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Abstract

We consider black hole with magnetic field in hyperscaling violating Lifshitz theories arised in a four
dimensional Einstein-Maxwell-dilaton system along with axion fields. Considering the linearised equation
of relevant fluctuations in metric and gauge fields, we analytically compute thermoelectric conductivity of
the dual theory using Dirichlet boundary condition and find agreement with conductivities obtained in near
horizon analysis. We also study temperature dependence of the conductivities.
© 2018 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

1. Introduction

Holographic techniques have been proved to be quite successful in analysing strongly coupled
systems arised in condensed matter [1-8]. In the original proposal [9-11] it was for asymptot-
ically anti de-Sitter spacetime and thus are amenable to theories characterised by relativistic
invariance at the boundary. Soon it transpires it can be generalised to other asymptotic space-
times as well [12—19]. In particular, this has been extended to systems having anisotropic scaling
symmetry along temporal and spatial direction. For such systems, asymptotically Lifshitz space-
times turns out to be the pertinent set up on the gravity side. An essential motivation for these
is to understand the novel behaviour of strongly correlated phases of matter, which cannot be
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explained using conventional theories, as it does not show quasiparticle description. Applica-
tion of holographic methods for such phases are expected to provide new insights and deeper
understanding about dynamics of these systems.

In this vein, a number of works have considered non-relativistic geometries which are asymp-
totically Lifshitz theories characterised by hyperscaling violation [20-24]. A four dimensional
Einstein-Maxwell-Axion—Dilaton theory gives rise to such geometries characterised by two pa-
rameters z and 6, corresponding to Lifshitz scaling and the hyperscaling violation respectively.
The Axion is chosen linear in space coordinates to introduce inhomogeneity in order to model the
feature of underlying lattice structure [25-27]. It involves two U (1) gauge fields, one of which
is required to introduce Lifshitz like behaviour, other playing the role of electromagnetic field.

Electrically charged black hole background in this theory has been considered and electrical
DC conductivity was computed [20] using near horizon analysis [28]. In [21], a magnetic field
has been introduced in addition and thermoelectric conductivity was studied using near horizon
analysis, once again. However, near horizon analysis [28], though very useful, does not provide
the conserved current in the boundary theory. In addition, it is not flexible to incorporate different
boundary conditions of the fields in the bulk. Instead, it chooses one boundary condition out of
multiple possibilities.

In view of these, a different approach has been proposed in [22]. It considered linearised fluc-
tuations around the electrically charged black hole and from analysis of asymptotic behaviour
of the solutions they determine counterterms, obtain the physical observables in the dual the-
ory and compute the thermoelectric conductivities. Unlike near horizon analysis, this approach
is amenable to incoroporate different boundary conditions on the fields, such as Dirichlet and
Neumann or a combination of them.

In the present work, we have extended the approach of [22] in presence of magnetic field. We
consider a black hole background with a magnetic field and from the analysis of linear fluctua-
tions of necessary fields we have computed the full thermal conductivity matrix. This provides
the dependence on magnetic field B and in particular enable one to compute Hall angles. This
analysis can accommodate different boundary conditions which may lead to different behaviour
of thermal conductivities. In the present case, we have used Dirichlet boundary condition on
spatial components of one of the gauge fields and find agreement of conductivities derived in
approach of near horizon analysis [21]. We have discussed temperature dependence of thermo-
electric conductivities and Hall angle in several scaling regimes.

This paper is structured as follows. In the next section we introduce the asymptotically Lifshitz
hyperscaling violating solution. In section 3 we introduce the fluctuations in metric and gauge
fields, consider their linearised equations of motion and obtain solution in low frequency limit. In
section 4 we compute the thermoelectric coefficients and discuss their temperature dependence.
We conclude in section 5. Some of the materials related to the necessary canonical transformation
of the fields has been discussed in the appendix.

2. Hyperscaling violating Lifshitz black hole

In the present section we will discuss the asymptotically Lifshitz hyperscaling violating solu-
tion, which we will use as the background. The electrically charged solution has been discussed
in [20,22] and the electrically charged solution with magnetic field has been mentioned in [21,
23]. They appear as a classical solution of an Einstein—-Maxwell-dilaton-axion system. We will
consider two gauge fields coupled through a symmetric invertible matrix 77, I, J = 1, 2 which
is a function of the dilaton ¢, having positive eigenvalues. In addition, there are two axion fields,
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x“, with a running over 1, 2 required to violate the momentum conservation, which is necessary
for computation of direct conductivity. The Axion term in the action has a dilaton dependent
prefactor Z(¢).

The four dimensional action is given by

5= [ d'xJTRR=a(@0) B FL F = Z@)0x P V@4 5 s [ xRk,
oM
2.1)

where «2 in the second term (Gibbons—Hawking boundary term) is given by 877 G. We consider
two axion fields and two guage fields with 7 = 1, 2. V(¢) is the potential, which is functions of
dilaton fields.

From the action (2.1) we get the following equation of motion. The Einstein, Maxwell, axion
and dilaton equations are

1 1
Ry =adu$du + 5V (@)gur + Z@)ux“dux” + 2215 @) Fu B = S 8un Fpo F7),

VH(Z15(@)F,],) =0, (2.2)
VH(Z($)0ux) =0 and 2a0¢ —V'(¢) =}, (@)F,, F'77,

respectively.
In order to obtain asymptotically Lifshitz hyperscaling violating solution we choose the fol-
lowing ansitz for the metric, axion and the gauge fields.

dslzg = ydxtdx’ = dr? + 24 (= f (r)dt® + dx“dx?),
B! (2.3)
Xp = px*, ¢ = ¢p(r), Al =al =al (r)dr + Teabx“dxb,

where y,;; denotes background metric tensor. We have chosen a linear axion to break the transla-
tion invariance to incorporate momentum relaxation. The first gauge field is required to generate
a Lifshitz like behaviour of the metric, while the second one gives rise to the electrical charge
and magnetic field of the solution. For the sake of generality, we have kept the constant magnetic
field F Ib =3 1 B¢, associated with both the gauge fields.

Substituting the ansatz (2.3) in the second equation of (2.2) implies the electric charges g; =
—f2eAyy, B,atj is constant. The first and the last equation (2.2), on substitution of the ansatz
(2.3) reduces to the following equations:

Lopawd I 22 e A Grars + 15100081 8Y)
2f 2f 4f2 qiqJ 4 1J ,
/ 1 1
A"+ AGA + %) + P2 Z@e 4+ SV e S @)args + T @) BB,
647 444" 25 =al@ 97 ~ 202 2@~V ~2e” N (@)grqs + 3 510 @)B'B),
! 1
2a[83¢+<3A/+;7>a 1= V'(¢) =27 @)aras + T7,@)B'BY).

