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Abstract

Basing on the systems of linear partial differential equations derived from Mellin-Barnes representa-
tions and Miller’s transformation, we obtain GKZ-hypergeometric systems of one-loop self energy, one-
loop triangle, two-loop vacuum, and two-loop sunset diagrams, respectively. The codimension of derived
GKZ-hypergeometric system equals the number of independent dimensionless ratios among the external
momentum squared and virtual mass squared. Taking GKZ-hypergeometric systems of one-loop self en-
ergy, massless one-loop triangle, and two-loop vacuum diagrams as examples, we present in detail how
to perform triangulation and how to construct canonical series solutions in the corresponding convergent
regions. The series solutions constructed for these hypergeometric systems recover the well known results
in literature.
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1. Introduction

A central target for particle physics now is to test the standard model (SM) and to search
for new physics (NP) beyond the SM [1-3] after the discovery of the Higgs boson [4,5]. In
order to predict the electroweak observables precisely with dimensional regularization [6,7], one
should evaluate the Feynman integrals exactly in the time-space dimension D =4 — 2¢ at first.
Nevertheless each method presented in Ref. [8] has its blemishes since it can only be applied to
the Feynman diagrams with special topologies and kinematic invariants.

It was proposed long ago to consider Feynman integrals as the generalized hypergeomet-
ric functions [9]. Certainly Feynman integrals satisfy indeed the systems of holonomic linear
partial differential equations (PDEs) [10] whose singularities are determined by the Landau sin-
gularities. Recently the author of Ref. [11] shows that the D-module of a Feynman diagram is
isomorphic to Gel’fand-Kapranov-Zelevinsky (GKZ) D-module [12-16].

Some Feynman integrals are already expressed as the hypergeometric series in the correspond-
ing parameter space. In Ref. [17] the massless C,, function is presented as the linear combination
of the fourth kind of Appell function F, whose arguments are the dimensionless ratios among
the external momentum squared, and is simplified further as the linear combination of the Gauss
function 5 F through the quadratic transformation [18] in the literature [19]. With some spe-
cial assumptions on the virtual masses, the analytic expressions of the scalar integral C, are
given by the multiple hypergeometric functions in Ref. [20] through Mellin-Barnes represen-
tations. Taking the massless C, function as an example, the author of Ref. [21] presents an
algorithm to evaluate the scalar integrals of one-loop vertex-type Feynman diagrams. Certainly,
some analytic results of the C; function can also be extracted from the expressions for the scalar
integrals of one-loop massive N -point Feynman diagrams [23,22]. Feynman parametrization and
Mellin-Barnes contour integrals can be applied to evaluate Feynman integrals of ladder diagrams
with three or four external lines [24]. In addition, the literature [25] also provides a geomet-
rical interpretation of the analytic expressions of the scalar integrals from one-loop N-point
Feynman diagrams. Using the recurrence relations respecting the time-space dimension, the au-
thors of Refs. [26,27] formulate one-loop two-point function B, as the linear combination of
the Gauss function , F1, one-loop three-point function C, with arbitrary external momenta and
virtual masses as the linear combination of the Appell function F,, and one-loop four-point
function D, with arbitrary external momenta and virtual masses as the linear combination of the
Lauricella-Saran function F, with three arguments, respectively. The expression for the scalar in-
tegral C, is convenient for analytic continuation and numerical evaluation because continuation
of the Appell functions has been analyzed thoroughly. Nevertheless, how to perform contin-
uation of the Lauricella-Saran function F, outside its convergent domain is still a challenge.
Expressing the relevant Feynman integral as a linear combination of generalized hypergeomet-
ric functions in dimension regularization, the authors of Ref. [28] analyze Laurent expansion of
these hypergeometric functions around D = 4. The differential-reduction algorithm to evaluate
those hypergeometric functions can be found in Refs. [29-33]. A hypergeometric system of lin-
ear PDEs is given through Mellin-Barnes representation [34], where the system of linear PDEs is
satisfied by the corresponding Feynman integral in the whole parameter space. Some irreducible
master integrals for sunset and bubble Feynman diagrams with generic values of masses and
external momenta are explicitly evaluated via their Mellin-Barnes representations in Ref. [35].

Taking some special assumptions on the virtual masses and external momenta, the author of
Ref. [36] presents some GKZ-hypergeometric systems of Feynman integrals with codimension
=0 or codimension = 1 through Lee-Pomeransky parametric representations [37]. Using the
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triangulations of the Newton polytope of Lee-Pomeransky polynomial, the author of Ref. [38]
presents GKZ-hypergeometric system of the sunset diagram of codimension = 6. He also con-
structs canonical series solutions which contain three redundant variables besides three inde-
pendent dimensionless ratios among the external momentum squared p? and three virtual mass
squared ml2 (i =1, 2, 3) under the assumption |p* — ml2 — mg — m§| > ml2 Actually it is a
common defect of GKZ-hypergeometric systems originating from Lee-Pomeransky polynomial
of the corresponding Feynman diagrams that codimension is far larger than the number of inde-
pendent dimensionless ratios among the external momentum squared and virtual mass squared.
To construct canonical series solutions with suitable independent variables, one should compute
the restricted D-module of GKZ-hypergeometric system originating from Lee-Pomeransky rep-
resentations on corresponding hyperplane in the parameter space [39—41].

Some holonomic systems of linear PDEs are given through Mellin-Barnes representations of
the concerned Feynman integrals in Refs. [34,42,43]. Following the work of W. Miller [44,45],
one derives GKZ-hypergeometric system of Feynman integrals, whose codimension equals the
number of independent dimensionless ratios among the external momentum squared and vir-
tual mass squared. Using those holonomic systems given in Refs. [34,42,43], we present here
relevant GKZ-hypergeometric systems for Feynman integrals of one-loop self-energy, two-loop
vacuum, two-loop sunset, and one-loop triangle diagrams. Taking Feynman integrals of one-
loop self-energy, two-loop vacuum, and massless one-loop triangle diagrams as examples, we
illuminate how to construct canonical series solutions from those relevant GKZ-hypergeometric
systems [46], and how to derive the convergent regions of those series with Horn’s study [47].
To shorten the length of text, we don’t state those mathematical concepts and theorems that
have been used in our analyses here, because they can be found in some well-known mathe-
matical textbooks [46,48—55]. Basing on Mellin-Barnes representations of one-loop Feynman
diagrams or those multiloop diagrams with two vertices, we can derive GKZ-hypergeometric
systems through Miller’s transformation, whose codimension of GKZ-hypergeometric system
equals the number of independent dimensionless ratios among the external momentum squared
and virtual mass squared. Using toric geometry and mirror symmetry, one also derives the PDEs
satisfied by Feynman integrals of the multiloop sunset diagrams [56]. Nevertheless for generic
multiloop Feynman diagrams such as that presented in Refs. [57,58], the corresponding codi-
mension of GKZ-hypergeometric system derived is far larger than the number of independent
dimensionless ratios, whether using Mellin-Barnes or Lee-Pomeransky representations. In order
to construct canonical series solutions properly, the corresponding GKZ-hypergeometric system
is restricted to the hyperplane in parameter space.

