Physics Letters B 762 (2016) 86–95

Contents lists available at ScienceDirect

Physics Letters B
www.elsevier.com/locate/physletb

Chiral phase transition and meson spectrum in improved soft-wall
AdS/QCD
Zhen Fang a,b,c,∗ , Yue-Liang Wu a,b,c , Lin Zhang a,b,c
a
b
c

Key Laboratory of Theoretical Physics, Institute of Theoretical Physics, Chinese Academy of Sciences, Beijing 100190, PR China
Kavli Institute for Theoretical Physics China, Chinese Academy of Sciences, Beijing 100190, PR China
School of Physical Sciences, University of Chinese Academy of Sciences, Beijing 100049, PR China

a r t i c l e

i n f o

Article history:
Received 6 June 2016
Received in revised form 7 September 2016
Accepted 7 September 2016
Available online 13 September 2016
Editor: N. Lambert

a b s t r a c t
We investigate in detail the chiral thermal transition of QCD in an improved soft-wall AdS/QCD model
with a simply modiﬁed 5D conformal mass of the bulk scalar ﬁeld. We also present a calculation in
this model for the light meson spectra and other low-energy characteristic quantities including the pion
form factor, the π –ρ coupling constant and the decay constants of π , ρ , a1 , which are shown to result
in a good agreement with experimental data except for the pion decay constant. The thermal behavior
of chiral condensate is studied. It is found that such a simply improved soft-wall model incorporates
the crossover behavior of chiral thermal transition indicated by lattice simulations. The expected chiral
transition temperature can be obtained.
© 2016 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3 .

1. Introduction
Quantum chromodynamics (QCD) in the low energy region is
still not well understood for its strong coupling nature, which entails nonperturbative approaches such as lattice QCD approach.
Various of effective ﬁeld theories have also been built to tackle
the low energy problems of QCD, which is usually based on the
approximate global chiral symmetry and dynamical chiral symmetry breaking [1]. It has been shown that the chiral dynamic model
with dynamically generated spontaneous chiral symmetry breaking only enables us to predict the mass spectra of all light ground
state mesons [2].
In recent years, the Anti-de Sitter/Conformal ﬁeld theory
(AdS/CFT) correspondence [3–5], which establishes the duality between the weakly coupled supergravity in AdS5 and the N = 4
super-Yang–Mills gauge theory in the boundary, has been developed and applied successfully in many ﬁelds relevant to strong
couplings. Particularly, many models based on AdS/CFT have been
constructed to handle the low energy nonperturbative problems
of QCD, which is usually called holographic QCD or AdS/QCD.
There are top–down and bottom–up approaches in this direction.
In the top–down approach one utilizes certain brane construction
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in string theory to describe the low energy phenomena of QCD
[6–8], while in the bottom–up approach the bulk theory is usually
constructed and constrained on the basis of the fundamental features of low energy QCD such as the chiral symmetry breaking and
conﬁnement property.
In the bottom–up approach, many models have been built to
characterize the low energy hadron physics, such as the hard-wall
and soft-wall models [9–11] and the light-front AdS/QCD model
[12,13]. The hard-wall model [9,10] introduces a sharp cut-off in
the extra dimension to mimic the conﬁnement of QCD. The chiral
symmetry breaking pattern can be well reproduced in this model,
however, it cannot obtain the linear Regge behavior of hadron
spectrum which is identiﬁed as a typical feature of QCD conﬁnement. The original soft-wall model [11] was constructed to reproduce the correct Regge behavior of meson spectrum by introducing
an infrared (IR) suppressed dilaton term, yet the chiral symmetry
breaking phenomena cannot be realized consistently.
Many works have been done to realize the conﬁnement of QCD
and the chiral symmetry breaking consistently [14–26]. Nonlinear interactions of bulk scalar ﬁeld were considered in [14–21],
and a quartic term of bulk scalar has proved to be crucial both
for a consistent description of meson spectrum [17–19] and for
the correct behavior of chiral phase transition [25,26]. There are
also many works which considered modiﬁed metric forms or dilaton proﬁles etc. [17–20]. In [19], we constructed an IR-improved
soft-wall model for mesons and calculated the light meson spectra
which ﬁt the experimental data quite well. Based on the hard-wall
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model for baryons [23], a soft-wall model for spin- 12 baryons has
been proposed in [24], where the reasonable spectrum of nucleons and their low-lying excitations has been obtained. In [25,26],
we studied the temperature dependent behavior of the chiral condensate in a modiﬁed soft-wall model and reproduced the correct
behavior of chiral phase transition.
To incorporate the meson spectrum, in this paper we propose
a simply improved AdS/QCD model based on the previous work
[19] and investigate the chiral thermal transition behavior following the studies in [25,26]. The vacuum expectation value (VEV) of
the bulk scalar will be solved directly from the equation of motion
(EOM), so the chiral condensate will be given as a derived quantity, and the dynamical chiral symmetry breaking pattern can be
realized naturally in the soft-wall framework. To give a consistent
description of the low-energy QCD phenomenon, we need to introduce a modiﬁed 5D conformal mass of the bulk scalar ﬁeld which
is constrained by the well-motivated UV and IR asymptotics, as
did in our previous work [19]. Physically, it is reasonable to modify the 5D conformal mass of the bulk scalar ﬁeld in consideration
of the quark mass anomalous dimension and the mass-dimension
relation of AdS/CFT. It will be seen that the correct behavior of
chiral thermal transition indicated from lattice simulations can be
obtained in our simply improved soft-wall AdS/QCD model when
combined with the calculation of light meson spectra.
The paper will be organized as follows. In Sec. 2, we outline the
improved soft-wall AdS/QCD model with a modiﬁed 5D mass of
the bulk scalar ﬁeld. In Sec. 3, we compute the light meson spectra
and other low-energy characteristic quantities including the pion
form factor, the π –ρ coupling constant and the decay constants
of π , ρ and a1 mesons. In Sec. 4, the behavior of chiral phase
transition is investigated in this simply improved soft-wall model.
In Sec. 5, we give a summary and conclusion of our work.
2. The improved soft-wall AdS/QCD model for mesons

ds2 = e 2 A (z)