(2.4)
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Given a form of Z(¢) and X;;(¢) one can solve these equations to find out the metric, the
Maxwell field, the dilaton and the potential.

Like the electrically charged black hole, these equations do admit an exact black hole solution
[21,23], which depends on two parameters z and 6. We will consider the range z > 1 and 6 <
z 4+ 2, which follows from null energy condition, as explained in [22]. We present the solution in
radial coordinate v, which is particularly suited for asymptotic behaviour. The metric in terms of
this radial coordinate v is given by

ds> =v O/ [—v®F(v)di* + W + 02 (dx? + dy?)), (2.5)
where in our ansatz (2.3) we set ¢4 = v2~% and the blackening factor F(v) is given by
2

)4 m 8q2

Fv)=1 —
W)=1+ (2—0)(z—2vx? e T (2 —0)(z — O)2E+1=9)
B2 2z—6
2 2.6)

+ 16(4+6—-32)2—-2)"

In terms of v coordinate, the role of the blackening factor is played by F(v). This v coordinate
is related to r through

d
dr = —sgn@w 02 F 12 2.7
v
Other fields and functions are given as follows: X;;(¢) and Z(¢) are
S = L@ 55y = L0 50 74y = Lluse-200
4 b 9 2 b

(2.8)

where o = 1/2 and p is given by 2u%a = (2 — 0)(2z — 2 — 6). The dilaton, the axion and the
gauge fields are given by

4sgn(0)q1 2 2 -9
—unlo v, a_ xa’ al +z—60 _ 2+z ,
¢ =plogv, x“=p =gV v )
4sgn (6
a? = W(u@—Z — ) 79). (2.9)
—Z

The charge g and the potential V (¢) are

G=Q2+z-0)z—-1)/8,
2z-2-6 B2o0+2:-6)@/11) (2.10)

_ _ _ O/ _
Vig)=—Q2+z—-6)(1+z—0)e 1G—2)

Unless otherwise mentioned we will keep our analysis general without committing to specific
solution. The reason is as follows. For electrically charged case, B/ = 0 it can be shown that gen-
eral solution with asymptotic behaviour exists. We expect a similar general solution with specific
asymptotic behaviour in the case of this black hole, as well. Therefore the present set up may be
used to deal with general solutions. Though, while studying the coefficients of conductivities we
will use the specific exact solution only.
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3. Fluctuation

We will be interested in the thermoelectric coefficients, which are related to the correlation
function of operators. In order to compute those we consider linear fluctuations in the metric and
the gauge fields around its background solution.

vij =vBij +hij. Al =Ab+al. d=¢p+e. x“=xj+1% (3.1

where i, j takes values on 7, x and y. Defining S} = y/*h;x, one can set ! = §¥ = S} = S} =0
and ¢ = a] = 0 consistently, leaving nonzero fluctuations to be S¢, S!, al and 9. S! is related
to 7 and so we will not consider the former. In what follows, we will assume these fields depend
on ¢t and r only. With such dependence the linearised equations satisfied by these fluctuations for
the background given in the ansatz (2.3) turn out to be as follows:

) o
(02 + (33, A i

)ar _e*2A(2p2Z+672AZIJBIBJ)]SZG

=—2¢"4[pZ@3t") + 231500 )Bra)) + e 4 15 (3ia) Year B,
8,0, 8 4+ 2e7 245 ;(8,a! ) B €4St
= 2pfZ8, 1" —de A% 0,0l ) —2fe*A 21 B eupdral (3.2)
_ _ _ 1
0-(Zse (7210 a]) ST + forag ) = £ 27T (0] + S€andi ST B,
0 0.Z —24
rf + r_)arra _ e
2f 2z f

where we have not included equations for S’, which follows from the above set of equations.
Considering the time dependence of the various functions is given by &'“’, the above set of
equations reduce to the following

o f
2f
—2e A —iwpZt® + 2317 (d,al)(8,a)) + iwe > Ty yal ey B 1,
iwd, ST +2¢722%;(0,al )BT €SP
= —2pfZd7" —diwe AT dalal —2fe A5, B eqpidral, (3-3)

32t 4+ (30, A + 32t =—f e pa, s,

197 + (30, A — )0, —e A 2p*Z + ¢4 B! BY)]S]

- _ _ iw
0-(Z1se (210 a]) ST + fora ) = £ 27T (—0al + —eanST B,

8, [3A F1220,19 = —iwpZeA FV2(50 — L1y,
p

Following [22] we introduce new field

iw

o = 50— @ a, (3.4)
p

The boundary operator associated with ®“ plays the role of energy operator in the boundary
theory. Introducing Q = w? —2p? f Z we write down the equations in terms of this new field ®¢.
Some of the terms, however, we have written in terms of S;, which can be expressed in terms of
®% and 7.



576 S. Mukhopadhyay, C. Paul / Nuclear Physics B 938 (2019) 571-593

F2p2 FZQ 7N (—f72e49,0% +4gial) — 2iwQ T Bleay(qiS? — £ S 58,a))]
—eA V2 02p*Z + 7222 B' B0
= e Ap125, BB 19 — 2iwe ™ ey, 5, B al,
p
2
— fTV2eA8 (— f1Pe s dal —2p7 FZ2 100 - 22 f—”2 49, (f2)q10°
(3.5)
+o? fUS —4Q7 e A fqrqal +2i0 e eupqr BY (¢ S?
v
_eAfl/ZEJKaralf) — 7f ]Z”EabSbBJ =0,
2ipfZ

2i
3,8 +4e7 A%, (8,0 ha! = —e e A% B e (3,0 S + fd,a]) + 319,

014 1270, 7 = —iwpZe® f~1/70°.

In order to obtain near horizon limit, we will use another radial coordinate u, which is related

to r through du = —f(r)l/ze’A(’)dr. In terms of u the metric becomes
du 2
ds® = *A" (= f(w)di® + @ +dx%dx®). (3.6)
The derivative in u is related to that in r through
—fe 40, 0,=—f"12eM, (3.7)

u is related to v through the relation du = sgn(0)v:3dv where z and 6 are parameters deter-
mining behaviour of the metric. The horizon of the black hole solution is given by u = uj,, where
f(up) =0 and at the near horizon limit f(r) =4xTp + (9(,02), where p =uj —u. A, Z and Xy
approaches constant values at the near horizon limit. The near horizon limit of the four equations
can be arranged in the following manner.

