡

AH

M
d−2
d−3

ca , tH ≡ THM
1

d−3 ct , (3.15)

where

ca =
V

1
d−3

(d−2)(d− 2)
d−2
d−3

(16π)
d−2
d−3

, ct =
2

2(d−1)
d−3 π

d−2
d−3

(d− 3)(d− 2)
1

d−3V
1

d−3

(d−2)

. (3.16)

The scalar-free solution of the model3 is the RN BH, which is specified by (3.3) with

φ = 0 and

N(r) = 1− m

rd−3
+

2(d− 3)

(d− 2)

Q2
0

r2(d−3)
, σ(r) = 1 , V (r) = Φ− Q0

rd−3
. (3.17)

The RN BH possess an (outer) horizon at r = rh, where rh is the largest (positive) solution

of the equation N(rh) = 0. Working in a gauge with V (rh) = 0, the constant Φ corresponds

to the electrostatic potential, Φ = Q0

rd−3
h

. We also remark that for d > 4, the RN BH

possesses a nonvanishing Ricci scalar:

R =
d− 4

d− 2
F 2 = −2(d− 3)2(d− 4)Q2

0

(d− 2)r2(d−2)
. (3.18)

3.2 The zero mode for general d

Let us start by treating the scalar field as a small perturbation around the d-dimensional

RN background. This will allow us to compute the zero modes : linear scalar field bound

states that are supported by a discrete set of RN backgrounds. Zero modes define the onset

of the scalarization instability and the bifurcation towards the new family of scalarized BHs.

3Here we follow the conventions used for this solution in [9].
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Restricting to a spherically symmetric scalar field, the equation for φ reads

(rd−2Nφ′)′ +
4α(d− 3)2(d− 4)

d− 2

Q2
0

rd−2
φ = 0 . (3.19)

One can see that φ-coefficient in the above equation acts as an r-dependent effective mass

for the perturbations, with the condition α > 0 being necessary for a tachyonic mass.

We are interested in solutions of the above equation which are regular for r > rh and

vanish at infinity. Remarkably, one finds the following exact solution

φ(r) = Pu

1− 2

1− r
2(d−3)
h

2(d−3)Q2
0

d−2

{
1−
(rh
r

)d−3
} , with u≡ 1

2

(
−1+

√
1− 8α(d−4)

(d−3)

)
,

(3.20)

Pu being the Legendre function. One can show that, in general, the function φ(r) ap-

proaches a constant non-zero value as r →∞,

φ(r)→ 2F1

1

2

(
1−

√
1− 8α(d−4)

(d−3)

)
,
1

2

(
1+

√
1− 8α(d−4)

(d−3)

)
,1;

1

1− r
2(d−3)
h

2(d−3)Q2
0

(d−2)

+O
(

1

r

)
.

(3.21)

Thus finding the spherically symmetric zero mode of the RN BH within the model (3.2),

corresponding to a scalar field that vanishes asymptotically, reduces to a study of the zeros

of the hypergeometric function 2F1.

The existence line, i.e. the RN backgrounds that support scalar clouds, correspond to

the set of values of q ∼ Q/M , as a function of α, for which φ(r)→ 0 asymptotically. Such

existence lines are illustrated in figure 1 for d = 5, 6, 7. For any d > 4, the solutions exist

as long as the coupling constant is sufficiently large, i.e. for

d− 3

8(d− 4)
< α < +∞ , (3.22)

the minimal value corresponding to the TH → 0 limit of the RN background.

3.3 An explicit construction: scalarized d = 5 RN BHs

The scalarized BH solutions obeying the asymptotic behaviours (3.11) and (3.12) are found

numerically, by using a standard ordinary differential equations (ODE) solver. Here we

shall report the d = 5 case that we have studied more systematically. We have also verified,

however, the existence of scalarized solutions for d = 6 and we conjecture the existence

of such configurations for any d > 5. Moreover, the properties of the five dimensional

solutions appear to be generic. Also, only nodeless solutions (in the scalar field) were

studied so far, corresponding to the fundamental states; but solutions with nodes should

also exist, corresponding to excited states.

The basic properties of the d = 5 scalarized RN BHs can be summarized as follows.

