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Abstract The intermediate, logamediate and exponential
inflationary models in the context of Galileon inflation or
G-inflation are studied. By assuming a coupling of the form
G(¢, X) o ¢” X" in the action, we obtain different analyt-
ical solutions from the background cosmological perturba-
tions assuming the slow-roll approximation. General condi-
tions required for these models of G-inflation to be realizable
are determined and discussed. In general, we analyze the con-
dition of inflation and also we use recent astronomical and
cosmological observations for constraining the parameters
appearing in these G-inflationary models.

1 Introduction

It is well known that the inflationary epoch [1-7] provides
more than the mechanism for solving the problems of the
hot big bang model (flatness, horizon etc). In this sense, one
of the achievements of the inflationary universe is to pro-
vide the primordial curvature perturbations, which seed the
observed cosmic microwave background (CMB) tempera-
ture anisotropies [8—15] and the structure formation of the
universe, that are generated from vacuum fluctuations of the
scalar field which drives the accelerated expansion [16-21].
One can test the inflationary paradigm by comparing the theo-
retical predictions for various models of inflation with current
astrophysical and cosmological observations, in particular
those that come from the CMB temperature anisotropies. In
doing so, the predictions of representative inflationary mod-
els, given on the ny — r plane, are compared with the allowed
contour plots from the observational data. In this context, the
BICEP2/Keck-Array collaboration [22] published new more
precise data regarding the CMB temperature anisotropies,
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improving the upper bound on the tensor-to-scalar ratio to be
r0.05 < 0.07 (95% CL) in comparison to latest data of Planck
[15], for which rg.gp2 < 0.11 (95% CL).

On the other hand, in the context of exact inflationary
solutions, one of the more interesting are found by using an
exponential potential for the inflaton, yielding a power-law
evolution of the scale factor in cosmic time, i.e., a(t) o t?,
where p > 1 [23]. Another exact solution corresponds to de
Sitter inflation in which the effective potential is a constant
[2]. We also have an exact solution for an inverse power-law
potential. Here, the inflationary stage can be described by
the intermediate inflation model, in which the scale factor
has the following dependence on cosmic time [24-26].

a(t) = exp [A tf] , (D

where A and f are constant parameters, satisfying the con-
ditions A > 0 and 0 < f < 1. This intermediate expansion
law becomes slower than de Sitter inflation, but faster than
power-law inflation instead. In addition, a generalized infla-
tion model is provided by the model of logamediate inflation,
in which the scale factor evolves as [27]

a(t) = exp[B In()*], ()

here, B and A are dimensionless constant parameters such
that B > Oand A > 1. Note that for the special case A = 1 and
B = p, the logamediate inflation model reduces to power-
law inflation with an exponential potential [23].

Originally, these inflationary models were studied as exact
solutions of background evolution. However, the slow-roll
formalism provides a better analysis regarding the dynam-
ics of primordial perturbations. In practice, these models are
completely ruled out by current observational data [15] in
the standard canonical inflationary scenario. In particular,
for the intermediate inflation model, it was found that for
the special case f = 2/3, the scalar spectral index becomes
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ng = 1, corresponding to the Harrison-Zel’dovich spectrum,
being not supported by current data. Also, an observational
consequence is that for both inflationary models, the tensor-
to-scalar ratio r, becomes significantly » # 0, but this ratio
is always r > 0.1, as it was shown in Refs. [26,27]. If we go
further the standard cold scenario, e.g., in the warm inflation
scenario, both intermediate and logamediate models may be
reconciled with current observations available at that time
[28-36].

Instead of considering the parametrization of the scale
factor as function the cosmic time, alternatively the authors
in Ref. [37] introduced an explicit expression for the Hub-
ble rate. Here, they studied a Hubble parameter having an
exponential dependence on cosmic time of the form

H (1) = aexp[—pt], 3)

where o denotes the value of the Hubble rate when cosmic
time tends to zero and S is a constant parameter, such that
B > 0. On the contrary of the intermediate and logamediate
inflation models, this exponential Hubble rate has the novelty
of addressing the end of inflation [37]. Nevertheless, regard-
ing the predictions for this model on the ny — r plane, the
trajectory lie outside the 95% CL region, being completely
ruled out by current observations.

On the other hand, going beyond the standard canonical
inflation scenario, a non-canonical inflation model, whose
Lagrangian contains higher derivative terms, has become of a
special interest from the theoretical and observational points
of view, yielding alarge or small amount of non-Gaussianities
and a non-trivial speed of sound. A special class of such
a models, dubbed Galileon inflation models or G-inflation,
were inspired by theories exhibiting “Galilean” symmetry,
0udp — 0@ + by [38]. Interestingly, the field equations
derived from such a theories still contain derivatives up to
second order, avoiding ghosts [38]. Nevertheless, this feature
holds only when the space-time is Minkowsi [39]. Although
the “covariantization” of the Galileon achieved the equations
of motion to keep of second order, the Galilean invariance is
broken [39,40]. This theory, as it was shown in Refs. [41,42],
is equivalent to Horndeski’s theory [43], which is stated as
the most general scalar-tensor theory with second-order field
equations. For a representative list of works on G-inflation,
see Refs. [44-54].

In the framework of modified gravity theories having extra
degrees of freedom, the action for linearized gravitational
waves (GWs)reads S), = % [ d>xdtMm? [hi - czT (VhA)z] ,
where M, is an effective Planck mass which would depend
on the particular theory under consideration, and / 4 are the
amplitudes of the polarization states of the perturbations /4,
around the Minkowski space. The quantity c7 corresponds
to the speed of the GW, which can be parameterized more

convenient as c2T = 1 4+ ar. By combing the gravitational
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wave event GW 170817 [55], observed by the LIGO/Virgo
collaboration, and the gamma-ray burst GRB 170817A [56],
it has been possible to strongly constrain the speed of GWs,
determining that GWs propagate at the speed of light with
lar| < 101 [57]. However, we mentioned that this con-
straint on the speed of GWs occurs for a redshift z ~ 0.1,
wherewith this constraint does not necessarily apply to the
early universe. As a direct consequence for Horndeski’s the-
ory, is that a large model space of this theory has been elimi-
nated to the present time. Specifically, all the terms that lead
to non-minimal kinetic couplings are ruled out, leaving this
theory constructed only with k-essence, cubic Galileon and
non-minimally coupling sectors, in which the Lagrangian
density can be written as [57-63]

L=K(@,X)—G(p, X)Up + f(P)R. “

In Ref. [64], the authors explored the viability of con-
sidering the intermediate inflation model in the framework
of G-inflation, with a cubic Galileon term of the form
G(¢, X)O¢p o« X"Oe. Interestingly, it was found the com-
patibility of this model with Planck 2015 data. Here the
authors find that the power n plays a fundamental role on
the cosmological parameters in order to obtain the observa-
tional data.

