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1 Introduction

Derived from closed string field theory [1], the structure of Lo, algebras were suggested
to underly all classical perturbative gauge symmetries and their dynamics. For the first
time, they actually appeared in the context of higher spin gauge theories [2] and were also
discussed in the mathematics literature (see e.g. [3-6]). Motivated by the study of field
theory truncations of string field theory [7], the authors of [8] argued that the symmetry
and the action of any consistent perturbative gauge symmetry is controlled by an L
algebra. For Chern-Simons and Yang-Mills gauge theories as well as for double field theory
the symmetries and equations of motion could be expressed in terms of an L., structure.

Based on the higher spin AdS3-CFTy duality, a large set of explicit non-trivial Lo
algebras were identified recently [9] by showing that the well understood class of classi-
cal W algebras can also be rewritten in terms of higher products satisfying the relations
of Ly, algebras. Recall that W algebras appear as extended chiral symmetry algebras of
two-dimensional conformal field theories (CFTs)(see [10] for a review) and are actually
not describing gauge symmetries but infinitely many global symmetries. These examples
are special in the sense that only two graded vector spaces were non-trivial, X contains
the symmetry parameters and X_; the generators of the VW algebra. The special fea-
ture of W algebras, namely that the Poisson bracket between the generators closes only
non-linearly, implied non-trivial higher products, corresponding e.g. to field dependent
symmetry parameters.



In [9] this correspondence was restricted to the classical case, for which the product of
fields is just the point-wise product of holomorphic functions. However, from CFT it is well
known that these classical W algebras appear as the classical A — 0 limit of quantum W
algebras. Here one is dealing with chiral quantum fields, whose product involves a normal
ordering prescription. In addition, the field content of the algebra itself and their structure
constants receive h corrections.

It is an interesting question, how the L, structure generalizes to the quantum case. In
the context of string field theory, this was already analyzed in [1] and further elucidated in
the mathematical context in [11]. In this paper we generalize the analysis of [9] to quantum
W-algebras. We will see that the higher products now involve the normal ordered product
as the fundamental one, and that they also receive A corrections. In addition also the
quadratic relations among the higher products receive quantum corrections, induced by
non-trivial contractions following from the application of Wick’s theorem. Since we are
dealing with an interacting (non-free) CFT, these contractions are given by the singular
part of the operator product expansion (OPE) and, as will be shown, imply off-diagonal
terms among the naive classical Ly, relations. Guided by quantum WV algebras we are thus
led to a well motivated definition of quantum L., algebras that control the symmetries of
a quantum theory. Similar as in the case of classical symmetries the quantum L, algebras
we look at are restricted to a graded vector space X = Xy@® X_1 and are constructed such
that they become the classical Ly, algebra of the classical symmetry in the A — 0 limit.

The paper is organized as follows: in section 2 we recall the definition of a classical Lo
algebra and its connection to the gauge algebra of classical gauge field theories. In section 3,
after identifying the possible origin of quantum corrections, we first define quantum L.
algebras. Then we will compare it to loop Lo, algebras, the quantum corrected L, algebras
arising for closed string field theory (CSFT) [1, 11]. In section 4 we will show in detail that
the quantum Wjs algebra is organized in terms of a quantum L., algebra.

2 The L., gauge algebra of a classical symmetry

In this section we review how a perturbative classical gauge algebra is actually controlled
by an L, algebra. L., algebras are generalized Lie algebras where one has not only a
two-product, the commutator, but more general multilinear n-products with n inputs

0 Xon 5 X

(2.1)
Tlyeeoy@p = (T, .o 2),

defined on a graded vector space X = @,, X, where n denotes the grading. The products
are graded symmetric

En(- ey L1, Ty e e ) = (_l)l—i—deg(xl)deg(xg) 52( ey L2y L1y e e ) s (22)
with
deg(ln(z1,...,2n)) :n—2+Zdeg(xi). (2.3)
i=1



These 4,, define an L., algebra, if they satisfy the infinitely many relations

TIn(X1,. 0 xp) = Z (=1)"U-1 Zx(a;x)

i+j=n+1 (2.4)
Ci( Loy -3 To()) s Ta(it)s - > Ta(ny ) = 0.
The permutations are restricted to the ones with
o) < <ali),  oli+1) < <aln), (2.5)

and the sign x(o;x) = #£1 can be read off from (2.2). The first relations J, with
n=1,2,3,... can be schematically written as

Ji =0t Jo = lily — Uy, J3 = lil3 + laly + U307,

(2.6)
J1 = U1ly — loly + l3ly — U4ty

from which one can deduce the scheme for the higher 7,. More concretely, the first Ly
relations read

El(ﬁl(a:)) =0
£1(£2($1,$2)) = fg(fl(fbl),l’g) + (—1)z1€2($1,€1(l‘2)) N

revealing that ¢; must be a nilpotent derivation with respect to f3.  Denoting
(—1)% = (—1)dee(@) the full relation J3 reads

(2.7)

0=1 (Eg(xl,xg,:cg) )+ (2.8)
U (a1, 2), 3 ) + (—1)(wztes)zag, (a(z2, 33), 21 )+
(—1)@t@2)T3 0 (05 (25, 21), 2 )+
U301 (21), w2, 3 ) + (—1)" 3 (21, 1 (22), 23 ) + (—1)" F72l5 (21, 22, €1 (23) )

and means that the Jacobi identity for the ¢ product is mildly violated by ¢; exact ex-
pressions. For this reason, Lo, algebras are also called strong homotopy Lie algebras in the
mathematical literature.