2p%7
w2

2i
[£8u(f 3, (2O N +2p*Ze* 07 — ;eabqu’[fau(faual{ )+ wa]]

8p27Z

2i
+ = arf () = —aqiBeaduS; + 1y B B S =0,

2p ZtII
S0 (fdual) + 0?all—

20 2 iw
+Z€ ZAQIBJGabEJKfZauaf“‘Ze ZAEab‘IIQJBJfStb_721J€absthJ=07

o f20,0 —de g q, fal
(3.8)

2i 2i 2i
3,59 — Ze*“ea;,q;,B’s,” +4e M gpal — ;e*“eabz,,Bffaua,{ — jpffiur“ —0,

fou(fZoue* 1Y) = —iwpZe* O°.
Considering the terms contributing in leading order of p we obtain

2p2Z

2i
[£8u(f 3, (> O N +2p*Ze* 0 — —eabzuB [f8u(fouay) +wa]]
+EIJB B’ S,“:O, 3.9)

iw
S10fou(fdual) + o*all— 72ueabsf’3’ =0.
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Introducing

1

1 I I b

N, =4a, + EB €abT (3.10)

and choosing the in-falling behaviour, we obtain the following near horizon behaviour
eZAG)“Np%, néNp%. (3.11)

We will use the above near horizon behaviour to determine the relations among the constants that

appear in the solutions of the various fields.

In order to study direct conductivity, we require the solution of the fields ®¢, aé and 7.
However, the differential equations are quite involved and since we will be interested in the
direct conductivity which depends on the behaviour of the fields at low frequency limit we will
expand the fields in powers of frequency and from there we will determine the low frequency
behaviour of the fields. So we consider the following expansions

0% =00 4 »peD 4 2P 4 ., aé = aj(o) + a)aé(l) + a)zaflz) +..,1¢

= 790 4 re) 200 o (3.12)

We will substitute these expansions in the equations and will determine the fields at different
orders of frequency in an iterative manner.

First we will consider the equations at the order of zero frequency. Substituting the expansions
of (3.12) in (3.5) we obtain from the second equation in (3.5)

or(f'?e 21500070 — ;070 =0, (3.13)
which suggests it is convenient to define a new function

C4 = f12eA50,a) — qr0°. (3.14)

Then (3.13) implies C 7(0) is a constant. From the first equation in (3.5)) we get

orle™ 320, (f 710 ) + 40! €] V1 =0, (3.15)

where we have used the equation of background fields (2.4). From the third equation of (3.5) one
obtains for axion

3,70 =€,

7y . (3.16)

From (3.15), (3.14), (3.16) we write the solutions in terms of integrals

du aldu
0) _ _ a(0) t
% _f®7+f®g/emf2 4fce /e2Af2’
!/ d
aé(o):a;(()o)—C;Z(O)/—du—qJG)‘f/E”du—qJ@g/E”/ 2Au2
f eAf
K
d
—46]JC?<(0)/duE”/ a, au

2A 2
720 — ‘L'g(o) + EabC?(O)Bl /

du
eZA f 7 ’
where 0, 07, aé(()o) and l'g © are constants of integration.

e

(3.17)
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At the near horizon limit, A, Z and X;; are approaching constant value A(h), Z(h) and
Y7y (h). Behaviour of f(u) near u — uy, is f ~4xTp and a,’ ~ O(p), which leads to

®4 4cyy,a!
MT“W_4ﬂﬁM”

00 = @4rTp)O; + plogp,

100 q,05 0 ( )
a0 =az + G Tez—im‘) o )) logp +q,0(%" (h)p, (3.18)
b(O) p1
a0y _ _a0) _ ¢ B

D T Z Gy 2P

The equations at the zeroth order of frequency are very much similar to that obtained in absence
of magnetic field [22] as in the equations B’ appears at the first order of w.

Next we will consider the equations at first order of frequency. As we have already mentioned,
we will use a recursive procedure to determine the solutions at different orders of w, by using
solutions obtained in the lower orders. Substituting the (3.12)in the second equation in (3.5)) we
get

F1PeA8, (f12er g 8,0l D — q,0%D)
20

2p%fZ

- %fﬁlzuéab@bw)Bj =0,

_ 0
e Aeupqr B (qs0"0 — e 128k 8,af ) (3.19)

which leads to

b(0) b(0)
1 qC ®
3.C4"Y = —if e B (—p2222A+2” —). (3.20)

By integrating (3.20) we can write C ?(1) in terms of the zeroth order terms. Similarly, ®*() and
¢ satisfy

A 128,710 My —4cVo,al + 2iewy =17 B” al

+p S€abB fc““’)au(ﬁ) ;z,,B’Bfra“”:o, (3.21)

a [ezAfzau_ca(l)] — lpZeZAf—l(__Da(O)’

1(1)

while a,"’ can be obtained from

deal® = — =1l 4V _ g, r=1e*M, (3.22)

Like C?(l) , all these equations can be integrated to obtain expressions at first order in terms of
the zeroth order fields.

The near horizon behaviour of the fields at first order can be obtained by integrating the
above equations after substituting the near horizon behaviour of f, A, Z and ¥ and using the
expressions obtained for the zeroth order fields. For Ca(l) we obtain,
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ic, B’ [< a1C?”  @bx, (k)

1 2A(h)
AW ax T\~ p2Z() T 8aT >1°gp+5®72”(h)€ nTp

25,,C499,aX

logp —
AnT (plogp —p)]+

(3.23)

where C %1) is an integration constant.
Using this expression a similar near horizon expression can be obtained for @*() from (3.21)

as follows

04 i eaB!C]Y

e = — L] O%UnTp+ ..., (3.24)
AW AT T 2 anTz(ny CeP T OasTlet

where ©5 and ©F are new integration constants. The fluctuation in gauge field at first order, aé(l)

at the near horizon limit follows from (3.22) and is given by

2l — I(1)+ ”(h) QJ®§1
a AnT | 2AW4nT

+Ca(1):|10gp+ (3.25)

where we have introduced the constant term of integration as aéél). Finally the 7¢ at first order
turns out to be
o—2Ah) i
20 = Oa(l) — [GabBKC?((é) - 5( A anT O +4q1a1(0))

4xTpZ(h) 326

i
+ ;q;Bleabrg(O)] logp +....

