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Establishing the axion as the dark matter (DM) particle after a haloscope discovery typically requires
follow-up experiments to break the degeneracy between the axion’s coupling to photons and its local DM
abundance. Given that a discovery would justify more significant investments, we explore the prospects of
ambitious light-shining-through-a-wall (LSW) setups to probe the QCD axion band. Leveraging the
excellent mass determination in haloscopes, we show how to design LSW experiments with lengths on the
order of 100 km and suitably aligned magnetic fields with apertures of around 1 m to reach well-motivated
axion models across up to four orders of magnitude in mass. Beyond presenting a concrete plan for
postdiscovery experimental efforts, we briefly discuss complementary experiments and future directions
beyond LSW experiments.
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I. INTRODUCTION

QCD axions [1,2] and axionlike particles (ALPs) [3,4]
are not only a solution to the strong CP problem [5,6], but
also excellent dark matter (DM) candidates [7–12]. The
extensive campaign of ongoing experimental searches (see,
e.g., Ref. [13] for an overview) targets a broad range of
axion models, e.g., Ref. [14], and importantly, realistic DM
QCD axion models.
An axion discovery would be a monumental achieve-

ment and mark the first milestone in an experimental
campaign focused on determining axion properties,
establishing them as the dominant form of DM, and
illuminating their connection to the strong CP problem.
Incidentally, a discovery in a haloscope [15] leaves
a parameter degeneracy between the axion-photon cou-
pling gaγ and their fraction ηa of the local DM density
ρDM;⊙.

1 In fact, a single experiment is rarely capable of

self-consistently determining multiple axion parameters.
Possible exceptions are helioscope searches [15] for axions
with masses ma ∼ 10 meV [17,18]. However, helioscope
data alone will likely yield sizable parameter uncertainties,
limiting our ability to infer details of the underlying model,
such as evidence for its connection to QCD.
Given these challenges, a mass determination would

significantly aid the development of customized follow-
up experiments and justify funding for more ambitious
designs. We thus explore the potential for such follow-up
experiments, starting from the information available from a
haloscope discovery, which facilitate the construction of a
light-shining-through-a-wall (LSW) experiment [19,20] that
is guaranteed to provide a complementary probe of the
newly discovered particle.2

The rationale behind our approach is twofold. First, the
haloscope measures the productg2aγηaρDM;⊙. By using the
maximum allowed value,3 i.e., ηa ¼ 1, we can determine a
minimal value for gaγ, which sets a target to guarantee a
successful LSW measurement. Second, an accurate ma
measurement allows us to arrange a specific magnetic field

*Contact author: hoof@pd.infn.it
†Contact author: jjaeckel@thphys.uni-heidelberg.de
‡Contact author: lucenteg@slac.stanford.edu

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI. Funded by SCOAP3.

1When encountering an axion minicluster, it may be possible
to break this degeneracy with a haloscope experiment alone [16].

2It is presently difficult search for non-DM QCD axion models
via couplings other than gaγ in laboratory-based searches, with
the ARIADNE experiment Ref. [21] as a potential exception in
case of an extra source of CP violation, e.g., Ref. [22].

3The probability of accidentally passing through a local
overdensity, such as an axion minicluster, can be reduced by
measuring for a sufficiently long time.
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configuration, providing optimal sensitivity at that mass.
This is important because standard LSWexperiments cannot
achieve the sensitivity required to reach the QCD axion band
with currently available technology. Modified LSW setups
can overcome this limitation, although typically only for a
limited mass range, underscoring the importance of know-
ing ma.
Based on this approach, we identify the QCD axion

parameter space where our proposed “HyperLSW” experi-
ments can test axions. The resulting independent meas-
urement of gaγ, in combination with the haloscope
measurement, determines the local axion fraction ηa.
Consequently, we can conclude whether axions are the
dominant component of the local DM density or merely a
smaller fraction.
Although the idea of decisively testing the QCD axion

parameter space has been discussed, and initial proposals
for coordinated efforts have been made, e.g., Refs. [23,24],4

we want to push LSW experiments to the boundaries of
current feasibility and explore how important questions
beyond an initial discovery can be addressed.
Our strategy is outlined in Sec. II, while we summarize

LSW setups and how to optimize them in Secs. III and IV,
respectively. The combined HyperLSW sensitivity is dis-
cussed in Sec. V, where we also consider possible exten-
sions and other use cases. We conclude with a summary in
Sec. VI and provide additional information and supple-
mentary computations as appendixes.

II. GENERAL STRATEGY

The cornerstone of our search strategy is a discovery in a
haloscope experiment [15], which is particularly promis-
ing due to its excellent capabilities to determinema and the
axion’s direct connection to DM. To break the parameter
degeneracy between gaγ and ηa, we rely on an LSW
experiment [19,20], which can self-consistently determine
gaγ without depending on the axion’s DM nature. We
identify the alternating-magnet LSW designs from
Refs. [20,25] as promising, flexible options to enhance
the sensitivity at specific mass values across a wide range
of axion masses.

A. Haloscope discovery

Haloscope experiments can detect axions from the local
DM population around Earth. We chiefly consider resonant
searches, which are tunable and allow a superb determi-
nation of ma, in addition to inferring g2aγηaρDM;⊙. The
feasibility of these searches has been demonstrated by the
RBF [26] and UF [27] Collaborations and the long-running
ADMX experiment [28–32]. More recently, the CAPP

Collaboration [33–39] and others [40–51] have also pre-
sented competitive limits.
Haloscopes have also been recognized as tools to further

study local DM properties—including the DM velocity
distribution or DM substructure [16,52–54]. Indeed, the
sensitivity to gaγ2ηaρDM;⊙ depends on the shape of the local
velocity distribution at the time of the discovery. However,
once a signal is found, its time series can be analyzed to
infer the local DM structure, as discussed in the works cited
above. Substructure, such as streams or voids, can affect the
line shape of the axion signal at high resolution, but the
underlying Maxwellian shape and axion mass can still be
inferred [55].
The key point for our purposes is the high precision in

determining ma after a haloscope discovery. For instance,
for ma ∼ μeV and a Maxwellian halo, the expected uncer-
tainty of ma is well below Δma ≲ 1 Hz ¼ 4 × 10−15 eV
after a year of observations (Ref. [52], Fig. 2). For
intermediate ma, this level of precision is more than
sufficient for our purposes, as we explicitly demonstrate
in Sec. IV and Appendix A 2. However, as discussed in
Sec. V B, the upper end of masses detectable with the more
advanced versions of HyperLSW would require a better
mass resolution, making this case more challenging.

B. Light-shining-through-a-wall follow-up

Our follow-up experiment of choice is an LSW experi-
ment [19,20], which both generates and detects axions via
gaγ . Such setups have been realized by a number of
collaborations such as ALPS [56,57], OSQAR [58–60],
and others [61–68] (see Ref. [69] for a review), and the
currently ongoing ALPS II experiment [70] will signifi-
cantly extend the LSW reach into previously untested
parameter space.
Light-shining-through-a-wall experiments are typically

not sensitive to QCD axion models since they would have
to be extremely long when using currently available
magnetic field strengths. Even then, they stop gaining in
sensitivity at a length scale ∼2πω=m2

a, where ω is the
angular photon frequency. This is because the axion and the
photon wave increasingly go out of phase, leading to
destructive interference and posing a major issue for
QCD axion masses (see Sec. III).
Various modifications of the basic setup have been

proposed to improve the sensitivity to larger masses and
thereby in particular QCD axion models. These include
optical resonators [71,72], phase shift plates [73], alternat-
ing magnet configurations [20,25], superconducting radio
frequency cavities [74], magnetic field profiles [75,76], or
axion magnetic resonance [77]. In this work, we utilize
optical resonators, since they give an overall sensitivity
improvement. In addition, we employ specific magnet
configurations that allow us to resonantly enhance the
sensitivity across a wide range of axion masses. The other
proposals are typically more limited in their applicability,

4Indeed, Ref. [23] contains a suggestion for an ambitious LSW
experiment (“JURA”) based on FCC magnets.
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although conducting a more careful analysis might prove
beneficial (see Sec. VI).
Note that the downside of resonantly enhancing the

signal is a rather time-consuming, difficult rearrangement
of the setup when scanning across a range of axion masses.
Our assumption of a haloscope discovery, and hence a
precise measurement of the axion mass, eliminates
this issue.