The framework of L., algebras is quite flexible and it has been suggested that every
classical perturbative gauge theory (derived from string theory), including its dynamics,
is organized by an underlying Lo, structure [8]. For sure, the pure gauge algebra of such
theories satisfies the Lo, identities. To see this, let us assume that the field theory has a
standard type gauge structure, meaning that the variations of the fields can be organized
unambiguously into a sum of terms each of a definite power in the fields. Defining the
space of gauge parameters € to be Xy and the field space ® to be X_; and setting all other
graded vector spaces to be trivial, the gauge variations can be expressed as

1 n(n—1)
55(1)225(_1) 2 gn+1(5,<1>,...,<1>). (2'9)

n=0 n times

It was shown in [2, 5, 8, 12], that the closure of the symmetry variations

[5517552]¢ = 570(81782,(1))@ ) (210)



and the Jacobi identity

> [8e1 [0ey,024]) =0 (2.11)

cycl

are equivalent to the Lo, relations with two and three gauge parameters. Here the closure
relation allows for a field dependent gauge parameter which can be written in terms of Ly
products as

1 n(n—1)

0(61,62,(1)) :ZE(_l) 2 £n+2(€17527q>7"'7¢))' (212)

n=>0 n times

Since it is precisely these relations that we will extend to the quantum case, let us briefly
exemplify the procedure of identifying the constraints arising from the gauge closure with
L relations up to cubic order in the fields. Using (2.9), the gauge commutator reads

[5517552](1) = {£2(52>€1(51))
+£2(€2,€2(81,(I))) — 63(82,61(81),@)
1 (2.13)
—63(52762(81,@),(}) — 252(52,63(81,@,@))}
— {81 > 52} + O((I)B),

while the right hand side of the gauge closure condition can be expanded as

0—Cler,e2,8)® = 0tacr,e2)® T 0t3(e1.02.8)P 014, (c; cr0.0) P+ O(®3)
= 0y (la(eren) ) — o Laer,22), ®) + %eg(zg(gl,gg,q),q))
—61(63(51,52,<1>)) —€2(€3(51,62,<I>),<I>) (2.14)
+ %Kl(&(sl,@, ,3)) +O(d).

Comparing (2.14) with (2.13) we see that demanding closure yields conditions on the ¢,
products. For instance, at zeroth order in ® one obtains the condition

61(52(81,82)) 252(51,€1(82)) —62(52,61(81)) . (215)

Upon interchanging the arguments this is exactly the Ly, relation Ja(e1,e2) = 0 in (2.7).
At first order in ® one gets

0="0s(e2,la(e1,®) ) + la(la(er,62), D) — la(e1,la(e2, D))
—53(62,51 €1 ,<I>) 53(81,51 62) (I)) (2.16)
+ 01(ls(e1,e2, D))

This is the Lo, relation J3(e1,e2, ®) = 0 in which the term 63(61, €2, 01(P) ) is missing, as
we have set X_o = 0. This result is just a consequence of the general two relations between



the classical gauge algebra and the L, algebra:

gauge closure < 0= J,(c1,62,9P,...,9), (2.17)
—_———
n—2times
gauge Jacobi identity < 0= 7,(c1,e2,¢3,P,...,P). (2.18)
———
n—3times

As one can check, these are actually the only non-trivial L., relations in case that the
graded vector space is given by X = Xy@® X _1. This can be generalized by adding a vector
space X _o containing the equations of motion, thus allowing the freedom that gauge closure
only holds on-shell [8].

3 Quantum L., gauge algebras

In the last section we recalled how the L., relations guarantee the consistency of a classical
gauge algebra. Recently it was shown that also global classical W algebras arising in two-
dimensional conformal field theory yield non-trivial examples of Ly, algebras. Driven by the
alm to extract physically well motivated aspects of a quantum extension of L., algebras,
we analyze whether a generalized version of this correspondence holds for quantum W
algebras. On the way, we encounter a couple of new structures that can be traced back to
the non-associativity of the normal ordered products appearing in the quantum »V algebra.
Resolving these issues guides us to a proposal of a quantum L., gauge algebra that we will
present in the section.

Concretely, in section 3.1, by demanding consistency of the quantized symmetry alge-
bra, we outline how the usual notion of an L., algebra has to be adjusted for a quantum
Lo algebra. We find that beyond the higher products also the Lo, relations receive quan-
tum corrections, whose origin lies in the necessity to perform Wick contractions between
quantum fields.

In 3.2 we review the Lo, algebra of closed string field theory and the quantum correc-
tions appearing there. As it turns out, the quantum corrections due to Wick contractions
do not appear there.

