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Abstract

We consider black hole with magnetic field in hyperscaling violating Lifshitz theories arised in a four 
dimensional Einstein–Maxwell-dilaton system along with axion fields. Considering the linearised equation 
of relevant fluctuations in metric and gauge fields, we analytically compute thermoelectric conductivity of 
the dual theory using Dirichlet boundary condition and find agreement with conductivities obtained in near 
horizon analysis. We also study temperature dependence of the conductivities.
© 2018 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

1. Introduction

Holographic techniques have been proved to be quite successful in analysing strongly coupled 
systems arised in condensed matter [1–8]. In the original proposal [9–11] it was for asymptot-
ically anti de-Sitter spacetime and thus are amenable to theories characterised by relativistic 
invariance at the boundary. Soon it transpires it can be generalised to other asymptotic space-
times as well [12–19]. In particular, this has been extended to systems having anisotropic scaling 
symmetry along temporal and spatial direction. For such systems, asymptotically Lifshitz space-
times turns out to be the pertinent set up on the gravity side. An essential motivation for these 
is to understand the novel behaviour of strongly correlated phases of matter, which cannot be 
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explained using conventional theories, as it does not show quasiparticle description. Applica-
tion of holographic methods for such phases are expected to provide new insights and deeper 
understanding about dynamics of these systems.

In this vein, a number of works have considered non-relativistic geometries which are asymp-
totically Lifshitz theories characterised by hyperscaling violation [20–24]. A four dimensional 
Einstein–Maxwell–Axion–Dilaton theory gives rise to such geometries characterised by two pa-
rameters z and θ , corresponding to Lifshitz scaling and the hyperscaling violation respectively. 
The Axion is chosen linear in space coordinates to introduce inhomogeneity in order to model the 
feature of underlying lattice structure [25–27]. It involves two U(1) gauge fields, one of which 
is required to introduce Lifshitz like behaviour, other playing the role of electromagnetic field.

Electrically charged black hole background in this theory has been considered and electrical 
DC conductivity was computed [20] using near horizon analysis [28]. In [21], a magnetic field 
has been introduced in addition and thermoelectric conductivity was studied using near horizon 
analysis, once again. However, near horizon analysis [28], though very useful, does not provide 
the conserved current in the boundary theory. In addition, it is not flexible to incorporate different 
boundary conditions of the fields in the bulk. Instead, it chooses one boundary condition out of 
multiple possibilities.

In view of these, a different approach has been proposed in [22]. It considered linearised fluc-
tuations around the electrically charged black hole and from analysis of asymptotic behaviour 
of the solutions they determine counterterms, obtain the physical observables in the dual the-
ory and compute the thermoelectric conductivities. Unlike near horizon analysis, this approach 
is amenable to incoroporate different boundary conditions on the fields, such as Dirichlet and 
Neumann or a combination of them.

In the present work, we have extended the approach of [22] in presence of magnetic field. We 
consider a black hole background with a magnetic field and from the analysis of linear fluctua-
tions of necessary fields we have computed the full thermal conductivity matrix. This provides 
the dependence on magnetic field B and in particular enable one to compute Hall angles. This 
analysis can accommodate different boundary conditions which may lead to different behaviour 
of thermal conductivities. In the present case, we have used Dirichlet boundary condition on 
spatial components of one of the gauge fields and find agreement of conductivities derived in 
approach of near horizon analysis [21]. We have discussed temperature dependence of thermo-
electric conductivities and Hall angle in several scaling regimes.

This paper is structured as follows. In the next section we introduce the asymptotically Lifshitz 
hyperscaling violating solution. In section 3 we introduce the fluctuations in metric and gauge 
fields, consider their linearised equations of motion and obtain solution in low frequency limit. In 
section 4 we compute the thermoelectric coefficients and discuss their temperature dependence. 
We conclude in section 5. Some of the materials related to the necessary canonical transformation 
of the fields has been discussed in the appendix.