III. SUMMARY OF LSW PHYSICS

Let us summarize the basic formulas governing the
axion-photon interconversion in LSW experiments—
particularly for setups with multiple magnets, gaps, and
possibly changing field orientations. Our discussion is
largely based on Ref. [25].
Consider axions and photons propagating along the z

axis inside a magnetic field of magnitude B with spatial
variation jfðzÞj ≤ 1 along a perpendicular axis. For N
magnets of total length L≡ Nl, the square of the axion-
photon interconversion probability is given by

p2
γ↔a ¼

ω2

ω2 −m2
a

�
gaγBL

2

�
4

jFj4; ð1Þ

with form factor

F≡ 1

L

Z
L

0

dz fðzÞeiqz ð2Þ

and momentum transfer

q≡ nr ω −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ω2 −m2

a

q
≃ ðnr − 1Þωþm2

a

2ω
; ð3Þ

where nr is the refractive index inside the magnetic fields.
The approximation in Eq. (3) is valid for ma ≪ ω and
matches the well-known expression for vacuum (nr ¼ 1),
which we assume throughout this work (see Appendix C 3
for issues related to gas-filled setups).
Allowing for gaps of size Δ between the individual

magnets of length l, grouped in ng groups of alternating
polarity with ns magnets each, Ref. [25] found that the form
factor can be written as

Fns;ngðx;δÞ¼
sincðxÞ
ngns

tanðnsyÞ
sinðyÞ

�
sinðnsngyÞ if ng is even

cosðnsngyÞ if ng is odd

�
;

ð4Þ

where we defined sincðxÞ≡ sinðxÞ=x, x≡ ql=2, y ≡
xð1þ δÞ, and δ≡ Δ=l.
The “gapless,” single-magnet limit of Eq. (4), i.e., δ ¼ 0

and N ¼ ngns ¼ 1, reproduces the expected limits,

Fns;ngðx; δÞ ¼
δ¼0 tan ðns xÞ

nsng x

�
sin ðnsng xÞ if ng is even

cos ðnsng xÞ if ng is odd

�
¼N¼1sincðxÞ≡ F1;1ðxÞ: ð5Þ

The expected number of signal photons S is given by

S ≡ εeff
Pλ τ

ω
βg βr p2

γ↔a; ð6Þ

where the effective efficiency εeff includes the mode
overlap factor between the photon and axion modes
(cf. Ref. [25]) and the detector efficiency, Pλ is the laser
power, and τ is the measurement time. The quantities βg
and βg are, respectively, the boost factors of the generation
and regeneration parts of the LSW experiment, i.e., the
boost factors before and after the wall. In each case, the
boost factor β is given by

β−1 ≡ β−10 þ e−ζ; ð7Þ

where e−ζ defines the clipping losses, and β−10 summarize
all other loss sources (see Appendix C 2 for details).
The clipping losses in Eq. (7) turn out to be a leading

factor in limiting the reach for LSW experiments, as
discussed in Sec. IV. Magnets with sufficiently large
aperture could, in principle, prevent these losses and allow
for the construction of LSW experiments that are hundreds
of kilometers long—albeit by introducing the challenges
and costs associated with large apertures. However, at such
length scales another challenge becomes relevant: since
LSW experiments need to follow a straight line, the
curvature of Earth becomes a relevant, limiting factor.
To illustrate this point, consider digging a straight tunnel of
length 2L, which emerges from Earth’s surface on both
ends. The depth d in the middle of the tunnel is

d ¼ R⊕ −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2
⊕ − L2

q
≃

L2

2R⊕
¼ 785 m

�
L

100 km

�
2

; ð8Þ

where R⊕ ≈ 6370 km is Earth’s approximate radius. Note
that d in Eq. (8) also corresponds to the maximum height of
the support structures needed if HyperLSW was to be
constructed on or, more accurately, tangential to Earth’s
surface. Therefore, and to maintain sufficient mechanical
stability, a tunnel is preferable over surface construction.
The deepest mine in the world, the Mponeng mine in South
Africa, operates at a depth of about 4 km [78], correspond-
ing to an experiment of total length 2L ≈ 450 km. These
operations have to deal with high temperatures and other
logistical challenges, but can nonetheless inform a limit on
the possible length.
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IV. OPTIMIZING HYPERLSW SETUPS
FOR QCD AXION MODELS

The main challenge for a long LSW experiment is that
axion and photon waves start interfering destructively
beyond a length ∼2πω=m2

a, corresponding to x ∼ π=2
for a single magnet. Increasing the length beyond this
point does not increase the sensitivity because the form
factor decreases, thus limiting the experiment’s sensitivity.
This is illustrated in Fig. 1, where the dashed black line
shows the 3σ median discovery sensitivity [[79], Eq. (97)]
that can be reached with a single magnet of B ¼ 10 T and
L ∼ 2πω=m2

a, assuming the S1 setup in Table I for all other
parameters. The black square in Fig. 1 corresponds to a
total length of 2L ¼ 200 km, while the black dot is
for 2L ¼ 2R⊕.

We can compare the LSW sensitivity to QCD axion
models, which have an axion-photon coupling gaγ of

gaγ ¼
α

2πfa
Caγ ¼

α

2πfa
jE=N − CNLO

aγ;0 j; ð9Þ

with anomaly ratio E=N, axion decay constant fa,
model-independent term CNLO

aγ;0 ¼ ð1.92� 4Þ [80], and fine-
structure constant α ≈ 1=137. The solid black line in Fig. 1
shows the Kim–Shifman–Vainshtein–Zakharov (KSVZ)
model [81,82] (E=N ¼ 0), while the yellow QCD axion
band spans values Caγ ∈ ½0.0722; 17.3�. These correspond to
the central 95% region from a Monte Carlo simulation of
equally weighted, joint catalogs [83,84] of theoretically
preferred [85,86] Dine–Fischler–Srednicki–Zhitnitsky
(DFSZ) [87,88] and KSVZ axion models (available
on Zenodo [89]), where we included the uncertainty
of CNLO

aγ;0 via a normal distribution, CNLO
aγ;0 ∼N ðμ; σ2Þ ¼

N ð1.92; 0.042Þ.
From Fig. 1, it is evident that no realistic, standard LSW

experiment with B≲ 10 T can probe the KSVZ benchmark
model. The alternating-magnet design, however, can res-
onantly enhance LSW sensitivity, potentially reaching the
QCD axion model band. In what follows, we detail how to
achieve the optimal sensitivity for a given value of ma in
terms of the number of magnets N, grouping (given by ns),
and gap size Δ.
For instance, the opaque orange region in Fig. 1 represents

the optimal sensitivity for ma ¼ 40 μeV, while the trans-
parent orange region is the combined experimental reach of
all HyperLSW experiments that could be constructed for a
givenma in that mass range. To obtain the total experimental
reach, we have to distinguish three different cases, the “low,”
“intermediate,” and “high” mass region.
We discuss these cases separately in Secs. IVA–IV C,

but the main outcome can broadly be summarized as
follows:

(a) The form factor in Eq. (4) is independent of ma in
the “low-mass” regime, y≲ π=2N, and so is the
LSW experiment’s sensitivity. The magnets polar-
izations are aligned, and gaps are minimal.

FIG. 1. Properties and scaling relations of LSW experiments.
The combined addressable parameter space (light orange) for the
S1 setup from Table I is compared to a single realization for
ma ¼ 40 μeV (dark orange). We also show the maximal sensi-
tivity for an LSW setup (B ¼ 10 T; dashed black line) of total
length of 200 km (black square) and 2R⊕ (black dot), the QCD
axion band (yellow region), KSVZ model (solid black line),
various constraints (gray region), and projected haloscope sensi-
tivity (light blue region, dashed line). See Fig. 3 for references.

TABLE I. Benchmark setups for HyperLSW experiments, inspired by the future MADMAX and ongoing ALPS II experiments (see
main text for details). The magnet designs (indicated by numbers “1” and “2”) are characterized by magnetic field strength B, aperture
diameter a, magnet length l, and minimal gap between magnets Δmin. The optics and detector depend on the laser power Pλ and
wavelength λ, the intrinsic cavity boost factors in the generation (βg) and regeneration (βr) parts, overall efficiency εeff, dark count rate b,
and measurement time τ, for which we adopt more conservative, standard (“S”) and more optimistic (“O”) values. We also include the
optimal/maximal HyperLSW length (2 zopt) and the required signal strength Scrit to reach our science goals.

Setup B [T] a [m] l [m] Δmin [m] Pλ [W] βg βr λ [nm] εeff τ [h] b [s−1] 2 zopt [km] Scrit

S1 9 1.3 4.0 2.0 3 105 105 1064 0.9 100 104 2 × 94 186.4
S2 11 1.8 10.0 3.0 3 105 105 1064 0.9 100 104 2 × 181 186.4

O1 9 1.3 4.0 2.0 300 105 106 1064 0.9 5000 106 2 × 79 172.5
O2 11 1.8 10.0 3.0 300 105 106 1064 0.9 5000 106 2 × 152 172.5
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(b) Coherent conversion in a single magnet becomes
impossible for “large”masses, y≳ π=2. The optimal
configuration requires fully alternating magnets and
minimal gaps, leading to a sensitivity scaling of
gaγ ∼m2

a (see Sec. IV C for a derivation of the
sensitivity scaling and Sec. IV D for further opti-
mization in the transition region).

(c) In the “intermediate-mass” regime, π=2N ≲
y≲ π=2, the optimal setups in some sense interpo-
late between the previous two cases, with the
number of magnets per group approximately follow-
ing Eq. (14). The best sensitivity in this region is
approximately constant, and it is typically a factor
π=2 ≈ 1.6 lower than at “low” masses.

A. The low-mass region

Forma → 0, Eq. (4) goes to 0 for even ng and to 1=ng for
odd ng. The optimal setup is thus ng ¼ 1 and does not
depend on the relative gap size δ. Since the conversion
probability in Eq. (1) is proportional to L2, it is optimal to
chain many magnets of length l with their B fields aligned
in the same direction. We refer to this as the “fully
aligned” setup.
The argument above ignores the clipping losses in

Eq. (7), which effectively limit the total length of the
LSW setup. The balance between longer setups and clipping
losses results in an optimal length zopt, which generally
needs to be computed numerically [25] (see Appendix C 2
for more details). An approximate value for zopt for the
production (or regeneration) part of the experiment can
however be obtained following Ref. [25], Eq. (33). For
instance, for β0 ¼ 105, one finds that

zopt ≈ 94.2 km
�
1064 nm

λ

��
a

1.3 m

�
2

; ð10Þ

where λ is the laser wavelength and a the aperture diameter
of the magnet. Since zopt refers to the length of only one part
of the experiment, the total length of a symmetric setup
would be 2 × zopt.
To determine the optimal number of magnets per part of

the LSW setup, we choose

N ¼ arg min
N ∈N

jzN − zoptj ¼ round

�
zopt þ Δmin

lþ Δmin

�
; ð11Þ

where zN ¼ Nlþ ðN − 1ÞΔ and Δmin is the smallest
allowed gap size. For the setup S1 from Table I,
Eq. (10) gives zopt ≈ 94 km, while Eq. (11) results
in N ≈ 15700.