3.1 The quantum L., algebra of a quantum symmetry

Going from a classical field theory to a quantum field theory, the fields become operator
valued. We want to consider quantum symmetries which in the classical limit A~ — 0 become
a classical symmetry of the kind described in the last section. In particular we are still
working only on the graded vector space X = Xg ® X_1, where the symmetry parameters
are contained in X and the field operators in X_;. In the case of W-algebras, the infinitely
many symmetry parameters' are compactly encoded in e(z) = Y onez 2A-1e and the
infinitely many symmetry generators in W(z) = > -, 27 ""AW,. Here A denotes the
conformal dimension of the chiral field W (z).

INote that the holomorphic function €(z) does not parametrize a gauge variation, as the latter would
depend on z and Z.



In the classical case it was crucial that the variation of the field could be organized
in terms of definite powers in the fields to define the corresponding L., products. In
order to adapt the notion of field powers, we have to specify an operator product in the
quantum case.

Inspired by the analysis of W algebras, to be discussed in detail in section 4, we define
the operator product to be the symmetrized normal ordered product

A*BZ%(N@MQ+NULQ). (3.1)

This is a convenient choice, as by taking the classical limit A — 0, it becomes the usual
point-wise multiplication of fields. Let us already point out one subtlety relative to the
classical case, that will be one source of quantum corrections. As can be seen from the
notion of the normal ordering in 2d CFT, the x product above while commutative fails to
be associative. There,? the non-associativity of the normal ordered product is given by

(eA)xB—e¢(AxB) = s(f,l_IB) , (3:2)

where ¢ is just a c-number symmetry variation and A, B are operator valued fields. More-
over, the last term denotes extra terms arising from the contraction between the two
operators defined as

—
lim (A(2) B(y) ~ (AB)(z.9) ) = N(AB)(x) (3.3)
which in a CF'T is nothing else than the singular part of the operator product expansion.
Having defined the product between operators, we assume that variations of the field can
be schematically written in the form

(Sgu@NZE CI)*---*(I), (34)
n

n times

where for simplicity we considered bosonic fields and symmetry parameters. Following the
lines of the classical discussion we define graded symmetric multilinear quantum n-products

Lpyr: X" =5 X (3.5)

and rewrite the variation in the form

1 n(n—1)
5;%:25(*1) 7 Lnpii(e,®,...,®). (3.6)

n=>0 n times

The quantum L,, products still carry the intrinsic grading deg L,, = n — 2. Since the star-
product is symmetric, the L-products are automatically symmetric when interchanging
two fields. Since in the limit 7 — 0, the star product becomes the normal field product,
the quantum L,-products will become the classical £,-products with the right degree and
symmetry properties.

2This can be shown using the general formula 6.227 in [13].



Following the classical analysis, the question now is which constraints arise from de-
manding the closure of the quantum symmetry algebra

[62", 08t [ = (5q_uc (e1,69,0) P (3.7)
and the Jacobi identity
> [odr, [y, 0% = 0. (3.8)
cycl

Here, the field dependent closure parameter C(e1, 2, ®) should still be expressed in terms
of the symmetrized normal ordered product

0(51,52,<I>)Nqug-(I)*-n*(I), (3.9)
n

allowing to read off the L,, products with two symmetry parameters

1 n(n—1)
0(51,52,(1)) :ZE(_I) 2 Ln+2(€1,€2,(1),...,(1)). (3‘10)

n=>0 n times

To identify potential sources of quantum corrections in the L, relations, we write out the
first few terms of both sides of the closure condition (3.7). Up to second order in the fields,
the left hand side can be expanded as

oz 010 = { Lafea L)
—|—L2(€2,L2(51,<I))) —L3(€2,L1(€1),<I>) (311)

1
— L3(e2,La(e1,®),®) — 2L2(€2,L3(€17‘I’7‘I’))}

—{51(—)62},

O (e1,62,8) P = 0—Lo(er,e2) P + 0-Ly(e1,02,0) P (3.12)
1
= —Ll(LQ(El,Sg)) — LQ(L2(51,62), ‘I’) + §L3(L2(€1,52),q),q))
— Ly(Ls(e1,2,®) ) — La( Ls(e1,2,9), ).

while the right side is

To read off the quantum L, relations, we now sort (3.11) and (3.12) according to the
power in ®. Since now the power of ® is with respect to the symmetrized normal ordered
product, this is a bit more subtle than in the classical case. One first has to bring all
terms into the schematic form (g1e2) - (® * - - - x @) that also appeared in the definitions of
the L-products (3.6) and (3.10). While some terms are already of this form, for others a
rebracketing is necessary.

Consider for instance the fourth term in (3.11) that, upon using (3.4), can be schemat-
ically written as

L3(€2,L2(€1,<I)>,‘I>) NEQ((El(I))*CI)). (3.13)



Using the non-associativity of the x-product (3.2), this becomes

[
L3(€2,L2(51,(I)), (I)) = £1€9 - ((I)*(I)) + 169 - ((I)CI)) . (3'14)

Let us assume for simplicity a free theory such that <I,>_|<I> is proportional A1. Then the last
term in (3.14) is proportional to €; and ez and therefore a quantum correction to the Lo,
relation at zeroth order in ®. Treating the last term in (3.12) in an analogous way, we find
the quantum corrected Lo, relation at zeroth order in ®

0= LQ(L1(€1)7€2) + L2(€1,L1(€2)) + Ll(L2(51,€2))

— L3(e2,La(e1,®),® ) + La(e1, La(e2, ), ® ) + Lo( La(e1,62,®), @) .