2. Hyperscaling violating Lifshitz black hole

In the present section we will discuss the asymptotically Lifshitz hyperscaling violating solu-
tion, which we will use as the background. The electrically charged solution has been discussed 
in [20,22] and the electrically charged solution with magnetic field has been mentioned in [21,
23]. They appear as a classical solution of an Einstein–Maxwell-dilaton-axion system. We will 
consider two gauge fields coupled through a symmetric invertible matrix �IJ , I, J = 1, 2 which 
is a function of the dilaton φ, having positive eigenvalues. In addition, there are two axion fields, 
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χa , with a running over 1, 2 required to violate the momentum conservation, which is necessary 
for computation of direct conductivity. The Axion term in the action has a dilaton dependent 
prefactor Z(φ).

The four dimensional action is given by

S =
∫

d4x
√−g[R−α(∂φ)2 −�IJ F I

μνF
Jμν −Z(φ)(∂χa)2 −V (φ)]+ 1

2κ2

∫
∂M

d3x
√−γ 2K,

(2.1)

where κ2 in the second term (Gibbons–Hawking boundary term) is given by 8πG. We consider 
two axion fields and two guage fields with I = 1, 2. V (φ) is the potential, which is functions of 
dilaton fields.

From the action (2.1) we get the following equation of motion. The Einstein, Maxwell, axion 
and dilaton equations are

Rμν = α∂μφ∂νφ + 1

2
V (φ)gμν + Z(φ)∂μχa∂νχ

a + 2�IJ (φ)(F I
μλF

Jλ
ν − 1

4
gμνF

I
ρσ F Jρσ ),

∇μ(�IJ (φ)F J
μν) = 0, (2.2)

∇μ(Z(φ)∂μχa) = 0 and 2α�φ − V ′(φ) = �′
IJ (φ)F I

ρσ F Jρσ ,

respectively.
In order to obtain asymptotically Lifshitz hyperscaling violating solution we choose the fol-

lowing ansätz for the metric, axion and the gauge fields.

ds2
B = γμνdxμdxν = dr2 + e2A(−f (r)dt2 + dxadxa),

χa
B = pxa, φB = φB(r), AI = aI = aI

t (r)dt + BI

4
εabx

adxb,
(2.3)

where γab denotes background metric tensor. We have chosen a linear axion to break the transla-
tion invariance to incorporate momentum relaxation. The first gauge field is required to generate 
a Lifshitz like behaviour of the metric, while the second one gives rise to the electrical charge 
and magnetic field of the solution. For the sake of generality, we have kept the constant magnetic 
field FI

ab = 1
2BI εab associated with both the gauge fields.

Substituting the ansatz (2.3) in the second equation of (2.2) implies the electric charges qI =
−f −1/2eA�IJ ∂ra

J
t is constant. The first and the last equation (2.2), on substitution of the ansatz 

(2.3) reduces to the following equations:

f ′′

2f
+ 3A′ f ′

2f
− f ′2

4f 2 = p2Z(φ)e−2A + 2e−4A(�IJ (φ)qI qJ + 1

4
�IJ (φ)BIBJ ),

A′′ + A′(3A′ + f ′

2f
) + p2Z(φ)e−2A + 1

2
V + e−4A(�IJ (φ)qI qJ + 1

4
�IJ (φ)BIBJ ),

(6A′2 + 4A′ f ′

2f
) = α(∂rφ)2 − 2p2Z(φ)e−2A − V − 2e−4A(�IJ (φ)qI qJ + 1

4
�IJ (φ)BIBJ ),

2α[∂2
r φ + (3A′ + f ′

2f
)∂rφ] − V ′(φ) = 2e−4A(�IJ ′(φ)qI qJ + 1

4
�′

IJ (φ)BIBJ ).

(2.4)
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Given a form of Z(φ) and �IJ (φ) one can solve these equations to find out the metric, the 
Maxwell field, the dilaton and the potential.