The constants of integration introduced at different orders can be determined by comparing
with the near horizon behaviour with the full fledged expressions of the various fluctuations,
obtained in (3.11). For that we need to consider the equations to the second order in w.

At the second order of w we obtain the following equation for C;‘(z)

_2A .
i
0,Ci% = T AL +4q,a,{<°>)+2ieab(cl}“) — Lgstt)B7)
fz P
2 (3.27)
_ T[an(O) (@b(l) + b(O))B 1
On the other hand for @) we get
- 2
0l 20,710 )] = 4CT M duay = fOl5 5 110,07 +4q,0, )
fZ
; (3.28)
+2ieqp(Ch — ;qﬂb(o))Bl] + ;E”B’Bjr“(l) —2iegpa, .
12) :
a, ~ can be obtained as usual, from
Ci? = f1PeA5158,a]® — q;0°?. (3.29)

In order to compare to the boundary condition at horizon we need to find the leading order
behaviour of the fields near the horizon. Substituting the expressions we have obtained for fields
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up to zeroth order and first order on right hand side of (3.27) one can easily find that the leading
order terms of C ?(2) near horizon are of the order of log p and (log 0)%. In particular, it does
not have any 1/p in its expression near the horizon. It follows from equation for @) that the
leading order expression of ©@?? is given by

F1e@ =4+ 0 du S1 3.30
= B¢ + Os 2Af2+ 0gp + .. (3.30)

where ©F and ©¢ are constants of integration and S is given by

a

s i , by _ L b(O)\ pr ® _
[(—4nTe " OF +4qa,y) + 2iew(Cjy — ;CIITO )B']1+ @nT)?

(3.31)

1
~2p2Z(h)

Collecting expressions of ®“ at different orders of frequency together, we can write near
horizon expression of ©¢ valid up to O(w?) as

: b pl 2A(h 10
o7 — G2 L 4nTOp 4 1 iweapCryB 2(—nTe ()®§’+q1aa0)w2
2AN 47 T W dnTe2A® " p27(h) p*Z(h)
2
+ 2wt Qg B + o 2 logp + ..
pZh) " (4m T)2

(3.32)

In this equation, following [22] we have absorbed all the pertinent integration constants in @, ©5
and C{,, without any loss of generality, by redefining @9, ®{ and C{,. Similarly the expression
for the fluctuation in gauge field at near horizon limit is

IJ a
1 (h) q1®2
a _aa0+ 4 T ( J()+ 2A(h)4nT)10gp+ (333)

where we have absorbed all the constants of integration in aéo. Fluctuation in the axion t¢ at
near horizon turns out to be
ﬂ = ﬁ + 1 [—eabB’C?0 +2iw(—nTe*A (he] + q1a(’) )
p p  AnTe2AMWp27(h) “
b(0) (3.34)

T,
+ ia)(qIBI)eabOT]logp +...

where constants are absorbed in rg .

L . . b
Comparing with the near horizon behaviour of © and n! = al +1 B’ e - asgivenin 3.11),
we obtain

B!'B/ > (h)q
1J 7
= (h)+2 27, 2A(h)) T+ 2A(h)4ﬂT®2
I I Té’ ! 2A(h) b J 1 770
=iw{—(a,y + EB 6ah;) - m[fab(—”Te 07 +qyay,) — E(C]JB )?]}s
dr T b
O =———[ewB'Cly — 2iw(—n T AP @4 Iy —i B e -21.
5 pZZ(h)[ ab 10 — 2iw( e | +4qr1a,) —iw(qy B )eap p]

(3.35)
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From the two equations above (3.35) we can express C}, and ®f in terms of other constants
aO’ ®1 and 70 in the following manner,

; 2979k T n(h)BN gk
- J L
Clllo =ioM)ap{—[(Zsk(h) + W) be Wﬂ;c]aco
2z T ! N e 4q9x <
+ 270 [gs8ap + EEJN(}Z)B €bc]Of — 5[(2”((}1) + W)B €be
Y x (h)BK 7§
M JK 0
—(quB )W bel— }
dnT 4 T b
0 = g B’ Clo o7 s (=T WO + grag,) + (418! )eab—]
(3.36)
up to leading order in w, where we have introduced the matrix (M IJ )ab satisfying
v (h) BV B’ q1B’
J Ky _ sK
67 + 2p22(h)e2A(h) )ap = pZZ(h)eZA(h) €apl(M ;" )pe = 87 ac- (3.37)

In absence of magnetic field it reduces to & IJ Sab-

In order to identify the operators in the boundary theory, we require the asymptotic solution
of ®, al and 7. It is sufficient to determine the asymptotic solution of the fields up to lowest
order in frequency. From the linearised equations of motion of the fluctuations it is clear that
magnetic field contributes at a higher order in frequency. Therefore, up to lowest order of fre-
quency, expressions remain the same as those obtained in absence of magnetic field [22]. To this
end we introduce

v9—3z—ldv
W(v) 258”(9)/ W,
Ylv) = %(—viﬂ_g\b(w+sgn(9)/dvv_zz+1F_2), (3.38)
4sgn(0)g>

2 _
Y“(v)= 0_

In terms of these functions we can write the asymptotic expansions of the solutions of the fields
at small frequency

(—vZ_le/(v)+sgn(«9)/dvv26_4z_1F_2).

00 =2V F)(0f + 05 W (v) +4C Y (v)),
al =al) — ©%a] —sgn(@)@ijfdvElij_3W(v) (3.39)
— sgn(@)/de”v_Z_l(F_lrSlj( +4q 02Dy K () C4.

From (3.38) and (3.39) one can establish a relation between the parameters describing the
asymptotic behaviour of the solutions and operators in the boundary theory. This relation has
been discussed elaborately in [22] and we have included their discussion in the appendix. As
explained there, a basis of symplectic variables that parametrize the asymptotic solutions can be
identified from asymptotic behaviour of the generalised coordinates and momenta. To this end
one considers the radial Hamiltonian formulation and express asymptotic solutions of the linear
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fluctuations of the fields @4, aé © and 79O and their conjugates in terms of the modes ©f,
@g, aéo, C ? and 16’. Then one makes a suitable canonical transformation, that can be realised by
adding appropriate counterterms, leading to holographic renormalisation of the action. From the
asymptotic behaviour of these transformed canonical variables the operators can be identified in
terms of the modes parametrizing the asymptotic solution.