The main goal of the present article is to explore the obser-
vational consequences of studying the intermediate, logame-
diate and exponential Hubble inflation models in the frame-
work of the cubic Galileon and how these models are mod-
ified with the coupling G(¢, X). In doing so, we consider
a coupling of the form G(¢, X) o ¢" X", which general-
izes the cases G(¢, X) «x ¢X and G(¢p, X) o X" already
studied in Refs. [49,64], respectively. We will show that,
for each inflation model studied, there exist a region in the
space of parameters for which its predictions lie inside the
allowed region from BICEP2/Keck-Array data, resurrecting
these inflationary models. In addition, we will show that the
allowed region in the space of parameters becomes different
than the obtained in the case of intermediate model [64].
Here, following Ref. [65] the authors of [64], introduce an
extra time that corresponds to a time of an unspecified reheat-
ing mechanism in order to induce to stop inflation and so
evaluate the cosmological parameters.

We have organized this article as follows. In the next sec-
tion, we present a brief review of G-inflation. In Sects. 3, 4,
and 5 we study the background and perturbative dynamics of
our concrete inflationary models under the slow-roll approx-
imation. Contact between the predictions of the model and
observations will be done by computing the power spectrum,
the scalar spectral index as well as the tensor-to-scalar ratio.
We summarize our findings and present our conclusions in
Sect. 6. We chose units so thatc =4 =87 G = 1.
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2 G-inflation

In this section we give a brief review on the background
dynamics and the cosmological perturbations in the model
of G-inflation. Our starting point, is the 4-dimensional action
in the framework of the Galilean model given by

R
S=/¢_—g‘4 <5+K<¢,X>—G(¢>,X> D¢>) d'x. (5)

Here, the quantity g4 corresponds to the determinant of the
space-time metric g,,, R denotes the Ricci scalar and X =
—g""9,¢0,¢/2. The scalar field is denoted by ¢ and the
quantities K and G are arbitrary functions of X and ¢.

By assuming a spatially flat Friedmann Robertson Walker
(FRW) metric and a homogeneous scalar field ¢ = ¢(¢),
then the modified Friedmann equations can be written as

3H> + K +¢*(Gy — Kx) —3HGx ¢’ =0, (6)
and

2H +3H> + K — ¢*(Gy + Gx¢) =0, @)
where H = % corresponds to Hubble rate and a denotes

the scale factor. In the following, we will consider that the
dots denote differentiation with respect to cosmic time and
the notation Ky denotes Kx = 0K /dX, while Kxx corre-
sponds to Kxy = 82K /9X?, and Gy means Gy = 0G/0¢,
etc.

From variation of the action (5) with respect to the scalar
field we have

3HGx ¢* + (2;|:3HGXX ¢* — $*(Gyx — Kxx)

+6HGx ¢ — 2G4 + Kx}

+3HGyx $> + $*(OH?Gx — Gy + Kpx)
—Ky —3H$(2G4 — Kx) = 0. ®)

In the specific cases in which the functions K = X — V (¢)
(with V(¢) being the effective potential for the scalar field)
and G = 0, general relativity (GR) is recovered.

In order to study the model of G-inflation from different
inflationary expansions, we will analyze the specific case in
which the functions K (¢, X) and G (¢, X) are given by

K@, X)=X—-V(¢), and G(¢.X)=g@ X", (9

respectively. Here, the coupling g(¢) is a function that
depends exclusively on the scalar field ¢ and the power n

is such that n > 0. Also, in the following we will assume a
power-law dependence on the scalar field for the coupling

g(@)=vyo", (10)

where the parameter y and the power v are both real,
with ¥y > 0. Thus, the function G(¢, X) is defined as
G(¢, X) = y ¢* X" and then the Galilean term in the action
is G(¢, X)Op o ¢V X" Ulp. We mention that for the partic-
ular case in which v = O1i.e., g(¢) =const., and therefore the
function G (¢, X) o« X" was already analyzed in Ref. [64]
for the specific model of intermediate inflation.

Following Ref. [47], we will consider the model of G-
inflation under the slow-roll approximation. In this sense, the
effective potential dominates over the functions X, |Gx H 3
and |Gy X|. Thus, under this approach, the Friedmann equa-
tion given by Eq. (6) can be approximated to

3H? ~ V(¢). (11)

By assuming the slow-roll approximation, we can introduce
the set of slow-roll parameters for G-inflation, defined as [47]

KxX GxdX Gy X
8X = ?7 SGX = H s 8G¢ = 77
H ¢ _ 8¢
&1 27 €2 - = _8()5’ €3 = ——,
H Ho gH
Xn-‘rl
and €4 = 1 iy (12)
Vo

From the parameters defined above and combining with the
Friedmann equations (6) and (7), the slow-roll parameter &1
can be rewritten as

€1 :5X+38GX_28G¢—8¢>5GX- (13)

Now, from the functions K (¢, X) and G(¢, X) given by
Eq. (9) and considering the slow-roll parameters from
Egs. (12) and (13), the equation of motion for the scalar field
read as

3HP(1 —€2/3) + 3ng X" "H?$>(3 — &1 — 2ner)

+3g X" H? G [(n—1D)es+(n+1)ezes /3] = —Vy (1-2e4).
(14)

In the context of the slow-roll analysis, we are going to con-
sider that the slow-roll parameters |e1], |e2], |€3], |€a] < 1,
see Ref. [47]. In addition, we can define other three slow-
roll parameters that are of second order in 1 and these are
given by dg¢x = G’¢XX2/H2, 3Gy = G’¢¢(]‘5X/H3, and