Like the electrically charged black hole, these equations do admit an exact black hole solution 
[21,23], which depends on two parameters z and θ . We will consider the range z ≥ 1 and θ ≤
z + 2, which follows from null energy condition, as explained in [22]. We present the solution in 
radial coordinate v, which is particularly suited for asymptotic behaviour. The metric in terms of 
this radial coordinate v is given by

ds2 = v−θ [−v2zF (v)dt2 + dv2

v2F(v)2 + v2(dx2 + dy2)], (2.5)

where in our ansatz (2.3) we set e2A = v2−θ and the blackening factor F(v) is given by

F(v) = 1 + p2

(2 − θ)(z − 2)v2z−θ
− m

v2+z−θ
+ 8q2

2

(2 − θ)(z − θ)v2(z+1−θ)

+ B2v2z−6

16(4 + θ − 3z)(2 − z)
. (2.6)

In terms of v coordinate, the role of the blackening factor is played by F(v). This v coordinate 
is related to r through

dr = −sgn(θ)v−θ/2F−1/2(v)
dv

v
. (2.7)

Other fields and functions are given as follows: �IJ (φ) and Z(φ) are

�11(φ) = 1

4
e[(θ−4)/μ]φ, �22(φ) = 1

4
e[(2z−2−θ)/μ]φ, �12 = 0, Z(φ) = 1

2
e[μ/(θ−2)]φ,

(2.8)

where α = 1/2 and μ is given by 2μ2α = (2 − θ)(2z − 2 − θ). The dilaton, the axion and the 
gauge fields are given by

φ = μ logv, χa = pxa, a1
t = 4sgn(θ)q1

2 + z − θ
(v2+z−θ − v2+z−θ

h ),

a2
t = 4sgn(θ)q2

θ − z
(vθ−z − vθ−z

h ). (2.9)

The charge q1 and the potential V (φ) are

q2
1 = (2 + z − θ)(z − 1)/8,

V (φ) = −(2 + z − θ)(1 + z − θ)eθφ/μ − 2z − 2 − θ

4(z − 2)
B2e(θ+2z−6)(φ/μ). (2.10)

Unless otherwise mentioned we will keep our analysis general without committing to specific 
solution. The reason is as follows. For electrically charged case, BI = 0 it can be shown that gen-
eral solution with asymptotic behaviour exists. We expect a similar general solution with specific 
asymptotic behaviour in the case of this black hole, as well. Therefore the present set up may be 
used to deal with general solutions. Though, while studying the coefficients of conductivities we 
will use the specific exact solution only.
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3. Fluctuation

We will be interested in the thermoelectric coefficients, which are related to the correlation 
function of operators. In order to compute those we consider linear fluctuations in the metric and 
the gauge fields around its background solution.

γij = γBij + hij , AI
i = AI

Bi + aI
i , φ = φB + ϕ, χa = χa

B + τa, (3.1)

where i, j takes values on t , x and y. Defining Sj
i = γ jkhik , one can set St

t = Sx
x = S

y
y = S

y
x = 0

and ϕ = aI
t = 0 consistently, leaving nonzero fluctuations to be Sa

t , St
a , aI

a and τa . St
a is related 

to Sa
t and so we will not consider the former. In what follows, we will assume these fields depend 

on t and r only. With such dependence the linearised equations satisfied by these fluctuations for 
the background given in the ansatz (2.3) turn out to be as follows:

[∂2
r + (3∂rA − ∂rf

2f
)∂r − e−2A(2p2Z + e−2A�IJ BIBJ )]Sa

t

= −2e−2A[pZ(∂t τ
a) + 2�IJ (∂ra

I
t )(∂ra

J
a ) + e−2A�IJ (∂ta

I
b )εabB

J ],
∂r∂tS

a
t + 2e−2A�IJ (∂ra

I
t )BJ εabS

b
t

= −2pf Z∂rτ
a − 4e−2A�IJ ∂ra

I
t ∂t a

J
a − 2f e−2A�IJ BJ εab∂ra

I
b

∂r {�IJ eAf −1/2[(∂ra
J
t )Sa

t + f ∂ra
J
a ]} = f −1/2e−A�IJ (∂2

t aJ
a + 1

2
εab∂tS

b
t BJ ,

∂2
r τ a + (3∂rA + ∂rf

2f
+ ∂rZ

Z
)∂rτ

a − e−2A

f
∂2
r τ a = −f −1e−2Ap∂tS

a
t ,

(3.2)

where we have not included equations for St
a , which follows from the above set of equations. 