ημν dxμdxν − dz2 ,

(1)

where ημν = diag{+1, −1, −1, −1} and A ( z) = −log Lz with L the
AdS curvature radius which will be set to one for simplicity in the
calculation below.
Now we present the modiﬁed soft-wall AdS/QCD model. The
meson sector of the 5D action can be written as

SM =

1
k

−



d5 x
1
4g 52

√

g e −(z) Tr{| D X |2 − m25 ( z)| X |2 − λ| X |4

( F L2 + F R2 )},

(2)

M
MN
M N
N M
where D M X = ∂ M X − i A M
L X + i X A R , F L,R = ∂ A L,R − ∂ A L,R −

i[ A M
L,R ,

AN
L , R ],

AM
L

=

a, M
A L t aL ,

AM
R

=

a, M
A R t aR ,

t aL

and

t aR

dictionary [10]. In general, the bulk scalar ﬁeld X can be decomposed into the pseudoscalar meson ﬁeld π (x, z) = π a (x, z)t a and
χ
the scalar meson ﬁeld S (x, z) in the form of X = ( 2 + S )e 2i π ,
χ
where χ ( z) is related to the VEV of X by  X  = 2 I 2 with I 2 the
2 × 2 identity matrix. The bulk gauge ﬁelds can be recombined
M
into the vector ﬁeld V M = 12 ( A M
L + A R ) and the axial-vector ﬁeld
M
A M = 12 ( A M
L − A R ) with the transformed ﬁeld strengths as follows

F VM N =

1
2

( F LM N + F RM N )

= ∂ M V N − ∂ N V M − i [ V M , V N ] − i [ A M , A N ],
F AM N =

1
2

are the gener-

ators of SU(2) L and SU(2) R respectively, and ( z) = μ2g z2 is the
dilaton proﬁle which is necessary for the Regge behavior of meson
spectrum [11]. g 5 can be determined by comparing the large moa
= q̄γμ t a q
mentum expansion of the correlator of vector current J μ
in both AdS/QCD and perturbative QCD [10]. It should be noted
that a factor 1k outsides the integral has been set, following [27],
which is contrast to the previous works [10,11,17–20] where k = 1
was usually taken. Later we will give some details of discussion for
the values of k and g 5 .
The bulk scalar ﬁeld X and the chiral gauge ﬁelds A M
L , R are dual
to relevant QCD operators at the boundary z = 0 by the AdS/CFT

(3)

( F LM N − F RM N )

= ∂ M A N − ∂ N A M − i [ V M , A N ] − i [ A M , V N ].

(4)

To ﬁx the action of the improved soft-wall AdS/QCD model, we
need to specify the form of the 5D mass m25 ( z) which is critical to
a consistent description of both meson spectrum and chiral phase
transition, as mentioned above. Theoretically, a z-dependent bulk
scalar mass might originate from the quark mass anomalous dimension which can be related to m25 by the AdS/CFT dictionary
m25 = ( − p )( + p − 4) with
the dimension of the p-form operator. We ﬁrst investigate the UV and IR asymptotics of m25 ( z). The
UV asymptotic expression of m25 ( z) can be obtained from the EOM
of bulk scalar VEV which can be derived from the action (2) as





χ  (z) + 3 A  (z) −  (z) χ  (z)



λ
− e 2 A (z) m25 χ ( z) + χ 3 ( z) = 0.

(5)

2

According to the AdS/CFT dictionary [10], the bulk scalar VEV has
the following behavior in the UV region:

χ ( z ∼ 0) = m q ζ z +

The modiﬁed soft-wall AdS/QCD model is deﬁned in the AdS 5
space with the metric ansatz:

87

σ
ζ

z3 + · · ·

(6)

with mq the current quark mass, σ the chiral condensate and ζ
a normalization constant which will be interpreted below. Substituting the above asymptotic expression of χ ( z) in Eq. (5), the UV
asymptotics of bulk scalar mass can be derived as

m25 ( z ∼ 0) = −3 − (2 μ2g + λ mq2 ζ 2 /2) z2 + · · · ,

(7)

where the leading constant term −3 can be determined from the
AdS/CFT dictionary m25 = ( − p )( + p − 4) by taking p = 0 and
= 3, which is the dimension of the dual operator q̄ R q L [10]. The
IR asymptotics of m25 ( z) can be constrained by the mass split of
chiral partners, i.e., the vector and axial-vector mesons in the high
excited states, which requires χ ( z) to be linear in the IR region:
χ (z → ∞) = μIR z. Inserting this relation in Eq. (5), we get the IR
expression of m25 ( z) as

m25 ( z → ∞) = −(2 μ2g + λ μ2IR /2) z2 − 3 + · · · .

(8)
m25 ( z)

We ﬁnd that the leading UV and IR expressions of
has the
same form, both with a constant and a quadratic term. For simplicity, the following parameterization of m25 ( z) will be used:

m25 ( z) = −3 − μc2 z2 .