Similarly also all other Ly, relations get corrected by contractions of higher Lo, relations.

Let us summarize: guided by quantum algebras in 2d CFT, we identified two sources
of quantum corrections to L, algebra. First, relative to the classical products, the higher
quantum L., products can receive corrections of higher order in A. The second kind of
quantum corrections arises from contractions between quantum fields that appear when
sorting the relations in powers of the field. These contractions change the power of the
fields so that the classically separated L, relations receive quantum suppressed off-diagonal
corrections.

We want to stress that the contractions differ severely from theory to theory. While in
free theories the contraction is proportional to the identity operator, in interacting theories
(like generic CFTs) the contraction of two fields is usually field dependent again. We can
therefore not provide a general closed formula for which contraction of which L., relation
contributes to which other L., relation.

Guided by these observations we suggest to define quantum L., algebras that govern
(global) quantum symmetries as follows: one has a graded vector space X = Xo @ X_1,
where X, is said to have degree n. In addition there are multi-linear quantum products
L, (xy,...,x,) that have degree deg(L,) = n — 2 so that

deg( Ln(z1,...,2,)) :n—2+2deg(a:i). (3.16)
i=1

Fach product can in principle receive quantum corrections at any power in 4. The products
are graded commutative, i.e.

Ln(- ey L1, Ty e e ) = (_l)l—l—deg(a:l)deg(asg)Ln(. RS 5 I 4 ) . (317)

Like in the classical case, one defines

Tz, .. xn) = Z (_1)7;@*1)2)((0; z)

i+j=n+1 (3.18)

Lj(Li(xo-(l) yee e 7x0'(i)) y La(i+1)s -+ - Lo(n) ) :



The L, products define a quantum L., algebra if they satisfy for each m = 2,3
and n € Zg

j??zl—li-n(ﬁla...7€m7x17...7$n)+ Z h£ \77(7111.’9(617"‘76m7y17'"7yk):0‘ 319
(Y15-Yk) —(T1,eyTn) ( ’ )

—(T1,yee0yTn)

Since this is the main formula of the paper we want to explain the formula in more detail.
€; € Xp is a symmetry parameter and x; € X_1 is a field. While the first term is the known
one from the classical Lo, relations, the second term contains the crucial new feature of
quantum L., algebras, namely the corrections due to contractions of other L., relations.
To cover all such corrections we sum over all Lo, relations whose field input (y1,...,yx)
can contract into (z1,...,x,). The £ > 1 counts the number of contractions employed to
convert the dependence on (y1,...,¥n) into a dependence on (x1,...,z,). The underbrace
signals that only the terms that arise from the particular contraction are to be taken here.
To avoid permutation factors we let the sum run only over (yi,...,yx) that are not equal
under permutation. Furthermore notice that the order of the (yi,...,yx) does not play a
role since the J9" share the permutation property of (3.17).

Let us provide a more general and mathematically precise definition for the quantum
Lo algebra. Since the quantum corrections mix the different L., relations, we can also
define quantum L, algebras very compactly by demanding that for m € {2,3} and ¢; € X
the sum of all L, relations vanish

[ee]
Z Z Tin(€ly s €m, @1, . an) =0, (3.20)

n=1 (r1,.z,)eX",

where as before the second sum runs only over distinct (x1,...,z,). In case the L prod-
ucts do not change the power of the input, the terms in (3.20) separate into the classical
L relations (2.4). On the other hand, using normal ordered products in the L prod-
ucts, (3.20) reduces to the former definition (3.19). Nevertheless we want to stress that
in general (3.20) does not need any physical input in form of a contraction. From the
mathematical viewpoint the definition (3.20) might therefore be more appealing. We nev-
ertheless prefer (3.19) that also makes it manifest that in the A~ — 0 limit one encounters
the classical Lo, relations and that their off-diagonal quantum corrections arise from the
contraction of quantum fields.

In section 4 we show in much detail how quantum W algebras fit precisely into this
definition of quantum L., algebras. Especially in section 4.4 we will demonstrate that the
quantum relations (3.19) can be given a precise meaning for the quantum s algebra.

3.2 Comparison to the Lo, algebra of CSFT

We will now compare our definition for a quantum L., algebra with the L., algebra of
closed string field theory (CSFT) [1, 11]. To distinguish these two different Lo, definitions,

3Here an obstacle becomes apparent if one tries to generalize the above definition beyond the given case
where contractions appear only between elements of X_1. When contractions appear not only between
elements with even parity the order of the yi1,...,yr does indeed matter. Lacking an example to follow we
cannot give a precise ordering prescription to fix this issue here.



we will follow Markl [11] and call the Ly, algebra of CSFT a loop Lo, algebra, while the
definition from last section will be called quantum L, algebra.