Considering the time dependence of the various functions is given by eiωt , the above set of 
equations reduce to the following

[∂2
r + (3∂rA − ∂rf

2f
)∂r − e−2A(2p2Z + e−2A�IJ BIBJ )]Sa

t

= −2e−2A[−iωpZτa + 2�IJ (∂ra
I
t )(∂ra

J
a ) + iωe−2A�IJ aI

bεabB
J ],

iω∂rS
a
t + 2e−2A�IJ (∂ra

I
t )BJ εabS

b
t

= −2pf Z∂rτ
a − 4iωe−2A�IJ ∂ra

I
t aJ

a − 2f e−2A�IJ BJ εab∂ra
I
b ,

∂r {�IJ eAf −1/2[(∂ra
J
t )Sa

t + f ∂ra
J
a ]} = f −1/2e−A�IJ (−ω2aJ

a + iω

2
εabS

b
t BJ ),

∂r [e3Af 1/2Z∂rτ
a] = −iωpZeAf −1/2(Sa

t − iω

p
τa).

(3.3)

Following [22] we introduce new field

�a = Sa
t − iω

p
τa. (3.4)

The boundary operator associated with �a plays the role of energy operator in the boundary 
theory. Introducing � = ω2 −2p2f Z we write down the equations in terms of this new field �a . 
Some of the terms, however, we have written in terms of Sa

t , which can be expressed in terms of 
�a and τa .
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∂r [2p2f Z�−1(−f −1/2e3A∂r�
a + 4qI a

I
a ) − 2iω�−1BI εab(qI S

b
t − f 1/2eA�IJ ∂ra

J
b )]

− eAf −1/2(2p2Z + e−2A�IJ BIBJ )�a

= iω

p
e−Af −1/2�IJ BIBJ τa − 2iωe−Af −1/2εab�IJ BJ aI

b ,

− f −1/2eA∂r(−f 1/2eA�IJ ∂ra
J
a − 2p2f Z�−1qI�

a) − 2p2ω2

�2 f −1/2eA∂r(f Z)qI�
a

(3.5)

+ ω2f −1(�IJ − 4�−1e−2Af qI qJ )aJ
a + 2iω�−1e−2AεabqIB

J (qJ Sb
t

− eAf 1/2�JK∂ra
K
b ) − iω

2
f −1�IJ εabS

b
t BJ = 0,

∂rS
a
t + 4e−2A�IJ (∂ra

I
t )aJ

a = 2i

ω
e−2A�IJ BJ εab(∂ra

J
t Sb

t + f ∂ra
J
b ) + 2ipf Z

ω
∂rτ

a,

∂r [e3Af 1/2Z∂rτ
a] = −iωpZeAf −1/2�a.

In order to obtain near horizon limit, we will use another radial coordinate u, which is related 
to r through du = −f (r)1/2e−A(r)dr . In terms of u the metric becomes

ds2 = e2A(u)(−f (u)dt2 + du2

f (u)
+ dxadxa). (3.6)

The derivative in u is related to that in r through

∂r = −√
f e−A∂u, ∂u = −f −1/2eA∂r (3.7)

u is related to v through the relation du = sgn(θ)vz−3dv where z and θ are parameters deter-
mining behaviour of the metric. The horizon of the black hole solution is given by u = uh, where 
f (uh) = 0 and at the near horizon limit f (r) ≡ 4πTρ +O(ρ2), where ρ = uh −u. A, Z and �IJ

approaches constant values at the near horizon limit. The near horizon limit of the four equations 
can be arranged in the following manner.