(9)

At last, we address the issue about the parameter-ﬁxing of k
and g 5 in the action (2). From the calculation of the correlator of
2

a
vector current J μ
= q̄γμ t a q, one can get kg 52 = 12Nπc with N c = 3
[10]. It was argued in [27,28] that k can be ﬁxed by comparing the two-point correlation functions of scalar or pseudoscalar
currents computed from AdS/QCD and the ones in perturbative
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Table 1
The best ﬁt of parameters in case A and case B.
Case

mq (MeV)

μ g (MeV)

μc (MeV)

λ

A
B

3.366
6.5

440
440

1180
1170

33.6
0.64

QCD. However, the values of k determined by these two ways are
2

inconsistent with each other, e.g., k is determined as k = 16Nπ
c
by comparing the correlators of scalar current OaS = q̄t a q [27],
2

π by comparing the correlators of pseudoscalar curwhile k = 92N
c
rent Oπ = q̄γ5 q [28]. Putting aside the tension between the two
ways of parameter-ﬁxing which might need further consideration,
in many previous studies
we usually took k = 1 and a normal√
N

ization constant ζ = 2πc in Eq. (6) must be introduced to produce
the correct N c scaling behavior of mq and σ in this case [29], while
in the cases with k = 1 we just set ζ = 1. In this work, we will
2

also consider the case with k = 16Nπ (we will call it case B) which
c
was addressed in [27] besides the usual case with k = 1 (we will
call it case A) and compare the results between these two cases,
which might give us some guidance for further improvement in
the framework of AdS/QCD.
3. Numerical calculations at zero temperature
3.1. Input parameters and bulk scalar VEV
Before doing the calculation, we need to specify the four parameters mq , μ g , μc and λ by ﬁtting meson spectrum or other
measured quantities, and a physical analysis of these parameters
might be helpful to the exposition of following studies. In the four
parameters, the current quark mass mq should be tightly linked
with the ground state pion mass due to the effect of explicit chiral
symmetry breaking, and this is indeed the case. As μ g is contained
in the dilaton term which is crucial to the linear Regge behavior of
meson spectrum, the value of μ g is expected to be closely related
to the QCD energy scale, i.e., μ g ∼ QCD . The parameter μc is
introduced by the modiﬁed bulk scalar mass m25 ( z) which is necessary for a reasonable realization of chiral symmetry breaking and
chiral phase transition, as will be shown below, so we might expect that the value of μc should be close to the energy scale of
chiral symmetry breaking: μc ∼ χ ∼ 1 GeV.
In our calculation, the parameter mq is ﬁxed by the pion mass
mπ 139 MeV. As we will see below, the EOM of vector meson in
our model includes only the parameter μ g , which could be ﬁxed
by ﬁtting vector meson spectrum. The parameters μc and λ determine the mass split of vector and axial-vector mesons indirectly by
the bulk scalar VEV χ ( z), and these two parameters could be ﬁxed
by a global ﬁtting of the mass spectra of scalar and axial-vector
mesons. The best ﬁt of the four parameters in case A and case B is
shown in Table 1.
The bulk scalar VEV χ ( z), which can be solved from Eq. (5)
with the required UV and IR conditions, is shown in Fig. 1, and
the value of σ can be extracted from the UV limit of χ ( z). The
chiral condensate is q̄q = σ = (175 MeV)3 in case A and q̄q =
Nc
σ = (214 MeV)3 in case B. We remark here that the different
4π 2
formulas of chiral condensate in case A and case B are due to the
different ways of realizing the correct N c scaling behavior of chiral
condensate, for which one can refer to [29,30].
3.2. Meson spectrum
3.2.1. Pseudoscalar meson
Now we are ready to calculate the meson spectrum, and the
pseudoscalar meson will be ﬁrstly considered. To derive the EOM

Fig. 1. The bulk scalar VEV

χ (z) in case A and case B.

of pseudoscalar meson, we need to decompose the bulk gauge
ﬁeld A aμ into A aμ = A aμ⊥ + ∂μ φ a , which eliminates the cross term
of pseudo-scalar and axial-vector meson ﬁelds, but introduces a
χ
mixing between π a and φ a . Substituting X = ( 2 + S )e 2i π in the action (2) and using the Kaluza–Klein (KK) decomposition π a (x, z) =
a
n ϕn (x)πn ( z), the EOM of pseudoscalar meson can be derived, in
the axial gauge A z = 0, as follows



∂z e A − ∂z φna + g52 χ 2 e 3 A − (πna − φna ) = 0,

(10)

mn2 ∂z φna − g 52 e 2 A χ 2 ∂z πna = 0.

(11)

Before showing the numerical results of the mass spectrum of
pseudoscalar mesons, we ﬁrst give an approximate analytical calculation. By applying the transformations:
1

πn (z) →

e − 2 (3 A s −)

π̃n (z),

(12)

φn ( z) → g 5 e − 2 ( A s −) φ̃n ( z),

(13)

χ
1

we can get two equations:



π̃n

1
2





3 A s −  +





2 χ 
χ  3 A s − 
1
− π̃n
+ 3 A s −  +
χ
4
χ



= mn2 π̃n − g 5 χ φ̃n e A s ,


 1 

1  

 2
− φ̃n
As −  +
As − 
φ̃n
2
4


= g 5 χ e A s π̃n − g 5 χ φ̃n e A s .