@ Springer
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dcexx = G gpxxX 3 /H 2 respectively. Then, the slow-roll
equation of motion for the scalar field, given by Eq. (14), can
be approximated to

3HH( +A) ~ —Vy, (15)

where A is a function defined as

A=3H¢Gx =3ng@) X" 'Hp =3ny ¢" X" 'Hé.
(16)

From the slow-roll equation (15), we may distinguish two
opposite limits. First, we have the limit | A| << 1, which corre-
sponds to the standard slow-roll equation in GR for the scalar
field. However, when |A| > 1, the Galileon term modifies
the equation for the scalar field, and hence its dynamics. In
this context, we are interested in the latter limit in which the
Galileon effect changes the field dynamics. Then, by com-
bining Eqgs. (11) and (15), we find that the scalar field can be
written as

¢v (b2n+1 _ 2n(_H) 2n +1 ngrlrv

3ny H' 2n+1+v

on ﬁ —H\ 1
Go) [ (G) e o

Note that this expression for ¢ (¢) could be expressed explic-
itly in terms of the cosmic time ¢ for any model and, in par-
ticular, for any scale factor a(¢) or Hubble rate H (z).

From Eq. (17) we obtain that the function A can be rewrit-
ten as

2n—1

3ny AR T
= G > 1. (18)

A= 2n—1

[2"(—1?)
3ny H

Here, we have used the Friedmann equation given by (11).

On the other hand, the analysis of the cosmological pertur-
bations in G-inflation was developed in Refs. [44,47]. In the
following, we briefly review the basic relations governing the
dynamics of cosmological perturbations in the framework of
G-inflation. In this context, the power spectrum of the pri-
mordial scalar perturbation Pg in the slow-roll approxima-
tion can be written as [44,47]

H?q,”

Ps=—"35 (19)
8r2e/

where the quantities g; and ¢, are defined as

qs = 8x +28xx +63Gx +65gxx —28G4 » (20)

@ Springer

and
Kxx X2
gy = 8x +406x — 280Gy, where Sxx = )Z(z ,
GxxdX?
and Sgxx = % @21)

Here, we mention that the scalar propagation speed squared
is given by c% = % In this form, assuming the functions
given by Eq. (9) and using the slow-roll parameter €3, we
find that the parameters g, and &, are rewritten as

X €3
0= g1 A= 5a)]
€3

X 4
and & = = [1 34 (1 - Eﬂ . 22)

From Eq. (19) and considering the above parameters, the
scalar power spectrum in the slow-roll approximation results
[44,47]

P~ HA(1 42042 V31 + A1+ 20A4)12
ST 8aIX(1+4A/3)77 T 1222V2(1 + 4A/3)
(23)

and the scalar propagation speed squared becomes ¢> =

s
% < 1, where the power n is such that n > 2/3. In the
limit A > 1, the scalar power spectrum, given by Eq. (23),

becomes approximately

N 3H*/6n N Jon V3 A
T o6dn2XA T 32n2Vq§ '

Ps (24)

Also, the scalar spectral index ng associated with the tilt
of the power spectrum, is defined as ng — 1 = d In Ps/d Ink.
Thus, from Eq. (23), the scalar spectral index under the slow-
roll approximation can be written as [44,47]

ng >~ 1— b +2_TI+£
T 1+A 1+A H
|: 2 n B 2 ] 25)
“ITF AT T520A " T444/3] (

where € and 7 are the standard slow-roll parameters, defined
as

1(Ve)? Vs
=—(=22) ., d n=-22 26
¢ 2(V) wmd =% 26)

respectively. Here, we observe that in the limit A — 0
(or equivalently g — 0), the scalar spectral index given
by Eq. (25) coincides with the expression obtained in GR,
where ny — 1 >~ —6¢ + 27. In the limit | A| >> 1, where the
Galileon term dominates the inflaton dynamics, the scalar
index ng results
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N 6e 2n A
ng ~ 1 A+A+H.A' 27
On the other hand, the tensor power spectrum in the frame-
work of G-inflation is similar to standard inflation in GR,
where the amplitude of GWs have a tensor spectrum Pg
given by [44,47] Pg = # In this sense, the tensor-to-
scalar ratio, defined as r = Pg/Ps, in the framework of

G-inflation under slow-roll approximation can be written as

_ P _ [ (1+4.A/3)%? ]
" s T LU A2 2 )2 |

(28)

Again, we note that in the limit A — 0, the tensor-to-scalar
ratio coincides with the expression obtained in standard infla-
tion, where r >~ 16¢. Now, by assuming the limit | A| > 1,
the tensor-to-scalar ratio r is approximated to

42 16¢
.~

SR m A (29)

Thus, at least in principle, Galileon inflation becomes phe-
nomenologically distinguishable from standard inflation,
where c = 1. On the other hand, an eventual detection of
non-Gaussianities (NG), roughly measured by the non-linear
parameter fun, could break the degeneracy among the sev-
eral inflation models and also enables to us to discriminate
between single-field inflation and other alternative scenarios
(for acomprehensive review see, Refs. [66,67]). In particular,
for the simplest model of inflation, consisting in a single-field
with a canonical kinetic term and a smooth inflaton potential,
the predicted amount of NG is such that f; <« 1 [68-70].
Going further the previous properties may result in a large
amount of NG, | fy | > 1, and current observational results
fve S 0O10) [71].

Regarding the shapes of NG, it can be determined sev-
eral types which depend on the magnitudes of the wave vec-
tors ki, k2, and k3, in the Fourier space with the constraint
ki1 + ky + k3 = 0 [72]. For example, multi-field inflation
[73] and curvaton scenarios [74] give rise a bispectrum that
has a maximum in squeezed configuration or local shape
(i.e. for k3 K k1 =~ kp) [75,76]. In particular for non-
canonical kinetic terms, the NG are well described by the
equilateral (i.e. k; = k» = k3) and ortogonal shapes (i.e.
k1 = 2ky = 2k3) [77,78]. An important linear combination
of the equilateral and ortogonal shapes give rise to the so-
called enfolded shape and this combination was determined
from Planck data in Ref. [71].

