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In the probe limit, we investigate the effects of the Born–Infeld electrodynamics on the holographic 
paramagnetism–ferromagnetism phase transition in the background of a Schwarzschild–AdS black hole 
spacetime. We find that the presence of Born–Infeld scale parameter b decreases the critical temperature 
and makes the magnetic moment harder to form in the case of without external field. Furthermore, the 
increase of b will result in extending the period of the external magnetic field.
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1. Introduction

For the past few years, as one of the most significant de-
velopments in fundamental physics, the AdS/CFT duality [1–4], 
which provides an exact correspondence between a weakly cou-
pled gravity theory in (d + 1)-dimensional anti-de Sitter (AdS) 
space and a strongly coupled conformal field theory (CFT) liv-
ing on d dimensions, has been extensively applied in order to 
study various phenomena in condensed matter physics, includ-
ing high-Tc superconductivity [5–11]. Recently, some efforts have 
been made to generalize the correspondence to magnetism. The 
authors of Ref. [12] introduced the holographic paramagnetism–
ferromagnetism model in a dyonic Reissner–Nordström–AdS black 
brane and observed that the properties of a (2 + 1)-dimensional 
ferromagnetism can indeed be realized in this simple model. Since 
then, a large number of the holographic dual models have been 
constructed and some interesting behaviors have been found, for 
reviews, see Refs. [13–20] and references therein.

All of the above mentioned models are carried out in the frame-
work of usual Maxwell electrodynamics. Along with the conven-
tional Maxwell electrodynamic theory, nonlinear electrodynamic 
theories, which correspond to the higher derivative corrections to 
the Abelian gauge fields, have also become interesting topics of 
research in the past several decades. And it turned out that the 
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higher derivative corrections of the gauge field carry more plenti-
ful information than the usual Maxwell electrodynamics [21–26]. 
One of the most popular nonlinear electromagnetic theories is 
Born–Infeld electrodynamics [27] whose the primary motivation is 
to avoid the infinite self energies for point-like charged particles. 
Jing and Chen introduced holographic dual model in Born–Infeld 
electrodynamics at first and observed that the nonlinear Born–
Infeld corrections make it harder for the scalar condensation to 
form [28], decrease the critical temperature, and change the con-
densation gap. Moreover, the dependence of the condensation gap 
and the critical temperature on the Born–Infeld scale parameter 
is similar to that on the Gauss–Bonnet term (corresponds to the 
higher derivative correction to gravitation) in the holographic su-
perconductor. Along this direction, there has been accumulated 
interest to study various holographic dual models with the non-
linear electrodynamics [29–40]. At the same time, similar to the 
case of Born–Infeld nonlinear electrodynamics, other types of non-
linear electrodynamics in the context of gravitational field have 
been introduced, which can also remove the divergence arising 
in Maxwell theory at the origin. Two well known nonlinear La-
grangians for electrodynamics are logarithmic (LEN) [41,42] and 
exponential (ENE) [43,44] Lagrangian. And considering three types 
of typical nonlinear electrodynamics, the authors of Ref. [45] ob-
served that the exponential form of nonlinear electrodynamics has 
stronger effect on the condensation formation and conductivity for 
the holographic conductors in the backgrounds of AdS black hole. 
However, in the AdS soliton background the critical chemical po-
tentials are independent of the explicit form of the nonlinear elec-
 under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by 
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trodynamics, i.e., the ENE, BINE and LNE correction do not effect 
on the critical potentials. In this paper, therefore, it is interesting 
to try to investigate the effects of the nonlinear electrodynamics 
on the holographic paramagnetism–ferromagnetism phase transi-
tion, particularly, in the presence of Born–Infeld correction.

This paper is organized as follows. In section 2, we introduce 
the basic field equations of holographic ferromagnetism model 
with Born–Infeld electrodynamics in the Schwarzschild–AdS black 
hole. In section 3 by the numerical method we obtain the critical 
temperature and study the magnetic moment. Magnetic suscep-
tibility density and hysteresis loop will be shown in section 4. 
Finally in the last section we will include our summary and dis-
cussion.

