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Q-balls in K-field theory
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We study the existence and stability of Q-balls in noncanonical scalar field theories, K (|®|?, X), where
@ is the complex scalar field and X is the kinetic term. We extend the Vakhitov-Kolokolov stability criterion
to K-field theories. We derive the condition for the perturbations to have a well-posed Cauchy problem.
We find that K y > 0 and K y + XK yx > 0 are necessary but not sufficient conditions. The perturbations
define a strongly hyperbolic system if (K x — 2¢"K xx)(K x + 20*$*K xx) > 0. For all modifications
studied, we found that perturbations propagate at a speed different from light. Generically, the noncanonical
scalar field can lower the charge and energy of the Q-ball and therefore improves its stability.
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I. INTRODUCTION

Q-balls are pseudolike particles that could be defined as
lumps of a singularity-free scalar field with finite energy.
They have been originally discovered in [1] and independ-
ently rediscovered in [2]. Contrary to solitons, they do not
have a topological charge but a Noether charge based
originally on the U(1) global symmetry, and therefore they
belong to the class of nontopological solitons. The scalar
field is captured in some region of space because of
nonlinear self-interaction, therefore forming a pseudolike
particle carrying charge and energy.

Q-balls can be produced via many mechanisms, which
makes them very interesting, in particular in cosmology.
Indeed, they could be produced from inflationary models,
such as natural inflation [3,4], where if a complex scalar
field with a global symmetry is spontaneously broken, we
end up with the inflaton as the goldstone boson and a
naturally flat potential due to the shift symmetry. Also in
supersymmetric extensions of the standard model (see,
e.g., [5]), O-balls emerge naturally where the global charge
could be assumed by the baryon or the lepton number.
For example, the Affleck-Dine mechanism [6,7] uses the
supersymmetric flat directions to generate baryogenesis.
In this context, some of these flat directions (scalar field)
can be parametrized as a complex field, which is in general
a condensate of squarks, sleptons, and Higgs field. This
condensate can be unstable and form Q-balls [8].
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Of course, the most interesting property of Q-balls is
their stability, because they could then be considered dark
matter candidates [9,10]. For that reason, it will be our main
focus in this paper along with some interesting properties
related to their existence. The analysis of the classical
stability was studied in [11,12] where they found that
considering a Q-ball of frequency @ and charge Q, stability
is similar to the condition dQ/dw < 0. It was shown in [13]
that the stability of gauged Q-balls is not related to this
condition. It would be interesting to see the extension of
this criteria to global charge Q-balls but in modified gravity
theories.

We will study three types of stability conditions that
appear in the literature [14], namely, classical stability as
we have previously mentioned, absolute stability, and
stability against fission [12].

In most of the papers, a canonical scalar field is assumed,
which appears naturally at low energies of various theories.
But studying Q-balls in the early universe might modify
this simple picture. Indeed, e.g., higher dimensions natu-
rally produce scalar fields with nonlinear kinetic terms
such as D3-brane [15] or in the context of braneworld
gravity [16]. Also in string theory, a rolling tachyon has a
Dirac-Born-Infeld (DBI) type of action [17]. It is therefore
natural to look to noncanonical scalar fields. Q-balls in the
DBI type of kinetic term was studied in [18] along with its
stability using catastrophe theory [19]. In this context, we
will study Q-balls in the context of a complex K-field also
known as K-inflation [20] or K-essence [21].

The plan of the paper is as follows. We introduce the
model before discussing the stability conditions encoun-
tered in the literature. In the next section, we analyze the
range of existence of the Q-balls and define the energy
conditions for these solutions. Finally, we will study
numerically the properties of the Q-balls before studying
the equation of perturbation. We analyze the strong
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hyperbolicity of these equations along with the stability of
the Q-ball before conclusions.

II. Q-BALLS

Let us consider the density Lagrangian

£ = K(|o]2. X). (2.1)

where K is a generic function of a complex scalar field @
and the kinetic term X = —0d,®0"®*. The equation of
motion is

V(K x0"®) + @K |op =0, (2.2)
where we have used the notation K 4, = 0K /0A.