Following Ref. [79], the several expressions for non-linear
parameter f; have been calculated for the local, equilateral,
orthogonal, and enfolded configurations in the Horndeski’s
most general scalar tensor theories become

frocal — —2(1 —ng), (30)

1 85 1 0p 20
INL = 5z (1 - —) —3rx t sre, 6% +6xx)

324 c? 81X 8le
65
+——d6x, 31
162c52, & ox b
259 1 1 1
ortho
INL™ = 1296 ( c%> F o T 3, (o HooxN)
65
L 32
162c2e, X 2
fenfold _ 1 1— i Lu + —(SGX +dcxx), (33)
NL 32 c? 16 =

respectively. Here, the expressions for i« and ¥ are given by
Egs. (3.11) and (3.12) in reference [79] by setting P (¢, X) =
K¢, X), G3(¢, X) = G(¢, X), and G4 = G5 = 0. From
Egs. (31) and (32), the enfold shape (33) is obtained as fol-
lows

fenfold fortho (34)

( feqml
Regarding the current observational constraints on primor-
dial NG, by combining temperature and polarization data,
Planck collaboration has found that [71]

floeal — 08450 (68%CL), 53)
el _ 4443 (68%CL), 0
otho _ 06401 (68%CL), 7

and by using Eq. (34), the current observational constraint
on fﬁ,‘g"ld becomes

enfold — 11 £32  (68% CL). (38)

For our model, in which the functions K (¢, X) and
G(¢, X) are specified by Eq. (9), we have that K xyx =
K,XXX = 0, G,¢X 75 0 and G,¢XX 75 0. Then, by con-
sidering that 5G4 x and §g¢x x are of second order in €y, the
expression for u (Eq. (3.12) in Ref. [79]) reduces to

w=H*Scx + 556xx +286xxx%), (39
where

G hX3
Soxxx = PT (40)

Note that our expression obtained for u coincides with those
obtained in Ref. [64]. Now, by considering that §xx = 0 and
3G¢ # 0, the expression for X (Eq. (3.11) in [79]) becomes

% = H*(8; +686x +636xx — 28G4)- (41)
Considering that G (¢, X) = g(¢) X", from the third slow-

roll parameter in Egs. (21) and (40), we obtain the relations
doxx = mn — Dégx and dgxxx = (n — )(n — 2)égx. In

@ Springer
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addition, by using Eqgs. (9), (12), (16), (22) and the expres-
sions (39) and (41), the non-linear parameters for the equi-
lateral, orthogonal, and enfolded configuration for our par-
ticular Galileon model reduce to

equil E 2-3nm)A
NL 7162 3+4A4
A |: 10n(1 — 2n) 60n
+— +
Whitoma(i-g) 3+44(1-2)
585(1 4+ 2n.A) } 2)
23 + 4.4) (3 +4A( = 2))
ortho __ @ (2-3mA
NE ™ 648 3444
_i[ n(l —2n)
Bola(1+2ma(1- =)
n 3n
2(3+44(1- %))
585(1 + 2nA) } @3)
(B rad (3+44(1- )
enfold __ i (2-3m)A
NE 716 3444
+£[ n(l —2n)
24 2(1 +2nA (1~ ;—32))
" ] (44)
3+aa(1- )]
o 9o\ 1/2
where the slow-roll parameter €3 is given by €3 = % 7(1— ,

since that g(¢) = y¢" (see Eq. (10)). Note that for the par-
ticular case in which €3 = 0, i.e., G(¢, X) does not depend
on ¢, and Eqgs. (42)—(44) reduce to those obtained in [64].
Assuming that the parameter n > 1 and the slow-roll
parameter €3 during inflation becomes €3 < 1, then the ratio
6 =3 & 1. Thus, during the Galileon dominated regime in
which A > 1, the NG parameters (42)—(44) reduce to

cquil (275 865
— (2R (2% 45
It (972) (3888 " )
97 1163
ortho
(=) (== 46
Ini (486> (7776)”’ (46)
1 7
enfold
Y L D 47
NL (24) (192)” “7)

Here we observe that these expressions take the same form
as those obtained in Ref. [64].

Also, we find that the square of the speed of sound in this
regime becomes cs2 = ln Note that this speed only depends
on the power 7 in the Galileon dominated regime. In this way,

for values of n > 1 the speed of sound is reduced to ¢ < 1,

@ Springer

yielding values for NG such that | fx 1| 2 1, as it can be seen
from Eqgs. (45)—(47).

In the following, we will study three different inflationary
expansions; the intermediate, logamediate and exponential in
the framework of G-inflation. In order to study these expan-
sions we will assume the Galilean effect predominates over
the standard inflation, i.e., in the limit | A| > 1.

3 Intermediate G-inflation

Let us consider a scale factor that evolves according to Eq. (1)
or commonly called 1ntermed1ate expansion. Here, the Hub-
ble rate is given by H(t) = f , and from Eq. (17), we find
that the scalar field as a functlon of cosmic time becomes

n v n —_— n v n
5(t) = 2n+1+v T 21 = f) e [2n431+v+co7
2n 3ny
(48)

where C( corresponds to an integration constant, that without
loss of generality we can take Cyp = 0. Thus, the Hubble rate
as function of the scalar field ¢ becomes

H(¢p) = k f ¢ (1- f)lu

1

where the constants k; and w1 are defined as

2n+1

= 2n 2n 3ny w
R\ Py Qi »a-n)
2n+1+v
and pu; = ———,

2n

respectively. From the Friedmann equation (11), the effective
potential in terms of the scalar field can be written as

A2 f
V(p) = 3|: s f):| ¢—2(1—f)#1, (49)

which has an inverse power-law dependence on the scalar
field, hence does not have a minimum.

In the cosmological context, the effective potential char-
acterizing the canonical variables of the cosmological pertur-
bations promote that the comoving scale leaves the horizon
during inflation. For models that have a standard reheating,
this will correspond to around 60 e-folds before the end of
inflation. However, during intermediate inflation the infla-
tionary expansion never ends and the model presents the
graceful exit problem. Equivalently, from the point of view
of the potential V (¢), we observe that this effective potential
does not present a minimum, wherewith the usual mecha-
nism introduced to achieve inflation to an end becomes use-
less. As it is well known, the standard reheating is described
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by the regime of oscillations of the scalar field. Since we
do not know how the inflationary epoch ends in interme-
diate law for the cold stages, one cannot draw any further
conclusions for this purpose, because the number of e-folds
to address the end of inflation is unknown. A methodology
used in Refs. [64,65] in order to solve this problem con-
sists in introducing a determined time which corresponds to
unspecified reheating mechanism that triggered to stop infla-
tion. Here the number of e-folding at the moment of horizon
crossing is approximately 60 e-folds and the number of e-
folds to unspecified reheating mechanism becomes zero.