In a loop L algebras one usually expands the quantum products according to their
loop level, thus their power of A

Ln(acl,...,xn)ZZL%(»’U17~-$n)7 (3.21)
g

where Lj, is proportional to #9. Then, the L7, products define a loop L., algebra, if for any
level g the following relation holds (we use the notation of [11])

0= > > 1UIY X(ox)

g1+g2=g i+j=n+1
% L?l ( L?Q (ng(l) Sy !To(i)) ,xa(i+1)7 . ,xg(n) ) (3.22)
1 e n— —1 s
-, Z(_l)d g(hs)+ ILY o (he, h® w1, .. xy).

The sum over s in the last term runs over a basis of fields labeled by s. The field with an up-
per index, h®, is the conjugate field to hs with respect to a scalar product (h*, hy) = 6;. The
Yo L%fl(hs, h*®,...) can be interpreted as an identity operator. When contracting hg, h*
to eliminate this identity operator, we obtain an additional h factor such that, together
with the h9~! from the Lﬁfl, the last term is proportional to 29 as well.

Let us compare the defining relations of (global) quantum and (gauge) loop Lo, al-
gebras: the first part of the loop Ly relation (3.22) appears in quantum L, algebras as
the order 79 term, when inserting the expansion (3.21) into the first term of (3.19). The
second term of (3.22) does not appear in the quantum L relations in (3.19). The reason
for this is, that the quantum L., was derived in a setting where the total vector space con-
tained only degree 0 objects, the symmetry parameters, and degree -1 objects, the fields.
Therefore X = Xg & X_1 and all objects with a degree other than 0 and -1 were set to
zero. Demanding all terms in the defining relation of loop Lo, algebras (3.22) to have the
same degree, we find

deg(hs) + deg(h®) = —3. (3.23)

Since hg is a field, its degree is deg(hs) = —1 and the degree of h® is bound to be
deg(h®) = —2. Therefore, h*® is trivial and the second term in (3.22) could not appear
in the derivation of the quantum L., based entirely on quantum gauge variations.

Remarkably, the second term in the quantum L., relation (3.19) has no counterpart
in the loop L algebras. Therefore the L., relations of the CSFT L., algebra do not
receive corrections from contraction terms. The question arises if there exist a connection
between the two definitions. From the current status, the answer is not completely clear
to us and more work or insight is required to fully clarify it. We can only say that the
structure of (gauge) loop L, arose as a consequence of the quantum master equation of
the BV-formalism for the CSFT quantum action. On the contrary, our (global) quantum
Lo definition is based on the analysis of bootstrapped and therefore exactly solvable global
quantum W algebras in 2d CF'T.

,10,



4 The quantum W; — L, algebra

In the recent paper [9] it was shown that (classical) W algebras are highly non-trivial
(classical) Lo, algebras with field dependent symmetry parameters. In this section we will
show that the quantum Wjs-algebra fits into the framework of the quantum L., algebra
of section 3.1 (and was in fact motivating it). We expect that more general quantum
W-algebras will even provide more intricate examples of quantum L., algebras.

4.1 W algebras

In two-dimensional conformal field theories the energy momentum tensor 7'(z) is a quasi
primary field that has conformal dimension two, generates the conformal transformations
and obeys the Virasoro algebra. A W algebra is an extension of the Virasoro algebra by
chiral primary fields of conformal dimension usually larger than two. The prototype exam-
ple is Zamolodchikov’s Ws algebra [14], generated by two fields {T'(z), W (z)} of conformal
dimensions two and three. The (quantum) OPEs among these fields are known to be’

1 o Tw) — c/2 T(w) 1 9T (w)
hT() T (w) )4+2<( + >,

(z—w z—w)?  2(z—w)
W (w) 18W(w))

z—w)? 3(z—w))’

¢/3

T(Z)OW(w)—:a((

1
7 W(z) o W(w) = Gow)p (4.1)
T (w) 1 0T(w) | 3 &PTw) 1T (w)
*“(u—w% 20— w? " 20(z-w)? " 30(z- ))
A (w) 1 OA™(w)
(Gt G
Here the field A9" denotes the normal ordered product
A" = N(TT) — hl%a% (4.2)

where we have indicated the quantum correction linear in 7. The corresponding algebra
for the modes satisfies the Jacobi-identity for

32

a=2,  B=550

(4.3)
Following [17], in these formulas we have introduced & so that the classical limit and its
quantum corrections are clearly visible. In the 7 — 0 limit, the commutator (singular part
of the OPE) becomes the Poisson bracket

{odo = lim [ ] (14)

4Up to some structure constants, the form of the OPE between quasi-primary fields is generally
known [15] (for a pedestrian derivation see also [16]), as has been exploited for the classical W — L
algebra relation in [9].
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There exist three sources of quantum corrections. Two of them are manifest in the
h corrections in (4.2) and (4.3)° and the third is the appearance of the normal ordered
product N(T'T') instead of the usual point-wise multiplication (7'7") in the classical case.