The model admits a global U(1) symmetry with which
the associated Noether current is
J* = iK x (D D — D" D). (2.3)

This current is conserved 9, j* on-shell. The corresponding
conserved scalar charge (or total particle number) is

Q= / dBxj0 =i / BxK y (D" — dD*).  (2.4)

To obtain the energy, we define the canonical conjugate
momenta to the variables @ and ®*,

e =—=K (D*, 2.5
® =% X (2.5)
oL .
T — 0 — (D, 26
v ==Ky (2.6
so the Hamiltonian density is

H=ro® + 1o D — L =2|DPK y— K. (2.7)

The energy of the system is then
E- / Bx2/DPK y - K). (2.8)

We are looking for solutions that minimize the energy for a
given charge Q. For that, we define the functional

E,=E+w {Q —i / PrK (@D — dD*) [,  (2.9)

where @ is a Lagrange multiplier which enforces the given
charge Q. We have

Ew:wQ+/d3x[KX(2|Ci>|2—iw(d>d>*—de)*))—K]

—wQ+/d3x[KX|d>—ia)¢>|2—|—KX(|<i)|2—a)2|(I)|2) —-K].
(2.10)

In the case of a canonical scalar field, K = X — V(|®|?), we
have

E,=wQ + / Ex[|® — iw®|? — w?|D? + |V<1>|2

+ V(|®])], (2.11)
where we used that X = —9,®¢*®* = |O|> — |§’q>|2. We
can therefore conclude that for a given charge Q, the energy
is minimized when ® —iw® = 0, which means for
@(1,X) = ¢p(X)e' [12]. This simple argument for the
canonical scalar field cannot be easily generalized to the

K-field. But we observe that in the general case, if
O(1,X) = p(X)e'™,

E,= w0 - / dxK, (2.12)

which implies that the extrema of the energy (for a fixed
charge) coincide with the extrema of the action. Therefore
solutions of the following type ®@(7,X) = ¢(X)e'" extrem-
ize the energy. Even if we do not know of the existence of
other solutions that could also extremize the energy func-
tional, we will assume in the future for this paper this time-
dependent phase of the solution.

For a given model, the only parameter that characterizes
the energy E and the charge Q is the parameter . Therefore
we can consider that energy and charge are functions of ,
thus differentiating the energy, and we get

dE

d— = /d3x[2a}¢2K_x + 4603¢4K.Xx]. (213)
w

Performing the same differentiation of the charge Q, we

found

dE do

which extends to K-field results from [11]. When % =0,

also g—g =0, which corresponds to the existence of
extremum of the charge and the energy at the same time.

They will correspond to the cusps in the diagram E(Q).
When % # (0, we obtain

dE

0= (2.15)
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which corresponds to the generic relation found for a U(1)
Q-ball.

III. STABILITY

Usually, three different stability criteria are discussed in
the literature. The first condition considers that a given
Q-ball should not decay into smaller Q-balls, sometimes
referred to as stability against fission [12]. In that case, the
stability translates into

E(Q1 + O,) < E(Q)) + E(Q»), (3.1)

and if taking derivatives with respect to both charges (Q,
0,), we obtain the equivalent condition SZ—QE < 0; by using

Eq. (2.15) it reduces to % < 0. Notice the similarity with
the more generic Vakhitov-Kolokolov stability criterion
[22] (or spectral stability). Of course, because of Eq. (2.14),
we could equivalently consider g—g < 0.

The second stability criterion considers decay into free

particles of mass M = w/@. To avoid the decay of a

Q-ball into Q free particles with the rest masses M, we need
to consider E(Q) < MQ.

Finally, the last stability considers the time evolution of
small perturbations, the so-called classical stability that we
will analyze later.

Notice that from the catastrophe theory, a simple criteria
of stability has been proved [23]. Indeed, considering the
diagram E(Q), the lowest branch corresponds to the stable
soliton while the upper branch is unstable. This condition
will be found to be equivalent to the linear stability.

IV. EXISTENCE

In this section, we briefly summarize the conditions of
the existence of Q-balls. These conditions are obtained by
constraining the shape of the potential.