In the following we will consider the approximation made
in Refs. [24-26] in order to calculate the number of e-folds
and the other cosmological parameters. Following Refs. [24—
26] the number of e-folds N between two different cosmic
times #; and #, or, equivalently between two values of the
inflaton field ¢ and ¢, is given by

5]
N = Hdt =

5l

f) Akf (¢fm (]5l‘fﬂl).
(50)

Here, we have used Eq. (48).

In order to determine the beginning of inflationary phase,
we find that dimensionless slow-roll parameter 1 = &1(¢),
is given by

1 - _
alz(A—ff> kI (51)

In this sense, the condition for inflation takes place is given
by €1 <1 (or equivalently @ > 0), then from Eq. (51) the

scalar field is such that ¢ > (—ff) i k“l during inflation.
Since inflation begins at the earliest possible scenario (see
Fig. 1), that is, when the slow-roll parameter &1 (¢ = ¢1) =
e1(¢p1) = 1 (or equivalently & = 0), then the scalar field at
the beginning inflation ¢ results

1
(= f\TE

We note that during the intermediate expansion the slow
roll parameter ¢ in terms of the number of e-folds N can be
written as

H 1—f

=T TR ST

(53)

This suggests that the inflationary epoch begins at the earli-
est possible stage when the number of e-folding is equal to
N = 0 (unlike Ref. [64]), in which the slow roll parame-
ter 1 = 1 [24,25]. In this context, in the following we will

evaluate the cosmological observables in terms of the num-
ber of e-folds N which have took place since the beginning
of inflationary epoch, where the number of e-folding at the
moment of horizon crossing is approximately 50-70 e-folds.
Also, note that for large N such that N > 1, the slow-roll
parameter £; — 0 and inflation never ends in the cold mod-
els of intermediate expansion for the case of a single field
(inflaton).

In relation to the initial value of the Hubble parameter,
we have that H(f) = Af/t'~/ and the slow-roll parameter
e1(t) = 1 f 221+~ Thus, we find that at the earliest possible
stage in Wthh e1(t = t1) = 1, the Hubble parameter at
beginning of inflation becomes

1/f
H(t = 1) = Hy = — 2D

(1= pHa=nire (54)

where the initial value of H; < 1 (in units of Planck mass)
from the classical description of the universe. Here we note
that the initial value of the Hubble rate H; depends on the
values of the parameters f and A.

In order to satisfy the condition A > 1, we write the

parameter A in terms of the number of e-folds N as

[ B e
[L]ﬂw T 1T > 1, 59)
L+ f(N=1) |

where Ay = ;;’,Vl [ 2 ]Z"H and the scalar field ¢ (N) is
defined as

¢(N) — (%ﬁ) 2n+1+v <w) 2)‘l+]+\)
n 3ny
[M} it . 56
Af

Here, we have used Eqs. (48), (50) and (52).
On the other hand, the scalar power spectrum Pg in terms
of the scalar field reads as

3,3
3V3n  A°f k3D g -C=3nm (57)
32722 = f) ! ’

Ps(p) =

where we have used Eqgs. (24) and (48), respectively. Now,
from Egs. (50), (52) and (57), we can write the scalar power
spectrum as function of the number of e-folds N in the form

2-3f
7

Ps(N) =

3,3
3V/3n Af[ Af } (58)

2220 =f) L1+ f(N -1

@ Springer
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Similarly, the scalar spectral index ng can also be expressed
in terms of the number N as

2-3f

(59
Here, we noted that the scalar spectral index given by Eq. (59)
coincides with the obtained in the standard intermediate infla-
tion [26]. Thus, for the special case in which f = 2/3, the
scalar spectralindex ny = 1 (Harrison-Zel’dovich spectrum).
In particular, assuming that the number of e-folds N = 60
and the spectral index ng; = 0.967, we obtain that the value
of the parameter f results f = 0.398 >~ 0.4.

From Eq. (29), we find that the relationship between the
tensor-to-scalar ratio r and the scalar spectral index n results

6421 = )1 —ny)
33 (2-3f)

Here, we note that the consistency relation r(n;) given by
(60) depends on the parameter n through slope 1/4/n, when
compared to the results of r(n) in the standard intermediate
model (recalled that n > 2/3). Thus, this dependence in the
consistency relation (o< n~1/2) is fundamental in order to
the theoretical predictions enter inside the allowed region of
contour plot in the r — ng plane imposed by BICEP2/Keck-
Array data, resurrecting the intermediate inflation model.
From BICEP2/Keck-Array results data that the ratio r <
0.07, we find a lower bound for the power n given by
n > 61912(1 — £)*>(1 — ny)?/(2 — 3£)?. In particular, for
the values f = 0.4 and ny = 0.967, the lower limit for n
yields n > 38. Also, we note that from Eq. (58), we can find

r(ny) (60)

) 2
, with f;ég.

2 —

Fig. 1 The dependence of the slow-roll parameter £ on the scalar field
¢ (left panel) and the contour plot for the tensor-to-scalar ratio r versus
the scalar spectral index ny (right panel). In left panel, we show that
the inflationary epoch never ends, since 1 — 0 for large ¢. In right
panel we show from BICEP2/Keck Array Collaborations data, the two-
dimensional marginalized constraints (68% and 95% confidence levels)