Given a value of the coupling constant α, the spherically symmetric BHs bifurcate from

– 7 –
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Figure 1. Existence lines for the d = 5, 6, 7 RN BH in a α vs. q diagram. The inset zooms around

the minimal value of α.
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Figure 2. Sequences of scalarized d = 5 RN BHs, with several values of α, in a charge vs. horizon

area (left panel) and a charge vs. Hawking temperature (right panel) diagram. The quantities are

the reduced ones, i.e. given in units of mass.

the RN solution supporting the corresponding scalar cloud, as discussed in the previous

subsection. Keeping constant the parameter α, this branch has a finite extent, ending

in a critical configuration. This limiting solution appears to be singular, as found when

evaluating the Kretschmann scalar at the horizon, although its horizon area and global

charges remain finite. This is illustrated4 in figure 2, wherein the reduced charge vs.

horizon area (left panel) and vs. Hawking temperature (right panel) diagrams are exhibited,

normalized w.r.t. the mass, for several values of the coupling constant α. As these constant

α sequences of scalarized BHs emerge from RN BHs, the ratio q ∼ Q/M increases and

becomes slightly larger than one, in a region close to the critical configuration where the

sequence ends. In this sense, the scalarized BHs can be overcharged, that is, they can

support more charge to mass ratio than RN BHs. To summarize, in an (α, q)-diagram,

the domain of existence of the scalarized solutions is delimited by two curves: i) the

4We emphasize that all numerical results in this work were found by solving a time independent problem.

As such, the sequences of solutions in figure 2 should not be interpreted as dynamical evolutionary sequences.
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existence line (RN BHs) and ii) the critical line, which is the set of all critical solutions

discussed above.

3.4 Einstein frame picture and the relation to Einstein-Maxwell scalar models

The model (3.2) is formulated in the so called Jordan frame, wherein the scalar field is non-

minimally coupled to the Ricci scalar. But it possesses an equivalent formulation in the

Einstein frame, with a minimally coupled scalar field to the Ricci scalar but non-minimally

coupled to the Maxwell invariant. That is, performing the conformal transformation

ḡµν = Ω
4

d−2 gµν , Ω2 = 1− αφ2 , (3.23)

together with a redefinition of the scalar field

dψ =

√
1− α[1− 8α(d−1)

d−2 ]φ2

1− αφ2
dφ , (3.24)

transforms (3.2) into the Einstein frame action

S =
1

16π

∫
ddx
√
−ḡ
[
R̄− 1

2
ḡµν∂µψ∂νψ − f(ψ)ḡµν ḡαβFµαFνβ

]
, (3.25)

with the coupling function

f(ψ) = Ω−
2(d−4)
d−2 (ψ) =

(
1− αφ2(ψ)

)− d−4
d−2 . (3.26)

The new, Einstein frame, variables are the metric ḡµν and the scalar field ψ. The trans-

formation given by eqs. (3.23) and (3.24) therefore maps a solution of the field equa-

tions (3.4)–(3.7), to a solution that extremizes (3.25). The transformation is independent

of any assumption of symmetry, and in this sense is covariant; one can easily infer that the

transformation is one-to-one in general.

This transformation leads to an interesting twist: in the Einstein frame, the sponta-

neous scalarization of electrovacuum BHs results from the nonstandard coupling of the new

scalar field ψ to the Maxwell term (notice the analogy with the case in the recent work [6]).

That is the scalarized solutions of the scalar-tensor model can be interpreted as scalarized

solutions of an Einstein-Maxwell-scalar model.

One can use this mapping to extract information about scalarization (or lack thereof)

of the corresponding Einstein-Maxwell-scalar model. The Einstein-frame scalar field, as

resulting from (3.24) reads

ψ = −
√

8(d− 1)(α− αc)√
(d− 2)α

arcsinh

(√
8(d− 1)α(α− αc)

d− 2
φ

)
(3.27)

+
2
√

2(d− 1)√
(d− 2)

arctanh

(
2
√

2(d− 1)αφ√
d− 2 + 8(d− 1)(α− αc)αφ2

)
,

with

αc ≡
1

8

d− 2

d− 1
. (3.28)
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αc is a special value of α corresponding to a d-dimensional conformally coupled scalar field

in the Jordan frame. Choosing α = αc, the coupling function to the Maxwell invariant in

the Einstein frame can be computed in closed form, yielding

f(ψ) = cosh
2(d−4)
d−2

(
1

2

√
d− 2

2(d− 1)
ψ

)
. (3.29)

Unfortunately, it is simple to verify that the value α = αc of the coupling constant does

not obey (3.22). Thus, a conformally coupled scalar will not allow the scalarization of the

RN BH in the scalar-tensor model.