Considering a flat spherically symmetric spacetime, and
@ = ¢(r)e', Bq. (2.2) becomes

Kx(¢"(r) + %4;’(;») +@?p(r)) + ¢'(r)X'(r)K xx

1

with X = ?¢(r)? — ¢'(r)%.
Let us first consider the canonical case, namely
K = X —V(¢). The equation of motion reduces to

Vi9)

)+ 2B 0) o) - P =0, (42)

which can be written as

PO L IHO) Vi) =0 (@3)
with V(@) = (V(¢p) — 0*p?)/2. We see that the w® term
acts as a tachyonic contribution to the mass of the field,
which will produce solitonic solutions otherwise absent for
o = 0. Considering only solutions with finite energy, the
energy functional (2.8) E = [ d*x(¢/(r)? + @’¢* + V(¢h))
implies that (¢,¢') - 0 for r - o0 and V(0) =0 [we
assumed V(¢) > 0].

It is easier to use the analogy with a particle in
Newtonian mechanics, namely replacing ¢ - x and r—t
which gives ¥+2x+ W/ (x) =0, where W (x) ==V ().
Looking for a trajectory ¢(r) or equivalently x(), we need
to impose x(co) = 0 to obtain a finite energy solution.
Therefore, the problem reduces to classifying the different
trajectories of the equivalent particle giving finite energy. It
is easy to show [2] that we need to impose W/ (0) < 0 and
Wege(¢p) > 0 around ¢(r = 0). These conditions translate

into V”(0) > 2w? as well as min(%) < w?. Thus, non-

renormalizable potentials have to be considered and the
simplest could be V(¢) = m>¢p* — bgp* + A¢®. The pre-
vious constraints reduce to

2

b
2 2 2
— < w <m-.
4

0<m (4.4)

The positivity of m?> — b* /4 is imposed by demanding that
V(0) is a global minimum. In this paper, we will normalize
[24] the parameters such as A = 1 and b = 2 which implies
m > 1. Therefore we will consider m> = 1.1 which implies
0.32 < w < 1.05. The Q-ball will exist only in this range
of frequencies. It is important to mention that this range
will change for K-fields. For example, in a model where
K=X+aX?- V(¢), we have around r = 0, and using
the condition ¢'(r =0) =0, ¢"(r) + W.(¢p) ~ 0 with

m? — 2bg?* + 3¢*
1 + 2aw*¢?

Wi = 0’ — ¢. (4.5)
Therefore the condition W > 0 for some range of the
scalar field implies a different value for the minimum of w.
For our parameters, we found that with good accuracy,
Opmin = (1 + a/30)/+/10 while w,,,, remains unchanged.
Another important condition for the existence of the
Q-ball is the nature of the differential equation. We have an
equation
(Kx —2¢"K xx)¢" + F(¢.¢') =0.  (4.6)
To avoid singular points, we need to impose
K x —2¢"°K xx # 0. Therefore, for any model, smoothly
connected to the canonical case, K y — 2¢’2K,xx =1, we
should impose K y — 20K xx > 0. Considering the model
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K =X + aX? — V(¢?), we have 1 + 2aw’¢* — 6a¢” > 0.
Around the origin, we have ¢’ =0, which implies the
condition 1+ 2aw?@3 > 0 and therefore large negative
values of a will not be allowed.

V. ENERGY CONDITIONS

For these type of models, the fluid interpretation is not
suitable because the kinetic term does not have a definite
sign. But, it is mostly positive in the interior of the Q-ball
and becomes negative near the surface of the Q-ball.
Therefore, deep inside the Q-ball, we can use the hydro-
dynamical interpretation of the scalar field, by defining the
energy-momentum tensor

T,, = Kg,, + K x(0,20,®* +0,®*0,@) (5.1)

from which we define the energy density p =
2|®2K y — K = 2w0*¢(r)*K y — K, the radial pressure
P, =2¢'(r)*K x + K, and finally the tangential pressure
P, = K. These quantities can be converted into the pressure
P = (P, + 2P,)/3 and the shear force S = P, — P,. Notice
that the energy defined from E = [ d3xTy, corresponds
to Eq. (2.8).

The hydrodynamical approach helps to obtain easily the

energy conditions such as the strong energy condition
(SEC)

Kx >0, K+ (0*¢* +¢*)Kx >0, (52)
the dominant energy condition (DEC)
Ky >0, (0*¢* =P )Kx—K >0, (5.3)
500
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the weak energy condition (WEC)

Kx >0, 20°P*°K x — K > 0, (5.4)
and the null energy condition (NEC)
Kx>0. (5.5)

We notice that K y > 0 is common to all energy conditions.