2. Holographic model

In this paper, the model we are considering is just general rel-
ativity with a negative cosmological constant � = −3/L2, a U(1) 
field Aμ and a massive 2-form field Mμν in 4-dimension space–
time. The ghost free action

S = 1

2κ2

∫
d4√−g(L1 + λ2L2)),

L1 = R + 6/L2 + LB I , (1)

L2 = 1

12
(dM)2 + m2

4
Mμν Mμν + 1

2
Mμν Fμν + J

8
V (M),

where dM is the exterior differential of 2-form field Mμν , m2 is 
the squared mass of 2-form field Mμν being greater than zero (see 
Ref. [16] for detail), λ and J are two real model parameters with 
J < 0 for producing the spontaneous magnetization, λ2 character-
izes the backreaction of the 2-form field Mμν to the background 
geometry and to the Maxwell field strength, and V (M) is a nonlin-
ear potential of the 2-form field describing the self-interaction of 
the polarization tensor. For simplicity, we take the form of V (M)

as follows

V (M) = (∗Mμν Mμν)2 = [∗(M ∧ M)]2, (2)

where ∗ is the Hodge-star operator. As shown in Ref. [16], this 
potential shows a global minimum at some nonzero value of ρ . 
Meanwhile, LB I is Lagrangian density of the Born–Infeld electrody-
namics

LB I = 1

b
(1 −

√
1 + 2bF ). (3)

Here, F ≡ Fμν F μν and Fμν is the nonlinear electromagnetic ten-
sor. The scale parameter b indicates the difference between Born–
Infeld and Maxwell electrodynamics. As b tends to zero, the La-
grangian LB I approaches to Fμν F μν .

By varying action (1), we can get the equations of motion for 
matter fields

∇τ (dM)τμν − m2Mμν − J (∗Mτσ Mτσ )(∗Mμν) = Fμν,

∇μ(
Fμν√

1 + 2bF
+ λ2

4
Mμν) = 0. (4)

In what follows, we will work in the probe limit and the 
background is a 4-dimensional planner Schwarzschild–AdS black 
hole

ds2 = L2(−r2 f (r)dt2 + dr2

r2 f (r)
+ r2(dx2 + dy2)), (5)

with
f (r) = 1 − r3+
r3

, (6)

where the r+ is the event horizon of the black hole and the Hawk-
ing temperature is

T = 3r+
4π

. (7)

In order to study systematically the effects of the b on the holo-
graphic ferromagnetic phase transition, we take the following self-
consistent ansatz with matter fields,

Mμν = −p(r)dt ∧ dr + ρ(r)dx ∧ dy,

Aμ = φ(r)dt + Bxdy, (8)

where B is a constant magnetic field viewed as the external mag-
netic field in the boundary field theory. Thus nontrivial equations 
of motion read

ρ ′′ + f ′

f
ρ ′ − 1

r2 f
[m2 + 4 Jp2]ρ + B

r2 f
= 0,

(m2 − 4 Jρ2

r4
)p − φ′ = 0, (9)

φ′′ + 1

16B2br + 4r5
(16B2b + 8r4 − 32br4φ′ 2)φ′

− r3λ2(2p + p′r)
16B2b + 4r4

(1 + 4B2b

r4
− 4bφ′ 2)3/2 = 0,

here a prime denotes the derivative with respect to r. Obviously, 
the equation of motion for gauge field φ(r) is more complicated 
than that in usual Maxwell theory due to the presence of BI 
correction. In order to solve the nonlinear equations (9) numer-
ically, we should first solve the equation of φ′ and put it into 
the equation of φ′′ and get the equation of p. And then we 
need to seek the boundary condition for ρ , φ and p near the 
black hole horizon r → r+ and at the spatial infinite r → ∞. The 
regularity condition for ρ(r+) at the horizon gives the bound-
ary condition φ(r+) = 0. Near the boundary r → ∞, the nonlin-
ear equations give the following asymptotic solution for matter 
fields

ρ = ρ+r�+ + ρ−r�− + · · · + B

m2
,

φ = μ − σ

r
+ · · · , p = σ

m2r2
+ · · · , (10)

where ρ± , μ and σ are all constants and �± = 1
2 + 1

2

√
1 + 4m2. 