2p2Z

ω2 [f ∂u(f ∂u(e
2A�a))] + 2p2Ze2A�a − 2i

ω
εab�IJ BI [f ∂u(f ∂ua

J
b ) + ω2aJ

b ]

+ 8p2Z

ω2 qI f ∂u(f aI
a ) − 2i

ω
qIB

I εab∂uS
b
t + �IJ BIBJ Sa

t = 0,

�IJ [f ∂u(f ∂ua
J
a ) + ω2aJ

a ] − 2p2ZqI

ω2 f 2∂u�
a − 4e−2AqI qJ f aJ

a

(3.8)
+ 2i

ω
e−2AqIB

J εab�JKf 2∂ua
K
b + 2i

ω
e−2AεabqI qJ BJ f Sb

t − iω

2
�IJ εabS

b
t BJ = 0,

∂uS
a
t − 2i

ω
e−2AεabqIB

ISb
t + 4e−2AqI a

I
a − 2i

ω
e−2Aεab�IJ BJ f ∂ua

J
b − 2ip

ω
f ∂uτ

a = 0,

f ∂u(f Z∂ue
2Aτa) = −iωpZe2A�a.

Considering the terms contributing in leading order of ρ we obtain

2p2Z

ω2 [f ∂u(f ∂u(e
2A�a))] + 2p2Ze2A�a − 2i

ω
εab�IJ BI [f ∂u(f ∂ua

J
b ) + ω2aJ

b ]
+ �IJ BIBJ Sa

t = 0,

�IJ [f ∂u(f ∂ua
J
a ) + ω2aJ

a ] − iω
�IJ εabS

b
t BJ = 0.

(3.9)
2



S. Mukhopadhyay, C. Paul / Nuclear Physics B 938 (2019) 571–593 577
Introducing

ηI
a = aI

a + 1

2p
BI εabτ

b, (3.10)

and choosing the in-falling behaviour, we obtain the following near horizon behaviour

e2A�a ∼ ρ
−iω
4πT , ηI

a ∼ ρ
−iω
4πT . (3.11)

We will use the above near horizon behaviour to determine the relations among the constants that 
appear in the solutions of the various fields.

In order to study direct conductivity, we require the solution of the fields �a , aI
a and τa . 

However, the differential equations are quite involved and since we will be interested in the 
direct conductivity which depends on the behaviour of the fields at low frequency limit we will 
expand the fields in powers of frequency and from there we will determine the low frequency 
behaviour of the fields. So we consider the following expansions

�a = �a(0) + ω�a(1) + ω2�a(2) + ..., aI
a = aI (0)

a + ωaI (1)
a + ω2a(2)

a + ..., τ a

= τa(0) + ωτa(1) + ω2τa(2) + .... (3.12)

We will substitute these expansions in the equations and will determine the fields at different 
orders of frequency in an iterative manner.

First we will consider the equations at the order of zero frequency. Substituting the expansions 
of (3.12) in (3.5) we obtain from the second equation in (3.5)

∂r (f
1/2eA�IJ ∂ra

J (0)
a − qI�

a(0)) = 0, (3.13)

which suggests it is convenient to define a new function

Ca
I = f 1/2eA�IJ ∂ra

J
a − qI�

a. (3.14)

Then (3.13) implies Ca(0)
I is a constant. From the first equation in (3.5)) we get

∂r [e3Af 3/2∂r(f
−1�a(0)) + 4aI

t C
a(0)
I ] = 0, (3.15)

where we have used the equation of background fields (2.4). From the third equation of (3.5) one 
obtains for axion

∂uτ
a(0) = εab

C
b(0)
I BI

e2AZ
f −1. (3.16)