The generally strategy for analyzing Feynman integral includes three steps here. First we ob-
tain the holonomic system of linear PDEs satisfied by corresponding Feynman integral through
its Mellin-Barnes representation, next find GKZ-hypergeometric system via Miller’s transfor-
mation, and finally construct canonical series solutions. The integration constants, i.e. the com-
bination coefficients, are determined by the corresponding Feynman integral with some special
kinematic parameters. To make the analytic continuation of those canonical series solutions from
their convergent regions to the whole parameter space, one can perform some linear fractional
transformations among the complex variables.

Our presentation is organized as following. Through Miller’s transformation, we derive GKZ-
hypergeometric systems of Feynman integrals of one-loop self energy, massless one-loop trian-
gle, and two-loop vacuum diagrams by using the holonomic systems of linear PDEs in Refs. [34,
42,43] in section 2. Then we present in detail how to perform triangulation and how to construct
canonical series solutions from those GKZ-hypergeometric systems in section 3. Actually some
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well-known results are recovered with the approach presented here. In section 4, we present
GKZ-hypergeometric systems for the sunset diagram with three differential masses, C,, function
with one nonzero virtual mass, and C,, function with three differential virtual masses, respec-
tively. The conclusions are summarized in section 5.

2. GKZ-hypergeometric systems of one-loop self energy, massless one-loop triangle, and
two-loop vacuum diagrams

Adopting the notation of Refs. [42,43], we write the scalar integrals of one-loop self energy,
massless one-loop triangle, and two-loop vacuum diagrams respectively as

: 2
2 2 o i 4w u-\2-D/2 a,, b
Bo<P’m17mz>=W<_—pz) ol e, ci Yo Ve )

i 47 2 \2-D/2 a b
C(p2,p2,p2)=7<—> f( e ¢ x,y),
0\ 0 Fos Py (47.[)2p32 —P32 “\ ces C/C ¢ ¢
2 2
m:  c4gpu”\4-D a b
v,on2, m2, ) = () f( " Vx,y), M
2 1 2 3 (47.[)4 m% 14 cys C(/ v %

where 1 denotes the renormalization energy scale, and x, = ml2 /p2, Vg = mg /P2, Xo = pl2 / p32,
Ve = p22 / p32, X, = ml2 / mg, Yy, = mg / m?, respectively. Here the dimensionless functions f; (i =
B, C, V) comply with the fourth Appell’s system of linear PDEs

X, y,.> =0,

X;, yi) =0, (2

. N L b,
{5, 0, +c=D-x0, +3, +a)@, +9, +b)} 7 (Z‘ b

i

A A A A A A a., b,
{ﬁyt (ﬁ-"i +C; —-D _y"(ﬂ"i +ﬁ>’i +ai)(ﬁxi +ﬁyi +bi)}ﬁ ( C’ c;

i

with the Euler operator 1A9X = x0,_. Correspondingly those parameters in Eq. (2) are

D
2

ay,=2—=, by, =3-D,

a.=1, bC=3—E,
, D
cC=CC=3—5. 3)
Generally those holonomic systems presented above originate from Mellin-Barnes representa-
tions of the corresponding Feynman integrals [34,42,43]. Using the systems of linear PDEs in

Eq. (2), one derives the following relations between f; (i = B, C, V) and their contiguous func-

tions
a +1, b,
Xis yi) :aifi < ' /

c., c

i

a, b +1
Xi» yi) zbifi<cl. /

i

N A a, b
O, +9, +a)f, ( ¢, ¢
b

c

B, +9, +b)f ( o

i
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b a, b,

(19 —|—c—1)f< C; xi,yi>=(ci—1)fi(ci_1’ c; xi,yi>,
, b a,, b,

(17 +c—1)fl< Cf yi)z(cf_l)f"(c;, c;—lx"’y’)’

9

a;, b
8"iﬁ<ci, C: xi’y’) ’
a, b
3},1_ f < ., C,{ X, yl.) . “4)

Following the work of W. Miller [44,45], we define the auxiliary functions ®, (i = B, C, V)
through the functions f; and additional variables s,, ¢,, u, and v,:

a, b |x,y,s.,t a. b, ¢,—1 ¢ —1 a, b,
CDI- ( C1 C; i Ml vl i ) =S[- i ti ‘ul_t U[l f; Cl’ Ct/ xi’ yi . (5)
i° i 1 [ i

Miller’s transformation on the functions f; is to replace the multlpllcatlon by the parameters a,,
b;, c;, and ¢ in Eq. (4) by Euler operators 9,0, ,9, ,and z?

L@,q o (% bi X, Vo S, L —aa (% bi
it \ ¢, c u;, v, ¢, C

_a;b, a+1, b +1
x',y - C fl Ci+1’ /

1

i
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i ., C u, v, i ¢y C u, v,

which leads naturally to the notion of GKZ-hypergeometric systems. In addition, the contiguous
relations of Eq. (4) are rewritten as
Xis Vi Sis
u;, v ’
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1 Cis _ U, o Ci» C.
X, yl,s,,t >
S;,
v,

Xis Yis Sis
u;, v

i

i’ i
'x” y”

u;,

Xis Yio Sis
u., v

i’ i

Xiv Vis Sis b\ _ o1 4 b,
>_(c[_ DAY ( ¢, ¢

as as o

u;, v

i

i

¢, +1, c;
a[._biq)[(ai+l, b +1

S
P
&
e N
D8

LS as

i

c, ¢ +1

&
&
7N
SIS
oS
=
=
)
~

X, V., S, L,
i i i i , 7
iy ) @)

where the operators (’A)”’, n=1,---,6)are
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i = Si ({5)( + l§\ + lgs) ’
Ol =1, +0, +9,),

4 .
1
l
0. = Sifiu 0,
(’):;)—sltlvlav . 8)

Those operators of Eq. (8) together with @si, IA%I,, éui, @vi define the Lie algebra of the hyper-
geometric systems [44,45]. Under the variable transformation

_ ‘xl _ yi
i1 2
s;tu, st v,
1 1
L3 = 0 Lia T
i tl
Lis=Us ZLig=V;, ©))

the equations in Eq. (6) are changed as

(A.E\i)@i(“w by | e RO ) BO, ( A RGRANK ) (10)
¢, € i ¢ U, v
where
1 1 1 0 0 O
1 1 O 1 0 O
A=l 0 0 0 1 0
0 -1 0 0 0 1
0T =, ,0. , 0. ,0. 0. UL )
i i1 %02 “i,3 i 4 5
BT=(—a,., —=b;, ¢, — 1, Ci_l)' (an

Correspondingly the universal Grobner basis of the toric ideal associated with A is

U =19, 9. —d d ,d 8 —0d 9 ,0 9 —d 3 ) (12)

i2 %6 i1 %S %3 L4 %2 %6

The operators A - 51. — B and that from the set I/, compose the generators of a left ideal [51]
in the Weyl algebra D = C(z, , -+, 2,4, 0., R 83 ) where C denotes the field of complex

numbers [55]. Defining the isomorphism between the commutatlve polynomial ring and the Weyl
algebra [46]