B. The intermediate-mass region

Once Ny ∼ π=2, the last factor in Eq. (4) starts oscillat-
ing, and we need to consider configurations beyond

the fully aligned setup. This condition corresponds to
ma ∼ 4 μeV for setup S1, as shown in Fig. 1.
According to Ref. [25], the maxima of Eq. (4) are close

to the poles of the tangent, located at

xk ¼
ð1þ 2kÞπ
2nsð1þ δÞ for k∈N0: ð12Þ

The largest maximum occurs for k ¼ 0, where we find that
(see Appendix A 1 for more details)����Fns;ngðx; δÞ

F1;1ðx; δÞ
���� →���� 1

ns sin ðπ=2nsÞ
���� ≃ 2

π
ðx → x0Þ; ð13Þ

assuming that ns ≫ 1 for the last approximation.
Equation (13) indicates that, unless ns ¼ 1, the sensitivity
is at most a factor of 2=π lower than the optimal sensitivity
in the massless limit (see Sec. IVA). This ratio is also
indicated in Fig. 1.
In particular, we can achieve an optimized setup

by matching ns y ¼ π=2. This condition also connects
well with the low-mass and high-mass regions since
1 ≤ ns ≤ N, and it can be compactly written as

ns ¼ min fN;max f1; roundðπ=2yÞgg; ð14Þ

leading to optimal configurations for 1=N ≤ 2y=π ≤ 1, as
shown by the vertical dotted lines in Fig. 1. More details on
the optimization strategy for the intermediate-mass region
are provided in Appendix B.
For setups other than the fully aligned one, we have to

consider the width of the mass region at which we achieve
optimal sensitivity. This becomes evident from Fig. 1,
where the maximal sensitivity of a single configuration
(solid orange region) is achieved in a rather narrow mass
region. As shown in Appendix A 2, its width is

Δma

ma
≃

ffiffiffi
6

p

4xkð1þ δÞ
1

N
≈

ffiffiffi
6

p

2ð1þ 2kÞπ
ns
N
: ð15Þ

As yk ¼ xkð1þ δÞ ≲ π=2we find that, for the intermediate-
mass region, we require a relative mass resolution better
than

Δma

ma
∼
0.4
N

≳ 10−5: ð16Þ

This is larger than the physical width of the axion peak in
haloscope experiments and therefore problematic.

C. The high-mass region

For y > π=2, the loss of coherence is unavoidable—even
for a single magnet—since the condition in Eq. (12) cannot
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be met anymore when k ¼ 0. For our S1 setup, the critical
mass is ma ∼ 0.5 meV, which is a factor of

ffiffiffiffi
N

p
∼Oð100Þ

higher than the ma ∼ 4 μeV threshold for the intermediate-
mass region.
According to Eq. (14), when y > π=2, ns ¼ 1 and thus

ng ¼ N. In this “fully alternating” setup of magnets, the
poles of the tangent in Eq. (12) now correspond to maxima
of the form factor in Eq. (4), as already noted in Ref. [25].
The form factor in this setup reduces to that of a single
magnet of length l when x → xk. Equations (1) and (6)
then imply that the sensitivity can be close to N times that
of a single magnet of length l as long as x ≈ xk. We can
achieve this by adjusting δ to match x ¼ xk in Eq. (12) with
the smallest possible k.
However, this approach leaves gaps in the sensitivity

related to the zeros of the form factor of a single magnet
of length l. This is demonstrated via the dashed orange
line in the upper panel of Fig. 2, which shows the
sensitivity in the high-mass region the S1 setup, linked
to the single-magnet form factor F1;1ðxÞ ¼ sincðxÞ.
Specifically, S ∝ g4aγ sincðxÞ4, and the sensitivity worsens
as gaγ ∝ 1=sincðxÞ ∼m2

a. This explains the sensitivity
gaps, related to the zeros of F1;1ðxÞ at x ¼ kπ for k∈N.
We discuss how to close these gaps in Sec. IV D.
Again, we have to consider the required mass resolution

for the haloscope measurement. Equation (15) now implies
a more stringent requirement because k, and xk, are now
significantly larger,

Δma

ma
∼ 10−6

�
104

N

��
6 m

lð1þ δÞ
��

ω

1 eV

��
2.5 meV

ma

�
2

:

ð17Þ

As a result, our “S-type” setup should not encounter serious
problems up to masses of about 2.5 meV. At higher masses,
however, a better resolution is required. As long as a mass
resolution of Δma=ma ∼ 10−9 to 10−8 can be achieved,
cf. [52], Fig. 2, we may probe masses in the region
ma ∼ 25–75 meV, which is comparable to the highest
masses that can be reached with our setup (see Sec. VA).
We note, however, that the mass resolution quoted above
was estimated for an axion mass of 1 μeV [52], and reaching
the same resolution at higher masses may be more chal-
lenging. To alleviate this issue, one may consider different
detection techniques discussed in Ref. [90], or potentially
obtain an even more precise mass measurement with a
dedicated follow-up haloscope setup after a discovery.

D. Further optimization for high masses

As discussed in Sec. IV C, the zeros in F1;1ðxÞ cannot be
avoided by changing δ. One approach to address this issue,
which has been successfully employed in the past, e.g.,
Ref. [57], involves using a buffer gas to alter the refractive
index, thereby changing the momentum transfer in Eq. (3).
However, due to the increased absorption and scattering
losses over the long lengths of HyperLSW setups, this
solution may be problematic (see Appendix C 3).
Instead, we can exploit the relation x ∝ l and adjust the

length of the magnets. From Eq. (13), we know that the
optimal form factor for the fully alternating configuration
reduces to F1;1ðxÞ at xk. We therefore may shorten
l ↦ l0 < l, such that l0 maximizes F1;1ðxÞ. To be at
the maximum of the fully alternating configuration, the
condition from Eq. (12) must be satisfied, implying that

lð1þ δÞ ¼ l0ð1þ δ0Þ: ð18Þ

The maxima of the form factor jsincðx0Þj are close to

x0k0 ¼
π

2
þ k0π for k0 ∈N; ð19Þ

where x0 ≡ ql0=2. For each ma, we find the largest
possible value of l0 ≤ l satisfying Eq. (19), corresponding
to the largest maximum of the form factor close to xk.
While shortening of the magnet to the k0 ¼ 1 maximum

would be optimal, doing so may be technically challenging,
and we thus stay in the vicinity of the kth maximum to
avoid large changes to l. More details and caveats on the
optimization strategy for high masses can be found in
Appendix B.
The length adjustment described above and shown in the

lower panel of Fig. 2 leads to the sensitivity shown in the
upper panel as a solid orange line. The shortest length

FIG. 2. Further optimization of the high-mass region. The
baseline (dashed orange line) and improved sensitivity (solid
orange line; top panel) for the S1 setup are shown after shortening
the magnet lengths (bottom panel). We also show the QCD axion
band (yellow region), KSVZ model (solid black line), various
constraints (gray region), and projected haloscope sensitivity
(light blue region, dashed line). See Fig. 3 for references.
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required to avoid the first zero of F1;1 is l0 ≈ 1.5 m—i.e.,
almost a factor 3 smaller than l—at ma ≈ 1 meV, while
l0 ¼ l for larger ma.

V. RESULTS AND DISCUSSION

Before constructing HyperLSW, it is crucial to ensure
that we can measure ηa with sufficient precision to meet
our science goals. Recall that the haloscope signal scales
as g2aγηaρDM;⊙, where the average local DM density
ρDM;⊙ ¼ 0.3–0.6 GeV=cm3 [91,92] has sizeable system-
atic uncertainties.
A haloscope signal might, in principle, result from a

local overdensity, such as axion miniclusters, meaning
that ηa > 1. However, we can exclude this possibility
by observing the signal spectrum for a longer period,
beyond these usually brief and rare encounters.5 The
“worst case” scenario for HyperLSW is therefore when
gaγ takes the smallest possible value for the allowed signal,
corresponding to ηa ¼ 1 and ρDM;⊙ ¼ 0.6 GeV=cm3 (pos-
sibly multiplied with a safety factor to account for more
exotic halo models). That minimal value of gaγ is the target
threshold, which does not depend on the axion model.

The rationale above provides a model-independent “no-
lose theorem,” i.e., a clear answer to the question of
whether or not it makes sense to build HyperLSW. Also
note that if the target gaγ is larger than the technical
sensitivity limit presented in Fig. 3, we can apply the
cost-saving measures from Sec. V B 2. Assuming a QCD
axion, we can also estimate ηa ≤ 1 for a given cosmological
scenario, which we briefly discuss in Sec. V C.
Let us now estimate the sensitivity of a HyperLSW

setup. Since we assume the axion to already have been
discovered, it is not meaningful to define the sensitivity in
terms of a median expected limit or discovery reach.
Instead, we follow the suggestion of Ref. [126], Sec. 40,
and define the figure-of-merit

Φ≡ Sffiffiffiffiffiffiffiffiffiffiffiffiffi
S þ B

p ; ð20Þ

whose inverse Φ−1 measures the expected relative uncer-
tainty of the signal S in Eq. (6) for a background B. Since
S ∝ gaγ4, the precision for measuring gaγ is then approx-
imately

Π≡ Δgaγ
gaγ

¼ 1

4Φ
: ð21Þ

This allows us to find the critical signal threshold Scrit to
achieve a desired precision Π,

FIG. 3. Reach of HyperLSW in terms of measuring gaγ to a precision of 2% or better. Solid and dashed lines indicate the “S” and “O”
setups, while orange and blue lines correspond to “type 1” and “type 2” magnets (see Table I). The QCD axion band (yellow region;
defined in Sec. IV), KSVZ model (solid black line), various constraints (gray region) [26,27,29–38,40–51,93–108], and projected
haloscope sensitivity (light blue region, dashed line) [40,109–118] are also shown (adapted from Ref. [119]). The black arrows indicate
various predicted QCD axion mass ranges from cosmological simulations [120–124] up to the mass limit from hot dark matter
overproduction [125].