Choice of the boundary condition turns out to play critical role in this identification. As ex-
plained in [22] adding an additional finite term in the renormalised on-shell action, the Dirichlet
boundary condition can be imposed on the gauge field. In the case of electrically charged black
hole as the background, it has been found that the expressions of the conductivities obtained us-
ing the near horizon method agrees with the Dirichlet boundary condition. In the present case,
where we have magnetic field in addition, we are considering the Dirichlet boundary condition
s0 as to compare the results already obtained using near horizon method. With the present set up
generalising it to Neumann or mixed boundary condition is quite straightforward.

In case of Dirichlet boundary condition, we are interested in energy operator £¢ and current
operator J;' as shown in [22]. Their expressions in terms of different modes are given by (A.10)
and (A.11)

1 2 iwg] 2iw
I I
&= —ﬁ(@)ﬁ +4n'Cry), T = —E(C}ZO - TTS), Xy = —WQI%, (3.40)
where ozé is obtained from the asymptotic behaviour for the renormalised variables as given
in (A.12). From these expressions we can obtain the various correlation function, that leads to
computation of the coefficients of thermoelectric conductivity.
4. Thermoelectric DC conductivities
In this section we obtain thermoelectric conductivities for the present model. In the last section

we have derived @g and C;’O in terms of other constants in (3.35). We substitute these expressions
in the energy operator £¢ given in (3.40), we get

io 8xT An T 2959k
g = el K e - (—pz—zeabB’ +4u8ap) (M o [(k + Pk
ZJMBqu K 87T K 24
chd}ado + (pz—Z(CIKM —nTe™)8ad
An T I I 7 2nT 1 M
+ (—pz—ZGabB +4u bap)(Mj )bc{pz—Z(CIﬂScd + EEJMB €cd)
“4.1)
2959k | k SmBM g u® d
—[(Zsk + m)ﬂ 8ca + WGM]D@I
1 4nT I ! J
+{_E(_pz_zeabB +4u aab)(M] )be
4(,]Jq[( K (qKBK)ZJMBM A7 T K 'L'g
)y B%e.q — ¢, B™)ega)l—,
[(Zskx + p2Z62A) cd D2Z02A cdl + pzz(‘]K )€ad} »

where we have used the asymptotic value of fluctuation in gauge field, aé given in (A.12). In
this section, to simplify the notation, unless otherwise mentioned A, X;; and Z represents their
respective values at the near horizon limit.
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Similarly, the current operator [J;' turns out to be

299k SymBMgg

— K
Ji = —{(MI Jab[(Zyk + 27 — - 5710 + Wébc]aco
1
-’ )ab{p2—z(6113bc + EZJMB €be)
2 ZimBMgrp®
Sk + oK (K sy 4 T IKE o y05 4.2)
p<Ze

pZZeZA

1 J 2979k | ,k N kB 5
GOk + T B e — (an BY) 380+ 1) ),

2iv
KXo = —Wf]l%,

where the matrix (Mlj)al7 is given by (3.37).
From the above expressions one can obtain the following two-point functions

2w 29k q1 TxkmBMq;
(T} ()T} @) =~ (M, el (Bxs + gead)dea = G eal.

2iw 2nT 1
(€ (-0) T} @) = =~ (M] el 57 @rbea + S EixBNec)

26]J6]K EJMBMqK %
> -

9

2iw. 2nT nT
(Tf (—a)EP () = " Tyt (= —B’ebcwfsbc)(M/‘)cd
2611(6]1 EKMBMQI
2iw 27'[T xT
<6“(—w)5”(w)>=——[ —(qxn® =T+ (= — e Bl + pl8y) (4.3)
p-Ze
T 2 JYK
M) eal 2L 7%~ Sk + fzq2A> 18 4a
K
KM
+2JMBM ZZ %)%a]:

2iw 1 449759
(X ()T} (@) = [ M el (Zix + pzéewaKem - (wB%Wa‘“]

+ q18ba7
(T (o)X () = —Wq,a ,

with rest of the two point functions vanishing.
Next following [22] we introduce the heat current

Q4 =& —ul Jf. (4.4)
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The two point function for heat current and electric currents are given by

1

(Q% (—0) (@) = =52( 2Z){ 22245% + BM eue(Myp)ealqsaa + 5 Bon BY €aall,

2 2n T 1
(Qh ()T} @) === p” (M Dnelsbea + 5 Zax B ecal,

2iw 2nT nT 2
(T (~0) Q5 (@) = = q18pa + ~g= epe B (M) [(Sx 1 + q“‘iﬁ,wda 4.5)

K* p°Z P2z
TkmBMqy
Wfda]}

2iw 29k q1 SkmBMq;
(T} ()T} @) = = (M el (Bk1 + sgean)ba T = 7o Ceal,

We obtain the thermoelectric conductivities from the above two point functions as follows.

pe_ (TR Tai"\ _((Qh(-0)Qp@) (Qf(-e)Tf (@) | “6)

(Tf (~0)Qp @) (T (~0) Q) ()
In order to obtain the following expressions for the components of the conductivity matrix in a
compact form we have introduced the following parameters

! >;7B’ b! _B 4.7)
r; = — N == . *
In terms of these parameters the matrix (M IJ )ab 1s given from (3.37)
[+ r.D)rr + (g.b)qr18ap — [(1 +r.b)g; — (g.D)ri]l€as
(M, Yap = 8] 8ab — 4241 P 42Ny (48)

(1 4+r.b)? 4 (q.b)?

where we have used (r.b) = r;b’, (¢.b) = g;b" and A = (1 +r.b)*> + (¢.b)?. With these expres-
sions, components of conductivity matrix becomes

wasT [(1+7r.b)dpg + (g.D)€pa]

Kab —
k2p2Z A

3

~ 4
a?b = a?b = Kb (q18ca +11€ca)]s .9

2 16 -
of) = K—22115ba + Sz—TKbc(qﬁm +7ry€ca)(qr8da + ri€da),

where we have used 4me?4 = s. All the components of the conductivity matrix reduce to the
expressions of the same given in [22] for setting B! = 0. It may be observed that both the U (1)
gauge fields are on the same footing and that we have got 07 = (x?h