\Ij C[le, Ty Zi,é’ Ei.l’ Tt é,',()]_> Dv Z}Olstﬂ'_)zjxazﬂ ’ (13)
one obtains the state polytope [53] of the preimage of the universal Grobner basis in Eq. (12) as

‘i:,',5 + Si,ﬁ 2 17 El‘j 2 07 El‘.ﬁ 2 Oa
_Ei.S = _27 _éiﬁ = —2, _Ei,S - Ei.6 = -3 (14)
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on the hyperplane
§:3—64=0§,— é—':i,() =0,
%-i,l - éi,S =0, éji,4 + éi,S + Si,@ =3. 15)
In Eq. (13) we take multi-index notation for abbreviation, i.e.
6
=[] #=]e. 16
k=1 k=1

where @, B € N 6 and N = {0,1,2,---} denotes the set of non-negative integers. The normal
fan of the state polytope in Eq. (14) is the Grobner fan of the corresponding left ideal. Because
codimension = 2 for all GKZ-hypergeometric systems, the Grobner fan equals the hypergeo-
metric fan. These two fans are indispensable in the construction of canonical series solutions of
corresponding GKZ-hypergeometric systems.

3. Triangulation and construction of series solutions
3.1. Triangulation

For an integer d x n-matrix P (d < n) of rank d which satisfies the homogeneity assumption

d
1,1, ---, D)= P, 17
( ) ;q,/ (17)
—

the Gale transform of P [59] is the n x (n — d) integer-matrix Q which satisfies

P-0=0, (18)
where P, (I =1,.--,d) is the [-th row vector of the integer matrix P, and the combination
coefficient g, is a rational number. The following matrix G, is a Gale transform of A in Eq. (11):

1 0 -1 -1 1 O
T _
GA_(O 1 -1 -1 0 l)’ (19)

whose column vectors compose the secondary fan X4 of GKZ-hypergeometric system in
Eq. (10). Actually the state polytope in Eq. (14) of universal Grobner basis indicates that the hy-
pergeometric fan H 4 and the Grobner fan G4 all equal the secondary fan of GKZ-hypergeometric
system:

H,=G, =%, =Cone(le,, e,}) UCone({el, —e, —e,})
UCone({ez, —e, —e,}), (20)
with e, = (1, 0)7, e, = (0, 1)7. The cones are defined as [52]

Cone(fe,,e,}) ={Ae, +X,e, | 1,, 1, eR},
Cone({e,, —e, —e,}) ={L e +1i,,(—e —e,) | Ay Ap €RLY
Cone({e,, —e, —e,}) ={A,e, + 1, (—e, —e,) | A,, A, €R}, (21)

where R, denotes the set of non-negative real numbers.
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For a generic weight vector w € Cone({e,, e,}), the corresponding triangulation [53] A =
{of, o), o, o'} is unimodular, and supports the toric ideal

17 727 732
I'= <ali.1 81,‘.5 a 82:' 3 azi 4’ 811' 2 azi 6 o ali 3 azi 4> ’ (22)
which corresponds to the initial monomial ideal in (1) = (0, 0 87_ ) withi =B, V, C.

Each facet aj (j =1, 2, 3, 4) of the simplicial complex A 1s the 1ndex set of an invertible
4 x 4-submatrix Aa,, of A:

J
ot =11,2,3,4}, o"=(1, 3, 4, 6},
00 =12,3,4,5, 09=(3,4,5,6}. (23)

Certainly four standard pairs [46] (1, Uf‘), (j =1, 2, 3, 4) produce the following exponent
vectors of initial monomials of series solutions

pa=(1—c. l—¢c,c¢,+c —a —2,¢,+c —b,—2,0,0),
1 1 1 1
pa=(c,—b—1,0b —a —c,+1,1—¢,0, ¢ —1),
02 1
pﬁaz(O, d -1, 1—ai—c{, l—bi—cf, ¢, —1,0),
3 1 1 1

Py =00, —a, ~b. ¢, —1.c—1). 24)

For a generic weight vector w € Cone({e,, —e, —e,}) (Fig. 1), the corresponding triangulation

A, = {alb, azb, U2 , ob . } 1s also unimodular, and supports similarly the toric ideal

I=(, 9, — az.] 0z 5 az,g 9, —05,0. ), (25)

2 %i6 “i,4 “i,5
which corresponds to the initial monomial ideal in, (I) = (9, 28& o 8~ 38 ). Each facet
a}’, (j =1, 2, 3, 4) of the simplicial complex A is the index set of an invertible 4 x
4-submatrix A , of A:

”:{1 2,3, 5},
ol ={1,3,5, 6},

ol =11, 2, 4, 5},
o’ =11, 4, 5, 6}. (26)

*“w-"’w—

Correspondingly four standard pairs (1, 0;’), (j =1, 2, 3, 4) induce the following exponent
vectors of initial monomials for series solutions

p,=Q—c,—c,c;+c —b,—2,b,—a,0,1-c,0),
oy i i i i

pbz(c:—at—l, l—c:, 0, a, — b,, ci+c:—ai—2, 0),

2
p,=(=b,0 b —a,0, c —b —1, -1,
(1’3 1
p,=(—a,0,0,a —b,c —a —1,c —1). (27)
Iy i
Finally for a generic weight vector w € Cone({e,, —e, —e,}), the corresponding triangulation

{a , a , 0 , 0‘} is unimodular, and supports the toric ideal

I=(, o, _—9d_ 0 ,0 0 —0 0 ), (28)

%1 %S 42 %60 43 ti4 %2 %6
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2w =1(2,1,0,0,0,0)

w=10,2,1,0,0,0) {1,2,3,4)

{1,2,3,5} {1,3,4,6}

{1’2’4:5} {2,3,4,5)

’3’ J ) {3,4,5,6}

34 ‘5) i iny(I) =< 0105, 6,5 >

ing(I) =< o0, 050, > €
w=(1,0,2,0,0,0)
{1,2,3,6}
{1,2,4,6}

—e; — ey {2,3,5,6}
{2,4,5,6}

mw(l) =< (9105., 0301 >

Fig. 1. The secondary fan of GKZ-hypergeometric system in Eq. (10), @ in each cone is a representative weight vector.

which corresponds to the initial monomial ideal in, (I) = (9, | 82.5,81,}81.4). Each facet

aj‘) (j =1, 2, 3, 4) of the simplicial complex A is the index set of an invertible 4 x

4-submatrix Ayc of matrix A:
J

of ={1, 2, 3,6}, o) ={1, 2, 4, 6},
0f=1{2,3,5 6}, o, ={2, 4, 5, 6}. (29)