5An overdensity from a “bound object” would likely also
be visible as a very narrow feature in the temporal spectrum,
e.g., Ref. [52].
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Scrit ¼
1

32Π2
ð1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 64BΠ2

p
Þ: ð22Þ

The choice of Π depends on our science goals. We can
assume that the haloscope provides a precise estimate for
g2aγηaρDM;⊙ due to the high statistical significance required
for a detection, and HyperLSW can also potentially estimate
g4aγ very precisely. The uncertainty on ηa will thus mainly
arise from the systematic spread in ρDM;⊙ estimates, which
roughly lie within a factor of 1.3 within the intermediate
value of ρDM;⊙ ¼ 0.45 GeV=cm3. Potential future reduc-
tions in the systematic uncertainties of ρDM;⊙ justify aiming
for a precision of around 20% for ηa (Π ¼ 10%), aligning
the statistical uncertainty of ηa with the systematic uncer-
tainty of ρDM;⊙.
While going beyond that level is not indicated as far as ηa

is concerned, an alternative science target could be to
measure gaγ at the level of theoretical uncertainty for the
QCD axion. This may allow us to infer the corresponding
E=N, narrowing down the underlying axion model from the
available model catalogs [83,84]. The limiting factor is the
theoretical uncertainty from axion-meson mixing, encoded
in the uncertainty on CNLO

aγ;0 in Eq. (9). For instance, for the
KSVZ model (E=N ¼ 0), we would require a target
precision of Π ¼ 2%.
Given the effort required to build HyperLSW, we use

Π ¼ 2% as a more ambitious target.

A. Sensitivity for benchmark setups

In addition to the S1 setup, already introduced in previous
sections, we provide further benchmark setups in Table I.
In particular, the letters “S” and “O,” respectively, denote
configurations with more conservative (“standard”) and
more optimistic experimental parameters, while the num-
bers 1 and 2 indicate different magnet designs. The values
for “type 1” and “type 2” magnets are inspired by prototype
magnets for the MADMAX experiment [127,128]. We also
impose a minimal gap size that is somewhat larger than a to
ensure a good magnetic field quality within the gaps (see,
e.g., Ref. [129]). Setups with “type 2”magnets assume both
a larger aperture diameter a and length l. They thus lead to
longer experimental setups (cf. zopt column in Table I)
and better sensitivity in the low-mass and intermediate-mass
regions compared to “type-1” magnets. However, due to
their larger l, “type-2” magnets do not improve the sensi-
tivity in the high-mass regime since the condition y > π=2
is already fulfilled at smaller masses.
The nonmagnet parameters that we consider are largely

inspired by the achieved or projected capabilities of the
ALPS II experiment (Ref. [70], e.g., Table 1).
In Fig. 3, we show the sensitivity for all benchmark

setups. They can achieve QCD axion sensitivity (with
respect to our target precision) over a significant mass range

and, in particular, KSVZ axions sensitivity in the following
mass ranges:

mKSVZ
a ∈ ½0.11; 3.4� meV for setup S1;

mKSVZ
a ∈ ½0.002; 45�meV for setup O2:

As in previous figures, we indicate the region that
can be probed by existing (gray regions) and proposed
(light blue region delimited by a dashed line) haloscope
experiments. The overlapping regions of the projected
sensitivity for future haloscopes and our benchmark setups
are the currently most intriguing ones for envisioning
HyperLSW due to a possible future a discovery and hence
the required precise mass measurement. The KSVZ mass
ranges above can further be compared to future bounds
from cosmology, which could limit ma ≲ 40 meV [130].
Regarding these mass values, we highlight the existence of
the “meV gap” in haloscope searches for large parts of the
QCD axion band. Closing this gap is technologically
challenging but would be required to realize the full
potential for HyperLSW.

B. Potential issues and extensions

Having demonstrated the general feasibility of Hyper-
LSW under idealized conditions, we now discuss some of
the potential issues for a realistic implementation.

1. Experimental uncertainties

Reaching the QCD axion band relies on resonantly
enhancing the LSW setup by specific magnet arrange-
ments, in particular at largerma. We thus have to ensure the
following:

(a) The width of the resonance peaks is larger than the
precision of the haloscope measurement.

(b) The unavoidable errors from magnet imperfections
and positioning do not spoil the resonance.

In Appendix A 2, we estimate the width of the resonance
peaks and find that, thanks to the superb mass resolution of
haloscopes, sub-meV masses are generally unproblematic.
For larger masses, we require Δma=ma ∼ 10−9 to 10−8, as
discussed in Sec. IV C.
In Appendix D, we compute analytical estimates and

perform Monte Carlo simulations to estimate the systematic
shift and uncertainty on the form factor jFj due to various
sources of uncertainties. We find that random errors in the
absolute magnet positioning of order Oð1 cmÞ become
problematic for ma ≳ 4 meV. At larger masses, we would
need to reduce the positioning errors. For instance, to reach
ma ¼ 40 meV, Eq. (D3) requires positioning errors of
order 100 μm.
Regarding misalignment and size differences in the

magnetic field profiles, issues arise for ma ≳ 0.5 meV.
Apart from also reducing the uncertainties, we can measure
and thus characterize the magnetic field profiles of all
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magnets and subsequently compensate any undesired phase
shifts to achieve the target sensitivity. While this increases
the setup’s complexity, we deem such efforts to be realis-
tically achievable.

2. Cost and construction time estimates

Achieving the highest possible sensitivity in HyperLSW
experiments incurs significant construction costs, primarily
driven by tunneling and magnet construction.
The cost of a single magnet is roughly proportional to the

stored magnetic energy in the magnet volume, which scales
as B2la2. Since the setups in Table I are inspired by the
magnet designs for the future MADMAX experiment, we
can use the related design studies to estimate the costs.
Given the anticipated unit cost of about 0.01 GEUR
(1 GEUR ¼ one billion euro) [127,128], the total cost for
N magnets scales as

Cmagn ∼ 10 GEUR

�
B
9 T

�
2
�

la2

6.8 m3

��
N

1000

�
: ð23Þ

Tunneling cost can, in principle, be compared by
normalizing to the excavated volume. However, it does
not necessarily scale linearly with the cross sectional area
[[131] chart G.1] or length [[131] chart G.2]. The former is
relevant for HyperLSW due to the large aperture of the
magnets, while the latter is due to planning costs and other
expenses, which disproportionally affect shorter tunnels of
length z≲ 25 km [[132] chart 7.5]. Since we anticipate
much longer setups, we may assume a linear scaling with
the total length of the experiment. As a reference, the cost
for a future “Hyperloop” long-distance transport tunnel
with a 6.5 m diameter has been estimated to cost around
8.4 GEUR/100 km [132,133].6 This is in line with the cost
of the Gotthard Base Tunnel (7.6 GEUR/100 km; total
length of all tunnels: 152 km; total cost of 9.5 GCHF at
1998 price levels) [134] or estimated cost of the Brenner
Base Tunnel (4.6 GEUR/100 km; total length of all
tunnels: 230 km; total cost of 10.5 GEUR at 2023 levels).7

Thus, for an experiment of total length Z, we estimate the
tunneling cost to be

Ctunnel ∼ 10 GEUR

�
Z

100 km

�
: ð24Þ

Ignoring the costs of the optical components and
operations, the two benchmark setups would cost

S1∶ 200 GEUR; S2∶ 1000 GEUR:

These are, of course, rather crude estimates, and more
refined estimates will depend on the experiment’s location
and other factors.

3. Potential cost reductions

The tentatively high costs of HyperLSWmay be justified
by additional uses for the facility, which we briefly discuss
in Sec. V C. However, there is also potential for cost
savings due to mass production of the magnets, which we
did not take into account in our estimates.
Moreover, if the haloscope measurement suggests a

relatively high gaγ target, we could scale down HyperLSW
while still achieving its primary physics goals.
Specifically, one could reduce the number of magnets
or use a smaller aperture a to save money since, according
to Eq. (10), the sensitivity scales as gaγ ∝ ðNlÞ−1 ∼ a−2 if
Nl ∼ zopt. If the magnet cost dominates, Cmagn > Ctunnel,
and the total cost approximately scales as B2a4, implying
gaγ ∝ C−1=2

magn. For Ctunnel > Cmagn, costs will scale as
Ctunnel ∝ z ∼ a2, implying gaγ ∝ C−1

tunnel.
Note that the choice of setup plays a crucial role in

reducing costs by allowing shorter experiments. Consider
the contour plot in Fig. 4, which shows the cost of O-type
optical setups and a < 1.3 m relative to the cost for the S1
setup at each value of ma. The solid orange line represents
the S1 sensitivity, while the dashed orange line corresponds
to the O1 sensitivity. It is evident that the O-type optical

FIG. 4. Contour plot of the O-type HyperLSW cost and
a < 1.3 m relative to the cost of the corresponding S1 setup.
The KSVZ model (solid black line) and and projected haloscope
sensitivity (dashed light blue line) are also shown (see Fig. 3 for
references).

6Unless stated otherwise, all costs are adjusted to January 2024
price levels.