VI. NUMERICAL ANALYSIS

As we have mentioned, Q-balls are finite energy objects
and therefore with a finite space extension, which imposes
the asymptotic condition ¢(c0) = 0. Therefore we have
used a shooting method for each value of the frequency w
with mixed boundary conditions ¢'(0) = 0 and ¢(c0) = 0.
In practice, we have integrated the system from r = 1073°
to some value, 7. and demanded that the solution
remains unchanged if we increase r,,,,. In Fig. 1, we have
considered the standard model K(X) = X — V(|®|?) with
the potential defined in Sec. IV. For lower frequencies, or
the thin wall limit, the scalar field is constant and at some
radius (often considered as the Q-ball radius) the scalar
field drops rapidly to zero, while for larger values of w, also
known as the thick wall limit, the scalar field is more
shallow. The latter will be unstable. In the same graphics,
we have represented the energy and the charge. The energy
and charge seem to diverge for the frequencies w,,;, and
®max- Also E(w) and Q(w) reach their minimum for the
same frequency, defining therefore a cusp in the energy vs
charge graphics. We show also the stability conditions of
the Q-balls. The stability criteria against decay is stronger
than the fission stability condition. In the (Q, E) plot, it is

N 200

150}

40 45 50 55 60

100+

1o 50 100 150 200
Q

Left: The field ¢(r) is shown as a function of the radial coordinate for different values of w. For each value of @, ¢(0) is

adjusted such that ¢(c0) = 0. Center: The energy E and the charge Q are shown as a function of the frequency w with the critical
frequency (change of colors) defined by the condition dQ/dw = 0. Right: The energy is shown as a function of the charge. For all
graphics, in green we have stable configurations according to the fission stability criteria, while in red we have unstable solutions. In the
first figure, the solution for the critical frequency is shown in blue, and in the third graphics, we have added the decay stability criteria
that is shown by a red solid line and red dashed line for the unstable solutions while the fission unstable configurations are represented
only by a red solid line.
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FIG. 2. The field ¢(r) is shown as a function of the radial
coordinate for the fundamental mode (green curves), the first
(purple curves), and the second (blue curves) radial excited mode
for @ = 0.7. We also show the evolution of the energy as a
function of the frequency. The dashed region corresponds to the
unstable solutions according to the fission stability criteria.

easy to determine the stable Q-ball. Indeed, for every given
charge Q, two Q-balls exist, and the one with the smallest
energy corresponds to the solution stable under fission. We
will see later that it corresponds also to the stable solution
under linear perturbations.

Q-balls have also excited states that correspond to
solutions with nodes but with the same limit at infinity,
namely ¢(oco0) = 0. In Fig. 2, we show the first and second
excited modes for a given frequency w. To fulfill the
boundary conditions, for excited states, the initial con-
ditions must be extremely fine-tuned. The excited states
have as expected larger energy but also charge. We found
that the frequency corresponding to dE/dw = 0 becomes
larger with the number of nodes. For example, for the
fundamental mode, we have a minimal energy for

100,

%0
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40"

30\7 1 1 1 1
30 40 50 60 70 80 90 100

Q

FIG. 3. The energy is shown as a function of charge for
different values of the parameter @ which runs from a = —0.5
in red to @ = 0.5 in purple with an incrementation of 0.1.

w = 0.972, while w = 1.015 for the first excited mode
and o = 1.025 for the second excited mode.

All these solutions are easily generalized to K-field
theories. We will consider the simplest model where the
action is modified by a single parameter, K = X + aX? —
V(|®|) where a is the new parameter of the model.'
Generically, we found that the structure of the solutions
will not change. Q-balls exist for a certain range of
frequency which depends on the parameter a. We see from
Fig. 3 that for a given frequency, the Q-ball lowers its
energy for large positive values of the parameter o, because
the radius decreases. Notice that the critical value,
(E'(w) =0), of the energy and charge is also lowered
for larger values of a. Therefore, for a given frequency, the
modified model with a > 0 produces Q-balls with lower
charge and energy. The modification by the K-field allows
one to build Q-balls with small charge and energy or on the
contrary with larger energy and charge. Finally, we found
that for all values of the parameter «, in the limit of
@ = @y Or the thick-wall limit, we have the scaling
solution E = wQ? with y =14 107*. This expression
generalizes results found in [14].