4

Correspondingly four standard pairs (1, ojc), (j =1, 2, 3, 4) give the following exponent vec-
tors of initial monomials for series solutions

pa;‘:(l_ci’ ¢, —b,—1,a,—b,0,0,¢ +c —b —2),

pozcz(l—c,., ¢, —a,—1,0,a —b,, 0, ci—i—c;—ai -2),

pOSC:(O, —b,, b, —a,, 0, c, — 1, ci’—bi—l),

pf’i =0, —a;,0,a, —b,, ¢, -1, C(—a,. —1). 30)

i

3.2. Construction of canonical series solutions

The integer kernel of the matrix A is defined as

kerz(A)={uecZ®: A-u=0}
={N(, 0, -1, =1, 1, 0), N(—1, 0, 1, 1, —1, 0),
N, 1, =1, =1, 0, 1), N(O, =1, 1, 1, 0, —1),
N(=1,1,0,0, =1, 1), N(1, =1, 0, 0, 1, —1)}. (31)

The vector u € kerz(A) can be decomposed into positive and negative part, u = u — u_, where
u4 and u_ are non-negative vectors with disjoint supports. In order to construct canonical series
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solutions of GKZ-hypergeometric system, we define the negative support of any vector v =
(v,, -+, v,)eR"as

nsupp(v) ={i € {1, 2, ---, n} : v, is anegative integer} . (32)
Furthermore we introduce the following subset of kerz (A)

N, = {u € kerz(A) : nsupp(p) =nsupp(p +u)}. (33)

With an exponent vector p of the initial monomial, the corresponding canonical series solution
of the hypergeometric system Eq. (10) is well-defined:

_ (Plue piu

where the abbreviations

ZP—HZ,,,

-
Pl =[] [[x—i+D,
kuy, <0 j=1
p+ule, = [] H(Pk+]) (35)
ki >0 j=1

For one-loop self energy and two-loop vacuum, p , =(D/2—1, D/2—1, —D/2, —1,0, 0),
1
where p_ 0y = —1 is a negative integer. To construct canonical series solution properly, we per-

turb the Vector B in the direction of B’ = (0, 1, 0, 0)7". Choosing the perturbed parameter vector
B + €B’, we modify the exponent vector as p’ . =(D/2-1,D/2—-1, =D/2, —1+¢€,0, 0).
%1

Correspondingly the set
/ _{N(l 0 15 150)’N(O’ 1’ _13 _1707 1)7

"1
N(,0, -1, -1, 1,00 +N(QO, 1, -1, -1, 0, D}. (36)
Using Eq. (34), one derives

(z,,2,) P71 A=F == 2,z
b, =%{ Z 1_[ ( 5)

K i4 n=1j=1 J(Q_I‘H) NENR

]

N Z l—[ (I=35 == (Z,,zzi,ﬁ)"z

n=1j=1 J(Q -1+ 2i3%i4

2
n +n,

H 1= — -
j=1 Zi1Zis \™M (ZinZie \™2
+ o))
Zl Zl 2 D o\ Zi3Zia 2i3%i4
m=in= H .]1(2 ]+]1) I—[ .]2(7 - 1 +]2)
h= J,=1
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_ (2,12, P! {l—i— - (g)n] (I-e), (Zi,lzij)nl

D/2 D
1,3/ 114 € "=l nl!(j)nl Zi3%;4
D
+ i (7)n2 (1 - 6)112 (Zi’zziﬁ )n2
D
=1 ”2!(7),,2 Zi3%i4

oo oo (D —
+ (2)n1+nz(1 6)nlﬁ—nz (Zi,lzi,S )n| (Zi,ZZi,6>n2}
Z Z D D '
n=ln,=I n !, (7)), () Zi3%i4 Zi3%i4

Then

= lim ’
¢p0f’ e—0 d)paf’

(Zi, z; )D/2—1 1’ D
ICLT Y 3
2

D/2 D
Zi.3 Zi.4 27

$ialis %ialie )
9
Zi3Zia %%

where F, denotes the fourth Appell function [49]. Similarly we have

o i3 7i4 16

I, 2—-%

¢y = Z1)/2 1,-1,D/2-2 1— D/2F< o 12)
Z

2

Zi1%i5 Zi,ZZi,ﬁ)
Zi3%ia %%

).

).

).

D
P D/2 IZ—IZD/2 2,1-D2 < 1, — 5 | %iiZis ZipZis
14 3 5 _D D ’
aél " " 2-73, 2 %384 %i3%i4
D
,D/2=2,D=3 1-D/2,1-D/2 3—D, 2—35|Z%i1%s5 Zipfis
bp .= 23 L %s 26 F, 2D oH_ D
2 2 Zi,SZi,4 <i3%i4
D
¢, =D/2"2;D/2-1,1-D2 —1F ( 1,D 2;7 Zi.3zi,4’ Zi2%i6
b 1 2 3 — = =z
9 " " " 2 2> 2 ZinZis  Ziaiis
D
_ D/2—1_D/2—1_—D/2 I, 5| %% Ziglis
¢pb_Z11Z12 Zz4 ZlS F Q Q ’
2 20 218185 Ziids
D
D=3,1-D/2,D/2-2 1-D/2 3=D, 2—5|%3%4 Zi2%s
Pp, =40 s %5 L F 2D H_ D ’
73 2 2 1 %145 Zi1%s
D
D/2 2,D/2-1 ~1 1=D/2 | I, 2—5|Z%i3%4 Zialis
¢pb Z Z14 Z15Z16 Q Z_é ’ ’
% 2 2 1%1%s Zia%s
D
P D/2 1,D/2-2,1-D/2 —1F < 1, 2—5|%,%s Z5,3Z1,4)
P c 2 i3 4 D D s s
G 7 2—3 Zinlis  Lin%is
D
D/2—1_—1_D/2—1 —D 2 I, 5 |Z%i%s ZiaZia
¢y =220 PR p B |, AT
‘DUC i1 2 7i4 =4 =4
2 20 2 1%2%6 %26
D
¢, = zD3,1-D/2,1-D/2, D/2 2p ( =D, 2—7F|Z%1%s Zizlig
P_c 4 D ’
o A s -2, 2-3 ialis Linlis
P  D/2=2,D/2=1,1-D/2 —1F < , 2— 5| Zialis L3
P 2 4 5 _D D ’
;= G " 2 2 2 <i2%i6 <i2%ie

For the fourth Appell function

).

).

).

11

(37

(38)

(39)
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(Cl) +n (b) +n
Al 2fra)= X X T
c nl!nz!(c)nl (),

n —On
= Z Z A, XY (40)

n,=0n,=0

the adjacent ratios of the coefficients are

Atvaimy,  (L+n,+n)3—D/24n, +n,)
oy (1+n)3—-D/2+n,)
Aty _ (40, +n)3=D/2+n, +n,)
(1+n,)3—D/2+n,) '

)

q)/l (l’ll ,}’lz) =

CIJ;(nl,nz): 41
nl ,I12
To investigate the absolutely and uniformly convergent region of the double series in Eq. (40),
one takes
2
2 1 1 _ nl _ 1
= lim = = ,
Y s @ (Any,Any)  (n +ny)? (1+1)?