According to Eq. (5), the asymptotic solution of

2μc2 − 4μ2g

z→∞

χ (z) −→

√
λ

(14)

(15)

χ (z) at z → ∞ is

z.

(16)

From Eq. (6) and Eq. (16), we can conclude that

1
2



3 A s −  +

z→0

−→
1
2

3
4z2









(17)

,


3 A s −  +

z→∞




χ  3 A s − 
1 
χ 
+
3 A s −  2 +
χ
4
χ

−→ μ4g z2 .


χ 3 A s − 
1 
χ 
+
3 A s −  2 +
χ
4
χ
(18)
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Table 2
The theoretical results of the radial excited pseudoscalar meson spectrum in case A and case B. The
experimental data are taken from [31].

π

0

1

2

3

4

5

Exp. (MeV)
A (MeV)
B (MeV)

139.6
139.6
138.6

1300 ± 100
1296
1270

1812 ± 12
1753
1726

2070 ± 35
2051
2028

2360 ± 25
2277
2257

–
2467
2449

−sn ( z) + V s ( z)sn ( z) − mn2 sn ( z) = 0
with the potential

(23)





1
1
3
V s ( z) = ωs ( z) + ωs ( z)2 + e 2 A (z) m25 ( z) + λχ 2 ( z) .
2
4
2

(24)

In terms of Eq. (6), Eq. (16) and Eq. (24), the UV and IR asymptotics of V s ( z) can be obtained as follows:

3

z→0

V s ( z) −→

4z2

z→∞

V s ( z) −→

(25)

,

μ4g z2 .

(26)

According to the WKB approximation, the approximate EOM for
highly excited states of scalar mesons can be written as
Fig. 2. The squared masses of pseudoscalar meson m2π versus the radial excitation
number n in case A and case B. The black points with error bars are experimental
data taken from [31].

According to the WKB approximation and neglecting the coupling
between π̃n ( z) and φ̃n ( z), the approximate EOM for highly excited
states of pseudoscalar mesons can be written as


4 2
gz

−π̃n ( z) + (μ

+

3
4z2

2
n ( z ) − mn

)π̃

π̃n (z) = 0.

(19)

This equation with the boundary conditions π̃n ( z → 0) = 0 and
π̃n (z → ∞) = 0 can be solved analytically. Then we get
n→∞

1

π̃n (z) −→ 2z3/2 e− 2 μ g z

2 2







c 1 U −n, 2, z2 μ2g + c 2 L n1



μ2g z2



,
(20)

n→∞
mn2 −→

4 μ2g (n + 1),

(21)

where U (a, b, z) is the conﬂuent hypergeometric function, L na (x)
is the generalized Laguerre polynomial, n = 0, 1, 2, · · · . Thus, we
reproduce the linear Regge behavior for highly excited states of
pseudoscalar mesons.
Eqs. (10) and (11) can be solved numerically by the shooting
method with the boundary conditions φna ( z → 0) = 0, ∂z φna ( z →
∞) = 0 and πna (z → 0) = 0, then we obtain the mass spectrum
of pseudoscalar mesons, which can be compared with the experimental results. The numerical calculations are shown in Table 2
and Fig. 2. It can be seen that both case A and case B can give a
good description of pseudoscalar meson spectrum which is consistent with the experiments.
3.2.2. Scalar meson
Assuming S (x, z) = n Sn (x) S n ( z) and substituting it in the action (2), the EOM of scalar meson can be derived as


e ωs (z) ∂z S n ( z) − e 2 A (z)+ωs (z)


∂z

+ e ωs (z)mn2 S n ( z) = 0




3
2
2
m 5 ( z ) + λχ ( z ) S n ( z )

−sn ( z) + (μ4g z2 +

3
4z2

)sn ( z) − mn2 sn ( z) = 0.

(27)

This equation with the boundary conditions sn ( z → 0) = 0 and
sn ( z → ∞) = 0 can be solved analytically. Then we get
n→∞

1

sn ( z) −→ 2z3/2 e − 2 μ g z

2 2







c 1 U −n, 2, z2 μ2g + c 2 L n1



μ2g z2



,
(28)

n→∞
mn2 −→

2
g (n

4μ

+ 1),

(29)

where U (a, b, z) is the conﬂuent hypergeometric function, L na (x) is
the generalized Laguerre polynomial, n = 0, 1, 2, · · · . Thus, the linear Regge behavior for highly excited states of scalar mesons is
also guaranteed.
Using the shooting method with the boundary conditions
sn ( z → 0) = 0 and sn ( z → ∞) = 0, the mass spectrum of resonance scalar mesons can be calculated numerically. We show the
results in Table 3 and Fig. 3, where the scalar wave functions of
the ﬁrst six states in case A are also plotted.
We remark that in our calculation the mass spectrum of radial excited scalar states is identiﬁed as the one of SU (3) singlet
scalar mesons. As there are many uncertainties for the scalar meson states in the experiment [31], our selection of relevant scalar
mesons is based on the previous studies which involve theoretical inferences [18]. Once we choose the proper scalar mesons, the
model calculation and experimental data show a good consistency,
as can be seen in Fig. 3.
3.2.3. Vector meson
Following the same procedures as before, let us give the EOM
of vector meson which can be derived from the action (2) in the
axial gauge V 5 = 0:

∂z (e A (z)−(z) ∂z V n ( z)) + mn2 e A (z)−(z) V n ( z) = 0.

