Physics Letters B 770 (2017) 551–555

Contents lists available at ScienceDirect

Physics Letters B
www.elsevier.com/locate/physletb

Bayesian extraction of the parton distribution amplitude from the
Bethe–Salpeter wave function
Fei Gao b,c , Lei Chang a,∗ , Yu-xin Liu b,c,d
a

School of Physics, Nankai University, Tianjin 300071, China
Department of Physics and State Key Laboratory of Nuclear Physics and Technology, Peking University, Beijing 100871, China
Collaborative Innovation Center of Quantum Matter, Beijing 100871, China
d
Center for High Energy Physics, Peking University, Beijing 100871, China
b
c

a r t i c l e

i n f o

Article history:
Received 11 November 2016
Received in revised form 24 April 2017
Accepted 25 April 2017
Available online 10 May 2017
Editor: J.-P. Blaizot
Keywords:
Parton distribution function
Nakanishi representation
Bethe–Salpeter amplitude
Maximum entropy method
Light-front wave function

a b s t r a c t
We propose a new numerical method to compute the parton distribution amplitude (PDA) from the Euclidean Bethe–Salpeter wave function. The essential step is to extract the weight function in the Nakanishi
representation of the Bethe–Salpeter wave function in Euclidean space, which is an ill-posed inversion
problem, via the maximum entropy method (MEM). The Nakanishi weight function as well as the corresponding light-front parton distribution amplitude (PDA) can be well determined. We conﬁrm prior work
on PDA computations, which was based on different methods.
© 2017 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3 .

1. Introduction
The parton distribution amplitudes (PDAs) of mesons, encoding
the meson structure on the light front, play an essential role in the
hard exclusive processes. The cross sections of the processes can
be written as the convolution of the hard-scattering kernel which
can be computed perturbatively, and the PDAs of the hadrons involved [1,2]. The leading twist parton distribution amplitudes of
mesons are deﬁned by integrating out the transverse momentum
k⊥ from the light front wave function, which are obtained through
projecting meson’s Bethe–Salpeter wave function onto the lightfront.
Although some efforts have been made to calculate Bethe–
Salpeter equation (BSE) directly in Minkowski space (see, e.g.,
Ref. [3]) with a simple scattering kernel, many BSE calculations
are still carried out in Euclidean space which are much easier to
handle. The challenge in the Euclidean scheme is how to project
the discrete Euclidean wave function data on the light-front to
get light-front quantities. The Nakanishi representation of the wave
function provides a natural way to solve this problem. This chal-
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lenging question amounts to whether it is possible to compute
the weight function of the Nakanishi representation if one has an
appropriate solution of the BSE in Euclidean space. Nakanishi representation was proposed in Ref. [4] to parameterize the relativistic
two-particle bound state in Minkowski space.
Despite lacking a non-perturbative proof of uniqueness of the
weight function in the Euclidean case, we suppose that the wavefunction can still be parametrized by the following similar form,

1
(k, P ) =

∞
dγ

dz

−1

0

g (γ , 1 − 2x)

(k2 + zk · P + 14 P 2 + M 2 + γ )3

,

(1)

2
where k2 > 0 is the space-like momentum and P 2 = − M bs
with
M bs the bound state mass and M is an infrared regulated scale.
The weight function g (γ , 1 − 2x) is a two-dimensional function in
real space. The corresponding leading twist two-particle light-front
parton distribution can be deﬁned as



ϕ (x) =

d4 kδ(n · k − xn · P )(k −

P
2

, P),

(2)

where n is the light-like vector n2 = 0. We neglect the possible
spin structure for simpliﬁcation at the moment. With the help of
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m-order moments deﬁned as 0 dxxm ϕ (x), one can get the onedimensional integral representation of the light-front PDA in Euclidean space as