The normal ordered product between two chiral fields is defined as

N@Ow) =55 ( )dzq“"‘)c’x“”), (4.5)

T 2mi

where y(w) is a path encircling w counterclockwise once. The normal ordered product is
therefore the first regular term in the OPE between the two fields. Note that this product
is neither commutative nor associative. Since for the correspondence to an L., algebra
one needs graded symmetric products, we use the symmetrized normal ordered product x
from (3.1) that is still non-associative. To demonstrate this, let us explicitly compute the
left hand side of (3.2) for A=B =T

€(2)T(2) o T(w)

(z —w) (4.6)
_ Pt Porer o B
= 968 €+ 28 el + 2868T,

(eT) T — (T +T) = éll,fdz

™

where both sides depend on w. Note that these corrections arise from the contraction of
operators below the integral and that they are h-suppressed relative to the leading order
normal ordered products.

The extended symmetry algebra acts with
1
5. W (w) = —— 7{ dze:(z) 3 Wi(2) 0 Wi(w) (@7)
¥(w)

where i, j = {T, W}. Instead of writing e and ey from now on we will write & for ep and
n for ey .

4.2 L, products with one symmetry parameter

Let us now follow the steps outlined in the sections 2 and 3.1 to construct the quantum
L+ algebra corresponding to the quantum Ws algebra. The fields {7, W} have degree —1,
and the symmetry parameters {e,n} have degree zero. Therefore the total vector space is
X = Xo® X_; and each X,, = X' @ XV splits into a T and a W part. As in [9], we will
use boldface to highlight vectors in this two-dimensional space, for instance W = (T, W)
will denote either of the fields. Furthermore we equip all L,, products with an upper index
from the set {T, W, e,n} that denotes in which of the four subspaces of X the image of the
higher product L, is located.

5Notice that when expanding the fraction 8 we get an infinite series with terms at any order in A.
Separating the different powers of 9 in different L, products, as usually done in loop L algebras, see (3.21),
is therefore not illuminating in this example.
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Inserting (4.1) in (4.7), for the quantum corrected infinitesimal variations one obtains

5.T = %83€+(28€T+€8T),

\Zl;?; LT(e,T)
0 W = (30e W +e0W),
Ly (e, W)
0T = (30nW +2n0W) (4.8)
L3 (n,W)

and

360 30

LY (n) LY (n,T)
?M (a 02T + a3T)
LXV(mT)

+5(877(T*T)—|—%776(T*T)> .

5, W = 8577—|—a< BT + = 82n8T+87782T+1783>
N—_——

- % Lgv (777T’T)

Notice that we have already written all terms in the form (3.4) such that we can directly
read off the L, products. Compared to the classical higher products, the only change
is in 6,W, where LY (n,T) receives an explicit h-correction and ¢4 (n,T,T) involves the
quantum product 1" x T

4.3 L, products with two symmetry parameters

Recall that the L, products with two symmetry parameters appear in the closure condi-
tion (3.7)

[5qzu ) 5‘?;1}W B 5—110(5 £;,W) Wi, (49)
upon expanding (3.10)
1 n(n-1)
C(€i7€j,W) :;)n'(_l) 2 Ln_t,_g(Ei,Ej,W,...,W)‘ (410)
nz n times

To obtain the C(g;, e, W) we insert (4.7) into the symmetry closure condition and use the
generalized Wick theorem for chiral vertex operator algebras [18]

ot (- v A ( o 0B o c<w>> (4.11)

- W B ( o -0 A) c<w>)

- Ano () s ( § a2 Ao B(z)) o C(w) (= — w)™H)

,13,



in the special case m,n = 0. In this way, for instance we can derive

e 1) = () fv ( fdwerwiesw) 37w o T<y>> 0 T(2)

2 (4.12)
1 1
— 51 P Ay (9510)e2l) — 210)022(0)) T(0) 2 7).
so that the C-product can be read off as
C(E1,€2,W) = €1 0eg — Oy €9 := L5(e1,€2) . (4.13)
Similarly we find
C(e,n,W) =¢ecdn—20en:= Li(e,n), (4.14)
C(U1a772,W) =L§(771»772)+L§(77177I2aT), ‘
with
L§(m,m) = a ( m=m 8% — —=0%my 1 + =%y Oy — =y 0%
2 30 30 20 20
0 <27713 12 23 172 23 n1 O + 23?713 n2 | s

Ls(m,n2,T) =B (mOnz — Ommnz) T
Please note the explicit first order quantum correction in L5 (11, 72) and the infinitely many
quantum corrections hidden in the i dependence of .
4.4 Quantum L., relations with two symmetry parameters

Having determined the quantum corrected L,, products for the Wy algebra, let us now
state and check the quantum L., relations

j??zl-ll—n(ela‘"76max17'-‘7xn)+ Z hé jrgik(ﬁl,...,ém,yl,...,yk):0 416
(ylu-“)yk) —>($1,...7$n) ( . )

ﬁ(a:l,...,wn)

when plugging in exactly two symmetry parameters. These are the ones that are equivalent
to the quantum closure condition (4.9).

Quantum corrections to the L., relations

The distinguished new feature of the definition of quantum L., algebras is the second term
in (4.16) where the contractions appear. Let us therefore first list the Lo, relations that
are non-trivially corrected by such contraction terms.