We have obtained the thermoelectric conductivities for the general case and in this form the
symmetry between and electric and magnetic fields is also becomes apparent. We can apply this
general result to the case of the black hole solution discussed in section 2. Substituting values of

the various quantities in the above expressions we obtain the following forms for conductivities.
For the solution we get A = (p? + 7 B2 42— 6=0y2 1 (2¢g, Bv**~*)? and using that we get,
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872T 20 (p? +7 B 4Z 679)5ba+2‘12BviZ74€ba

Kab ,
«2p? O A
ab _ SJT y2—0-2 (P + 7 LR 4Z 79)q16ba + 2611Q2BU22746ba
o = 2 U J
A
ab_ 87 2o 2 P08 +1(PP+ 7 ~670) By 227270 4 243 BuFHMep
% =72 A J

2 21 4(17 + B 4Z 679)817(1 +2q23UiZ746ba

1 8
b 0—4
ofY =33V Oba+ Zqivy A (4.10)
w8 @ap?pa +12g3Buy Tt + Bup 0 (p? + By 07 g,
01 =541 A )
2 B2 —4z46 W02
gab _ P 6820 4 T vy 0 (p? + 16430, )8
Oy = 22 h A ba
2 -2\ —4z4+6+0
@B g 1200 5 + 2P+ 1650, v, 0T
+ 71)}! A €bhas

Hall angle can be obtained from the above conductivities by taking the ratio of coefficients of
€qp and &, in the expression of 0. We get

0. _ 2B . (1 +v_4z+6+9(2p2+16q22vz 2) @i
H="73"Uh —474+6+0 2. 0-2 :
D + v, (P + 16‘]2vh )

As explained in [29] since the factor in the square bracket lies between 1 and 2 Hall coefficients
can be approximated as

242 B
Oy = %@fﬁ“ﬁ, 4.12)

these expressions, after setting 6 = 1 — z, agree with the results obtained in [21] using the near
horizon method.

With the explicit expressions of various components of thermoelectric matrix we can study
temperature dependence. For the analytic black hole solution the temperature is given by 7 =

—%vzﬂ F’(vp) which for the case of dyonic solution reduces to
Sgn(9) 843 9, p? B?
T = (e —29 vl T4 ) BT et (4.13)

The expression of temperature is quite involved and it is difficult to obtain an analytic expression
of the conductivities in terms of the temperature. Nevertheless, choosing appropriate limits of the
quantities we can identify regimes, where one can discuss scaling behaviour of the coefficients
with the temperature.

We begin with 6 < 0, where the first term is positive while rest of the terms are negative in
the expression of temperature. To identify a regime of large temperature, following [22] we con-

2. 20—7-2 2. 60—z 2)

sider g5 vh <<vj, p7v, ¢ << v and B%v 3(Z << vj. In this regime one can identify

8 .. .
T =4 (Zl 0 v; . The behaviour of thermoelectric conduct1v1ty matrix will depend on the rela-
tive strengths of the different terms in the temperature. We have considered the following three
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regions of parameters. Apart from that one can also obtain the cases, where two terms are com-
parable, but there it is difficult to identify the scaling behaviour of the conductivities.
We begin with the range of parameters where momentum dissipation is strong compared to

charge and magnetic field, which is given by, Bv 3(1 2 ,q3v }219 =2 < pzve ¢ << vj. In this
limit we obtain
82T 26-6) 2q2B _ 4z-20-4
Kab ~ /{2p4 ZZ ba + izz T < Eab]s
8q? 2q2 B 4:-8
ab 1 ===
~ L + ST E el
11 K2p2 [ p2 bal
ab 79
12 [892 + BT Gba]s
(4.14)
ab l sz : 8 4q>B T4z—§—e
(259 W[ © ba + p2 < 6}70]5
8mq1 2q2B  2:-4
af? ~ =51 + 25T epal,
2p?
8 B 4204
O‘Sb“’ 2[612 + 8T ¢ €pal.
The Hall angle is 0y ~ T . Since # < 0 we cannot get linear resistivity for o33 in this regime.
Choosing z =1 we get GH ~1/T? and oy ~T~ ~% showing a positive power of T for conductiv-
ity. Instead if we choose, Bzvi(z_2) << pPTF << @l << vf, p? > > 2p BuE T all
the coefficients will remain the same except 02,. It becomes
Sq 2qu 42-8
o3y = — 5T T €pal. (4.15)

In this regime, 055 and Hall angle have similar temperature dependence. So for z = 1 both scale
as ~ T~2. Choosing z = 4/3 one gets oy ~T™ ! implying linear resistivity. However, Hall
angle also becomes Oy ~ T L.

Another scaling regime, that one may consider corresponds to the range where the charge
is strong compared to momentum dissipation and magnetic field. That is given by Bzvz(z—Z)’

PPl << g3v7 7% << v} and leads to the following conductivities:
82T 1 2<4 0 1 20-9 _
ab = 2. 3(z-2) 2. 60—z
~ 8 + —=T 7 €4], for B7v << pv; °,
2Q2q:B) 2928 T o} " PO
8wq1 p? 62 1 3(z-2) o—
atl ~ _ z 3 + ¥ 6 for B*v;“ % << pPfF,
1 2 [4612232 ba 26]23 bal h p vy
anl 4 2e-0) 1 2-6 _ -
atl ~ - = 2. 60—z 2.3(z-2)
o ) [B2 T Opa + 2quT *epal for pv, ¢ << By, ,
87 p? 6-22-0 1 20
ab b—2z—0 2-0
T S+ —T = €pal,
@ K2 [4q2B2 ba + 7B bal
(4.16)
2g2B 48 20—z - 4

ab 8q12 224
oy~ pZKZ[T : 8ba+7T T €pal, for povy T >>grBu;
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8611 p* 4=2 1 2 62 +6—4
ey (2qu)2T = Opg + 26]?61]“]’ for p“v, " << q2Bv; ,
8q192 p2 z 1 4-2;
ab
——T = ——T = €pal,
Opp ™~ K2 [4(]2232 + 228 bal
1 4p? e 8
oab p q2
027 2K2[ 32 (Sba + ?Eba]

In this regime, 035 and Hall angle have 0pp051te temperature dependence. Choosing z = 1 one
gets temperature dependence to be 72 and T2 respectively. For z = 2, however both will be

independent of temperature. Similarly one can consider the regime where magnetic ﬁeld will be
stronger compared to the momentum dissipation and charge. In that regime, 035 ~ T with
Hall angle having opposite temperature dependence, once again.