From (3.15), (3.14), (3.16) we write the solutions in terms of integrals

�a(0) = f �a
1 + f �a

2

∫
du

e2Af 2 − 4f C
a(0)
I

∫
aI
t du

e2Af 2 ,

aI (0)
a = a

I (0)
a0 − C

a(0)
I

∫
�IJ

f
du − qJ �a

1

∫
�IJ du − qJ �a

2

∫
�IJ

∫
du

e2Af 2

− 4qJ C
a(0)
K

∫
du�IJ

∫
aK
t du

e2Af 2 ,

τ a(0) = τ
a(0)
0 + εabC

b(0)
I BI

∫
du

e2Af Z
,

(3.17)

where �a , �a , aI (0) and τa(0) are constants of integration.
1 2 a0 0
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At the near horizon limit, A, Z and �IJ are approaching constant value A(h), Z(h) and 
�IJ (h). Behaviour of f (u) near u → uh is f ∼ 4πTρ and aI

t ∼O(ρ), which leads to

�a(0) = (4πTρ)�1 + �a
2

4πT e2A(h)
− 4C

a(0)
I ∂ua

I
t

4πT e2A(h)
ρ logρ,

aI (0)
a = a

I (0)
a0 + (

qJ �a
2

4πT e2A(h)
+ C

a(0)
J )

�IJ (h)

4πT
logρ + qJ �a

1�IJ (h)ρ,

τa(0) = τ
a(0)
0 − εab

C
b(0)
I BI

4πT e2A(h)Z(h)
logρ.

(3.18)

The equations at the zeroth order of frequency are very much similar to that obtained in absence 
of magnetic field [22] as in the equations BI appears at the first order of ω.

Next we will consider the equations at first order of frequency. As we have already mentioned, 
we will use a recursive procedure to determine the solutions at different orders of ω, by using 
solutions obtained in the lower orders. Substituting the (3.12)in the second equation in (3.5)) we 
get

f −1/2eA∂r(f
1/2eA�IJ ∂ra

J (1)
a − qI�

a(1))

− 2i

2p2f Z
e−2AεabqIB

J (qJ �b(0) − eAf 1/2�JK∂ra
K(0)
b )

− i

2
f −1�IJ εab�

b(0)BJ = 0,

(3.19)

which leads to

∂uC
a(1)
I = −if −1εabB

J (− qIC
b(0)
J

p2Ze2A
+ �IJ

�b(0)

2
). (3.20)

By integrating (3.20) we can write Ca(1)
I in terms of the zeroth order terms. Similarly, �a(1) and 

τa(1) satisfy

∂u[e2Af 2∂u(f
−1�a(1))] − 4C

a(1)
I ∂ua

I
t + 2iεab�IJ BJ a

I (0)
b

+ i

p2 εabB
If C

a(0)
I ∂u(

1

f Z
) − i

p
�IJ BIBJ τa(0) = 0,

∂u[e2Af Z∂uτ
a(1)] = ipZe2Af −1�a(0),

(3.21)

while aI (1)
a can be obtained from

∂ua
I (1)
a = −f −1�IJ C

a(1)
J − qIf

−1�a(1). (3.22)

Like Ca(1)
I , all these equations can be integrated to obtain expressions at first order in terms of 

the zeroth order fields.
The near horizon behaviour of the fields at first order can be obtained by integrating the 

above equations after substituting the near horizon behaviour of f , A, Z and � and using the 
expressions obtained for the zeroth order fields. For Ca(1) we obtain,
I
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C
a(1)
I =C

a(1)
I0 + iεabB

J

e2A(h)4πT
[
(

−qIC
b(0)
J

p2Z(h)
+ �b

2�IJ (h)

8πT

)
logρ + 1

2
�a

1�IJ (h)e2A(h)4πTρ

+ 2�IJ C
a(0)
K ∂ua

K
t

4πT
(ρ logρ − ρ)] + ...,

(3.23)

where Ca(1)
I0 is an integration constant.