@ Springer

a constraint for the parameter A of the intermediate model
for given values of f and the power n, when the number
of e-folds N and the amplitude of the scalar power spec-
trum Pg are also given. Thus, in particular for the values
Ps =22x 1072, N = 60 and f = 0.4, we found that for
n = 38, A becomes A = 0.26, while for the case n = 55,
we found that A = 0.25. In relation to the initial value of
the Hubble parameter H;, we find by considering Eq. (54)
that for the value n = 38, (where A = 0.26 and f = 0.4)
corresponds to H; = 7.5 x 1073 (in units of Planck mass)
and for the case in which n = 55 (in which A = 0.25 and
f = 0.4) we have H; = 6.8 x 1073 In addition, from the
condition.A >> 1 givenby Eq. (55), we are able to find alower
bound for the parameter y, for different values of the param-
eter v, when the number of e-folding N, f and n are given.
Here, we mention that the parameter 4 satisfies the condition
A=3ng(@X" "H¢ > 1as g(¢) > BnX""'H¢) . In
order to give an estimation for the coupling parameter g, we
have that typically after of started the inflationary epoch, the
Hubble rate H ~ 1075 and ¢ ~ 1073, thus we find that
the coupling g has a lower bound given by g(¢) > 10%% for
n ~ 40. This suggests that the coupling g (¢) musthave a very
large value as lower bound (googol*). In particular for the
N =60, f = 0.4 and n = 38, and since that g(¢) = y¢",
we find that for the case v = 1, the lower limit is found to
be y > 8 x 10%%3, while for v = 0 (or equivalently g(¢) =
const.) we have that y > 10**_ Finally, for the case v = —1
(or g(¢) < ¢~ 1), we found that y > 10405,

In Fig. 1, the left panel shows the evolution of the slow-
roll parameter ¢ in terms of the scalar field ¢, while the
right panel shows the contour plot for the consistency rela-

T T T T T
0.25 |- Planck TT+IowP-+lensing+ext 7]
GR +BK14
""" n=38
0.20 - -
"""" n=55
0.15 |- -
o~
S
<2
0.10 |- -]
0.05 -
R .
0.00 - =
0.95 0.96 0.97 0.98 0.99 1.00
ns

on the consistency relation r(ns) [22]. In both panels and from left to
right, dotted and dashed and lines correspond to the cases where the
power n takes the values n = 55 and n = 38, respectively. Finally, the
solid line corresponds to the standard intermediate model. In these plots
we have used f = 0.4
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tion r(ng). In both panels, we consider the cases where the
power n has two different values in addition to the standard
intermediate model. Here we have used the value f = 0.4.In
order to write down values for the slow-roll parameter 1 (N)
and the ratio r = r(ny), we have used Egs. (50), (51) and
(60), respectively. From left panel we show that the infla-
tionary epoch never ends in the G-intermediate model (in the
same form as it occurs in standard intermediate model), since
during inflation the slow-roll parameter €1 always is e < 1
and tends to & — 0 for large ¢, see Fig. 1 (left panel). In
this sense, we consider that inflationary stage begins at the
earliest possible scenario when €1(¢ = ¢1) = 1, where ¢
is given by Eq. (51). Here, we have shown that the authors
of Ref. [64] committed a mistake when they computed the
time at which inflation ends in the intermediate G-model,
since inflation never ends. As it can visualized from right
panel of Fig. 1, for values of the power n satisfying n > 38,
the model is well supported by the data. Also, we noted that
when n >> 1, then the tensor-to-scalar ratio » ~ 0.

On the other hand, the predictions for the intermediate
model regarding primordial NG, for the particular case n =
38, we find that the values of fj in the cases; equilateral,
orthogonal, and enfolded configurations become fy; cquil _
—8.17, foiho — 548, and fenfold = 134leqwawdy
Finally, for n = 55, we have that ff3"! = —11.95, forthe —
—8.03, and fy} enfold — _1 96, respectively. Here, we check
that the prlmordlal NG | fyr 12 1. In this sense,

these values are within the current observational bounds
set by Planck.

4 Logamediate G-inflation

Now, we consider the situation in which the scale factor
evolves according to logamediate inflation, given by Eq. (2).

Here, the Hubble rate H (¢) becomes H (t) = B)»M, and
from Eq. (17), we find that the scalar field ¢ (¢) results

2n+1 1 n
5() = 2n+ 1+ v\ 2t /21 \ Zntlo ([% B 1) S .
2n 3ny

(61)

By assuming the slow-roll equation (11), we have that the
effective potential in terms of the scalar field is given by

V() = Vo(l+k ¢") 5 In(1 + k"2, (62)

where the constants Vp, k and u; are defined as

2n 3]1)/ 2n+1
=3t k= (5000 ) (5)

respectively. For the logamediate expansion in the context of
G-inflation, the number of e-folds N between two different
values of the scalar field ¢; and ¢, is written as

2n »
B
2n +1

(In(1 + k2 pS )1 = [In(1 + k2 ¢{)1*]) . (63)

N = B[(nt)* — (Int)*] =

Here, we have used Eq. (61).
As before, we write A(N) in order to satisfy the condition
A > 1. Thus, we have that A(N) becomes

= Ao BALE(N)P ezt EM [ (N)] 25T > 1,
(64)

A(N)

where the field ¢ (N) and the function E(N) are defined as

1
2n+14+v 2n+1+u 2%\ 2n+T+v
¢N) =\ —F5—"
2n 3ny

2n+1

(823:—1 EW) 1)m ,
and
_ N INET
Q(N)=|:E+<E> :| )
respectively.

For the dimensionless slow-roll parameter €1 in the loga-
mediate G-inflation, we have that

el = (ﬁ> <2n Z 1) [n(1 + ky ¢#2)]' 72,

and in order to get an inflationary scenario (¢; <1), we have
-1

1
that the scalar field ¢ > k,? (exp [2n+1 (BA) T ] - 1) =y
As before, if the inflationary stage begins at the earliest pos-
sible epoch, where the slow-roll parameter €1 (¢ = ¢1) = 1,
then we obtain that the field ¢ is given by

=1 2n
:kl‘-Z
=k <eXp[2n+1

For this expansion, the Hubble rate H(¢) is given by
H = BA(In t))‘_l/t and the slow roll parameter €1(¢) =
(BA)~'Ins'~*, thus we find that at the earliest possible
stage in which &1(t = #;) = 1, the Hubble parameter
at beginning of inflation becomes H(t = t;) = H =
exp[—(1/B1)!/*=D], and this initial rate depends exclu-
sively on the associated parameters B and A of the scale
factor.

i Tic
(B,\)m} - 1) . (65)

@ Springer
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On the other hand, as before we find that the scalar power

spectrum Pg as function of the number of e-folds reads as
1
.
NI —2[%+(ﬁ) ]
——=B")\¢
327242
30.—1)

N [ 1\
“|B 7 (a)
Here, we have considered Eqs. (24), (65) and (63).
Now, from Eqs.(27), (63) and (65), we find that the scalar

spectral index n is related to the number of e-folds N through
the following expression

Ps(N) =

(66)

\ —=D
[ b 1\~ | *
=157 E*(ﬁ)

Note that this expression for the scalar spectral index coin-
cides with the obtained from logamediate inflation in GR
[27].