(30)

Deﬁning V n ( z) = e ω v (z)/2 v n ( z) with

ω v (z) = (z) − A (z), the above
equation can be transformed into the Schrödinger form:

2

(22)

with ωs ( z) = 3 A ( z) − ( z). To simplify the above equation, let us
deﬁne S n ( z) = e −ωs (z)/2 sn ( z), then Eq. (22) can be rewritten as the
Schrödinger form:

− v n ( z) +





1 
1
ω (z)2 − ωv (z) v n (z) − mn2 v n (z) = 0,
4 v
2

(31)

from which we see that the vector meson EOM only includes
the parameter μ g , which is the same as the original soft-wall
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Table 3
The calculated results of the radial excited scalar meson spectrum in case A and case B. The experimental data are taken from [31].
f0

0

1

2

3

4

5

Exp. (MeV)
A (MeV)
B (MeV)

400–550
586
562

1200–1500
1346
1320

6
1722+
−5
1743
1720

1992 ± 16
2016
1997

2189 ± 13
2232
2216

–
2420
2405

Fig. 3. The squared masses of scalar mesons m2f versus the radial excitation number n in case A and case B (left) and the corresponding wave functions sn ( z) in case A
0
(right). In the left panel, the black points with error bars are experimental data taken from [31].

Table 4
The experimental data and model calculation of radial excited vector meson spectrum. The experimental data are
taken from [31].

ρ

0

1

2

3

4

5

6

Exp. (MeV)
A/B (MeV)

775.26 ± 0.25
880

1465 ± 25
1245

1570 ± 36
1524

1720 ± 20
1760

1909 ± 17
1968

2150 ± 40
2156

–
2328

Fig. 4. The squared vector meson masses m2ρ versus the radial excitation number n (left) and the corresponding wave functions v n ( z) in case A (right). In the left panel, the
black points with error bars are experimental data [31] and the red line denotes the theoretical calculations in both case A and case B. (For interpretation of the references
to color in this ﬁgure legend, the reader is referred to the web version of this article.)

model [11], and analytical solutions can be easily obtained in
this case. Numerically, Eq. (31) can be solved by the shooting method with the boundary conditions v n ( z → 0) = 0 and
v n ( z → ∞) = 0. The numerical results of meson spectrum and corresponding wave functions are shown in Table 4 and Fig. 4, where
we can see that the theoretical results are in accord with experimental data. As the same value of μ g is used in case A and case B,
there is no difference for the vector meson spectrum in the two
cases.

3.2.4. Axial-vector meson
In the A z = 0 gauge, the EOM of axial-vector meson, which is
represented by the transverse axial gauge ﬁeld A aμ⊥ , can be derived from the action (2) as

e (z) ∂z (e A (z)−(z) ∂z A n ( z)) + mn2 e A (z) A n ( z)

− g52 e 3 A (z) χ 2 ( z) An ( z) = 0.

(32)

Again, by deﬁning A n ( z) = e ω v (z)/2 an ( z), the above equation can be
rewritten as
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Table 5
The theoretical results of radial excited axial-vector meson spectrum in case A and case B. The experimental data are taken from [31].
a1

0

1

2

3

4

5

Exp. (MeV)
A (MeV)
B (MeV)

1230 ± 40
1121
1101

1647 ± 22
1608
1584

30
1930+
−70
1922
1900

2096 ± 17
2156
2137

55
2270+
−40
2352
2335

–
2526
2511

Fig. 5. The squared masses of axial-vector meson ma21 versus the radial excitation number n in case A and case B (left) and the corresponding wave functions an ( z) in case A
(right). In the left panel, the black points with error bars are experimental data taken from [31].

− an ( z) +





1 
1
ω (z)2 − ωv (z) + g52 e2 A (z) χ 2 (z) an (z)
4 v
2

− mn2 an ( z) = 0.

(33)

Compared with the EOM of vector meson Eq. (31), there is an
additional term g 52 e 2 A (z) χ 2 ( z) in the above equation, which contributes to the mass split of chiral partners due to the chiral
symmetry breaking pattern in the highly excited mesons which is
supposed in QCD [32]. In this case, we need to require this additional term to approach a nonzero constant in the IR limit, which
in turn entails linear IR asymptotics of the bulk scalar VEV χ ( z),
as has been noted above.
Similarly, the Eq. (33) can be solved with the boundary conditions an ( z → 0) = 0 and an ( z → ∞) = 0. The numerical results are
presented in Table 5 and Fig. 5, from which one can see that the
results in case A and case B agree well with the experimental data.
3.3. Pion form factor, π –ρ coupling constant and decay constants
From the above calculations, one can see that our improved
soft-wall AdS/QCD model can give a good description for the light
meson spectra, and the results calculated in case A and case B have
little differences. For further test of the model in case A and case B,
we compute the pion form factor F π ( Q 2 ), the π –ρ coupling constant g ρπ π and the decay constants of π , ρ and a1 mesons.
The pion form factor F π ( Q 2 ) can be extracted in our setup
from the cubic terms of the 5D action [33,34]:
2

Fπ (Q ) =

1
N


dz e

A −

2

V (q, z)

(∂z φ)
g 52

+e

2A

2

2

χ (π − φ)

,
(34)

where Q 2 ≡ −q2 > 0, π ( z) and φ( z) are the ground state wave
functions of pseudoscalar meson, V (q, z) is the vector bulk-toboundary propagator satisfying

∂z (e A − ∂z V (q, z)) + q2 e A − V (q, z) = 0

(35)