Since we plug in two symmetry parameters and we need at least two fields to be able
to contract, we must have at least four inputs in (4.16). But since the highest L,, product
is Lg, all relations Jg", 77", - - - = 0 are automatically satisfied. To further trivialize most
cases we can use that the only non-trivial L3 products are LY (n,T,T) and LY (11,12, T).
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Since the first Lz always maps into the kernel of the second L3, for j5qu ~ L3L3 one can
conclude

T (e ej, W, W, W) =0. (4.17)
In a similar vein, evaluating (2.8) one finds that trivially

T (e, e, W,W) =0,
\74qu(517521W1W) = 07 (418)
*-74qu(57775VV7T) =0.

The only non-zero contraction terms can therefore arise in the terms

an — qu — qu —
4 (EvnaTvT)a L74 (77177727WT)5 j4 (7]1,7727TaT)- (419)

—
From the form of the OPEs (4.1), one realizes that the contraction 7T yields terms propor-

1
tional to AT and the identity i1, while the second contraction reads WT ~ hW. Hence the
Lo relations that are non-trivially corrected by a contraction of a higher L., relation are

0=7I"e,n)+hrTM(e,nTT),
2 (e,m) 4 (e,n )

—1
0=JJ5"nT)+hTM (e nTT),
~~~
—T
0= quu(nla 772) + hjfu(n177727T7 T) ) (420)
-1
Ozjqu ) 7T +ht7qu ) 7T)T7
3 (m,m2,T) (1, m2 \/)
—T
0= j;lu('flla n2, W) + hj4qu(7717772a T? W) .
——
—W

Following the logic of section 3.1, we will now explicitly evaluate the contractions
appearing in these quantum L., relations. We start with terms arising from contractions
of the Ly relation J;" (n1,m2,T,T). In a first step we find

\74qu(77177727T7 T) = _Lg(L?f(nla 772>T)7T)

Lop W L7 W (4.21)
=+ §L2 (TI??LS (7717T7T)) - §L2 (7717L3 (7727T7T)) :

Recall that every Lo, relation collects the contribution of the form (m172) (7'« T"). While
the terms in the second line are already of this form, the first term is not, so that the
non-associativity of the x-product (3.2) is expected to induce contractions. Inserting the
explicit expression of the L,, products into the first term yields

—L3(L5(m,m2. T),T) = =28 (0(fT)«T) — B((fT) x0T, (4.22)
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where we abbreviated f := n; Oy — 911 12. Using the normal ordering prescription (4.5)
and its function linearity in the second argument we find for the first term

—28 (6(fT)*T>(z)
_ 3 (fdy,f(y) TWoTE) | o) NTT)(E) + £(2) N(T@T))

2mi (y—2)?

=-p (240 DPf(z) + g Pf(2)T(2) + g D% f(2) 0T (2) (4.23)

+20f(z) N(ITT)(2) + f(2) aN(TT)(Z)> -
Evaluating the second term in (4.22) similarly gives
—5(( £T) * a:r) (2) = (4.24)
- g(gfgeﬁ F(2)+ 20812 T(e) + 207 () DT (=) + £(2) 8N(TT)> .
Putting both terms together results in
B0 p(e)
- ) -2 f(z)aT(z)—%a F()PT(z)  (4.25)

8h
38
— 280/ (x)N(TT)(2) — 2 f(2)ON(TT)(2)

so that we can directly read off

—LY (L5 (m,me, T),T) =
5

R T T) = ~H0712), (4.26)
-1
AT T T) = ~ 500 T() - () o1() - Fop(2) 1),

—T
Computing the other contractions is more lengthy, but follows the same steps. Let us
therefore only state the results

BT e 1.1 = 00 (a e — ?734€> T~ 248 (anaﬂg— ;n335> or

—T
— hpBn 8% d*T, (4.27)
" Bhe 5 1 6
q _ _ - _
hTP e T ) = =5 (n0%e + gnote).
—1
and finally
38h
hTu(m,m2, T, W) = — 7(3771 &*na — Onp 0°m1) OW
——
—W (4'28)
35h 02 fOW — @afw
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Checking the quantum L., relations

We are now in the position to state and check the quantum L., relation with two symmetry
parameters. We will sort them according to their appearance in the quantum closure
condition (4.9) with 4, j,k € {T,W}.

e (TT,T): the closure condition (4.9) with (ij, k) = (T'T,T) is equivalent to

0= J,"(e1,e2)

= —L{(L5(e1,e2)) + L3 (L{ (e1),e2) + L3 (1, L1 (e2) ) (4.29)
and
0= 5 e e 1) (4.30)
=L} (L5(e1,e2),T) + L3 (L3 (e2,T),e1) + L3 (L3 (T, e1),e2) .
Inserting (4.13) these relations are readily checked to be satisfied.
e (TT,W): there is only one non-trivial relation
0=T3"(e1,62, W) (4.31)
=LY (L5 (e1,e2), W) + LY (LY (e2,W),e1) + LY (LY (W, e1),e2),
that is also directly satisfied.
e (TW,T): one finds the single non-trivial relation
0=J5"(e,n, W) (4.32)

= L3 (L3 (e.n), W) + Ly (L3 (. W),e) + Ly (L3 (W.2).n) -

As before, a short computation shows that this equation is satisfied without any
constraints.

e (TW,W): this is the first truly interesting case, as the closure condition involves a
contribution from a contraction

0=7"(,n) +hrTM(enTT),
~—
-1
0=JTe,nT)+hT%eEnT,T), 4.33