For small temperature, one can identify the following regions of parameters.
B2y 3(Z_2),q22v;219 z— 2<<p UG z<v B2y 3(2 2) PZUZ Z<<q U26 z— 2<v and
pzvz 5 q%vﬁg =2 o< B? 2(1 2 N However, obtaining an analytical expression for tem-
perature for this region is difficult. The dependence on v, can be obtained from above by
replacing T by vj in (4.14) and (4.16) a respectively in the three regimes.

For 6 > 0 first term is negative and so large temperature may corresponds to the regimes de-

pending on whether p2 o=z, qzzvig =2 or B2y 3(Z_2) dominates. In these regimes, temperature
p? 8 - B2
-2 — qZ 20—z-2 _ > 3z—6
can be approximated by T = 4ﬂ(2 ks , T = @0V orT = Tezo—o Vi » respec-

tively. The scalings of conductivity matnx for various regimes will be as follows:

For the parameter region corresponding to strong momentum dissipation, B%v 3(7 2)
qzv,zl(9 =2 < pzve * we get
87T (T o+ BB (T Tr
K“"~—[<—> S+ 2 (—) e,
k2p "\ p? a p2 \ p? a
8 T 229—9—2 2ar B T 29:-4
qul -z q2 -2
a7b ~ 2[ Sba + 2 _2 Gba]’
K2p p? 4 p
2z-6-2 472604
b 87 T\ 7= B(T\ 7=
o~ = 2,7 92\ — 8ba + s\ 2 €bal,
) g (4.17)
8q T\ 7= 2¢2B (T \ 7=
ab 1
— ) — €bal,
11 K2p2 [<p2> ba + > p2 bal
T 2z—2—6
q1 -z
o ~ pEys (8428pa + B <?) €bal,

. 4z—6—0
1 T o—2 4B (T 0—2
b
ot gal(yn) T () T e

For z — 2 035 ~ T~!, but Hall angle becomes independent of temperature.

For the regime, where charge is strong compared to other two factors, given by Bzvz(zfz)

PPl << g3v2772, conductivities turn out to be
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8-2:-29 202-6)
ah 87T2T p T 20—z—-2 1 T 20—z-2
K [ 22 5b(l + "~ _2 Gab]’
K2 p 4q23 q2 2q>B 95
for Bsz(z—Z) << pzvz_z,

2z42-30 2(2—-6)

87T2T [ 1 T 20—z-2 8 N 1 T 20—z-2 ]
~—=l—=—|= ba + €ab),
K2p? "16q3 \ 43 ‘" 2¢2B \ g3 ‘

for pzvz < <B2v2(172),
gngfg 292702
a a
! K2 4q3B? \ 43 2B \ ¢2
for Bzvz(z—2)<<p2v9 3

2(z—6)

2—6
8 1 T 20—z-2 1 T 20—z-2
LR Ly R 8+ — (= epal
K l6q2 a5 2¢q2B q;

for p2v2 f o< B2v;’l(z_2),
2 ge_zz_g 262_62
87 p T\7 1 (T\7
LA S Spa + — | = €hal-
2 2 4qu2 (q%) ba 2B q22 bal

qu pz 7\ %2 1
al“lb ~ —21[ — Oba + —2queba], for p vh >> (2quv7+9 4)2

1 T 20—z-2 1
~ W[<—2> Sba + 2q2B€ba], for pzvh << (26]2BUZ+9 4)2
2z-2-0

8g7 1 T\ 1 2. 60— 3(z—2
~—[—|—= S €pq], for v/t << B2
K2 [16q22 22 ba + Zqu ba] p h h

2 ety e

8 T = 1 T T

O'fl2b q21 [——— P 3 Sba + — - €bal,
4¢>B q2 2B 95

4-2z
1 4p 20—z-2 8q2
ah
1) — .
0y ™~ 22 (qzz) ba t+ 3 €bal

As observed from above, 035 and Hall angle has opposite temperature dependence. For z = 1

035 ~ T~!, but Hall angle becomes independent of time. Small temperature limit can be chosen
in a similar way as in the case of 8 < 0. The behaviour will be similar to those obtained in the
case of 6 < 0.

We have seen the behaviour of the various thermoelectric coefficients depends on compet-
ing contributions from different terms. For high temperature limits we have discussed several
regimes where the scaling with temperature can be identified. For small temperature, however,
the dependence is quite involved and it is difficult to identify the behaviour with specific powers

(4.18)
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of temperature. In general, a numerical procedure can be used for obtaining temperature depen-
dence.

5. Conclusion

We have used holographic techniques to analyze thermoelectric properties of systems dual
to hyperscaling violating Lifshitz geometry. Considering a dyonically charged black hole as the
background we have turned on necessary fluctuations in metrics and gauge fields. Solving the
equations of motion of the fluctuations and imposing in-falling boundary condition at the horizon
we have obtained the thermoelectric coefficients from the asymptotic behaviour of fluctuations in
low frequency limit. Compared to the near horizon method, this method [22] has the advantage
that it enables one to identify the boundary operators explicitly and is amenable to accommodate
different boundary conditions.

We have discussed the temperature dependence of various thermoelectric coefficients. Be-
cause of the background solution is too involved, we can analytically discuss only a few specific
regimes. In one of the regimes, z = 4/3 leads to linear resistivity but Hall angle goes as 1/7,
though for z = 1 it shows 1/7? behaviour. Here we have explicitly considered the dyonic back-
ground. It may be interesting to obtain the result in the case of electrically charged background,
by using mixed boundary condition on the gauge field. A natural extension of the present work
is to explore AC conductivity using numerical techniques and study temperature dependence for
intermediate frequencies. Another direction is to consider turning on mass for the bulk gauge
field [30], which gives rise to additional exponents. The present method may also be applied to
explore properties of the other models towards obtaining agreement with experimental observa-
tions.

Appendix A

In order to determine the thermoelectric DC conductivities in this method we need to identify
the operators in the boundary theory with the parameters describing the asymptotic behaviour of
the solutions. These have been elaborated in [22] and in this appendix we include a brief review
for convenience. First we will consider a new set of coordinates parametrizing “dual frame”,
where radial coordinate is 7, which is related to the Einstein frame radial coordinate r through

the relation dr = —sgn(0)e Ziﬂd’d r. The advantage of this dual coordinate is it allows both positive
and negative values of 8 and the UV boundary lies at 7 — co.