Fig. 6. The solid line shows the space-like pion form factor F π (q2 ) predicted in case
A and case B. The points are the data of experiments. The square: the Jefferson Lab
F π Collaboration [35]. The circle: data from P. Brauel, et al. [36], reanalyzed by the
Jefferson Lab F π Collaboration [35]. The up triangle: the Jefferson Lab F π -2 Collaboration [37],the Jefferson Lab F π Collaboration [38]. The down triangle: data from
H. Ackermann, et al. [39], reanalyzed by The Jefferson Lab F π Collaboration [38].
The ﬁlled diamond: CEA data [40], analysed by C. J. Bebek et al. [41]. The empty
square: Earlier Cornell data [42], analysed by C. J. Bebek et al. [41]. The empty
circle: Later Cornell data [43], analysed by C. J. Bebek et al. [41]. The empty up
triangle: C.J. Bebek, et al. [41]. The empty down triangle: H. Ackermann, et al. [39].

with the boundary conditions V (q, 0) = 1 and ∂z V (q, ∞) = 0, and
the normalization constant N of the form


N=

dz e A −

(∂z φ)2
g 52

+ e 2 A χ 2 (π − φ)2 ,

(36)

which guarantees F π (0) = 1. The numerical calculations for the
pion form factor in case A and case B are presented in Fig. 6, from
which one can see that the numerical results have a good agreement with the experimental data and there is no obvious deviation
of the results in case A and case B.
The π –ρ coupling constant g ρπ π can also be derived from the
cubic terms of action (2) as [10,33,34]
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Table 6
The numerical results of g ρπ π , f π , F ρ and F a1 in case A and case B. The
experimental data are taken from [10].

Exp.
A
B

g ρππ =

g5
N

1/2

g ρπ π (MeV)

f π (MeV)

Fρ

6.03 ± 0.07
8.38
8.79

92.4 ± 0.35
43.3
40.9

346.2 ± 1.4
296
796



dz e A − V ρ ( z)

(∂z φ)2
g 52

(MeV)

1/2

F a1

(MeV)

433 ± 13
389
1025

+ e 2 A χ 2 (π − φ)2 , (37)

where V ρ ( z) is the ground state wave function of vector meson
satisfying the normalization condition 1k dz e A − V ρ2 ( z) = 1 with
2

k = 1 for case A and k = 163π for case B, and N the same as that
in Eq. (34).
The decay constants f π , F ρ and F a1 can be extracted from the
two-point correlation functions of relevant currents as follows [10]

f π2 = −
F ρ2 =
F a21 =

1
kg 52

e A − ∂z A (0, z)|z→0 ,

2
1  A −
e
∂
V
(
z
)|
,
z
ρ
z
→
0
kg 52

2
1  A −
e
∂
A
(
z
)|
,
z
a
z
→
0
1
kg 52

Table 7
The best ﬁt of parameters in case A without consideration of scalar meson spectrum.

(38)
(39)
(40)

where V ρ ( z) and A a1 ( z) are the ground state wave functions of
vector and axial-vector mesons normalized by 1k dz e A − V ρ2 ( z) =

1 and 1k dz e A − A a21 ( z) = 1, and A (0, z) is the axial-vector bulkwhich satisﬁes the
to-boundary propagator at zero momentum,

differential equation ∂z e A s − (∂z A (0, z)) − g 52 e 3 A s − χ 2 A (0, z) =
0 with boundary conditions A (0, 0) = 1 and ∂z A (0, ∞) = 0.
We present the numerical calculations for the π –ρ coupling
constant g ρπ π and the decay constants f π , F ρ and F a1 in Table 6,
from which we see that the numerical results of g ρπ π and f π in
case A and case B are close to each other, while there are notable
differences between these two cases for the results of F ρ and F a1 ,
which result from the different normalization conditions of the
ρ (a1 ) wave functions due to the different values of k used in the
two cases. Obviously, the results of F ρ and F a1 calculated in case
A are closer to experiments than the ones in case B, though there
1/ 2
are still 15% deviation from the experimental data for F ρ and 10%
1/ 2

deviation for F a1 in case A. The model predictions for g ρπ π are
little larger than the experimental results, while the values of f π
are too small when compared with experiment. It should be noted
that the Gell–Mann–Oakes–Renner (GOR) relation f π2 m2π = 2mq σ
still holds for the reason that this relation is an intrinsic one which
can be derived from the soft-wall AdS/QCD model per se. The small
value of f π in our setup is due to the small value of σ extracted
from the ﬁtting of light meson spectra.
3.4. Relaxing the scalar spectrum
In the above study, we compute the light meson spectra which
have a good agreement with data of experiments. However, the
other quantities such as the π –ρ coupling constant and the decay
constants do not ﬁt the experimental values well, especially the
pion decay constant f π , which is too small in both case A and
case B. On the other hand, it seems that the case A with k = 1
2
gives better results than the case B with k = 16Nπ , in consideration
c
of the (axial-)vector decay constant calculated above.
It should be remarked that the scalar mesons might have a
large gluonic contribution due to the light glueballs indicated from
lattice simulations [44–47]. To be complete, one therefore needs to

Case

mq (MeV)

μ g (MeV)

μc (MeV)