However, the scalarization becomes possible for large enough values of α. In fact, as

long as Ω2 > 0 all solutions of the initial model (3.2) are mapped to BHs of the Einstein

frame model (3.25). The corresponding expression of the coupling function results by

inverting (3.27) and replacing in (3.26). Although f(ψ) cannot be found in closed form

(unless α = αc), its expression for a small enough scalar field reads

f(ψ) ' 1 + βψ2 +O(ψ4) , where β ≡ α(d− 4)

d− 2
. (3.30)

One remarks that d = 4 scalarized RN BHs with the above form of the coupling function

have been studied in [7, 14], and they capture the basic properties of the generic case.

4 Scalarized vacuum BHs in d > 4 extended scalar-tensor models

4.1 The framework

For our second sub-class of models we consider an extended scalar-tensor model. Thus,

we take (1.1) with (1.4) and Lmat = 0. The explicit expressions of the first terms in the

hierarchy of L(p) are

L(0) = 1 , L(1) = R , L(2) = R2 − 4RµνR
µν +RµνρσR

µνρσ , (4.1)

L(3) = R3 − 12RRµνR
µν + 16RµνR

µ
ρR

νρ + 24RµνRρσR
µρνσ + 3RRµνρσR

µνρσ

− 24RµνR
µ
ρσκR

νρσκ + 4RµνρσR
µνηζRρσηζ − 8RµρνσR

µ ν
η ζR

ρησζ . (4.2)

In constructing higher dimensional generalizations of the scalarized BHs in [2–4], we

use the observation that, in even dimensions, the contribution to the action of the d/2-

th order L(p) becomes a topological invariant, and alone does not contribute to the field

equations. This ceases to be the case when a nontrivial coupling function, f(φ) is present:

the term L(d/2) becomes dynamical. As an example, for d = 4 one takes p = 2 (i.e. the GB

term) and the geometrical scalarization model in [2–4] is recovered.

In what follows, we investigate solutions of the model (1.1) with (1.4), Lmat = 0 and

d = 2p , where p > 2 , (4.3)

and show that the properties of the four dimensional solutions are generic. As in the

previous section, for ease of notation we drop the subscript label in the coupling constant:

αL → α. Thus, the considered action reads

S = − 1

16π

∫
d2px
√
−g
{
R− 1

2
∂µφ∂

µφ+ αf(φ)L(p)

}
. (4.4)
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4.2 The equations of motion and general results

In obtaing the equations of motion it is useful to observe that, for general p, the variation

of the Euler density term is

δ(f(φ)L(p))

δgµν
= −2pP

(p)
µρνβ∇

ρ∇βf(φ) , (4.5)

where the P
(p)
µναβ tensor is naturally defined in 2p dimensions using the Levi-Civita tensor

in that dimension:

P (p)µναβ = − 1

2p
εµνµ1ν1...µp−1νp−1εαβα1β1...αp−1βp−1Rµ1ν1α1β1 . . . Rµp−1νp−1αp−1βp−1 . (4.6)

We remark that this tensor shares some of the symmetries and properties of the Rie-

mann tensor:

P
(p)
µναβ = −P (p)

νµαβ = −P (p)
µνβα , P

(p)
µναβ = P

(p)
αβµν , ∇µP (p)

µναβ = 0 . (4.7)

Taking the same ansatz as before for the metric and scalar field (3.3), a straightforward

(but cumbersome) computation leads to the following equations for the metric functions

and the scalar field5

(d−2)N ′−(d−2)(d−3)
(1−N)

r
+
r

2
Nφ′2 +

2α

rd−3
(1−N)

d−4
2 (4.8)

×
[
(1−N)Nf ′′(φ)− 1

2
{(d−1)N−1}N ′f ′(φ)

]
= 0 ,

(d−2)σ′− r
2
σφ′2 +

α

rd−3
(1−N)

d−4
2
[
(1−N)σf ′′(φ)+{(d−1)N−1}σ′f ′(φ)

]
= 0 , (4.9)

(Nσrd−2φ′)′−αdf(φ)

dφ

{
(1−N)

1
2

(d−2)
(
σN ′+2Nσ′

)}′
= 0 . (4.10)

These equations can also be derived from the effective Lagrangian6

Leff = LE + Ls + αL(p) , (4.11)

with LE and Ls given by (3.9) and

L(p) =
dT(p)

dr
, T(p) ≡ −(1−N)

1
2

(d−2)
(
σN ′ + 2Nσ′

)
. (4.12)

As in the last section, we are interested in BH solutions, with a horizon at r = rh > 0.