In Fig. 4, we show the energy versus the frequency
for different values of o but with the information on
the violation of the energy conditions. We see that NEC
is never violated. This condition corresponds to
1 + 2a(@?¢? — ¢’?) > 0. It could be violated for very

'We assume our model corresponds to the low energy effective
field theory where a small-X expansion is possible and therefore
terms X" with n >3 are negligible. This is the complex
analogous of [25] where a~'/* is a cutoff scale.
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FIG. 4. Energy versus frequency for the K-field model with a
running from —0.5 (in red) to 4-0.5 (in purple) with a step of 0.1.
For each panel, we have represented in dotted lines the regime
where some energy condition is violated. From top left to bottom
right, we show the violation of the SEC, DEC, WEC, NEC.

negative values of a, but the construction of Q-balls for
a < —0.5 becomes very challenging and often impossible.
In general, the larger and positive a, the lower the
probability to violate an energy condition, except for the
SEC which is violated for any a.

VII. PERTURBATIONS

To study the mechanical stability, we decompose our
field as

(L, 7.0, 9) = (r)e + > 5D, (t. 1) Y0, ).
Z.m

where ¢(r) is the background scalar field studied in the
previous sections, 6®,,, is the scalar field perturbation,
¢’ in the second term is included for convenience, and
Y7} are spherical harmonics. Because of the symmetries of
the Q-balls, the perturbations will be independent of the
azimuthal number m, and therefore the spherical harmonics
reduce to Legendre polynomials. We will fix m = 0. Notice
that the different modes, #, do not couple and therefore
we will omit this index. At second order in perturbations,
and after integrating over the angle variables, the action
reduces to

S = / dedr[PK W7 — 2K y — 24K yx ) P2
+ r2(K,X + 2(02¢2Kvyxx)li,% - rZK’XlP/ZZ
- 2a)r2¢¢'K.xx<lP1\P/2 + qﬂllpz)

+A(P Y, - W) - M3V - M3V, (7.1)

where we have decomposed the perturbation into its real
and imaginary parts, 6® = ¥, + i¥,, and

d
d(¢?)

r2 d
M3 =K x — EK"”"’ P (Pd'K x4).

(¢2K,X) - wi <r2¢¢/K,XX)7

A =201
r ar

M3 =K x — r*(K p + 0K yx),

A= (¢ +1). (7.2)

From this action, we obtain the two coupled equations for
linear perturbations

—Kx¥, + (Kx —2¢"K xx)¥] + 2w¢¢/K,XXlP/2

+F1(r’Tl7lP2’lP/1ﬂ‘il2) :O’ (73)
— (K x +20°¢?K xx)¥, + K x¥} + 2w¢¢/K,xxlp/1
+ Fa(r, W, Wo, W5, W) =0, (7.4)

with F'; and F, some functions defined by the perturbations
and their first derivative.

These equations form a set of two coupled differential
equations representing the evolution of the perturbations in
an effective metric. Indeed, if we consider, e.g., Eq. (7.3),
and in the absence of coupling between ¥; and ¥, i.e.,
@ = 0, the equation would reduce to the generic form
Ny + - =0, with A% = -Ky and h'' = K y—
2¢°K xx, from which we obtain the stability conditions,
i.e., a Lorentzian effective metric 4% < 0 and A'' > 0.
These conditions are equivalent to the Hamiltonian of field
perturbations to be positive definite; indeed, as seen from
Eq. (7.1), the Lagrangian (of ¥; in the case of @ = 0)
reduces to L = r2(—h®W? — p11¥2) and therefore to a
Hamiltonian H = r>(—=h®%* ++ #''¥?2). The Hamiltonian
is bounded from below [26,27] if we satisfy the conditions
for an effective Lorentzian metric