7See the project website at https://www.bbt-se.com/en/tunnel/
project-overview/ for information and updates on the Brenner
Base Tunnel.
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setup offers an order of magnitude better sensitivity than
the S1 setup without a significant increase in cost, while the
S1 sensitivity could be reached at around 100 times lower
costs, confirming the expected “magnet-driven” scaling.
For gaγ ≳ 10−14 GeV−1, we enter the regime of “tunnel-
driven” costs.
Further cost reduction is possible by using a laser with a

shorter wavelength. Equation (10) tells us that z ∝ λ−1a2,
suggesting that halving λ would permit smaller aperture a
by a factor of

ffiffiffi
2

p
while maintaining the same experimental

length and thus yielding the same sensitivity at half the
cost.8 The mass reach would also slightly increase due to
the reduced q ∼m2

a=2ω.
Apart from costs, other factors to consider are the time

and resources required to produce potentially tens of
thousands of magnets. Past experience at the LHC has
shown that, after a fairly predictable “learning curve” [135],
three suppliers combined could produce around 400magnets
per year [136]. The proposed FCC-hh experiments estimate
a series production time of about six years for around
4700 magnets, noting that the choice of superconducting
material must be considered carefully due to supply chain
issues [137]. The timescales for magnet production are of
the same order of magnitude as those required for the tunnel
construction. For instance, constructing the Gotthard Base
Tunnel (total length of tunnels: 152 km) took almost
17 years [134], while construction of the Brenner Base
Tunnel (total length of tunnels: 230 km) is expected to take
25 years (see footnote 7).

C. Other use cases for the HyperLSW facility

While it is premature to build a detailed physics case for
HyperLSW, we nonetheless want to provide additional
motivation for the significant investment required for such a
facility.

1. Uses related and complementary to axion physics

A haloscope discovery of QCD axions would not only
reveal ma but also the energy scale related to the Peccei–
Quinn (PQ) mechanism, set by the axion decay constant fa,
thanks to the relation [80,138]

ma ¼ ð5.69� 5Þ μeV
�
1012 GeV

fa

�
: ð25Þ

This connection by itself could already tell us a lot about
axion cosmology (see, e.g., Refs. [139,140] for reviews), as
the extremely precise ma measurement would constrain fa
at the level of 0.9%. We can consider two primary
cosmological scenarios for QCD axions, one where the
PQ symmetry breaks before the end of inflation and remains

unbroken thereafter and another where it breaks after
inflation.9

In the preinflationary scenario, the initial field value is a
random variable, uniformly distributed in the canonical
range of θini ∼ Uð−π; πÞ [11]. There is also a contribution
from isocurvature fluctuations in this scenario which,
depending on the detected value of ma, could imply fine-
tuning that is worse than the strong CP problem itself, e.g.,
Ref. [142]. In the postinflationary scenario, we consider an
ensemble average of random initial field values, which is
equivalent to single, fixed value of

ffiffiffiffiffiffiffiffiffiffi
hθ2inii

p
≈ 2.6 [11], with

additional contributions from topological defects. Recent
simulations of axion production from cosmic string decays
are not in full agreement between each other, but suggest that
these contribution will increase ηa [120–124,143–147]. A
precise measurement of ma could favor one of the two
cosmological scenarios and potentially allow us to estimate
ηa rather than use the limiting case of ηa ¼ 1 in Sec. V to
justify construction of HyperLSW.
Furthermore, since gaγ ∝ 1=fa, HyperLSW provides

insights into the nature of the newly discovered particle—
although it cannot prove that the new particle is a QCD
axion. Using Eq. (9), we can estimate E=N and, using the
QCD axion model catalogs [83,84], we can potentially
identify only a few candidate UV models, potentially
increasing our confidence in the axion’s QCD nature. A
similar approach was proposed in Ref. [148] for helio-
scope searches, which look for axions produced in the
Sun. Previous campaigns by the Brookhaven [149],
Sumico [150–152], and CAST [153–158] Collabor-
ations will be extended by the upcoming IAXO experi-
ment [159–161], which may measure the axion’s
couplings [17] or mass [18]. An LSW measurement of
gaγ and, if ma is in the suitable mass range, a haloscope
measurement of ma may further enhance IAXO’s capa-
bilities to fit gae, which also depends on fa via gae ∝ 1=fa.
Furthermore, if IAXO data prefer a dominant axion-
photon coupling, we may establish evidence for KSVZ
models. However, such detailed studies are beyond the
scope of this work.

2. Use cases beyond axions

The specific magnet configuration required to reach
HyperLSW’s primary physics goals can be rearranged to
achieve other objectives—similar to more generic LSW
experiments. For instance, photons and gravitons can
interconvert inside a magnetic field via the (inverse)
Gertsenshtein effect [162], making it possible for LSW
experiments to detect gravitational waves (GWs) [163]. The
minimal detectable GW amplitude scales as ðBLÞ−1a−1=2,
making HyperLSW, in principle, very sensitive to GWs

8This is also suggested in Ref. [23], but to permit an increase in
the length.

9An intermediate scenario [141] or various other modifications
are also possible (see Ref. [24], Sec. 41, for a review).
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emitted below the limit set by big bang nucleosynthesis
(cf. Ref. [163], Fig 5)—albeit only with extremely narrow
spectral range if all magnets are used.
The magnets used in HyperLSW could also be repur-

posed for other (axion) experiments. Examples are CAST
used prototype magnets from the LHC [153], and the
ongoing ALPS II experiment used modified magnets from
the decommissioned HERA accelerator [164].
The larger aperture diameter of our magnets might

enable previously impossible use cases, such as magnetic
resonance imaging—although the required magnetic field
homogeneity would pose significant challenges.
The infrastructure of HyperLSW could also host other

particle physics experiments. Examples include the pro-
posed International Linear Collider [165–167] or the
Einstein Telescope [168–170], both of which may use
parts of the HyperLSW tunnel. Similarly, “Hyperloop”
long-distance transport systems could potentially fit inside
the tunnel, even if entirely straight tunnels are not neces-
sarily preferred due to geological or financial consider-
ations [171]. The location of HyperLSW could be chosen
by bearing such potential future uses in mind.

VI. CONCLUSIONS

Assuming the discovery of (QCD) axions in a haloscope,
we have presented a blueprint for constructing HyperLSW,
an ambitious light-shining-through-a-wall (LSW) experi-
ment aimed at probing axion properties with a purely
laboratory-based setting. Haloscopes directly measure the
axion mass ma as well as the product g2aγηaρDM;⊙ of the
axion-photon coupling gaγ, the axion dark matter (DM)
fraction ηa, and the local DM density ρDM;⊙. Knowledge of
ma then allows for the construction of a HyperLSW follow-
up experiment, which would directly measure gaγ .
Together, these measurements determine the axion DM
density ηaρDM;⊙. The key findings and implications of our
study are summarized as follows:

(a) Haloscopes only measure ma and signals ∝ g2aγηa,
necessitating an independent measurement of gaγ to
establish axions as the dominant form of DM.

(b) Magnets with large aperture diameter ≳1 m enable
LSW experiments with total lengths ≳100 km.

(c) HyperLSW can probe QCD axions by optimizing
the magnetic field configuration for a known ma. Its
most ambitious incarnations achieve KSVZ sensi-
tivity for 2 μeV≲ma ≲ 45 meV.

(d) The resonant nature of HyperLSW at large ma ≳
OðmeVÞ requires a nontrivial haloscope mass res-
olution, as well as high levels of precision in the
magnet manufacturing, arrangement, and quality
control, which are realistically achievable through
error control or precise magnetic field profiling.

(e) HyperLSW setups are ambitious and costly but do
not require any technological breakthroughs; any

technological advancements would however further
extend their reach or reduce costs.

HyperLSW shares similarities with other large-scale
physics experiments, such as the LHC—also with regard
to a “no-lose theorem.” While HyperLSW may not match
the versatility of other experimental facilities, its potential
extensions and alternative uses mentioned in Sec. V C
should be explored more extensively. In fact, while the
LSW designs investigated here offer favorable sensitivity,
across a wide mass range, we did not explore all alter-
natives—LSW or otherwise—which could potentially be
cheaper or more effective to study axions, in particular, for
larger ma and gaγ. One interesting option could be a
helioscope such as IAXO [159,160], especially in the
range ma ≳ 10 meV where the realization of HyperLSW
setups is more difficult. IAXO could also benefit from
knowing ma since the coupling measurement may become
more precise compared to an a priori unknown value of
ma [17,18].
To conclude, this study represents one of the first

concrete explorations of necessary follow-up strategies in
case of an axion discovery, which, to our knowledge, has
not yet been investigated in detail in the literature.
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APPENDIX A: FURTHER DETAILS
ON THE FORM FACTOR F

In this appendix, we take a closer look at the maxima of
the form factor jFj in Eq. (4), which can be approximately
identified with the poles of tanð·Þ [25]. This is helpful as
numerical evaluation of F is challenging due to the poles
and zeros of the trigonometric functions. We therefore have
to examine the region around the maxima, particularly to
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estimate their width compared to the precision available
from haloscopes.