The Breitenlohner–Freedman (BF) bound requires m2 > −1/4. From 
the dual field theory, the constants μ and σ can be interpreted as 
the chemical potential and charge density, respectively. The coeffi-
cient ρ+ and ρ− correspond to the source and vacuum expectation 
value of dual operator in the boundary field theory when B = 0. 
Therefore one should set ρ+ = 0 since one wants the condensa-
tion to happen spontaneously below a critical temperature. When 
B 
= 0, the asymptotic behavior is governed by external magnetic 
field B .

3. Spontaneous magnetization

In this paper we work in the grand canonical ensemble where 
the chemical potential μ will be fixed. And the expression of mag-
netic moment as

N = −λ2
∫

ρ
2

dr. (11)

2r
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Fig. 1. Left: the magnetic moment N as a function of temperature with the Born–Infeld scale parameter b. Right: the relation between the critical temperature Tc and 
parameter b.

Table 1
The critical temperature Tc and magnetic moment N with different values of b.

b 0 1 5 8

Tc/μ 1.7870 1.7417 1.5834 1.4806
N/λ2μ 2.9409(1 − T /TC )1/2 2.8514(1 − T /TC )1/2 2.4835(1 − T /TC )1/2 2.2130(1 − T /TC )1/2
As a typical example, we take J = −1/8, m2 = 1/8 and λ =
1/2 which can capture the basic features of the model. Chang-
ing the Born–Infeld scale parameter b, we present in the left 
panel of Fig. 1 the magnetic moment as a function of tempera-
ture in d = 4 dimension. It will be found that the spontaneous 
condensate of ρ (corresponding to the magnetic moment) in the 
bulk in the absence of external magnetic field appears and has 
similar behavior for different b when the temperature is lower 
than critical temperature Tc . Meanwhile, by fitting this curve 
in the vicinity of critical temperature, we find that the phase 
transition is a second order one with behavior N ∝ √

1 − T /Tc

for all cases calculated above. The results are still consistent 
with one in the mean field theory and have been shown in Ta-
ble 1. In other words, there exists the holographic paramagnetism–
ferromagnetism phase transition when the mass 2-form field cou-
ples a Born–Infeld electromagnetic field in the Schwarzschild–AdS 
black hole.

From the left panel of Fig. 1, we observe that the increasing 
value of the nonlinearity parameter b makes the magnetic mo-
ment smaller. It means that the condensation is more harder to 
be formed in the Born–Infeld electrodynamics, which agrees well 
with the results given in [25,38]. In Table 1 we present the criti-
cal temperature Tc for the magnetic moment and list the behavior 
of these condensation curves near T ∼ Tc . It is easy to find that as 
b increases the critical temperature decreases, which is exhibited 
in the right panel of Fig. 1 and agrees well with the finding in the 
left panel of Fig. 1. This behavior has been seen for the holographic 
superconductor in the background of a Schwarzschild–AdS black 
hole, where the Born–Infeld electrodynamics make scalar conden-
sation harder to form [28]. At the same time, the dependence of 
the magnetic moment and the critical temperature on the Born–
Infeld scale parameter is similar to that on the Gauss–Bonnet term 
in the holographic superconductor.
4. The response to the external magnetic field

Let us turn on the external field to examine the response to 
magnetic moment N . This can be described by magnetic suscepti-
bility density χ , defined as

χ = lim
B→0

∂N

∂ B
. (12)

In the high temperature region T > Tc , the ferromagnetic ma-
terial is in a paramagnetic phase whose magnetic moments are 
randomly distributed. So the susceptibility obeys the Curie–Weiss 
law