∞

ϕ (x) = N

dγ
0

g (γ , 1 − 2x)
,
2
γ + M 2 − x(1 − x) M bs

(3)

where N is the corresponding normalization constant to ensure
1
dxϕ (x) = 1. Once complete knowledge of the weight function
0
of the Nakanishi representation is at hand, one can plot the lightfront PDA. The main aim of this paper is then to provide a practical
algorithm to construct the weight function from the numerical
data of (k, P ). We would like to emphasize that there is currently no proof available regarding the uniqueness of the weight
function.
The techniques for projecting a realistic pion’s Bethe–Salpeter
(BS) amplitude in Euclidean space onto the light-front have been
pioneered recently [5], therein a special Nakanishi representation
of each scalar component of the BS amplitude was parameterized
to reproduce the corresponding Euclidean functions. In turn the
Mellin moments of the PDA can be computed directly, which were
then used to reconstruct the PDA. Besides, this Euclidean Nakanishi representation has also been extended to evaluate the pion
elastic form factor [6]. This technique has proven successfully for
the description of the quantities that have been integrated out of
k⊥ (PDA for example), practically at least.
On the other hand, for the case of heavy meson system, owing
to a damping inﬂuence from the large quark mass, Ref. [7] proposes a ‘brute-force’ approach to calculate the Mellin moments viz.
direct integration using interpolations of the numerical solutions
for the quark propagator and Bethe–Salpeter amplitude. A damping
factor 1/(1 + k2 r 2 )m has been introduced for each Mellin moment
to reduce the oscillation problem in the integration. Such procedure works well for the low order of moments, but uncertainty
increases progressively for the higher order ones. The limit number
of Mellin moments always brings large uncertainty in reconstructing PDA. For example, the PDA near x = 1 behaviour depends on
the higher order moments’ behaviour. However, Ref. [7] ignored
this issue and supposed that the heavy meson PDA exponentially
damped at the end-point.
In this letter we provide another numerical method to compute
the PDA that is independent of the approach given in Refs. [5]
and [7]. The procedure is straightforward: we ﬁrst extract the
weight function of Nakanishi representation (Eq. (1)) via the maximum entropy method (MEM) and then produce the PDA with
Eq. (3).
2. Maximum entropy method
As pointed by the authors of Ref. [8], extracting g (γ , 1 − 2x)
from the (k, P ) is a typical ill-posed inversion problem. They regulate the linear system with a diagonal term  I and show the
instability of the solution with respect to different values of  .
They appeal that more eﬃcient methods are required to obtain
a stable and unique solution in the Euclidean space. In this Letter we will claim that the maximum entropy method (MEM) is an
appropriate algorithm to solve this problem. In the following we
will ﬁrstly illustrate this method by an analytical model of weight
function and then produce PDAs of π -meson and ηc -meson.
The MEM [9–11] is an approach that can be used to solve an
ill-posed inversion problem, in which the number of data points
is much smaller than the number of degrees of freedom available
to the function whose reconstruction is sought. Its basis is Bayes’
theorem in probability theory [12], which states the probability of
an event “A”, given that a condition “B” is satisﬁed:

P (B | A) P ( A)

P ( A|B ) =

P (B)

(4)

,

where, within the sample space, P ( B | A ) is the probability that
events of type “A” satisfy the condition “B” (usually denoted as
likelihood function); P ( A ) is the total probability that event “A”
can occur (commonly referred to prior probability); P ( B ) is the total probability that condition “B” is satisﬁed (playing the role of
normalisation constant).
In making use of the MEM to reconstruct the weight function,
one works with the conditional probability that the weight function g (γ , 1 − 2x) corresponds to a correlation function (k E ):

P [| g M ] P [ g | M ]

P [ g | M ] =

P [| M ]

(5)

,

where M represents the set of all deﬁnitions and prior knowledge
of the weight function.
According to the central limit theorem, the likelihood functional
is usually taken as:

1 −L[ g]
e
,
ZL

P [| g M ] =

(6)

 (data (ki , E ) −  g (ki , E ))2

N data

L[ g] =

2σi2

i

(7)