Restricting to non-extremal configurations, the near horizon expansion of the solu-

tions reads

N(r) = N1(r−rh)+ . . . , σ(r) = σh+σ1(r−rh)+ . . . , φ(r) = φh+φ1(r−rh)+ . . . .

(4.13)

5There is yet another second order equation, which, however, can be expressed as a linear combination

of eqs. (4.8), (4.9) and their first derivatives, together with (4.10).
6Here, as well as in the equations (4.8)–(4.10), to simplify the relation, we have absorbed in α a factor

of 1
2
(d− 2)!.
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All coefficient are determined by the essential parameters rh, φ(rh) and σ(rh); for example,

one finds

N1 =
(d− 2)(d− 3)

rh[d− 2αφ1f ′(φh)]
. (4.14)

The coefficient φ′(rh) satisfies a second order algebraic equation of the form

φ2
1 + pφ1 + q = 0 , (4.15)

where (p, q) are non-trivial functions of rh, φh. Consequently, a real solution for φ1 of (4.15)

exists only if ∆ = p2 − 4q > 0, a condition which translates into the following inequality

1−

(
α

rd−2
h

)2
4(d− 1)(d− 3)

d− 2

(
df(φ)

dφ

∣∣∣∣
φh

)2
1−

(
α

rd−2
h

)2
d(d− 4)

4(d− 2)

(
df(φ)

dφ

∣∣∣∣
φh

)2
 > 0 ,

(4.16)

which implies the existence of a minimal horizon size, denoted as r
(min)
h , determined by α

and the value of the scalar field at the horizon.

The far field expansion of the solutions reads

N(r) = 1− m

rd−3
+. . . , σ(r) = 1− (d− 3)

4(d− 2)

Q2
s

r2(d−3)
+. . . , φ(r) =

Qs
rd−3

+. . . , (4.17)

in terms of two constants: the scalar ‘charge’, Qs, and m, which fixes the ADM mass M

as in (3.13).

The horizon data, corresponding to the Hawking temperature and horizon area are

still given by (3.14) (with vanishing electric charge). In terms of all these quantities, the

solutions satisfy the Smarr-like relation:

M =
(d− 2)

(d− 3)
THS +M(φ) , (4.18)

where S is the BH entropy as computed from Wald’s formula [22]

S = SEH + S(p) , SEH =
1

4
AH , S(p) =

1

4
αVd−2f(φ(rh)) , (4.19)

and M(φ) is the mass stored in the scalar field

M(φ) = −d− 2

d− 3

1

16π

∫
Σ
dd−1x

√
−g f(φ)

ḟ(φ)
�φ , (4.20)

where the integral is taken over a spacelike surface Σ and ḟ ≡ df/dφ.

We define the reduced horizon area and Hawking temperature as in (3.15) by nor-

malizing the corresponding quantities w.r.t. the total mass of solutions. Analogously, the

reduced entropy is defined as:

s ≡ 4S

M
d−2
d−3

ca , (4.21)

where ca is given by (3.16)

The scalar-free solution in this model is the Schwarzschild-Tangherlini BH [12], which

has a vanishing scalar field, m = rd−3
h , σ = 1, while its reduced quantities are simply

aH = s = tH = 1.

– 12 –
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Figure 3. Reduced area (top left panel), reduced entropy (top right panel), reduced temperature

(bottom left panel) and the scalar field at the horizon (bottom right panel) vs. the coupling (normal-

ized by the mass) for scalarized BHs in the extended scalar-tensor model in d = 4, 6, 8 dimensions.

4.3 The scalarized BHs in d = 4, 6, 8 with a quadratic coupling

As in the previous section we shall illustrate the BHs in the d-dimensional extended scalar-

tensor models by considering the simplest function which satisfies the condition (2.4):

fL(φ) = φ2 , (4.22)

which was initially considered for d = 4 solutions in [2]. The numerical construction

of the solutions in d = 4, 6, 8 follows a strategy similar to one used in the last section.