2 2
2= lim S S
YUY 5o d)é()\nl,)»nz) (n, +n2)2 (1+02°

(42)

with t =n,/n,, r. = |x| r, = |y|, respectively. The generator of the principal ideal (tf(l +

02 =1, 121 +0% = ) O Clr,. 1,1 is

gt 1)=1- 2(¢f+rf)+(rf—tf)2
=141, —t)A+1, —t)(=141, +1)A 41, +1)), (43)

where C[7,, 7, ] denotes the polynomial ring of 7 , 7, on the field C. Since 7., 7, > 0 the equation
g, 1) = O gives the Cartesian curve of the double power series in Eq. (40) as

VIxl+yIy=1. (44)

For convenience we denote the region surrounded by the coordinate axes and the Cartesian curve
in the positive quadrant of the plane Or, r by C, and denote the rectangle by D in the positive
quadrant of the plane Or r, bounded by the coordinate axes and the straight lines parallel to
the coordinate axes r, = 1, and r, = 1. According to Horn’s study of convergence of the hyper-
geometric series [47], one finds the well-known conclusion [49] that the double power series in
Eq. (40) absolutely and uniformly converges in the intersection of the regions C and D in the
plane Or r . ie. /[x[+/Iy[ < 1.

Finally we set z;, | = x;, z,, = ¥,, z;,, =1 withi = B, V and k=3, ---, 6, and formulate the
Feynman integrals as the linear combinations of canonical series solutions in the corresponding
parameter space.

e For |x,| <1, |y,| <1, the Feynman integral is

_ 1,
Sa‘i(xi JY) = Aa,i (x; yi)D/2 1F4 ( D
2 9

SIS

Xis yi>
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LC yPr-lp L 2-2
aiY; 4 2_2 D Xis Vi
2° 2
3-Dp, 2-2
+D, F( ’ A xi,yi),
2-2 2_D

which is convergent in the region /|x,| + /|y;| < 1.
e For |x;| > 1, |y,| <1, the Feynman integral is

D/2-2 D/2—1 L, 2—%
Sb,(-x,ayl)_A X y[ F 2_2 Q
2 2
_ L, 211 y
+Bhtxz 1yiD/z IF (Q é X
27 2 ‘xl i
D —-211
+C,,x D3F(3 D’ 21—, &)
l -7 2=3|x x
D
2-2 I, 2—-3511 Yy
+Db,i'x,'D/ F4<D % .
2> -2 X
which is convergent in the region 1 + /|y,| < \/|x;|.
e For |x;| <1, |y,| = 1, the Feynman integral is
D
S, (5, y) = A x P11y P12 2F4(11) - X
70 2= 721y
X

3-D, 2-2 x o1
+C, ¥ 3F< ’ 2= )
2-8, 2-F 1y
1 2D x 1
+D,,yP"*" 2F( ’ 2| =, —),
2-5, % Iy

which is convergent in the region 1+ ,/|x,| < \/|y;].

In order to determine those integration constants, i.e. the combination coefficients A

B ..C

13

(45)

(46)

(47)

0,i°

D,, with o =a, b, cand i = B, V, we utilize expressions of the Feynman 1ntegrals at some
spemal pomts of the parameter space. For the Feynman integral of one-loop self energy diagram

B,( P m , mg), we employ the following expressions

B, (A%, 0, 0) =

’

iT2— 2122 — 1) 4 pu\2-0/2
(47)2T(D —2) ( —A2 )

B,(0, A%, 0)=B,(0, 0, A?) = —

@4n)2 \ A2

B, (A%, A%, 0) =B, (A%, 0, A =

(4m)2(D - 3)

ira-25) <4M2>270/z

irQ2-— %) (471M2)2—D/2

3
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itQ2—2y arpu?\2-np2
B,(0, A%, A?) = 2 ( ) . 48
o ) (47)?2 A2 “48)
Using above expressions, one derives the combination coefficients as
D
An.B :0’ Ba,B = Ca,B = (_)D/2_1F(1 B E) ’
-2 _pre-2)
) 27
Ay =A45=Cp=C=0,
D
B,y=B.y=—D,;=—D_ ,=0I- ?) : (49)

In a similar way, the combination coefficients involved in the Feynman integral of the two-loop
vacuum diagram are written as

D , D
A,=-B ,=-C, , =TG- )I''(1 - —),
' ' ’ 2 2
D D
D,, =-2I"(3 - E)F(E -2 -D),
Ab v = B Db,v = Aa,V’ C,y= Da,v
AL‘.V = _B(‘.V = Dc,V = Aa,V’ CC,V = Da,V * (50)

For the triangulation A = {ol", 02“, 03”, 04“} of the massless one-loop triangle diagram, the

canonical series solutions are constructed as

Zciles Zcpfce >

9
Zca3lca Zcslca

NN

D-3, 2-1

D/2-2_D/2-2_3-D_1-D/2 s

¢Paa =Zc / ch Zes Lea /F (Q 1 -1
1 2

1

D
¢ D/2 2,1-D/2,-12-D/2 . , 5 —1]%ci%s Zcalce
Pa = %c Zes Zealcs D_1 3_D ’
2 2 J 2 12c3%ca Zc3lca
D
& D/2 2,1-D/2,-12-D/2 . L, 5 —1 ZC.IZC,S Zealcs
Pa = %c Zcs catcs 3_D D_4
3 20 2 ZC,3ZC.4 Zc3lca
1 3—Lzo1205 2ea2
¢ —IZD/Z 312 D/2Z2 D/2F > ) C.1%C5 “c2%c6 (51)
Pa = Z2c3lca cs c.6 3__ 3_D ’
4 2 12c3%ca Zci3lca
Similarly the canonical series solutions corresponding to the triangulation A 1 . 0, af’ ,
f} are written as
1 D _1|z.,2 Ze a2
¢ Z—IZD/Z 2Z2 D/2_1-— D/2F s > C3%C4 C,2%C,6
Py T *ci1tce c.3 c.5 3-L2 D _ g\, .z ’
1 2 2 c,1%C,5 c,1%C,5
D
1-D/2,D/2-2,D/2=2 3D o D=3, F—1|Zc38ca Zcalcs
Pp b %ca o fea Zca D_ D_ 4 ’
%2 25 27125 Zcalcs
D
¢ Z1)/2 3,2-D/2,-12-D2 I, 3— 5 | Zcafca Zcalcs
P b c3 csce 3-L2 32|, - 7z
3 2 2 c,1%C,5 c,1%C,5
D
- 2-2_1-D/2_2-D/2 1, 5 —1|ZcaZca Zcalcs
¢Pb Zc}g{ ch/zcs/F<Q_1 32_2 s T ) - (52)
%4 2 J 2 1 Zcilcs Zcalcs

For the triangulation A {cr , o , cr R a‘} the canonical series solutions are
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D
D/2 2_—1.2-D/2_1-D/2 1, 5 =11 %125 Zcalca
¢PU(, =z Zea%es Zes  Fal D _ 1. 3=-2 ’
2 ) 2 1 2c2%ce  Zc2fce
D
D/2 2,1-D/2 D22, 3 D D—-3, 5 —1|Zci%cs Zcalca
bp . =2, b4 z F, 5 —_—= = =7
; eroes =1, T =1]zcr2c6 2cat
2 ’ 2 Cc2%C.6 C2%C.6

ot c3 cs 3__ 3

_ 1, 3-2
by ZD/z 3,2-D/2,2-D/2, 1F (

Zc1fcs Zcalca )

b
Zcolce  Zcplce

2
D
~1.D/2-2_2-D/2_1-D/2 L, 5 —1|Zci%cs Zcafea
bp  =20,20, 2 Z F( p b R (53)
o€ 6 _ Y =z _
@2 @ . 3-7. 71 Zcolcs Zcoplce
Similarly setting z., = x., 2, = Y, and z., =1 with k =3, ..., 6, one formulates the