,

where Z L is a normalisation factor; {data (ki , E ), i = 1, . . . , N data }
will be provided numerically, here via DSE and BSE, and { g (ki , E ),
i = 1, . . . , N data } are obtained from Eq. (1) using any given model
for g (γ , 1 − 2x). One typically chooses σi = s data (ki , E ), with s 
0.1.
The central feature of the MEM is the prior probability, which
can be expressed here in terms of the entropy as

P [ g | M (α , m )] =

1 α S [ g ,m ]
e
,

(8)

ZS

where Z S is a normalisation factor, α is a positive-deﬁnite scaling factor, and the exponent involves the Shannon–Jaynes entropy
[13–15]

1
S [g, m ] =



−1



dγ g (γ , 1 − 2x) − m (γ , 1 − 2x)

dz
0

− g (γ , 1 − 2x) log

g (γ , 1 − 2x) 

m (γ , 1 − 2x)

.

(9)

The quantity m (γ , 1 − 2x) is the “default model” of the weight
function, which is usually chosen to be a uniform distribution so
as to avoid assumptions about the structure of the weight function;
viz.,

m (γ , 1 − 2x) = m0 θ( − γ ) .

(10)

A MEM result for g (γ , 1 − 2x) is considered reliable if it does not
depend on the choices for the m0 and the cutoff . By adding the
entropy functional, the solution of the weight function g then becomes the unique solution which makes the probability P [ g | M ]
maximal.
Given a value of α , the most probable weight function, g α (γ ,
1 − 2x), is obtained by maximising P [ g | M (α , m )]. This may
be achieved via the singular-value decomposition algorithm in
Ref. [9]; and dependence on the scale factor α can also be eliminated by following Ref. [9] and deﬁning the MEM result for the
spectral density as
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∞ 
ḡ (γ , 1 − 2x) = dα

D g (γ , 1 − 2x)

0

× g (γ , 1 − 2x) P [ g | M (α , m )] P [α | M (m )] ,
(11)
where the second is a functional integral and P [α | M (α , m )] is
the conditional probability distribution for α . In readily workable
cases, P [ g | M (α , m )] is sharply peaked in the neighbourhood of
a single function g α (γ , 1 − 2x), in which case Eq. (11) yields

∞
ḡ (γ , 1 − 2x) ≈

dα g α (γ , 1 − 2x) P [α | M (m )] .

(12)

0

At this point, Bayes’ theorem can again be employed to obtain


P [α | M (m )] ∝

D g (γ , 1 − 2x) P [α | M (m )] P [ g | M (α , m )] ,
(13)

where we have used the fact that a sensible result is only achieved
if it is independent of the default model, Eq. (10). N.B. The conditional probability P [α | M (m )] is independent of g (γ , 1 − 2x); and
if one considers α and M to be independent, then P [α | M (m )] is
simply a constant.
As noted above, in practically workable instances, P [ g | M (α ,
m )] is sharply peaked in the neighbourhood of a single function
g α (γ , 1 − 2x), so the functional integral in Eq. (13) is accurately
estimated using Laplace’s method, with the result [9]

P [α | M (m )]

≈

1
Z



exp

1
2


ln

k

α
α + λk

P [ g α | M (α , m )] ,

(14)

where Z is a normalisation constant and {λk } is the set of eigenvalues of the real, symmetric matrix
1

i j ( gα )

= g i2

∂ 2 L [ g ] 12
g
∂ gi ∂ g j j

(15)
g = gα

where the set { g i } represents a discretised version of the function
g (γ , 1 − 2x); i.e., the set of values of g (γ , 1 − 2x) obtained by
evaluating the function on a large but ﬁnite number of points.
The successful application of the MEM to extracting the quark
spectral density at ﬁnite temperature and to explore the properties
of strongly interacting matter (see, e.g. Refs. [16–19]) shows that it
is a promising approach also to obtain the Nakanishi weight function. To check further the eﬃciency of the MEM in exploring the
weight function in the Nakanishi representation of the BS wave
function, we take the Nakanishi weight function model quoted
from Ref. [8]

g (γ , 1 − 2x) = e −(γ +1)/(4x(1−x)) ,

(16)

in which the dependence on the parameters gamma and/or x is
explicitly known. We use this model to create the mock data
P
of wave function (ki , cos(θ j )) with cos θ = k·√
through the
2
M bs k