1. Limits and (approximate) maxima

Consider the fully aligned setup (ng ¼ 1), where

FN;1ðxÞ ¼
sincðxÞ

N
sinðNyÞ
sinðyÞ ; ðA1Þ

and where y≡ xð1þ δÞ. The maxima of Eq. (A1) corre-
spond to the zeros of sinðyÞ,

xk ¼
kπ

1þ δ
for k∈N0: ðA2Þ

At these maxima, the form factor reduces to that of a
single magnet, FN;1ðxkÞ ¼ F1;1ðxkÞ ¼ sincðxkÞ. The abso-
lute maximum occurs at x0 ¼ 0, implying that this setup
leads to the best sensitivity in the low-mass limit Ny ≪ 1,
i.e., ma ≪ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ω=Nlð1þ δÞp

, where jFj ¼ 1.
For ng > 1, the maxima of Eq. (4) are close to the poles

of the tangent, located at

xk ¼
ð2kþ 1Þπ
2nsð1þ δÞ for k∈N0: ðA3Þ

Choosing k ¼ 0 again leads to the largest form factor.
Substituting x ¼ ql=2 with q ≈m2

a=4ω, the maximum is
found at

ma ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2πω

nslð1þ δÞ

s
; ðA4Þ

or, equivalently, for the gap parameter

δ ¼ 2πω

nslm2
a
− 1: ðA5Þ

In the limit x → x0, the form factor converges to

jFj → 1

ns

����sinc� π

2nsð1þ δÞ
�

1

sin
�

π
2ns

	����; ðA6Þ

matching the expression in Ref. [25], Eq. (24), after
inserting the definition of q.
The maximum of jFj approaches x0 as ng increases, as

illustrated in Fig. 5 for ns ¼ 10, δ ¼ 1, and various values
of ng. The largest discrepancy between jFðx0Þj (gray lines)
and the true maximum is found for ng ¼ 2 (red lines). As ng
increases, the discrepancy diminishes. For the example in
Fig. 5, we confirmed numerically that the discrepancy is
less than 2% for the location of the maximum and less than
1% for the value of the form factor when ng > 8. The shift

with respect to the true location of the maximum and its
value is almost independent of ns and δ and decreases
slightly for larger values.
For ng ¼ 2, where the discrepancy between x0 and the

true maximum is largest, we can refine our estimate by
observing that, for ns > 1, the location and value of the
absolute jFj maximum are well approximated by

x̃0 ¼
3

4

π

2nsð1þ δÞ ; ðA7Þ

jF2;nsðx̃0Þj ¼
2ð2þ ffiffiffi

2
p Þ

3π

������
ð1þ δÞ sin

�
3π

8nsð1þδÞ
	

sin ð3π=8yÞ

������: ðA8Þ

The red lines in Fig. 5 correspond to Eqs. (A7) and (A8),
improving the estimate for the maximum from Eqs. (A3)
and (A6) (gray lines).
The condition in Eq. (A4) implies that the largest

accessible mass is ma ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2πω=½lð1þ δminÞ�

p
, where

δmin is the minimum gap size. To probe larger masses,
the fully alternating setup (ns ¼ 1) has to be used, with gap
sizes matching the local maxima of jFj, located at xk in
Eq. (A3). With q given by Eq. (3),10 the corresponding gap
sizes are

δk ¼
ð2kþ 1Þπ

ql
− 1: ðA9Þ

The local maxima for jFj converge to

jF1;Nðx; δkÞj → jsincðxkÞj ðx → xkÞ; ðA10Þ

FIG. 5. Form factor jFj for ns ¼ 10, δ ¼ 1, and various ng
values. The black lines correspond to the k ¼ 0 pole of the
tangent, cf. Eqs. (A3) and (A6), while the red lines are defined by
Eqs. (A7) and (A8).

10When requiring high accuracy, the approximation q ≈m2
a=2ω

should be avoided for ma ≳ 10 meV.
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showing that, in the fully alternating configuration of N
magnets with gap size δk, the maxima of the form factor
correspond to the value of the form factor of a single
magnet of length l.

2. Expansion around the poles xk
To assess if the haloscope mass determination is precise

enough to realize HyperLSW, we need to estimate the
width of the form factor peaks around the poles xk. This is
especially crucial for fully alternating setups that probe
large masses due their resonant nature. A second-order
expansion in ξk ≡ x − xk is sufficient for narrow peaks,���� F1;NðxÞ
F1;NðxkÞ

���� ¼ 1þ að1ÞN;1ξk þ að2ÞN;1ξ
2
k þOðξ3kÞ; ðA11Þ

að1ÞN;1 ¼ cotðxkÞ −
1

xk
; ðA12Þ

að2ÞN;1 ¼ −
1

3
ðN2 − 1Þð1þ δÞ2 − 1 −

2að1ÞN;1

xk
; ðA13Þ

with cotðxÞ≡ 1= tanðxÞ and where, unlike in Eq. (4), the
result is same for even and odd ng ¼ N.11

Solving for the full width at half maximum, defined via
jFðxÞ=FðxkÞj ¼ 1=2, gives solutions x�. The haloscope’s

mass sensitivity can then be compared to the half width at
half maximum,

Δma

ma
≈
Δq
2q

¼ Δx
2x

≈
xþ − x−
4xk

: ðA14Þ
We find that

xþ − x−
4xk

¼
ffiffiffi
3

p

4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½2ðN2 − 1Þðδþ 1Þ2 þ 3ð2þ cot2ðxkÞÞ�x2k þ 6 cotðxkÞxk − 9

q
½ðN2 − 1Þðδþ 1Þ2 þ 3�x2k þ 6 cotðxkÞxk − 6

≃
ffiffiffi
6

p

4xkð1þ δÞ
1

N
ðN → ∞Þ: ðA15Þ

The width of in Eq. (A15) thus decreases as N increases.
As further discussed in Secs. IV B and IV C, this may imply
fairly stringent requirements on the mass resolution of the
preceding haloscope measurement. In particular, at higher
masses ≳fewmeV, this may be a nontrivial prerequisite for
building HyperLSW.

APPENDIX B: OPTIMIZATION ALGORITHM
FOR HYPERLSW

The optimal parameter values for θ ¼ ðng; ns; δÞ,
denoted by θopt ¼ ðng;opt; ns;opt; δoptÞ, can be found by
numerically maximizing the expected signal S ∝ g4aγ for
a given value of ma. Such mixed-integer optimization
problems are typically challenging. Fortunately, as shown
in Appendix A, the poles xk are very close to the true
location of the maxima of jFj, especially for large
N ¼ ng × ns. Here, we detail how to exploit this via an

algorithmic approach, with results for the S1 setup (see
Table I) shown in Fig. 6.

1. Intermediate-mass region

The values for θopt are determined by choosing the longest
total length while avoiding clipping losses, i.e.,Nl ∼ zopt. In
the “intermediate-mass region” (π=2N < y < π=2), we find
the smallest value of the optimal δopt ≥ δmin for a fixed value
of ma from Eq. (A5) by varying ns. This gives us values
for ðδopt; ns;optÞ. We then compute ng;opt as ng;opt ¼
bzopt=ns;optlð1þ δoptÞc, where b·c indicates the floor func-
tion. In other words, we find the largest number of groups ng
with ns magnets per group fitting in zopt. The resulting setup
is shown as dashed orange lines in the intermediate-mass
region in Fig. 6. For masses with the same ns;opt, the best
sensitivity is achieved for δopt → δmin since this leads to
larger ng;opt. This explains the spikes observable at the end of
the intermediate-mass region, y ∼ 1, which are unavoidable
due to fine-tuning effects: the form factor is highly

FIG. 6. Sensitivity for the S1 setup. The dashed line corre-
sponds to the sensitivity for the θopt parameters described in
Appendix B. The QCD axion band (yellow region), KSVZ model
(solid black line), various constraints (gray region), and projected
haloscope sensitivity (light blue region, dashed line) are also
shown (see Fig. 3 for references).

11Evaluating the second derivatives requires multiple applica-
tions of L’Hôpital’s rule.
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oscillatory and spiky, and small changes in ng, ns, and δ thus
lead to a huge loss in sensitivity.

2. Further improvements

The above procedure is not entirely effective at
the beginning of the intermediate-mass region, where
ng;opt ∼ 1. Indeed, in this case, the difference zopt −
ng;optns;optlð1þ δÞ≲ ns;optlð1þ δoptÞ is sizable, leading
to an inefficient configuration much shorter than zopt
(cf. dashed orange line in the region of ma ≈ 5–10 μeV).
To improve the setup, we follow an alternative procedure.

As shown in Fig. 5, for low values of ng, the full width at half
maximum is larger than the one found higher values of ng.
Therefore, one can find a configuration θ0opt ¼ ðn0g;opt;
n0s;opt; δ0optÞ for which the form factor jFj is maximized at
x0a ≠ xa ≈m2

al=4ω, but with better sensitivity at ma com-
pared to the θopt configuration. Since we want to achieve a
total length close to zopt by adding more magnets, we fix
n0g;opt ¼ ng;opt þ 1 and n0s;opt ¼ bzopt=n0g;optlð1þ δminÞc. We
then compute δ0opt ¼ zopt=ðn0g;opt n0s;optlÞ − 1. Finally, for
each ma, the HyperLSW sensitivity is defined as the lowest
value of gaγ which can be probed with θopt and θ0opt
configurations. We show the outcome of this procedure as
a solid line in the intermediate-mass region of Fig. 6. These
differ from the θopt parameters (dashed lines) only at the
beginning of the intermediate-mass region, implying that
θ0opt leads to a better sensitivity for small ng, while θopt is
better at larger ng.