Some properties of the solutions are shown in figure 3 and can be summarized as follows.

Firstly, the qualitative features of the d = 4 solutions still hold in higher d, namely: (i)

the branching off from the Schwarzschild-Tangherlini BH wherein the latter supports a

scalar cloud; (ii) the limited range wherein solutions exist; (iii) and the trends of the

different quantities when α is varied. Quantitatively, however, one can see a smaller domain

of existence in terms of α in higher dimensions, likely due to the faster fall-off of the

gravitational interaction. Secondly, the model possesses a (presumably infinite) tower of

scalarized spherically symmetric solutions which are indexed by the number of nodes n of

the scalar field. As in the previous study of the scalar-tensor model, here we are focusing

on the fundamental n = 0 solutions. Thirdly, all solutions can be obtained continuously in

the parameter space: they form a line, starting from the smooth GR limit (φ → 0), and

ending at some limiting solution. Once the limiting configuration is reached, the solutions
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cease to exist in the parameter space. The existence of these ‘critical’ configurations can

be understood from the condition (4.16), with the determinant ∆ vanishing at that point.

It would be interesting to study the linear stability of these scalarized BHs. Since the

d = 4 solutions are radially unstable [15, 16], it is possible that their higher dimensional

generalizations are also unstable.

4.4 A linear coupling detour: the shift-symmetric model in d-dimensions

If instead of the choice (4.22) one chooses the coupling function

fL(φ) = φ , (4.23)

the scalarization condition (2.4) is not obeyed. This case corresponds to a linear coupling or

a ‘shift symmetric’ model, which is interesting for different reasons and has been extensively

studied for d = 4 — see e.g. [17–19, 23]. Although scalarization is absent, the model

possesses a variety of interesting properties. Here, we shall use it to contrast with the

picture found for the quadratic coupling in the previous subsection.

Since the condition (2.4) is not satisfied in the linear model (4.23) for α 6= 0, the

Schwarzschild-Tangerlini BH is not a solution. Also, the equations of motion are invariant

under the transformation

φ→ φ+ φ0 , (4.24)

with φ0 an arbitrary constant, which results from the fact that the L(p) term alone is a

total divergence. This implies the existence of a current, whose conservation leads to the

following interesting relation between the ‘scalar charge’ and the Hawking temperature

Qs =
4πα

(d− 3)
TH , (4.25)

which is a unique property of this class of models (see also the discussion in [20] for d = 4

and [21] for the issue of BH temperature in Horndeski models).

In the probe limit, that is considering the scalar field equation of the model on the

Schwarzschild-Tangherlini background, we find the following general exact solution7 valid

for all range of r:

φ(r) =
α

rd−2
h

{
B

[(rh
r

)d−3
;
d2 − d− 4

2(d− 3)
, 0

]
+ log

(
1−

[rh
r

]d−3
)}

, (4.26)

where B[x; a, b] is the incomplete β-function. Simple expressions exist for d = 4, 6 only

(with x ≡ rh/r):

d= 4 : φ(r) =
α

r2
h

(
x+

x2

2
+
x3

3

)
, (4.27)

d= 6 : φ(r) =
3α

r4
h

[
x+

x4

4
+
x7

7
+
x10

10
− 1

2
log(1+x+x2)− 1√

3
arctan

(√
3x

2+x

)]
. (4.28)

7Note that a constant of integration has been fixed in the expression by imposing φ(r)→ 0 as r →∞.
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Figure 4. Reduced area (top left panel), reduced entropy (top right panel), reduced temperature

(bottom left panel) and the scalar field at the horizon (bottom right panel) for BHs in the shift

symmetric model in d = 4, 6, 8 spacetime dimensions.

In principle, this solution can be used to construct a closed form perturbative solution

of the full system as a power series in the parameter α/rd−3
h , see e.g. the d = 4 results

in [23]. As discussed therein, this analytical solution provides a good approximation to the

numerical results.