Nakanishi representation, that is, Eq. (1). Practically, we employed
N data = 40 for the wave function as input, and for simplicity, here
we choose the 40 points in a ﬁxed θ j value and a series of ki with
i = 1, . . . , N data . Then we extract the weight function through MEM
with the input of these mock data and the parameter of standard
deviation s ∼ 1%. The comparison between the numerical result of
the Nakanishi weight function we obtained and the demonstration

Fig. 1. Calculated Nakanishi weight function g (γ , 1 − 2x) via the MEM and the BSE
and DSE in cases of x = 1/2 (upper panel) and γ = 0 (lower panel) with error band
and comparison with the demonstration of the analytical expression in Eq. (16).

of the above analytical expression is shown in Fig. 1. It is evident
that the difference between the numerical result and the analytical one is modest and the point-to-point comparison displays quite
good stability against the change of parameters. However, the deviation exists at the end points. It is because the weight of the end
points is small compared to the intermediate region, so most of information is located in the intermediate region, and the extraction
of the end points’ information is more diﬃcult. It weakens the capacity of investigating the property at end points, but the general
features of weight function are preserved well in this procedure.
We can conclude, by this experience, MEM is an appropriate approach to extract the weight function that can solve the problem
pointed out in Ref. [8].
3. PDAs of π - and ηc -mesons in realistic model
The success of extracting the weight function via MEM encourages us to compute PDA from a realistic BS wave function. In
this section we take the numerical data of pseudoscalar mesons
(π and ηc ) wave functions that are calculated within BSE and the
DSE [20–24] to achieve our aim. The BSE and DSE will be solved
in the rainbow-ladder truncation which is the leading order approximation in a systematic, symmetry preserving procedure. The
truncation is widely used in the framework of DSEs and will certainly meet our requirements here because it is known to be accurate for ground-state vector- and isospin-nonzero-pseudoscalarmesons [22–24]. The more sophisticated truncations should certainly be employed in the future on this procedure, especially
when people want to generalize this procedure into the scalar, axial vector mesons and also excited states.
The meson wave function will be studied by solving the homogenous BSE in ladder truncation
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(k; P ) = −

4
3

Z 22

 
f
G ((k − q)2 ) D α β (k − q)
dq


× γα S (q+ )(q; P ) S (q− )γβ ,

(17)

where k and P are the qq̄ state’s relative and total momenta, re 4

spectively, q± = q ± P /2. The notation dq =
d q/(2π )4 stands
for a Poincaré invariant regularization of the integral, with
the
regularization mass-scale. The regularization can be removed at
f

the end of all calculations by taking the limit
→ ∞. D α β represents the free gluon propagator, G denotes the effective interaction
and S the quark propagator. This equation has solutions at discrete
values of P 2 = −m2H , where m H is the meson mass. The equation
also determines completely the BS amplitude (k; P ) together with
the appropriate normalization condition for the bound states. The
normalization of the meson’s BS amplitude is usually taken with
the condition [25]

2P μ =

Nc

Fig. 2. The computed ηc meson’s wave function (solid curve) and π meson’s (dotdashed curve) compared with the input ones (dashed curve) and (dot–dot-dashed
curve), respectively.