Ky >0,
K,X_2¢/2K,XX > O@K}("‘ZXK’XX > 0 (CU:O)
But as nicely stated in [28], one should be careful, because
Hamiltonian unboundedness is not always equivalent to

stability. A Hamiltonian can be unbounded only because of
our set of variables chosen. Therefore, stability should be
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imposed only from the existence of a future causal cone
defined by the effective metric. In conclusion, to study
stability, we need to ensure that the problem is well-posed.
For that, we will derive the conditions of weak and strong
hyperbolicity. Broadly speaking, the weak hyperbolicity
condition forbids any solution to grow exponentially in
time while the strong hyperbolicity condition imposes a
stronger bound than the exponential growth and therefore is
equivalent to local well-posedness of the Cauchy problem.
In the case of a strong hyperbolic system, F; and F, will
not be relevant while they could change the behavior of
the system if weakly hyperbolic. We define the vector
u=(¥,,¥,)" and the system (7.3) and (7.4) becomes

u, =Au"+Bu' + -, (7.5)
where - - - indicates the lowest derivative terms and
Ky —2¢"*K
A]] — X ¢ XX ) (76)
K x
K
Ay = < »’2( > i (7.7)
X + 2w ¢ K,XX
K
By = 20/ = (7.8)
K x
K
By = 20 = (7.9)

K,X + 2w2¢2K,XX ’

while other elements of the matrices are zero. We consider
wave solutions u(t, r) = e'*"ii(t, k) and obtain
iy, = —K*Ad + ikBit, + - - . (7.10)

This system can be reduced to first order by defining the
variable o = it/ (ilk|):

() —i|k|P(A> (7.11)
u/, u
with
0 B Ay 0
k
po|mwBa 0 0 Ax (7.12)
0 0 0
0 1 0 0

The well-posedness of this system is reduced to the analysis
of the matrix P (see, e.g., [29]). If, for all k, the eigenvalues

of P are real, the system is weakly hyperbolic. The
eigenvalues are

Ky —2¢"K
+1,+ X "z XS (7.13)
K,X + 2(/) ¢ K.XX

Therefore, we conclude that, if %% >0, the

system is weakly hyperbolic. Additionally, when

Ky —2¢”K
23 "Z >0, (7.14)
K x +20°¢°K xx

the system is strongly hyperbolic because the eigenvectors
form a complete set. In that case, the two perturbations
propagate at the speed

K,X - 2¢/21(.XX
= 1, Cyr = Y] .
K,X + 2(() ¢ K.XX

(7.15)

As we have shown in Sec. IV, we consider the condition
K x —2¢"*K xx > 0 which implies K y + 20°¢*K xx > 0.
Summing these two conditions, we find a weaker con-
dition, viz. Ky >0 and Ky + XK yx > 0. Notice that
for a real scalar field (w =0), the condition K y +
20° K xx > 0 reduces to K x > 0 along with the con-
dition K x —2¢*K xx > 0 (K x + 2XK xx > 0), and they
correspond to the stability conditions obtained in [27].

Notice that the conditions of well-posedness of the
system are independent of the energy conditions derived
previously, (5.2), (5.3), (5.4), and (5.5). In Fig. 5, and for
the model K = X + aX? — V(¢), we have found that for a
certain range of the parameters (®, a), the Cauchy problem
is not well-posed which never corresponds to a > 0.
Also we found that for any a < O, the perturbations are
superluminal in some region of space. Even if the classical
theory is well-posed, the superluminal propagation of the
perturbations could be an obstacle to a quantum version
of the theory. For example, requiring UV completion for
K-essence (real scalar field analog to the case studied in
this paper) imposes subluminal propagation [30]. A similar
situation should be expected in our case [25]. Even if not
equivalent, we found numerically, for all parameters (w, @)
of Fig. 5, that a system which violates a weak energy
condition does not have a well-posed Cauchy problem. The
converse is not true.