λ

A

3.22

440

1450

80

consider the dilaton ﬂuctuations, which are ignored in our work
for a ﬁrst approximation. Because of the uncertainties of the scalar
mesons, we now relax the scalar part and only ﬁt the spectra of
vector, axial-vector and pseudoscalar mesons in case A with another consideration of the chiral phase transition which will be
addressed later. The way of mass-spectrum ﬁtting is the same as
before, with the
√ best-ﬁtting parameters listed in Table 7. Note that
N

k = 1 and ζ = 2π c , as mentioned in Sec. 2.
From the proﬁle of bulk scalar VEV χ ( z), the chiral condensate can be extracted to be q̄q = σ = (247 MeV)3 , which is much
larger than the one calculated in Sec. 3.1. As the value of μ g does
not change, the vector meson spectrum is the same as that in
Table 4. The numerical calculations for the mass spectra of pseudoscalar and axial-vector mesons are presented in Table 8, which
shows good consistency with experiments.
Then we calculate the π –ρ coupling constant g ρπ π and the
decay constants of π , ρ and a1 mesons again with the ﬁtting
parameters in Table 7, and the numerical results are shown in Table 9, from which we can see that the numerical calculation for
the π –ρ coupling constant and decay constants in this case ﬁts
experimental data much better than that shown in Table 6. The
value of f π has increased from about 40 MeV to about 70 MeV.
The value of g ρπ π is also closer to the experimental result than
that in Table 6, and the calculated axial-vector decay constant F a1
is almost the same as the experimental data. Furthermore, as we
will see later, the behavior of chiral thermal transition and the chiral transition temperature in this case are very consistent with the
lattice simulations.
4. Chiral thermal transition
Now we turn to the ﬁnite temperature case and investigate the
thermal behavior of chiral condensate, which has attracted much
attention in the study of QCD phase transitions. In the two-ﬂavor
case, lattice simulations [48,49] indicate that chiral thermal transition at physical quark mass is a crossover one which happens at
around T c
170 MeV. In the holographic framework, there have
been many studies on chiral phase transition both in the top–down
approaches and in the bottom–up approaches [21,25,26,30,50–52].
Few of them can realize the crossover behavior of chiral transition, except [25,26], where it has been shown that a quartic term
of bulk scalar together with a modiﬁed dilation play a key role
in producing the correct behavior of chiral phase transition. However, the model proposed in [25,26] cannot give consistent results
of meson spectra with experiments, which has been a main motivation of this work to incorporate both the meson spectra and the
correct behavior of chiral phase transition. In this work, we take
the simplest z2 dilaton proﬁle and modify the bulk scalar mass
which can be well motivated from the quark mass anomalous dimension.
To introduce temperature in our setup, we simply use an AdSSchwarzchild black hole background with the metric ansatz:



2

ds = e

2 A ( z)

2

i

f ( z)dt − dxi dx −

dz2
f ( z)



(41)

with

f ( z) = 1 −

z4
zh4

,

(42)
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Table 8
The calculated mass spectra of pseudoscalar and axial-vector mesons in case A without consideration of
scalar meson spectrum. The experimental data are taken from [31].

π Exp. (MeV)
A (MeV)
a1 Exp. (MeV)
A (MeV)

0

1

2

3

4

5

139.6
139.7
1230 ± 40
1310

1300 ± 100
1510
1647 ± 22
1686

1812 ± 12
1835
30
1930+
−70
1924

2070 ± 35
2061
2096 ± 17
2126

2360 ± 25
2254
55
2270+
−40
2306

–
2429
–
2472

Table 9
The values of g ρπ π , f π , F ρ and F a1 in case A without consideration of
scalar meson spectrum. The experimental data are taken from [10].

Exp.
A

1/2

g ρπ π (MeV)

f π (MeV)

Fρ

(MeV)

6.03 ± 0.07
4.88

92.4 ± 0.35
70.7

346.2 ± 1.4
296

1/2

F a1

(MeV)

433 ± 13
432

where zh is the horizon of black hole which is related to the Hawking temperature T by the formula

T=

 
  = 1 .
4π  dz zh
π zh
1  df 

(43)

As was usually done, the Hawking temperature T is identiﬁed
as the temperature of QCD. To extract the ﬁnite temperature behavior of chiral condensate, we need to solve the EOM of the bulk
scalar VEV χ ( z), which can be derived from the action (2) with
the black hole metric as



χ  (z) + 3 A  (z) −  (z) +
−

e 2 A ( z)
f ( z)


m25 χ ( z) +

λ
2

f  ( z)



f ( z)

Fig. 7. Temperature dependent behavior of the rescaled chiral condensate σσ in
0
case A and case B. Note that σ0 = σ (0).

χ  ( z)



χ 3 ( z ) = 0.

(44)

In the ﬁnite temperature case, the UV asymptotic solution of the
above equation still has the form

χ ( z ∼ 0) = m q ζ z +

σ (T )
ζ

z3 + · · ·

(45)

with a temperature dependent chiral condensate σ ( T ), which can
be obtained by solving Eq. (44) with a regular condition imposed
at the horizon of the black hole [26,30]. Using the same values of
parameters listed in Table 1, the numerical calculations for σ ( T )
in case A and case B are shown in Fig. 7, from which we see that
the crossover behavior of chiral thermal transition does manifest
in our improved soft-wall AdS/QCD model. However, the transition
temperature T c is within 110 ∼ 120 MeV, much smaller than the
expected value T c 170 MeV from the lattice simulations [48]. Besides that, there is a temperature region below T c where σ rises
up gradually by a small value as T increases, which is unreasonable physically. The behavior is the same as that in [30], where a
bump appears near the chiral transition region.
As has been seen in Sec. 3.4, we get more consistent results
both for the meson spectra and for the other low-energy characteristic quantities such as the π –ρ coupling constant and the decay
constants when the scalar meson spectrum is not considered. For
comparison, let us also give the result of chiral thermal transition
in case A without consideration of scalar meson spectrum, which
is shown in Fig. 8. We see that the strange rising-up behavior of
chiral condensate has disappeared and a transition temperature
around T c 170 MeV is attained. It is remarkable that a perfectly
consistent chiral transition behavior is also obtained in this case as
we only relax the scalar part which is messy in the experiments.
We remark that a rescaled chiral condensate σσ with σ0 = σ (0)
0
has been used in our comparison of the results of case A and
case B for the different deﬁnitions of chiral condensate in these