Feynman integral as the linear combinations of canonical series solutions in the corresponding
parameter space.
e For |x.| <1, |y.| =1, the Feynman integral is

D -3,
D
7L

—1

Xe» yc)
Xeo yc)

Xc yc> , 54

D
S, (e ve) = A, o (xey)PP2F, ( %
2

Xe» yc)

1B xD/Z 'F, L, %—
a,C __1 3

D/2—1 1 2
+C, 0y, F, ( 3_D b
2° 2

1, 3-%2
+Da,CF4 3_%’ 3_%

which is convergent in the region /[x.| + /|y.| < 1.
e For [x.|>1, |y.| <1, the Feynman integral is

1 D_111 vy
’ A, D/2 2F ) > — X
e (s Ye) = Aue¥e 3_%’ %—1 Xe Xc
D
LB x1-D2 D 2@(’3 3, g_l 1 y_C)
7—1, 7—1 )CC )CC
L C D13 1, S A RERL
e ) 3_§’ _g Xe X
- 1 L_ 1 vy
D 'F ’ 2 —, = 55
+ e 4<§—1, 3—% Xe xC> (55)
which is convergent in the region 1 + /|y | < /|x.|.
e For [x.| <1, |y.| = 1, the Feynman integral is
1 D_q1]x. 1
Sece.ye)=A,oxPI?™ zy_lF( 2 =<, —)
e = g-1 i-8l% %
_ D _ 1
_i_BCCxD/z 2y; DI, (g 3, 3 i Xe _)
275 2 Ye Ve
1 3—-L2)x. 1
+C. .yl 3F( ’ h|=<, —)
e 3__ 3_% Ye Ve
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D

. 1, 21

+ Dc.CyC F4 ( 3 _ D

1
%, —), (56)
2 7_1 Yo Ye

which is convergent in the region 1+ /|x.| < /|y.|.

Using the expressions of Feynman integral of the massless triangle diagram at some special
kinematic points (A2, A2, 0), (A2, 0, 0) etc, one obtains those integration constants as

A . =-T22 D)F(D 1)
a,C 2 2 ’

re-2rx2-n
BaC:CaC:_ a,C = D
’ ’ ' 2—-3)I'(D-3)
B,o=B.=Ac. Dye=A =B,
Aye=D.c=Cc. Cc=C. =D, . (57)
Actually Feynman integrals presented here can be written in terms of Gauss function [19] by
the well-known reduction of Appell function of the fourth kind [18], then the analytic continu-

ation of those Feynman integrals is made to the whole parameter space through the transforma-
tions of Gauss functions.

4. GKZ-hypergeometric systems of other Feynman integrals
4.1. Sunset diagram with three differential masses

In order to make the notation less cluttered, we adopt the multi-index convention [55], and
write Feynman integral of the two-loop sunset diagram as

D
T? (a, b; x), (58)

123

pr2a3— %) A A \4-

(4m)4 ( —p? )
with the multi-index notations a = (a,, a,), b= (b, b,, b;), and x = (x,, x,, x;). Where a, =
3—D,a,=4-3D/2,b,=b,=b,=2—-D/2,and x, = mlz/pz, X, = mf/pz, X5 =m§/p2.
Certainly the dimensionless function 7/, complies with the third Lauricella’s system of linear
PDE:s [42,43]

. (p?) =—

3 3

{Be, D+, = D=5, b +a) Qb +a)|TE =0, =1,2,3). (59
i=1 i=1

Using the system of linear PDEs, one derives the following relations between 7/ and its con-

tiguous functions as

123 J 123

3
(Zfaxi +a)TP (a, b; x)=a, T, (a+mn,,, b; x), (j=1,2),
i=1

@, +b = DTL @ by x)=(b, —DTL @ b—n,; %),

123 123

2, T (a b: x)= YD rr @atn,, btn,: x). (k=12 3). (60)

123 b 123
k

Wheren, ; € R2, (j = 1,2) denotes the row vector whose entry is zero except that the j-th entry
is 1, and the row vector m, = (1, 1). In addition n, , € R3, (k =1,2,3) denotes the row vector
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whose entries are zero except that the j-th entry is 1 and n; = (1, 1, 1). Following the work of
W. Miller [44,45], we define the auxiliary function @ as

®(a, b; x, u, V) =u?v"™ Tlfz’% (a, b; x). 61)
Where the row vectors u = (u,, u,) € R2, v= (v,,v,,0;) € R3, and the multi-index notations
3
b—1 _ . . . .
u? = u?l u?z VP = [Tv" . Miller’s transformation [44,45] on the function TP istoreplace
i=1 ;

the multiplication by the parameter a;, b, in Eq. (60) by Euler operators z§u 5 19% :
iV

J, ®a by x, u, v)=a,®@ by x, u, V), (j=12),
J
f?vk ®(a, b; x, u, V)=, —DP(a, b; x, u, v), (k=1,2,3), (62)

which induces the notion of GKZ-hypergeometric system naturally. In addition, the contiguous
relations of the function defined in Eq. (61) are given as
O, @@, b; x, u, V)=a;@+n,,, by x, u, V), (j=1,2),

0,,, (@, b; x, u, V)= (b, — D®(a, b—n,,; X, u, v),
a,a,

O,,, ®(@a, b; x, u, v) = d@+n, b+n,,;x uv), k=1,23), (63)
k
where the operators (5:’ n=1,---,8) are

3

Oy =u,Q b, +9,),
i=1
3

02 ZMZ(Z X; +l9u2)’
i=1

Oy =~ +9

2+k_v_k( X + vk)’
Osp =uuy0,0, , (k=1,2,3). (64)

Those operators together with z§u o 5\% define the Lie algebra of the hypergeometric system [44,
J
45] in Eq. (59). Through the transformation of indeterminates

X
L =V 2y = ———, (k=1,2,3), (65)

Uy

the equations in Eq. (62) are changed as
(Ae -ﬁ)@(a, b; x, u, v) =B_®(a, b; x, u, v), (66)

where
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1 0 0 0 O 1 1 1
0O 1 0 0 O 1 1 1
Aez 0O 0 1 0 0 -1 0 0 ,
0O 0 0 1 O 0 —1 0
0O 0 0 0 1 0 0 —1
ol=@. ,9_, 0,09 ,0_,0.,09_,0.),
e U O 0L 0D DD
B! =(-a,, —a,, b, =1, b,—1, b, - 1). (67)