3. High-mass region

For higher masses, y > π=2, we slightly modify the
intermediate-mass-region procedure for θopt by finding the
lowest value of k for which δk ≥ δmin in Eq. (A9). For this
value of δk, the form factor reduces to the single-magnet
form factor F1;1 as shown in Eq. (A10), and the sensitivity
is given by the dashed orange line in Fig. 6 at masses
ma ≳ 1 meV. To avoid the zeros of F1;1, we propose to
shorten the length of the single magnet, l ↦ l0 (see
Sec. IV D). The resulting sensitivity is shown as a solid
orange line in Fig. 6. In this case, l0 is chosen to maximize
jF1;1j, whose maxima are given by Eq. (19), while fulfilling
the condition in Eq. (12).
Aword of caution for masses corresponding to x≲ 4.49,

which is the location of the second local maximum of
jsincðxÞj (the first maximum is at x ¼ 0). For these masses,
the previous maximumwould correspond to l0 ¼ 0, and we
need to employ a different strategy. The high-mass regime
starts at ma;crit ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2πω=lð1þ δminÞ

p
, while the best sen-

sitivity is reached at m�
a ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2πω=l

p
, due to the product

L4jF1;1j4 in the computation of p2
γ↔a in Eq. (1). Therefore,

for x≲ 4.49, for masses ma;crit < ma < m�
a shortening the

magnet length would not give any improvement, while for

larger masses one can improve the sensitivity by choosing a
length l0 ¼ qðm�

aÞl=qðmaÞ. This leads to the sensitivity
shown as a solid orange line in Fig. 6 for ma ≳ 0.5 meV.
Following the procedure described above, we obtain the

optimal values for ns, ng, δ, and l0 (where l0 ≠ l only in
the high-mass limit) for each mass ma to measure the
coupling gaγ with the desired precision of Π ¼ 2%. We
show the values of the optimal parameters for the S1 (black
line) and O2 (red line) setups in Fig. 7.

APPENDIX C: EXPERIMENTAL COMPONENTS

For reference, we summarize some of the available
technology to inform our choices for the HyperLSW
benchmark setups and add a number of technical details
regarding the clipping losses and filling the experimental
setup with a buffer gas.

FIG. 7. Optimal parameter choices as a function of ma for S1
(black) and O2 (red) setups from Table I.
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1. Magnets

In Table II, we list a number of available or proposed
magnet designs to extend the selection of magnets available
at the time of publication of Ref. [25]. We list the magnetic
field strength B, aperture diameter a, and length l. In the
main text, we choose a magnet that closely resembles the
proposed MADMAX magnet due to its large aperture and
sizable magnetic field.
In Fig. 8, we show the sensitivity (as defined in the main

text) for various other magnets listed in Table II, using
Δmin ¼ 0 for the HERA and LHC magnets and otherwise
the parameters for the “S setup” from Table I. Clearly, even
without a minimal gap, HERA and LHC magnets cannot
probe the QCD axion band, which is due to their small
aperture.

2. Optics and clipping losses

As explained in Ref. [25], we have to take into account
clipping losses, which effectively limit the total length of

the experiment and define its optimal length. To see this,
consider the spot size wðzÞ of a Gaussian beam at distance
z∈ ½0; zN � with waist size w0, where zN ≈ Nlð1þ δÞ is the
length of one part of the experiment,

wðzÞ
w0

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ

�
z − zN
zR

�
2

s
; ðC1Þ

with the Rayleigh length zR ¼ πw2
0nr=λ. Assuming that the

boost factor β is the same in both the generation and
regeneration regions (βg ¼ βr ¼ β), the sensitivity of the
experiment approximately scales with β−1=2L−1, with β
given in Eq. (7). Its maximum for nr ¼ 1 is implicitly given
by [25]

e−ζ
�
ζ

2
− 1

�
− β−10 ¼ 0; ðC2Þ

where ζ ≡ πa2=4λz, a is the aperture (diameter) of the
magnets. The quantity β−10 ≡ −

P
i lnðRiÞ depends on the

coefficients Ri, which are reflectivity coefficients related to
other losses (mirror transmissivity and imperfections,
round trips, etc.).12

On the one hand, the approximate solution in
Eq. (10) can be obtained by ignoring the term in brackets
in Eq. (C2) [25]. On the other hand, the solution can be
found numerically. To guarantee the successful conver-
gence of the root finding algorithm, we need to bracket
the correct solution, which only exists when β0 >
2e3 ≈ 40. Since Eq. (C2) has a maximum at ζ ¼ 3 and,
for β−10 ¼ 0, a zero at ζ ¼ 2, there should then be a zero in
the interval ζ∈ ½2; 3�. Moreover, for ζ ≫ 0, we can
approximate Eq. (C2) as ζe−ζ=2 − β−10 , which has zeros
at −W0ð−2β−10 Þ and −W−1ð−2β−10 Þ, where Wk denotes
the k branch of the Lambert W function. Since β0 ≳ 40

implies that −W0ð−2β−10 Þ≲ 0.06 and −W−1ð−2β−10 Þ≳4.5,
the latter is the only valid solution in the interval
3 < ζ < −W−1ð−2β−10 Þ, which also leads to the longer
experiment.
Choosing z ¼ zopt gives a total boost factor that is

smaller than the “intrinsic” boost β0. For the example in
Eq. (10), we find β ≈ 0.85β0. Furthermore, Eq. (C2) tells us
that larger β0 leads to lower values of zopt. This justifies our
simplification for O-type setups in the main text, where we
assumed that the total length of the experiment is 2 × zopt,
where zopt is calculated for the regeneration part of the
experiment (ignoring that βr > βg). While the regeneration
boost factor is larger, the corresponding cavity contains at

TABLE II. Overview of proposed or used magnets in other
experiments (see also Refs. [126], Sec. 32 and [172]). The value
for the aperture diameter a quoted for HERA (ALPS II) magnet
corresponds to the lowest among these magnets.

Magnet B [T] a [m] l [m] Reference(s)

CMS 3.8 6.30 12.5 [173]
FCC-ee (IDEA) 2.0 2.10 6.0 [174]
FCC-hh (MD) 16.0 0.05 15.8 [137]
HERA 4.7 0.07 8.8 [175]
HERA (ALPS II) 5.3 0.09 8.8 [164]
LHC 8.3 0.06 14.3 [176]
MADMAX 9.0 1.35 6.0 [127,128]
TEVATRON 4.4 0.08 6.4 [177]

FIG. 8. Sensitivity for LHC (black) and HERA (red) magnets
from Table II, consistently compared to the S1 (orange) and S2
(blue) setups from Table I. The QCD axion band (yellow region),
KSVZ model (solid black line), various constraints (gray region),
and projected haloscope sensitivity (light blue region, dashed
line) are also shown (see Fig. 3 for references).

12Note that the authors of Ref. [25] define the magnet aperture
via its radius, while we use its diameter, implying that Eq. (C2)
reduces to Eq. (32) in [25] after replacing a → 2a.
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most a small number of photons, drastically reducing
heating issues of the mirrors.

3. Buffer gas filling

Filling the LSW setup with a gas changes the refractive
index nr inside the magnetic fields, allowing us to achieve
values of nr > 1. By adjusting nr we can, in principle,
change the momentum transfer q and increase the sensi-
tivity to some ma values via Eq. (12). The feasibility of this
approach has already been demonstrated in a number of
LSW experiments [57–59].
A nonoptimal form factor jFðxÞj can be improved by

shifting its argument, i.e., the phase factor related to the
momentum transfer. In Sec. IV D, we shortened the magnet
length l to achieve this by shifting to the previous
maximum of jFj. In contrast, a buffer gas with nr > 1
increases the phase difference between the axion and the
photon, cf. Eq. (3), and we can thus move to the subsequent
maximum. The required shift is

Δx ∼ π=2 ⇒ Δql ≈ ðnr − 1Þωl ∼ π; ðC3Þ

which corresponds to nr − 1 ∼ 1.5 × 10−7 for the S1 setup.
The value of nr can be adjusted by changing the pressure

via the Lorentz–Lorenz formula (see Ref. [70]),

nr − 1 ¼ ðnw − 1ÞPw

Pc

�
Pw

1 bar

�
; ðC4Þ

where nw and Pw are the refractive index and pressure at
room temperature, whereas Pc in the pressure inside the
cooled LSW setup. For the S1 setup, the required pressure
is of order 0.5 mbar, and for the currently ongoing ALPS II
experiment, it has been estimated that the round trip losses
in the optical cavities due to Rayleigh scattering on He
atoms at that pressure are of the order R ¼ 2 × 10−8 [70].
Since a round trip in ALPS II setup has a length of
2L ≈ 200 m [70], an experiment with round trip length
2L ¼ 100 km would have expected losses of about
500 R ¼ 10−5 ∼ β−10 .

In summary, filling HyperLSW with a buffer gas would
at least be challenging, as it already limits the realizable
boost factor of the cavity. This is particularly true for
the envisioned O-type setup regeneration boost factor
of βr ¼ 106.

APPENDIX D: EXPERIMENTAL ERRORS

For large ma, i.e., y≳ 1=N, HyperLSW improves the
sensitivity of a fully aligned setup by resonantly enhancing
the form factor jFj in Eq. (2). This requires accurate magnet
placement to achieve gaps of size Δ, which we consider in
Appendix D 1. Moreover, jFj depends on the (consistency
of the) location and shape fðzÞ of the magnetic field in
Eq. (2), which we consider in Appendix D 2.

1. Magnet positioning errors

One option to arrange HyperLSW is to measure Δ
between each pair of magnets. If each measurement has
some uncertainty σΔ, the positioning error of the last
magnet has a (correlated) uncertainty of size

ffiffiffiffiffiffiffiffiffiffiffiffi
N − 1

p
σΔ.

Given the large number of magnets used in HyperLSW, this
can be problematic as errors accumulate.
Alternatively, one could measure the absolute position of

the magnets and avoid error accumulation. For instance, if
satellite navigation systems can be used, we may achieve
σΔ ¼ 20 cm (or better) for the Galileo High Accuracy
Service [178]. A surveying station can further improve
the satellite navigation error over the course of a few
days, which has been demonstrated to give precision of
σΔ ¼ 0.7 cm during construction of the Brenner Base
Tunnel [179,180]. Moreover, other advanced surveying
techniques exist that should allow absolute positioning
relative to fixed points of the setup with an accuracy of
σΔ ≪ 1 cm [181].
We can thus reasonably suppose an absolute positioning

error of σΔ ¼ 1 cm for each magnet j, translating into
relative offsets ϵδj ∼N ð0; σ2δÞ, where σδ ≡ σΔ=l. Starting
from Eq. (2) and following Ref. [25], Eq. (19), we find

F ¼ 1

L

Z ðz0NþϵδNÞl

0

dz fðzÞeiqz ¼ 1

N

Z
z0NþϵδN

0

dz0 fðz0Þe2ixz0 ¼ 1

N

XN
j¼1

 Z
z0jþϵδj

z0j−1

dz0 fðz0Þe2ixz0
!