χ = C

T + θ
, T > Tc, θ < 0, (13)

where C and θ are two constants. Note that a significant differ-
ence between the antiferromagnetism and paramagnetism can be 
seen from the magnetic susceptibility. In the paramagnetic phase 
of antiferromagnetic material and paramagnetic material, the mag-
netic susceptibility also obeys the Curie–Weiss law, but the con-
stant θ in Eq. (13) is positive and zero, respectively. Fig. 2 shows 
the magnetic susceptibility as a function of temperature. In the 
paramagnetic phase, we observe that the magnetic susceptibility 
increases when the temperature is lowered for the fixed nonlin-
early parameter b. Moreover, the magnetic susceptibility satisfies 
the Curie–Weiss law of the ferromagnetism near the critical tem-
perature whether b = 0 or not. Concretely, the results have been 
presented in Table 2 for the chosen model parameters. It is easy 
to see that coefficient in front of T

Tc
for 1

χ increases with the 
increasing b, which meets well with the discovery in Fig. 2. How-
ever, the absolute value of θ

μ will decrease when the Born–Infeld 
scale parameter b increases. In the plot of Fig. 3, we show that 
the magnetic moment with respect to external field B in region of 
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Fig. 2. Magnetic susceptibility as a function of temperature with different b.

Table 2
The magnetic susceptibility χ with different values of b.

b 0 0.1 0.4 0.7

λ2/χμ 3.9906(T /Tc − 1) 4.5130(T /Tc − 0.85) 7.5416(T /Tc − 0.54) 32.8633(T /Tc − 0.37)

θ/μ −1.7871 −1.5150 −0.9550 −0.6494
Fig. 3. The magnetic moment with respect to external magnetic field B in lower 
temperature.

T < Tc (i.e., T = 0.89Tc) with different parameter b. And from the 
each line in Fig. 3, we see that the magnetic moment is not single 
valued when the external magnetic field continuously changes be-
tween −Bmax and Bmax periodically. Thus a hysteresis loop in the 
single magnetic domain will be obtained and the Born–Infeld scale 
parameter b has an effect on it quantitatively. Along the horizon-
tal direction (the magnetic moment has been taken a same value), 
one need a larger external field as the Born–Infeld scale param-
eter b increases. In other words, the Born–Infeld electrodynamics 
makes the periodicity of hysteresis loop bigger which is different 
from the effect of Lifshitz dynamical exponent z on it. However, 
all the curves will overlap once the value of the magnetic field 
exceeds the maximum that corresponding to the case of b = 1.2, 
which can be seen from Fig. 3.

5. Summary and discussion

In this letter we have studied holographic paramagnetism–
ferromagnetism phase transition in the presence of Born–Infeld 
correction to Maxwell electrodynamics in 4-dimensional
Schwarzschild–AdS black hole spacetime, and obtained the ef-
fect of the Born–Infeld scale parameter b on the holographic 
paramagnetism–ferromagnetism phase transition. Adopting the 
probe limit, we have found that the improving of the nonlin-
ear parameter b results in the decrease of critical temperature 
Tc and magnetic moment in the case without external field. It 
means that the phase transition becomes difficult, and the mag-
netic moment is harder to form. This behavior is similar to that 
seen for the holographic superconductor in the background of a 
Schwarzschild–AdS black hole, where the Born–Infeld electrody-
namics makes scalar condensation harder to form. In the vicinity of 
the critical point, however, the behavior of the magnetic moment 
is always as (1 − T /Tc)

1/2, regardless of the values of b, which is 
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in agreement with the result from mean field theory. Moreover, 
in the presence of the external magnetic field, the inverse mag-
netic susceptibility as T ∼ Tc behaves as C/(T + θ), (θ < 0) in 
all cases, which satisfies the Curie–Weiss law. Yet both the con-
stant C and the absolute value of θ decrease with the increasing 
Born–Infeld scale parameter b. Furthermore, we have observed the 
hysteresis loop in the single magnetic domain when the external 
field continuously changes between the maximum and minimum 
values periodically with b. The increase of the nonlinear parame-
ter b could result in extending the period of the external magnetic 
field. Note that in this paper we just investigate the influence of 
Born–Infeld correction on paramagnetism/ferromagnetism phase 
transition. It would be of interest to generalize our study to other 
nonlinear electrodynamic theories. Work in this direction will be 
reported in the future.
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