In order to identify the operators living in the boundary theory and the fields in the bulk
theory one considers [19,22] the symplectic set of variables consisting generalised coordinates
and its canonically conjugate momenta in the bulk Hamiltonian radial formalism. This enables
one to identify the natural basis of symplectic variables that parametrize the space of asymptotic
solutions.

The metric in the Einstein or the dual frame can be decomposed in the following manner.
ds* = dr? + y;jdx'dx/, where x' = t,x“. In the Hamiltonian formalism the metric and the
gauge field can be decomposed as

ds* = (N*+ NiN")dr? + 2N;drdx' + y;jdx'dx’,  Aldx" = Aldr+ Aldx', (A1)

where N and N; are the lapse and shift function and y;; is the induced metric on radial slices at
fixed values of r. Similarly A, and A; are transverse and longitudinal components of the gauge
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fields to the radial slices. We also write down the extrinsic curvature, which can be expressed
as

1
Kijzﬁ(aryij — DiNj— DjN;), (A.2)

where D; is the covariant derivative with respect to the metric y;;. We will use barred quantities
for dual frame and unbarred one for Einstein frame.
The Lagrangian in the dual frame, as obtained in [22] is given by

28
o

2
d3x\/—m[(1+%>1€2—1€1’f&, S(aq> Nidip — ZNK)?

2 _ S 1 =i A3
— S35, @F, — N R (R = N - 2@ 0 = Nap? O

+ R[] — aedidd ¢ — 5, FLFIY — 7,8, x5 — Vi — 20719

The canonical momenta in the dual frame can be obtained from the above Lagrangian as

_.:+ 6L _ SL _ SL _ SL
7Tl]= —, 7T}=—.I, Ty = —» 7Txa= —, (A4)
3)/,']' SAI- 8¢ 5)(“

with conjugate momenta of the non-dynamical fields, N, Ni and A, being zero.
Expressing them in terms of quantities in the Einstein frame one gets

1 , L 2 N
=55V re Ky =KD, 7= —;J—yzuy” Fl,
- 1 -
Tp = —5+—V(Q2EK — ad, ), nxaz——«/—yZarxa.
k2 K2

These expressions evaluated around the background in linearised order of perturbations in
metric and other fields reduce to the following expressions.

(A.S)

1
nta _ —€2E¢B€73A f71/2ar(e4A Sta),

42
2
7 == [T 0ra + [0S, (A.6)
1
T[Xa = —ﬁe3Afl/2ZB,ra.

In order to make connection to the asymptotic expressions we will express the above equa-
tions in terms of ®%, aé and t¢. We will consider only the expression in zeroth order of w.
Furthermore, we will use the radial coordinate v instead of r. Substituting the background values
of the fields and using dr = —sgn (9)1)_9/2}"_1/2@) dv we obtain,

gld — _ Sg”(e) W1y (ot 29(Oa(0)+_ra(0)))
42 P

0
T[la _ Sgl’l(2 )[ 74+0— 3F(v)a al(O) +4Sgl’l(9)q1 (@d(o) + a(O))]
2K p
sgn(9) (A7)
= gz,cz (3L F (0)3,020 + dsgn(0)ga(©°© + == . 79Oy,

5*1*981}@61(0) _ 4410(5(0)]

iw
TTya = —
X 2pic?



S. Mukhopadhyay, C. Paul / Nuclear Physics B 938 (2019) 571-593 591

Substituting the expressions for the fields in small frequency limit we can obtain the expressions
of the canonical momenta. As has been explained in [22] the asymptotic expressions provide a
map between the two sets. One set is given by the fluctuations, @4, aé (0), 740 along with
their conjugate momenta. The other set consists of the modes @Y, @9, aZO, C{ and 7.

The set of fluctuations should be identified with the local sources and operators in the bound-
ary theory but with these expressions they will not be independent of radial variable v. In order
to identify the local sources and operators one needs to consider holographic renormalisation
of the action. Since our case is very similar to [22] we refer their analysis for details. This
identification involves a canonical transformation among the fluctuations and their conjugate
momenta, which can be realised by adding appropriate counterterms in the regularised action.
The canonical transformation, in absence of magnetic field has been described elaborately In
[22]. They have considered on shell regularised action for the model with the black hole solu-
tion as the background. In addition of counterterms at the boundary the variables 7', A{ and
7X* undergo canonical transformations, keeping A$ and its canonical conjugate momentum un-
changed.

As has been mentioned earlier, since the effect of the magnetic field appears at the linear
order in frequency or higher, small frequency expansion of the fluctuations @, aé (O), 70
remain the same as in the case of zero magnetic field. However, there are differences in the ex-
pression of the blackening factor F(v) and so the counterterms will be modified in this case.
In presence of magnetic field we are assuming one can make a similar canonical transformation
through addition of counterterms and obtain the transformed variables which are appropriate
to make identification of the local sources and operators on the boundary. A similar addition
of counterterms will give rise to the following asymptotic expression of the transformed vari-
ables,

1
M =——v 20 +4u'CH+....  aj=aj—pn'O1+...,
i "y (A.8)
Mo =— e a2 =a’y— u’0; + ...,
pK2 a a a
where the chemical potentials are given by
’ 4sgn(0)q v}%“*e 5 4sgn(0)qn vzfz
= = (A.9)
2+z—10 0—z

These transformed variables are related to the original symplectic variables through a canoni-
cal transformation. Following [22] we identify the asymptotic expressions of these transformed
variables with the observables in the dual field theory as follows. One can define different
holographically dual theory by imposing different boundary conditions. For Dirichlet bound-
ary condition on A¢, which requires addition of an additional boundary term to the on shell
action along with counterterms [22], the observables and the sources for energy flux are given
by

_ 1 _
£4=2 lim ¥ " = ~53©3+ 4ulcsy, 09 = lim e n,, (A.10)

r—>00 r—>00

respectively where 7 is related to r through r ~ ‘72‘(3_% and n, is the shift function

in the decomposition of the metric y;; as fijdxidxf = —(n? — nen®dt®* + 2n,dtdx® +
aabdx”dxb ,a,b=1,2. Similarly the observable for U (1) currents and pseudoscalars are given
by
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. 2 iwg] . 2iw I
Ji' = lim T} = =5 (Cjp — —=19), Xa=fll>rgoﬂxa=—quaa, (A.11)
respectively and ! is given by
al =al —u'e4. (A.12)
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