5 (e,n,T) e, T) (4.33)
_>

0=J7"@,nTT).

When evaluating these relations, the contraction terms computed in (4.27) are crucial.
Like in the classical case, the first equation is satisfied for & = 2. Note that terms from
the quantum part of Lo(n,T') get exactly canceled by the quantum correction from the
contraction. The second equation is indeed satisfied for g = %, the value of the
quantum Wjs algebra. The third relation holds without giving any constraints on «, 3.
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e (WW,T): in this case the closure is equivalent to the quantum Ly, relations

Ozqul ) +hk7qu ) 7T>Ta
S (1, m2) (1, m2 )
-1
0=T"(n,n2,T)+hTM(n1,m2,T,T), 4.34
3 (771 2 ) 4 (771 2 ) ( )
—T

0 = j4qu(’r]1, 7’/2,T, T) .

Again, the contraction terms (4.26) are needed. The first equation is satisfied for
«a = 2 and the second for g = 501_35‘25. Again, the quantum corrected Lo, relations fix
the open constants exactly to the values expected for the quantum Ws algebra. The

third equation holds independently of the numerical values of «, 3.

e (WW,W): the quantum L, relations equivalent to closure are

0= ngu(ma?h, W) + hjzlqu(nlvanv W) )

~——

o (4.35)
0= j4qu(nla7727Ta W) :

After inserting the contraction term (4.28), both equations hold independent of «
and 3.

4.5 L relations with three symmetry parameters

After we have checked the L, relations with two symmetry parameters, it remains to
evaluate those with three symmetry parameters. Recall that these are equivalent to the
Jacobi identity

qu [§qu §qu]] —
Z [551 ) [65j ’6€k]] =0. (4.36)
cycl
For three symmetry parameter insertions, J, = 0 is trivially satisfied for n > 5 in the
case of the Ws algebra. Therefore, there cannot be any correction terms arising from

contractions. Again sorting them according to the triplet (ijk) in (4.36), the quantum Ly,
relations read as follows:

e (TTT):

0=L5(L5(e1,e2),e3) + L5 (L5 (es,e1),e2) + L3 (L3 (g2, €3), 1) -
e (TTW):

0=LJ(L5(c1,e2),m) + Ly (L (n,e1),e2) + LI (L (e2,m), 1) -
o (WWT):

0=Ls(Ls(n,m).e)+ Ls (LI (e,m),m2) + L5 ( Ly (n2,€),m)
+ L5 (m.me, LT () ),
0=—L5(L5(n,m2,T),e) + L5 (L (n,€),m2,T)

— L5 (Ly)(n2,8),m,T) + L5 (LI(T,e),m,n2) -

(
(
(
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The first J3-type relation requires g = 561_526“% to hold and, due to the appearance

of the non-vanishing last term, features that the two-product Ly violates its Jacobi

identity.
e (WWW):
0= Ly (L5(m,m2),m3) + Ly (L3 (3,m),m2 ) + Ly (L5 (n2,m3),m1 ) 4
0= 277(‘[/36(7]1’7727 773)+Ln(L3E(n3a7717T)7772)+L271(L?f(n2’7737T)7771)a
0= L5 (LY (i, W), m2,m3) + L§ (L3 (02, W), m3,m1 )
+ L5 (L3 (03, W), m1,m2)

5 Summary and conclusions

This completes the proof that the quantum Wjs algebra is an example for a quantum
Lo algebra as defined in section 3.1. Like for the classical Ws algebra, the quantum
corrected relations with two inputs gave the constraint o = 2 and the relations with three
inputs J3" = 0 required § = %. The only other non-trivial higher order relations were
satisfied without any further constraint. The L, relations with three symmetry parameters
were essentially the same as in the classical case.

Let us emphasize that the quantum contractions in (3.19) are necessary for the Lo
relations to hold. This means that the quantum Ws algebra does neither define a classical
nor a loop Ly, algebra (as appeared for CSFT), but this new type of a quantum L, algebra.
Of course the higher products in CSFT and for quantum W algebras are different from
the onset. In the latter case they involve the non-associative normal ordered product of
2d CFT, whereas in the former case they are the loop corrected n-vertices of CSFT. Thus,
it seems that for global and gauge symmetries there does not exist a unique version of a
physically reasonable definition of an L., algebra for a quantum theory.

We expect that in general the whole class of VW algebras yields further examples for
quantum L., algebras, since all of them have a closing symmetry algebra that involves
normal ordered products as defined in CF'T. As in the classical case, also higher n-products
will be non-trivial. Since our analysis of quantum W-algebras is restricted to non-trivial
elements in Xo@® X_1, it is not obvious whether and how this structure generalizes to more
general gradings.
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