Restricting our analysis to the cases where the Cauchy
problem is well-posed, we can study the mechanical
stability of our solutions. For that, we assume the following
form for the perturbation:

Z*(r) e—ip*t'

SD(1, 1) = + (7.16)

L:) eipt
r

The system (7.3) and (7.4) reduces to two ordinary coupled

differential equations for 7(r) and y(r). We have included a

factor 7" for numerical stability. In general, n = £ provides
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0.4
subluminal
0.2-
s 0.0
-0.2+ superluminal
-0.4- ill-posed Cauchy problem

0.4 0.5 0.6 0.7 0.8 0.9 1.0
w

FIG. 5. In gray, the region of parameter space (, «) where the
Cauchy problem is not well-posed and in cyan the region of
superluminal propagation.

faster numerical results. In the canonical case where
K y =1, the stability analyses shows that any instability
corresponds to p = —p* [13], which implies the condition
% < 0. We could not extend this analysis to K-field
theories, and therefore we will study the perturbations
by numerical means. For that, our system can be written as
the four first order differential equations for the variable
Y= (nyx,17.7)", ¥ = BY where the matrix B is given
in Appendix. Considering the conditions at »r = 0 on the
scalar field, ¢’ = 0, it is easy to show that perturbations
behave as

n(r=0) = cyr‘t", (7.17)
y(r=0)=c ', (7.18)
which implies
r 0
LP(O) —_ corf+n—1 0 + Clrf+n—1 (719)
£+n
0 £+n

Therefore, we can perform two numerical integrations
from r =0 with initial conditions # = r**" y =0 and
n =0,y = r’™", respectively. The general solution will be
a linear combination of these two solutions with coeffi-
cients (cg, ¢;). Similarly, we perform an integration from
infinity to r = 0. We have also a system with two free
parameters (c3, ¢4). We can integrate it from a large radius
with initial conditions

or

n=0. (7.21)
Having the solution integrated from both boundaries with
four free parameters (cy, ¢y, ¢3,¢4), We can match them
at a given radius, using the four continuity conditions of
(n,x.n',x'). Notice that, because our system is linear,
we can always fix one of the parameters, e.g., ¢; = 1.
Therefore, we end with a system of four conditions and
three parameters; the fourth parameter will determine the
value of p. In conclusion, only a certain number of discrete
values of p can solve our problem.

In Fig. 6, we show |¢ + 6®|%, for w = (0.5,1) and
a = 0. For each case, we have found the parameter p and

50

|2

40
1.0
30 08
- 06

20
04
10 02
0

00 2 4 6 8 10
r

50
|2

40
15

30
- 1.0

20
05

10
0

FIG. 6. Spacetime diagram of |®|2. The upper diagram shows
the stability of the background solution with @ = 0.5 and the
lower case shows an unstable solution for @ = 1. For both
solutions, we have considered a = 0.
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using Eq. (7.16), we obtain the time and space dependence
of the solution. In the case where w = 0.5, the radius of
the Q-ball is oscillating, and p is real. The energy of this
solution is constant in time, while for @ = 1, the energy
grows exponentially as well as the radius of the Q-ball. The
solution is unstable and p is purely imaginary.

Therefore, the strategy is simple: for each Q-ball, we
search in the complex plane for values of the p solution to
our previous problem.

For the excited states, all frequencies @ were unstable.
But for various frequencies, the unstable modes were not
always purely imaginary but also with a nonzero real part.

For the fundamental solution, Fig. 6 shows two cases
where @ = 0 and w = (0.5, 1). The first frequency corre-
sponds to a stable solution for which we see an oscillation
of the radius of the Q-ball while the energy remains
perfectly constant in time. The second case corresponds
to an unstable solution for which the radius increases and
the energy grows exponentially.

Generically, we found that the stability region corre-
sponds to dQ/dw < 0 for all w, generalizing results that
were known in the canonical case. In the unstable region,
the timescale of the instability is of the order 1/Im(p).
We found that Im(p), and therefore the timescale of the
instability depends on the mode #. For example, for a = 0,
Im(p) is of the order 10~! for # = 0 and of the order 10~
for £ = 1. Therefore, we will focus mainly on the spherical
mode of perturbations # = 0.

In Fig. 7, we show the unstable modes for three values
of a. For each a, the instability starts when dQ/dw = 0.
We notice also that even if for a given frequency, such as
w = 1.03, the Q-ball is unstable for all values of the
parameter «, the instability is slower to develop [lower
value of Im(p)], for larger positive values of a, which is
consistent with the previous section where we found that
the energy is lowered.