∂

N J ∂ Pμ

tr [(q; − K )
dq

× S (q+)(q; K ) S (q−)]

2
P 2 = K 2 =− M bs

(18)

,

where N c = 3 is the color number and N J = 2 J + 1 is the number
of the polarization directions of a meson with angular momentum J .
The rainbow truncated DSE for the quark propagator in Euclidean space reads

S ( p )−1 = Z 2 i γ · p + Z 4mq (μ) +

4
3


Z 22

G (( p − q)2 )

Fig. 3. Obtained weight function of
(squared).

π -meson (slashed) and that of ηc -meson

dq
f

× D α β ( p − q)γα S (q)γβ ,

(19)

where Z 2 and Z 4 are the wave functions and mass renormalization
constant, respectively, mq (μ) is the current quark mass at spacelike renormalization point μ.
These equations are consistent and coupled with an effective coupling function for which we employ the infrared constant
Ansatz [26,27],

G (s)
s

=

8π 2

ω

4

De −s/ω +
2

8π 2 γm F (s)
ln[τ + (1 + s/

2
2
Q CD) ]

(20)

.

The ﬁrst term characterized by the parameters ω and D determines the infrared and intermediate-momentum part of the interaction. The second term describes the ultraviolet part and produces the correct one-loop perturbative QCD limit. F (s) = [1 −
exp (−s/[4mt2 ])]/s, where mt = 0.5 GeV, τ = e 2 − 1, γm = 12/(33 −
N f =4

2N f ) (usually) with N f = 4, and QCD = 0.234 GeV. The equations are renormalized at the scale μ = 2.0 GeV.
The leading twist PDA of pseudoscalar meson can be deﬁned by



f 0− ϕ (x) = Z 2

δ(n · k − xn · P )tr[γ5 γ · nχ0− (k −

P
2

; P )] ,

dk

(21)
is the lepton decay constant with 0− the angular mo-

where f 0−
mentum J = 0 and parity C = −, and the BS wave function χ0− we
have mentioned can be deﬁned easily in the rainbow-ladder truncation which is χ0− = S 0− S. Two Dirac covariant components of
the wave function contribute to the leading twist PDA, i.e.,

χ0− (k; P ) = γ · P χ01− (k; P ) + γ · kχ02− (k; P ) + · · · ,
1, 2
(k;
0−

(22)

where χ
P ) depend on (k ; k · P ) and can be determined numerically through DSEs. We here deﬁne the wave function (k, P )
in Eq. (1) as (k, P ) = (ki , cos(θ j )) = tr[γ5 γ · nχ0− (k − P2 ; P )] in
which all elements have been obtained numerically through the
DSE and BSE, and then the wave function data are created with θ j
ﬁxed and ki , i = 1, ... N data . Here we still choose the typical value
for N data as N data = 40.
If this wave function can be represented in the Nakanishi form
in Eq. (1), the corresponding weight function can then be extracted
by the MEM from the above wave function data, and the leading
twist PDA can be then obtained via Eq. (3).
We have carried out calculations by choosing the same parameters ω = 0.5 GeV and D ω = (0.87 GeV)3 as those in Ref. [5]
to produce the π -meson PDA; and ω = 0.8 GeV and D ω =
(0.7 GeV)3 (the corresponding leptonic decay constant of ηc is
about 0.28 GeV) to calculate the ηc -meson PDA. After setting this,
the calculated M bs for π and ηc are 0.138 GeV and 0.29 GeV, respectively. The regulated scales are chosen to be the quark mass
scales which are 0.35 GeV and 1.6 GeV, respectively.
In Fig. 2, we exhibit the obtained wave functions for π and
ηc meson with the extracted weight function compared with the
input Bethe–Salpeter wave functions. We can see the results are
compatible. The interesting thing is the behaviour of the extracted
weight functions shown in Fig. 3. For pion, the weight function
g (γ , 1 − 2x) shows a δ function behaviour respective to γ , which
suggests that the one-variable Nakanishi-like representation in previous work is very insightful. The previous work based on such
ansatz for pion’s PDA and form factors would be appropriate. However, such a simple representation might not be appropriate in
2
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Fig. 4. Obtained PDA of π -meson and that of ηc -meson and the comparison with
previous results (φπ computed by the Nakanishi representation [5] (dashed curve)
and φηc calculated by brute-force procedure [7] (dot-dashed curve)). The asymptotic
form is also exhibited with dotted curve.