A feature which, however, cannot be captured within a perturbative approach is the

existence of a minimal horizon size. The condition (4.16) on the near horizon data takes a

simple form for the choice (4.23) of the coupling function, with

α

rd−2
h

<

[
2(d− 1)(d− 3)

(d− 2)
+
√

3(d− 1)(d− 3)

]−1/2

. (4.29)

This requirement translates into a coordinate independent condition imposing a minimal

size for the horizon size in terms of the coupling constant α only,

AH > c0α , where c0 ≡ V(d−2)

√
2(d− 1)(d− 3)

(d− 2)
+
√

3(d− 1)(d− 3) . (4.30)

Some results of the numerical integration for non-perturbative solutions are shown in

figure 4. Again, the solutions stop existing at the point where the condition (4.29) fails to

be satisfied.
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5 Summary and overview

The main purpose of this paper was to discuss higher dimensional generalizations of d = 4

spontaneous scalarizations models, in its various guises, via the existence of the correspond-

ing scalarized BH solutions. As the broader take home message, the study herein shows

the phenomenon of ‘spontaneous scalarization’ is not peculiar to d = 4, but qualitative and

quantitative differences occur in higher d.8

Concerning the case of the scalar-tensor model studied in section 3, we have established

that, since the conformal invariance of the Maxwell action is lost in d > 4, the higher

dimensional electrovacuum BHs possess scalarized generalizations in these models. This is

a qualitative difference with respect to the d = 4 case. Moreover, by a conformal mapping,

these solutions can be interpreted as Einstein-Maxwell-scalar solutions, bridging between

these two guises of scalarization.

Concerning the case of the extended scalar-tensor model studied in section 4, our

construction generalized the ‘geometric scalarization’ in [2–4] to any even dimension. In

d = 4, Einstein’s gravity can be deduced by assuming general coordinate covariance and

the absence of higher derivative terms larger than the second order in the Lagrangian. In

d > 4, the same assumptions lead to Lovelock gravity [11]. All Euler densities, L(p), starting

with the Ricci scalar and the GB curvature squared combination, can be written as the

divergences of genuine vector densities in the critical dimensions d = 2p, with p = 1, 2, . . .

(while they vanish for d < 2p). However, such a density can be made dynamical by coupling

it to a scalar field, which results in the term αLfL(φ)L(p) in the action (1.1). Thus, there

is a hierarchy of models, with the d = 4 (p = 2) case in [2–4] being a special case. Here,

we have found that the properties of the solutions of the latter are generic, being shared

by the higher dimensional d = 2p counterparts, but with quantitative differences.

As to provide a comparative benchmark, we have also generalized the d = 4 ‘shift

symmetric’ Horndeski model in [17–19] to any d = 2p > 4 even dimension. Again, the

properties of the d = 4 solutions are generic. Although these configurations do not qualify

for scalarized BHs (in particular the condition (2.4) is not satisfied), they possess a variety

of interesting properties (e.g. the existence of a conserved current, which implies that the

Hawking temperature is fixed by the scalar charge; also an exact solution is found in the

probe limit).

All configurations in this work are spherically symmetric and asymptotically flat, be-

ing regular on and outside the horizon (which possesses a spherical topology). Rotating

generalizations should exist, following the d = 4 studies in, e.g. [23–25].

Let us close this work with some remarks concerning the status of the extended scalar-

tensor model for the (lower) dimension d = 2. Einstein gravity alone is trivial in two

dimensions; however, as in the generic d = 2p case, L(1) = R can contribute to the equations

of motion by coupling it with a scalar field. This suggest to consider the following d = 2

8In various aspects d = 4 BH physics has unique properties; recent research has revealed that as d

increases, the BH’s phase structure becomes increasingly intricate and diverse [13]. This further motivates

the analysis herein.
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version of the generic model (1.1):

S = − 1

16π

∫
d2x
√
−g
{
αf(φ)R− 1

2
∂µφ∂

µφ+ U(φ)

}
, (5.1)

with U(φ) a scalar potential. Interestingly, this corresponds to the generic form of the

Jackiw-Teitelboim (JT) gravity [26, 27]. This model has received considerable interest re-

cently in connection with BH dynamics (see, e.g. [28–31]). Near extremal BHs/branes have

a near horizon ‘throat region’ corresponding to an AdS2 spacetime [32] and so, upon com-

pactification, the action (5.1) appears naturally, with the scalar field representing the modu-

lus associated to the transverse directions (the volume of the transverse sphere). Moreover,

it was shown [31] that the JT model is a good approximation for the low-temperature dy-

namics and thermodynamics of a large class of spinning/charged BHs, including the near

extremal Kerr BH. It would be interesting to study solutions of the model (5.1) for various

choices of the coupling function, in particular for a f(φ) allowing for scalarization.
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