In a similar fashion as we did before, we find that the
consistency relation r = r(ny) is given by

(67)

3272

r(ng) = 3\/5(1 ng). (68)
As in the previous case of intermediate G-inflation, we noted
that the relation » = r(ng) given by (68) strongly depends
on the power n, when we make the comparison with the
results of r(ng) in the standard logamediate model in the
framework of GR. In this sense, the dependence on the power
n is crucial in order for the theoretical predictions of the
model to enter in the allowed regions of the contour plot
in the r — ng plane. We also note that, for large values of
the power n such that n > 1, the tensor-to-scalar ratio r
tends to zero. From BICEP2/Keck-Array data, we have that
r < 0.07, then we find a lower bound for the power #, given
by n > 15480(1 — ny)?. In particular, considering that the
scalar spectral index takes the value n; = 0.967, the lower
limit for the power n yields n > 17.

Also, from Eqgs. (66) and (67), we may find a constraint
for the parameters B and A, appearing in the logamediate
model, when the power n, the number of e-folds N, the power
spectrum Pg as well as ng are given. Particularly, for N = 60
and considering the observational values Ps = 2.2 x 107
and ny = 0.967, we found the values B = 6.2 x 10716 and
A = 14.6 when the power n is fixed to be n = 17. On the
other hand, for the case when n = 30, we obtain the values
B = 3.9 x 1071 and A = 14.7. In order to determine the
initial value of the Hubble rate H;, we have that for the case
n =17, where B=6.2 x 107 and A = 14.6 , we find that

@ Springer

T T T
0.25 |- Piynck TT+lowP+lensing+ext 7}
GR +BK14
""" n=17
020 - s n=30 7
0.15 ]
o
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o
S
0.10 —
0.05 - 1
0.00 L M
0.95 0.96 0.97 0.98 0.99 1.00
ns

Fig. 2 The contour plot for the tensor-to-scalar ratio r versus the scalar
spectral index ng, for the logamediate expansion in the context of G-
inflation. In this plot and from left to right, dotted and dashed lines
correspond to the cases when the power n has the values n = 30 and
n = 17, respectively. Solid line corresponds to the standard logamedi-
ate inflation model. Here, from BICEP2/Keck Array Collaboration, the
two- dimensional marginalized constraints (68% and 95% confidence
levels) on the consistency relation r(ng) [22] are shown.

H; = 2.1 x 10~ (in units of Planck mass) and for the case
in which n = 30 corresponds to H; = 1.8 x 107>,

Besides, considering the condition A > 1, given by
Eq. (64), we find a lower bound for the parameter y as in
the case of intermediate inflation, by assuming different val-
ues of the parameter v, when the number of e-folding N, A
and the power n are given. In particular, by fixing N = 60,
A =14.6,n = 17, for v = 1 the lower limit on y is found to
be y > 5 x 10'8!, while for v = 0 (or equivalently g(¢) =
constant) we have that y > 6 x 1082, Finally, for v = —1
(or g(¢) ¢_1), the lower limits yields y > 6 x 10183,

In Fig. 2, we show the contour plot together with the con-
sistency relation r (ny). In this panel we consider two differ-
ent values of the parameter n in the G-logamediate model
and also we show the standard logamediate model. Here
we have used the corresponding pair of values (B,A) for
a given value of the power n. Note that for values of the
power n satisfying n > 17, the model is well supported
by current data, as it can be seen from Fig. 2. Moreover,
as in the intermediate model, for large values of the power
n > 1, the tensor-to-scalar ratio r ~ 0. Also, by consid-
ering the lower bound on n for this model, the predicted
values for fy in the equilateral, orthogonal, and enfolded

configurations become ,f,qLuﬂ|n:17 = —3.50, fj?,rzholn:n —
—2.34, and f/%“LfOld|,,:17 = —0.58, respectively. We also

mention that for values of n > 29, the primordial NG
|fvr| 2 1. Thus, for values of n > 17, we find that param-
eter | fyr| is in well agreement with current observational
data.
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5 Exponential G-inflation

Now, we study the case in which the Hubble rate is given by
H(t) = ae P’ where the parameters  and 8 are positive
constants. From Eq. (17) we obtain that the scalar field ¢ as
function of the cosmic time becomes

n v n ﬁ
o) = (1Y R ETACE 69)
2n + 1 3ny

From the Friedmann equation (11), we find that the effective
potential in terms of the scalar field can be written as

V(g) = Vie ko™,

where the constants k3 and w3 are defined as

2n + 1 3ny i 2n+14v
k=77 ,oand pz = ——— =,
2n+1+v 2nB

respectively.
For this Hubble rate, the number of e-folds N between
two different values of the scalar field ¢; and ¢, results

with V| = 30{3,

N= [ Hdr=% [t - b
1 ,3

— /3 [ —Bk3d? _ —ﬂk3¢>ﬂ3:|. (70)

A as function of the number of e-folding N can be written
as

AN) = Ag BFH (N + D[$(N)]5 > 1, (71)

where the scalar field ¢ (V) reads as

U140\ TR 2B\ T
- 2n+1+v
2n +1 3ny

st
([aen]) ™
B(N +1)

Unlike the intermediate and logamediate inflation mod-
els, this Hubble rate addresses the end of the accelerated
expansion. In this sense, considering that inflation ends when
&1 = 1, where the slow-roll parameter £ is given by

¢(N)=(

e = 2 exp(pis o),

we have that the scalar field at the end of inflation, given by
£1(¢p = ¢2) = 1, becomes

— (Bk3)™ [In(a/B)17 .