heavy meson cases, as shown in the ﬁgure, the weight function is
a smooth function that extends to a large scope. This behaviour
means that the pion’s BS wave function can be well described
by the weight function at a ﬁxed mass scale, and recalling the
BS equations, we can ﬁnd that such a behaviour might be owing
to the behaviour of the interaction kernel we employed here, for
which is infrared constant.
With the extracted weight function, we then compute the PDAs
of π and ηc meson. It is apparent that with growth of quark
masses from small to large values, then the pseudoscalar meson distribution amplitude changes from the ﬂat shape to the
δ(x − 12 ) function shape, and the transition boundary might lie just
above strange quark mass [7,28]. The presently obtained results
via MEM and the comparison with previous results are illustrated
in Fig. 4. The error band is given by varying the MEM parameters
m0 = 0.1 ∼ 10 and = 1 ∼ 30 GeV2 . Despite the slight uncertainties of the error band, the Fig. 4 shows apparently that the PDAs
of the pseudoscalar mesons π and ηc presently obtained via the
MEM and DSE approach of QCD match the previous results given
in the same dynamical method in the valence region very well
and the slight difference in the middle region of x is tolerable. It
is noticeable that the previous results of PDAs are reconstructed
from the Mellin moments via some speciﬁc formula, Gegenbauer
polynomials for pion and the Gaussian behaviour for ηc . The most
exciting observation for pion’s PDA is that it conﬁrms the concave
behaviour as the prediction made in the previous work, and since
the PDA is obtained here without any assumed structure, such a
standpoint is quite conclusive. We also notice that at end points,
for both cases, the extracted PDAs are slightly larger than the previous results. Such behaviour at end points occurs in every case we
tried in MEM procedure, therefore, we cannot conﬁrm it as the real
behaviour of PDAs, and it is very probable that it’s just an artiﬁcial
phenomenon of the MEM procedure. With the current choice of
N data and assumed error σ our mock analysis has shown that the
MEM can reproduce the weight function with an error of around
10%. The PDA can be well reconstructed, however, it is still diﬃcult
to extract further information, for example, the meson’s light front
wave function. The direct improvement can be done by enlarging
the size N data of input data and also choosing different values of
θ j , such work is in progress. However, such a good agreement for
the general features of PDAs conﬁrms the previous results on one
hand and, on the other hand, indicates that the MEM is eﬃcient to
determine the PDAs.
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equation and Dyson–Schwinger equation approach of QCD. The key
point of our new algorithm is to implement the MEM to extract
the weight function of the Nakanishi representation of the meson’s
Bethe–Salpeter wave function. The merit of the MEM is that one
neither needs to rely on the limit knowledge of the Chebyshev
moments of the meson’s Bethe–Salpeter amplitude to parameterize the Nakanishi weight function (like previous π case) by special form, nor has to be restricted by the limit number of Mellin
moments (like previous ηc case) to suppose some special forms
of PDA. The potential advantage of MEM can be applied to ﬁnd
the light-front wave function of meson when one has the Bethe–
Salpeter wave function in hand, which we will leave for future
work. The MEM procedure might get in some trouble if the extracted weight function is not positive deﬁnite that might be the
case of PDA for scalar meson’s ground state and excited state, and
it will be solved by splitting the weight function into an odd part
zg 1 (γ , 1 − 2x) and an even part g 2 (γ , 1 − 2x). The diﬃculty of
this procedure is when the Bethe–Salpeter wave function is not
monotonous, the error will become very large. This problem indicates that more complex structures are needed in addition to the
structure in Eq. (1). However, the equivalence of the three methods
mentioned above allows us to choose appropriate one to analyze
the PDA case-by-case.
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