Fig. 8. Temperature dependent behavior of the rescaled chiral condensate σσ in
0
case A without consideration of scalar meson spectrum. Note that σ0 = σ (0).

two cases. Indeed, the chiral condensate in the holographic framework admits another indeterminacy, which can be seen easily from
the UV solution of χ ( z):

χ ( z ∼ 0) = m q z + σ ( T ) z 3
+ mq μ2g +

mq3 λ
4


= mq z + σ ( T )

−

mq μc2
2

z3 log(α z) + · · ·




1
1
+ mq μ2g + mq3 λ − mq μc2 logα z3 + · · ·
4

2

(46)

(47)

with α an arbitrary constant (we have set ζ = 1 for convenience).
To tackle this problem, a full consideration might involve the theory of holographic renormalization. However, as the log(α z) term
does not depend on temperature, this uncertainty would not affect
our investigation of the chiral thermal transition.
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5. Summary and conclusions
In this paper, we consider a simply improved soft-wall AdS/QCD
model with a quartic term of bulk scalar and a modiﬁed 5D conformal mass of the bulk scalar ﬁeld based on our previous work
[19]. The modiﬁed bulk scalar mass m5 ( z) is well motivated from
the quark mass anomalous dimension, and its form is constrained
by the UV and IR asymptotics of the bulk scalar VEV χ ( z). In consideration of all this, the simplest parameterization of m5 ( z) has
been used in our model. It is found that the spontaneous chiral
symmetry breaking can be realized reasonably in this simply improved soft-wall model and the correct behavior of chiral thermal
transition is also obtained.
The two cases (case A and case B) with different values of k in
the action are analyzed: the normal way is taking k = 1, as did in
the previous works including the original hard-wall and soft-wall
models [10,11,17–20]; another way was taken in [27,28] where
k was ﬁxed by correlators of scalar or pseudoscalar currents. It
should be noted that the values of k ﬁxed in [27,28] are different
from each other, so some inconsistencies indeed exist in this way
of ﬁxing k. What is more, different values of k will directly affect
the calculations of the low energy quantities such as the π –ρ coupling constant and decay constants, which might indicate further
investigations on this issue.
The mass spectra of light mesons are calculated, which have a
good agreement with experiments. Using the parameters ﬁxed by
the light meson spectra, we also calculate the pion form factor,
the π –ρ coupling constant and the decay constants of π , ρ and
a1 mesons. It is found that the decay constants of ρ and a1 in
case B are much larger than the experimental data, which can be
attributed to the normalization condition of ρ (a1 ) wave function
in this case, while the decay constants of π are too small in both
case A and case B when compared with experiments. As the GOR
relation still holds, the small f π results from the small value of σ
extracted from the UV limit of χ ( z).
The thermal behavior of chiral condensate has also been studied on the basis of the zero-temperature case by introducing an
AdS-Schwarzchild black hole background. It is found that the simply improved soft-wall model incorporates the crossover behavior
of chiral thermal transition, which is not the case in the original
soft-wall model [30]. However, the chiral transition temperature T c
is calculated to be within 110 ∼ 120 MeV, which is much smaller
than the value T c
170 MeV indicated from lattice simulations
[48]. What is more, another unfavorable behavior still persist, as
in the original soft-wall model, i.e., the slowly rising-up behavior
of chiral condensate with increasing temperature in a region below T c . We remark that this undesirable behavior is not inevitable
in our model, but is related to the parameter μc of the bulk scalar
mass. When μc is large enough, σ will always go down with increasing temperature.
As an attempt, we have also made another ﬁtting in case A
without considering the scalar meson spectrum for the messy situation of the scalar sector in both theoretical and experimental
aspects. In this case, we ﬁnd that the results of the π –ρ coupling
constant and the decay constants of π , ρ and a1 are much more
consistent with experimental data. The chiral transition temperature is shown to be around T c 170 MeV, and the bump existing
in the former case disappears. However, as we relax the ﬁtting
of scalar spectrum, the mass of scalar meson in the ground state
reaches to about 1 GeV, which is much larger than the experimental value 400–550 MeV. The possible ways to reconcile the scalar
meson part with other aspects might need further improvements
of the model, such as the metric form [18], the dilaton proﬁle or
the bulk scalar mass [19] etc., which we do not address in this
work. What is interesting for us is that we show possible ways to

coordinate the meson spectrum and other low-energy characteristic quantities of QCD with the correct chiral phase structure in
a simple soft-wall framework, which can be traced back to other
theoretical ingredients (e.g., the quark mass anomalous dimension)
of QCD.
Finally, we would like to remark that in our model two energy
scales have been introduced by the parameters μ g and μc . The
parameter μ g = 440 MeV is close to QCD energy scale and determines the linear-conﬁning property of meson spectrum, while
the parameter μc
1.2 GeV is closely related to the phenomena
of chiral symmetry breaking. Indeed, there have been many discussions for the two different energy scales of QCD conﬁnement
and chiral symmetry breaking [2,53]. Our holographic calculations
in the soft-wall framework might be considered as some support
for these facts.
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