Since during the exponential expansion, the inflationary
scenario ends, then the Hubble rate H(z) is given by
H = «aexp[—pt] and the slow-roll parameter ;(t) =
Bexp[Bt]/a. Thus, we find that at the end of inflation in

which €1(¢t = ) = 1, the Hubble parameter at this time
becomes H(t = tp) = Hy = B.

Also, from the condition for inflation to oc?ur in Which1
g1 <1, thenthe scalar field becomes ¢ < (Bk3) "3 [In(a/B)]%5.
As before, we can express the the amplitude of the scalar
power spectrum Pg in terms of the number of e-folding N

as

3v3 3
Ps(N) = ————=B(N+1)”, (72)
N
and the scalar spectral index ng (N) results ng(N) = 1— Niﬂ

Also, we find that the consistency relation r = r(ny) in this
scenario can be written as

r(ng) = zf/—\/—_(l ng). (73)

As in the previous models of intermediate and logamediate,
we observed that the consistency relation r = r(n;) given
by (73) also strongly depends on the power n. As before,
the introduction of the power 7 in the model is fundamental
in order to the theoretical predictions of this model enter
in the allowed region of the contour plot in the r — ng plane
from [22]. Assuming the BICEP2/Keck-Array, for whichr <
0.07, we obtain a lower bound for the power n, given by
n > 6880(1 — ny)>. In particular assuming that the scalar
spectral index ng is given by ny = 0.967, we find that the
lower bound for the power n corresponds ton > 7.

In addition, from the the amplitude of the scalar power
spectrum given by Eq. (72), we can find a constraint for the
parameter B, appearing in the Hubble rate, for several val-
ues of n when the number of e-folds N and the observational
value of the power spectrum Pg are given. Thus, particularly
for the values Ps = 2.2 x 1072 and N = 60, for the case
when the power n takes the value n = 8§, we found the value
B = 2.9 x 10713, As in the previous models, we can find a
lower bound for the parameter y from the condition A4 > 1
given by Eq. (71). In particular, for the values N = 60,
B =129x10""3 « = 1073 and n = 8, we obtain that
for the case in which v = 1 (g(¢)  ¢), the lower bound is
y > 3% 10'8! while forv = 0 (or g(¢) = constant) we have
that y > 6 x 1083, Finally, for the specific case in which
v = —1 (or g(¢p) ¢~ 1), we obtain that y > 1080, As
in the previous models, from the two-dimensional marginal-
ized constraints on the » — ng plane, this model becomes
well supported by the Planck data when the power n satis-
fies n > 7 (figure not shown) and then the model works.
We also mentioned that as the Hubble parameter at the end
of inflation, is given by Hy = g, then this rate at that time

2
% Here we have used Eq. (72)

and the fact that n > 6880(1 — ns)z. In particular, for the
values Ps = 2.2 x 107°, N = 60 and ny = 0.967, we have

becomes Hp <

@ Springer
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that the lower bound for the Hubble parameter at the end of
the inflationary epoch results H> < 3 x 10713 (in units of

Planck mass). In relation to the primordial NG, we obtain that
equil

for the lower bound of n, we have that fy; " |[,=7 = —1.27,
ortho|, 7 = —0.85, and fE0ld], _; = —0.21, respectively.

Thus, for values of the powern > 7, the non-lineal parameter
Jfnr is well corroborated by Planck data.

6 Conclusions

In this paper we have investigated the intermediate, logame-
diate and exponential inflation in the framework of a Galilean
action with a coupling of the form G (¢, X) o ¢¥ X". For
a flat FRW universe, we have found solutions to the back-
ground and perturbative dynamics for each of these expan-
sion laws under the slow-roll approximation. In particular,
we have obtained explicit expressions for the correspond-
ing scalar field, effective potential, number of e-folding as
well as for the scalar power spectrum, scalar spectral index
and tensor-to-scalar ratio. In order to bring about some ana-
lytical solutions, we have considered that the Galileon effect
dominates over the standard inflation, in which the parameter
A=3H qu x satisfies the condition A > 1. In this context,
we have found analytic expressions for the constraints on the
r — ng plane, and for all these G-inflation models we have
obtained that the consistency relation » = r(ng) depends on
the power n which is crucial in order to the corresponding the-
oretical predictions enter on the two-dimensional marginal-
ized constraints imposed by current BICEP2/Keck-Array
data. In this sense, we have established that the inflationary
models of intermediate, logamediate and exponential in the
framework of G-inflation are well supported by the data, as
could be seen from Figs. 1 and 2. In particular for the interme-
diate G-inflation, from the » —n; plane, we have found a lower
bound for the power n, given by n > 38. For the logamediate
model we have obtained thatn > 17 and finally, for the expo-
nential model we have got n > 7 as lower limit. Also, we
have found that for values of n > 1, the tensor-to-scalar ratio
r — 0. Also, from the amplitude of the scalar power spec-
trum Pg(N) and the scalar spectral index ny(N) as function
of the number of e-folds, we have found constraints on the
several parameters appearing in our models. Besides, consid-
ering that the Galileon effect dominates over GR given by the
condition .4 3> 1, we have found a very large value as a lower
limit for the parameter y. The reason for this is due that typ-
ically H ~ ¢ ~ 1073 « 1, then from the condition A > 1
suggesting g(¢) > (BnX""'H¢)~!, thus we have found
that g(¢) > BnX" "He)~! ~ O(10*0), e.g. for n = 40,
and for n ~ 10 we have got g(¢) > (3nX"’1H<13)’1 ~
O(10'9) (googol). In relation to the primordial NG, we have
found that for limit in which the Galilean dominated regime

@ Springer

i.e., A > 1, the non-linear parameter | fi; | n and it is
within the current observational bounds imposed by Planck
data.

In this work, we have determined that the intermediate,
logamediate and exponential models in the context of G-
inflation, are less restricted than those in the framework of
standard GR, due to the modification in the action by the
Galilean term G (¢, X)¢p o ¢V X" .

Finally, in this paper we have not addressed a mechanism
to bring intermediate and logamediate G-inflation to an end
and therefore to a study the mechanism of reheating, see
Refs. [28,80-82]. Also, we have not guided our investigation
on the non-canonical K-inflation terms in order to discern its
importance in relation to the cubic Galileon term for these
expansions. We hope to return to address these points for
these models of G-inflation in the near future.
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