Correspondingly the universal Grobner basis of the toric ideal associated with A is

uAez{a,a —-9d,.0, ,0. 0 -—0,0_,0 0_—29,_0_,

SIS 3% A N AR 5 %

0z, 826 — 814 077, 813 826 — Oz 828 , az4 077 — BZS 818 }. (68)
The operators A - 9 — B, and that from the set Z/{Ae compose the generators of a left ideal
in the Weyl algebra D = C(z,, ---, zg, 8Zl O 828 ). Defining an isomorphism between the
commutative polynomial ring and the Weyl algebra [46]

Wi Clzy, ooy 2, &, ooy &l = D, 208l > 2%0F (69)

.0

i

one obtains the state polytope [53] of the preimage of the universal Grébner basis in Eq. (68)
§6+§7 +§3 23’ E6 +§7 2 1’ ‘i:(, +$s 2 17
é7+sg > 17 56 Zoe §7 Zos ‘i:g 20, _Eg 2_37
_57 = _3’ _%‘6 = _35 _57 _Es > _57 _56 _gg = _57

_'5;:5 - ‘51:7 > _51 _sﬁ - §7 - ‘i:g = _6 ) (70)
on the hyperplane

%-1 2%_2’ 53 ZSG’ §4 2577

%‘5:%‘3» $2+56+E7+§g=6- (71)

The normal fan of the state polytope in Eq. (70) is the Grobner fan of the left ideal generated
by the operators in Eq. (66) and Eq. (68). Because codimension = 3 for GKZ-hypergeometric
system here, the Grobner fan refines the secondary fan which is composed by the column vectors
of a Gale transform of the matrix A, in Eq. (67). With these fans, one constructs canonical
basis series solutions in C-type Lauricella functions with three variables [43,60,61]. In order to
make analytic continuation of Lauricella functions from their convergent regions to the whole
parameter space, we should perform some linear fractional transformations among the complex
variables z,, - - -, z;. We will release our calculation results further elsewhere.

4.2. C, function with one nonzero mass

In this case, the scalar integral
dPq 1
Q2m)P (g% —m?)(q + p))*(q — p,)?

i(_)D/Z(pZ)D/Z—?)
= (47T)D3/2 Fw3 (a, b; x) (72)

Co Py, P Py m?) =
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where the row vectors a = (a,,a,,a;) € R3, b= (b,,b,)) € R2, and x = (633, X5, Xy3) € R3,
respectively. Additionally the parameters @, =4—D,a,=3—-D/2,a,=1,b, =b, =3—-D/2,
p32 = (p, + p,)*, and the dimensionless ratios &, = —m2/p32, X, = pl,z/pf, @@, j=1,2,3). The
dimensionless function F, »s satisfies the holonomic hypergeometric system of linear PDEs

{@ + 9 )@ + 9, +Zl9x )a, + D, +Zﬂx

i=1 i=1
2

1 . N R
_gl?;%} l—[(bi + 19533 + ﬁxw)}Fa,m =0,
E i=1

M-
Sp)

2
{(02 + 1%33 + Z 5"13 )a; + 5—533 +
i=1

1 :
_x_zax (b, + Ve, + D, )] F,,, =0.(=12). (73)

Jj3

Defining Miller’s transformation on the function F, rs
. _ ab— n, .
D, rs (a, b; X, u, v)=uv J)} (a, b; x) (74)

with uw = (u,,u,,u;) € R, v= (v, v,) € R2, one replaces the multiplication of the parameter
a,, b; by Euler operators ﬂuk , 0, 0
J

&ukab @ b; x, u, V) =a,®,, (@ b; x u V),

l%@ (a, b; x,u, v)= (bj—l)CD (a, b; x, u, v) (75)

a.py a.py

where k =1, 2, 3 and j =1, 2, respectively. In addition, the contiguous relations of the auxil-
iary function are given as

@k® (a b; x,u, v)=q,, (a—i—n”,b X, U, V),

A

03+J apy (a, b; x,u, v)= (b.—1)<I>a’m(a,b—n2‘j; X, U, V),
~ a, a
Os®,,, (@ b X, u, v)= bZ’CD b @tn, btn; x u v,
(’)M@” (a, b; x,u, v)= d>wz (@+mn;,+n,;, b+n, ; x, u,v), (76)
; ;
where the operators (’A); (n=1,---,8) are defined as

@I = u] ('I/},’833 + 19[{1 ) 5
2

O, = uz(ﬁ% Zﬁm +9,),
i=1
2

Oy =u, B, +y 0, +9,).

i=1
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1 3 A 3 .
0, = U—j(ﬁ% +d, +0,) (=12,

Oy =u uyu,v, vza533 ,

A

O, =u,uv.0,_,(j=1,2). (77)

6+j J X3

Those operators above together with z§uk , zA?v_ define the Lie algebra of the hypergeometric sys-
J
tem [44,45] in Eq. (73). Through the transformation of indeterminates

1
a__ * a _
2y _uk v Ly =Y
X.
Za_L Za,_ 3 y (k=1,2, 3, j=172)7 (78)

6 ? Y6+ -
U U, U0, 0, M2M3Uj

the equations in Eq. (75) are rewritten as

(Aa -F}a)cbm (@ b x. u v)=B,o,, @a b x u v, (79)
where
10000 1 0 0
010 0 0 1 1 1
A,=[l0 0o 100 1 1 1|,
000 1 0 -1 -1 0
00 0 0 1 -1 0 -1
O =W, Oy Vs Oy O Vs O D)
2 B3 4 %5 % R
B =(-a,, —a,, —a,, b, b,). (80)

Correspondingly the universal Grobner basis of the toric ideal associated with A, is
UA z{a,aa,a _8-a8.ay a,aa,u _aaaas aaa.a _aaaav aaaa _814814’
“ a4 5% 1% 4t 2073 4ot % 5%
8,1180 _aaa.aa aaa.aaa _aaaaaaa aaaaa.a _aaaaaa}~ (81)
24 2'7 ZS <.8 Zl 4.2 Z} 74 75 Z6 Zl Z7 4.8 72 73 76

Certainly one can calculate the state polytope [53] corresponding to the universal Grobner basis
U N whose normal fan coincides with the Grobner fan, then construct canonical series solutions
in the convergent regions which are presented in Ref. [43]. In order to perform the analytic con-
tinuation of canonical series solutions from the convergent regions to the whole parameter space,
one utilizes some linear fractional transformations among the complex variables zf, cee z;l, then
chooses u, =1, v, = 1 (k=1,2,3, j=1,2) finally.