0.15+

0.10-

m(p)

0.05

0.00

FIG. 7. Existence of Im(p) as a function of w for
a = (-0.5,0,40.5). The existence of such a mode implies an
instability of the background solution. The dotted line corre-
sponds to unstable modes but in a region where the Cauchy
problem is not well-posed and therefore should be excluded from
the analysis.
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FIG. 8. Space of parameters (w, a) within the region where the
Cauchy problem is well-posed. Represented regions of quantum
stability (against fission) and classical stability as well as regions
where the energy conditions such as the SEC and DEC are
violated. We have kept the cyan and white colors for, respectively,
superluminal and subluminal propagation.

In Fig. 8, we summarize the various stability conditions.
The quantum stability condition, namely the stability
against fission is, as expected, stronger than the classical
stability condition. We have also represented regions where
the energy conditions are violated. The NEC is never
violated in the region of analysis of the model while the
WEC is violated only in the region where the Cauchy
problem is not well-posed. The violation of the SEC and the
DEC are totally independent of the stability conditions.

VIII. CONCLUSION

In this work we studied Q-balls in noncanonical scalar
field theory. We derived the general equations of existence
and stability for these theories. We found that the stability
against fission and the linear mechanical stability are
equivalent and reduce to Q'(w) <0 (see Table I). On
the other hand, the condition for decay into free particles is
stronger.

We found that perturbations have a well-posed Cauchy
K.X_2¢IZK.XX

prOblem if W

> (0. When the perturbations are

TABLE I. Summary of the three stability conditions studied in
this paper and extended to K-field theories.

Stability conditions

Fission % <0 Proved for K-field theories
Decay E<MQ Generic condition (for any theory)
Classical % <0 Shown numerically to be the same

condition for K = X + aX? — V(|®[?)
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strongly hyperbolic, we found that perturbations are super-
luminal or subluminal. In the particular case, K =
X + aX? — V(|®|?), perturbations are subluminal and
luminal for @ > 0 while they are superluminal and luminal
for a < 0. We found that a Q-ball with @ > 0 lowers its
energy for larger values of a. Even in the unstable region,
the timescale of this instability becomes larger and there-
fore more stable. The frequency at which Q-balls become
unstable increases with . It would be interesting to find

models for which all Q-balls are stable irrespectively of

their frequency.

Finally, we have studied the different energy conditions
such as the SEC, DEC, WEC, NEC. We found that NEC is
never violated and none of these conditions can be related
to mechanical stability.
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APPENDIX: PERTURBATION EQUATIONS
The matrix of the system ¥ = B¥ can be decomposed
as B = B 4+ pBM) + p2B@) where

0 0 1 0
0 0 0 1

P
By B BB
0 0 0 0
B0 _ 0 0 0 0
B I
A R
0 0 0 0
B0 _ 0 0 0 0
B A
BY B 0 0

with
2 2
o 1 M; M;
B3, =57 <—K “20°K —l—K— , (A4)
X XX X
o 1 M% M%
2o (K TP Ky) B
X XX X
0 2 1d
Bé; =T T34 g(K x(Kx —2¢"”K xx)),  (A6)
(0) 1 d K,X
B — 7*1 ) A7
¥ T odr B Ky — 207K ox (A7)
B0 _ K x — ¢”K xx
31 — A3 17
r K.X(K.X -2¢ K,XX)
L o(PPRY)
2”4K,X(KX - 2¢/2K~XX)
_ w¢/2 (¢/2 - ¢¢//)K,2XX (AS)
2K x(K x = 24K xx)’
B(l) _ w(¢¢/K,XX)/ 200¢'K xK xx
32 K,X - 2¢/2K,XX VK.X(K.X - 2¢,2K,XX)
K x + 0*¢°K xx + $’K
+ 20rd K gy — K xx > ¢ X (A9)
rK x(K x —2¢"°K xx)
352
gl — _ 20¢¢" K%x (A10)
33 = 1) J
K x(K x —2¢"K xx)
Ky —¢*K
BL) = 2w/ K yx x = ¢ X (ALl
K x(K x —2¢"K xx)
202*P*K%, — K5 — XK K
PSR A ks St S LS SINT)
- K x(K x —2¢"K xx)
242 ”n
Bgzz) = KXX @ ¢ - ¢ 2 ’ (A13)
‘ ' Kx Kx—2¢"Kyxx

and (A, M3, M3) are defined by Eq. (7.2). These equations
are given in the case of n = 0.
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