ðD1Þ

¼ 1

N

XN
j¼1


�Z
1

0

dz00j fj−1 e
2ixz00j

�
e2ixðz

0
j−1þϵδjÞ

�
¼ 1

N
e2ix − 1

2ix

XN
j¼1

fj−1 e
2ixðz0j−1þϵδjÞ ðD2Þ

⇒ jFj2 ¼
�
sincðxÞ

N

�
2
����XN−1

j¼0

fje
2ixðz0jþϵδjþ1

Þ
����2; ðD3Þ
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where we defined z0 ≡ z=l, z0j ≡ jð1þ δÞ, z00j ≡ z0 − z0j,
and used that fðz0Þ ¼ 0 in the gaps and fj ∈ f−1;þ1g
inside the magnetic fields.13

For each half of the experiment, we can compute the
effect of positioning uncertainties on jFj2 and thus on the
conversion probability, with Monte Carlo (MC) simula-
tions, drawing random values of ϵδj ∼N ð0; σ2δÞ. To better

understand the outcome of these computations, consider
the most relevant case, the fully alternating setup, i.e.,
ns ¼ 1 and fj ¼ ð−1Þj. For simplicity, further assume that
ng ¼ N is an odd number. Again defining y≡ xð1þ δÞ,
the expectation value of jF1;N j2 ¼ F1;NF̄1;N is then
given by

E½jF1;N j2�
sinc2ðxÞ ¼ 1

N2

YN
i¼1

Z
dϵδi

e−ðϵδi Þ2=2σ2δffiffiffiffiffiffi
2π

p
σδ

XN−1

k;j¼0

fj fk e
2ix½ðj−kÞð1þδÞþϵδjþ1

−ϵδkþ1
� ðD4Þ

¼ 1

N2

 XN−1

k¼0

f2k þ
X
k;j≠k

fk fj e2ixðj−kÞð1þδÞ−4x2 σ2δ

!
¼ 1

N
þ e−4x

2σ2δ

N2

X
k;j≠k

ð−1Þjþk e2ixðj−kÞð1þδÞ ðD5Þ

¼ 1

N
þ cos2ðNyÞ − Ncos2ðyÞ

N2cos2ðyÞ e−4x
2 σ2δ →

1

N
þ N − 1

N
e−4x

2
kσ

2
δ ðx → xkÞ: ðD6Þ

Equation (D6) shows that the random placement errors
will introduce a systematic shift in the estimate, which
becomes more significant at larger x. There are also
statistical fluctuations, but we do not perform the related,
rather involved computation of Var½jF1;N j2�. Also note that
E½jF1;N j2� → sinc2ðxÞ cos2ðNyÞ=N2 cos2ðyÞ for σδ → 0, in
agreement with Eq. (4).
Figure 9 shows an example for the ensuing distribution

for x ¼ x5 ≈ 11.5 (left panel) and the effect of uncertainties
for the optimal parameters in our proposed setup S1 across

the entire ma range (right panel). In both cases, we assume
that σΔ ¼ 1 cm and perform 10,000 MC simulations for
each configuration.
In particular, for values of ma ≳ 4 meV, the positioning

uncertainties cause a significant shift in the expectation
value of more than 10% (plus sizable scatter) in the form
factor and thus in the expected number of counts. This is
not entirely surprising since only the high-mass region
strongly depends on resonant enhancement and thus
requires an accurately positioned experimental setup. In
any case, we can compute the impact of the positioning
uncertainties and, even for a conservative value of
σΔ ¼ 1 cm, they would only affect the multi-meV mass
region.

FIG. 9. Form factor uncertainties from positioning errors, based on 10,000 simulations and σΔ ¼ 1 cm. We show
an example distribution for x ¼ x5, Δ ¼ 2 m, and l ¼ 4 m (left panel) and the uncertainties for the optimized setup S1
across different masses (right panel).

13For relative distance measurements, replace ϵj ↦
Pj

k¼1 ϵk.
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2. Realistic magnetic field profiles

HyperLSW likely requires thousands of magnets, and we
thus have to assume that the magnet profiles fðzÞ will be
subject to production errors such as asymmetries and length
variations. Moreover, fðzÞ will not have the top-hat profile
that we assume in the main text, but smoothly decreases
outside of the nominal “iron length” l.
There is a variety of functions to describe such a

behavior and, for computational efficiency, we choose

the “smooth(er) step” functions smstðz; a1; a2Þ [182],
which define a step between a1 < a2 such that the function
vanishes for z < a1 and is unity for z > a2. This allows us
to construct smooth top hat between −ζ < z < 1þ ϵl þ ζ,
where ζ > 0 defines the size of the smooth step, and ϵl is a
small shift in the magnetic field length (both in units of l).
The magnetic form factors fjðz0Þ are then given by

fjðz0Þ ¼ fjsmstðz0 þ ϵζ;−ζ; 0Þsmstð−z0 − ϵζ;−1 − ϵl − ζ;−1 − ϵlÞ; ðD7Þ

with smstðz; a1; a2Þ ¼
ðz − a1Þ3ð6z2 þ 3za1 þ a21 − 5ð3zþ a1Þa2 þ 10a22Þ

ða2 − a1Þ5
Θðz − a1ÞΘða2 − zÞ þ Θðz − a2Þ; ðD8Þ

where fj ∈ f−1;þ1g and where ϵζ is a small offset (in units of l) from the magnetic field center. We can then follow the

derivation in Appendix D 1, defining z00j ¼ z0 − z0j with z0j ¼ jð1þ δÞ þPj
k¼1ðϵlk þ ϵζkÞ and elj ≡ 1þ ϵlj þ ζ to find

F ¼ 1

N

Z
z0Nþζþ

P
k
ϵlk

−ζ
dz0fðz0Þe2ixz0 ¼ 1

N

XN
j¼1


�Z
1þϵljþζ

−ζ
dz00j fðz00j Þ e2ixz

00
j

�
e2ixz

0
j−1

�
; ðD9Þ

where
Z

1þϵljþζ

−ζ
dz00fðz00Þe2ixz00 ¼ fj

15ð3 − ζ2x2ÞsincðζxÞ − 3 cosðζxÞ
ζ4x4

eljsincðeljxÞeixð1þϵlj Þ ðD10Þ

≃ fj elj sincðeljxÞeixð1þϵlj Þ ðζx → 0Þ: ðD11Þ

For ϵζ ¼ 0, we can absorb the effect of the smoother
profile into a multiplicative factor, i.e., into an effective
magnetic field strength. For ϵl ¼ 0, and in the limit of
x → 0, this factor is

ffiffiffiffiffiffiffiffiffiffiffi
1þ ζ

p
> 1, and we denote magnitude

of the associated form factor with Feff .
Based on experience from the LHC, the systematic

differences for ϵl between manufacturers were 14 mm,
while the intrinsic scatter for each manufacturer was less
than 3 mm [183]. We use these findings to define the typical
uncertainty and simulate the proposed HyperLSW configu-
ration for setup S1 with ϵlj ∼N ð0; σ2lÞ and ϵζj ∼N ð0; σ2ζÞ,
where we choose σl and σζ to both correspond to absolute
values of 1 cm.
To estimate ζ, we use a publicly available simulation for

the magnetic field profile of the upcoming IAXO experi-
ment [159–161], which is available in Ref. [184]. The
magnet has an “iron length” of l ¼ 6.7 m and an aperture
diameter of a ¼ 0.7 m, and we find a best-fitting value for
smooth step of around ζ ¼ 0.35. In fact, the relevant
quantity that sets the size of ζ is a, as has been established
by the expansion of fringe fields, with ζ ¼ ηζ a=l and
ηζ ∼ 4–5, e.g., Ref. [185], Fig. 3 (see also Ref. [186]). This
is in line with the simulated IAXO magnet, where

ζ ¼ 3.5a=l. If we used the same relation for the magnetic
in setup S1, we would have ζ ¼ 1.1, and since δ ¼ 0.5,
there would be a significant overlap between the stray fields
of two consecutive magnets. To simplify the computation,
we choose ζ ¼ 0.2.
We again perform 10,000 MC simulations for each

configuration of the optimized S1 setup, assuming the
uncertainties listed above. We also again include an
example distribution as the left panel of Fig. 10, which
shows that the accumulating, correlated errors, although
small, can lead to highly asymmetric distributions of jFj2.
Note that we normalized the results with respect to the
ideal, effective form factor Feff at low ma, i.e., without
uncertainties.
In the right panel of Fig. 10, we find both a systematic

shift and scatter in the distribution of jFj2, which is the
same qualitatively similar to what we observed for the
positioning errors in Appendix D 1. These effects are most
pronounced at larger ma, again due to the resonant
enhancement, which requires an accurately arranged setup.
For the choice of uncertainties considered, the expected
jFj2 sees a shift of more than 10% for ma ≳ 0.6 meV. At
ma ≳ 10 meV, note that the figure might show some
computational issues due to numerical cancellation effects.
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However, it is clear that, for those masses, the magnetic
field profile uncertainties will be an issues. Again, lower
uncertainties will improve this situation, while individually

measured magnetic field could allow us to ameliorate these
issues by suitably arranging the magnets or gaps to
compensate for the variation in magnetic field profiles.
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