4.3. C, function with three differential masses

The massive C,, function is generally written as

2 2 2 2 2 2
CO(p17 p2’ P3’ mlv mz’ m3)

[ dPq 1
Q2m)P (g2 —m2)((q + p))* —m?) (g — p,)* —m?)
i(pp)P3
= WFPS (a, b, X) (82)
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with the row vectors a = (a,,a,,a,) € R}, b= (b,,b,) € R%, and X = (&5, &5, £, X135 Xp3) €
R, respectively. Here the parameters a,, b; (k=1,2,3, j=1,2) are taken the same values as
in Eq. (72) and the dimensionless ratios §;, = —m'_2 / pf, X, = pl_2 / pf. Furthermore the dimen-
sionless function F s complies with the hypergeometric system of linear PDEs

1 4 D . N A
+§ﬁéﬂ [2 2 0, F ﬁfﬂ + ﬁxa—m ] }F”3 =0,
3 2 2
{[3 Ty +Zﬁfﬂ +Zﬁ~“i3][1 +ﬁ5$3 +Zﬁ"ﬂ]
i=1 i=1 i=1
1 . D . A N )
_?0x./3 [2 T T T T, ] }Fl’a =0,G=12. (83)

Defining Miller’s transformation on the function F ’s
@, (a b; X, u, V) =u?v"® F, (a. b; x) (84)

with u = (u,,u,,u;) € R3, v= (v, v,) € R2, we similarly replace the multiplication of the
parameters a;, b; by Euler operators z‘/‘uk , U,
J

19"k ®p3 (a, b; x, u, v) :a,ﬂJP3 (a, b; x,u,vVv),
5 ®, (a,b; x,u, vV=(0b,—1)P (a, b; x, u, v (85)
"_, 3 J P3

where k =1, 2, 3 and j =1, 2 respectively. Similarly the contiguous relations of the function
defined in Eq. (84) are

0@, (a b; x,u, V)=a®, (at+n,,, b x, uv),

O, ®, (@ b x, u, =0, -DP, @ b-n,; X u V),
N a,a
OSHCIDP3 (a, b; X, u, v)= %CIDP3 (@a+n,, +n,, b+n, ; X, u,v),
j
A . _a,a,044 .
OgCIDP3 (a, b; x,u, v)= —blbz <I>p3 (a+n;, b+n,; x, u,v),
R a,a
O, ; CDP3 (a, b; x,u, v)= %CIDP3 (@a+ny,+n;, b+n,; x, u,v), (86)

J

where the operators @,, (n=1,---,10) are defined as
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3
O =u,Q b +9,),
i=1
3 2
O,=u, Y 0. +) 9. +9,),
i=1 i=1

33 i 3
i=1
1 3
Ouy =5 X Puy =g, +9,, +9,) G=1.2),
=

>

=u,u,v;d 3,(J'=1, 2). (87)

8+j Jox

Those operators together with 1A9u, , 1A?U. define the Lie algebra of the hypergeometric system [44,
i J
45] in Eq. (83). Through the transformation of indeterminates

_ 1 _ _ g13 _ s23
L=, Ly SV, yE o, L=,
u U Uy, U U,v,
&5

X .
Z= 22— g, =2, (i=1,2,3, j=1,2), (88)
UjuyUz0, 0, U Uy v;

i

the equations in Eq. (85) are

(A-fi)d)m (a, b; x, u, v) =Bd>p3 (a, b; x,u, v), (89)
where
1 0 0 0 0 1 1 1 0 0
01 0 0 0 1 1 1 1 1
A=]10 0 1 0 0 O 0 1 1 1 ,
0o 0010 0 -1 -1 -1 0
o 0001 -1 0 -1 0 -1

9T =@, 0,0 0 000D DD, ),
R R R A M A 1)
(_dl, —dz, _a3s blv bg) . (90)
Correspondingly the universal Grobner basis of the toric ideal associated with A is

u,={9,0_ —-9.9_,0,0_ —09_9 ,0, 9 —0_0_,0 9 —09_0_,
21 %2 T Oy Oy O Oy 25 %260 Oz; Yz 23 9270 O2; O 25 Ozg

3
90 —0.0 ,0 0 —09.0 ,0 0 —0d 0 ,0 0_—0a_0
21 %210 23 9260 92 Oz 24 Y250 02y 92y 24 9290 92, Yz, 25 %20
0,0 —d.90 ,0, 0 —0d_0 ,0 0 —0d 0,0 9d_—03_0,,
2y Ozg 26 Y297 02y Y24 27 9207 Y25 Oz 24 Y250 023 92 25 Ozg

0,0 —d_90 ,0 0 —0d 0 ,0 0 —0_d ,0 0 0 —0 0 0,
24 92, 25 92107 Y26 Oz 2y 92y 02y 24 V25 Oz

5 267 24 29 27 7210
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9,0, 0, —a,0, 0 _,0 0, 0, —3,8,8, ,0.0, 0, —0,0, 0,
MR S A I SR 4 % %9

0,9,0, —0.9,.0 .0, 0.9 ~ 0,0, az 9,9, 0, =0, 9.0,
9, 9,0, —aaa aaa 4 5.9, —9
R 4 %9 L0

3

SERRY
Q.Ur

7%
0
23 T % 4 0

8,8,8,—888 888—388 833—8,8,8,,
2 3 4 47 %

5 %6 SRR T TN

3.9 9 —a 0 a, ,87 37 a, —9.,0.9, ) 1)

3 % Y9 5% 4107 43 47 f10 % %9
The normal fan of corresponding state polytope of the universal Grobner basis is the Grobner
fan, canonical series solutions are obtained similarly in the convergent regions. To perform the
analytic continuation of canonical series solutions from the convergent regions to the whole
parameter space, one can use the linear fractional transformations among the complex variables
2y, 0, 2y, thensets u, =1, v, = 1 (k=1,2,3, j=1,2) finally.

5. Summary

Using the system of linear PDEs satisfied by the corresponding Feynman integral in Refs. [42,
43], we present GKZ-hypergeometric systems of one-loop self energy, one-loop triangle, two-
loop vacuum, and the two-loop sunset diagrams, respectively. In those GKZ-hypergeometric
systems the codimension equals the number of independent dimensionless ratios among the ex-
ternal momentum squared and virtual mass squared.

Actually one can derive GKZ-hypergeometric systems from Mellin-Barnes representations
for the one-loop Feynman diagrams and those multiloop diagrams with two vertices, whose codi-
mension equals the number of independent dimensionless ratios among the external momentum
squared and virtual mass squared. Nevertheless for the generic multiloop Feynman diagrams, the
corresponding codimension of GKZ-hypergeometric system is far larger than the number of inde-
pendent dimensionless ratios, whether using Mellin-Barnes or Lee-Pomeransky representations.
In order to construct canonical series solutions properly, the corresponding GKZ-hypergeometric
system should be restricted to the hyperplane in parameter space.

Taking GKZ-hypergeometric systems of one-loop self energy, one-loop massless triangle, and
two-loop vacuum diagrams as examples, we present in detail how to perform triangulation and
how to construct canonical series solutions in the corresponding convergent regions. The analytic
continuation of those series solutions is performed through some well known reduction of Appell
function of the fourth kind. In order to make analytic continuation of those series solutions of
GKZ-hypergeometric systems of the massive sunset and massive one-loop triangle diagrams etc.,
one can perform the linear fractional transformations among the complex variables.

One of the techniques not involved here is how to project GKZ-hypergeometric system to the
restricting hyperplane. Another calculation not contained here is how to make analytic contin-
uation of those canonical series solutions from their convergent regions to the whole parameter
space through linear fractional transformation among the complex variables. Algorithm for the
first problem has been presented in literature already, and the second problem is attributed to a
problem of integer programming [62] in principle. We will release our results relating to those
topics in near future elsewhere.
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