Using this expression a similar near horizon expression can be obtained for �a(1) from (3.21)
as follows

�a(1) = �a
3

e2A(h)4πT
+ i

p2

εabB
IC

a(0)
I

4πT Z(h)
logρ + �a

44πTρ + ..., (3.24)

where �a
3 and �a

4 are new integration constants. The fluctuation in gauge field at first order, aI (1)
a

at the near horizon limit follows from (3.22) and is given by

aI (1)
a = a

I (1)
a0 + �IJ (h)

4πT

[
qJ �a

3

e2A(h)4πT
+ C

a(1)
J0

]
logρ + ...., (3.25)

where we have introduced the constant term of integration as aI (1)
a0 . Finally the τa at first order 

turns out to be

τa(1) = τ
a(1)
0 − e−2A(h)

4πTpZ(h)

[
εabB

KC
b(1)
K0 − i

2
(−e2A4πT �a

1 + 4qI a
I (0)
a0 )

+ i

p
qIB

I εabτ
b(0)
0

]
logρ + ....

(3.26)

The constants of integration introduced at different orders can be determined by comparing 
with the near horizon behaviour with the full fledged expressions of the various fluctuations, 
obtained in (3.11). For that we need to consider the equations to the second order in ω.

At the second order of ω we obtain the following equation for Ca(2)
I

∂uC
a(2)
I = qI e

−2A

2p2f Z
[(e2A∂u�

a(0) + 4qJ aJ(0)
a ) + 2iεab(C

b(1)
J − i

p
qJ τb(0))BJ ]

− �IJ

f
[aJ(0)

a − i

2
(�b(1) + i

p
τb(0))BJ ]

(3.27)

On the other hand for �a(2) we get

∂u[e2Af 2∂u(f
−1�a(2))] = 4C

a(2)
I ∂ua

I
t − f ∂u[ 1

2p2f Z
[(e2A∂u�

a(0) + 4qJ aJ(0)
a )

+ 2iεab(C
b(1)
J − i

p
qJ τb(0))BJ ] + i

p
�IJ BIBJ τa(1) − 2iεaba

I (1)
b .

(3.28)

a
I (2)
a can be obtained as usual, from

C
a(2)
I = f 1/2eA�IJ ∂ra

J (2)
a − qI�

a(2). (3.29)

In order to compare to the boundary condition at horizon we need to find the leading order 
behaviour of the fields near the horizon. Substituting the expressions we have obtained for fields 
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up to zeroth order and first order on right hand side of (3.27) one can easily find that the leading 
order terms of Ca(2)

I near horizon are of the order of logρ and (logρ)2. In particular, it does 
not have any 1/ρ in its expression near the horizon. It follows from equation for �a(2) that the 
leading order expression of �a(2) is given by

f −1�a(2) = �6 + �5

∫
du

e2Af 2 + S logρ + ..., (3.30)

where �a
5 and �a

6 are constants of integration and S is given by

S = 1

2p2Z(h)
[(−4πT e2A�a

1 + 4qI a
I
a0) + 2iεab(C

b(1)
I0 − i

p
qI τ

b(0)
0 )BI ] + �a

2

(4πT )2 .

(3.31)

Collecting expressions of �a at different orders of frequency together, we can write near 
horizon expression of �a valid up to O(ω2) as

�a = �a
2

e2A(h)4πT
+ 4πT �a

1ρ + 1

4πT e2A(h)
[ iωεabC

b
I0B

I

p2Z(h)
+ 2(−πT e2A(h)�a

1 + qI a
I0
a0)

p2Z(h)
ω2

+ ω2

p3Z(h)
εabτ

b(0)
0 qIB

I + ω2 �a
2

(4πT )2 ] logρ + ...

(3.32)

In this equation, following [22] we have absorbed all the pertinent integration constants in �a
1, �a

2
and Ca

I0, without any loss of generality, by redefining �a
2, �a

1 and Ca
I0. Similarly the expression 

for the fluctuation in gauge field at near horizon limit is

aI
a = aI

a0 + �IJ (h)

4πT
(Ca

J0 + qJ �a
2

e2A(h)4πT
) logρ + ... (3.33)

where we have absorbed all the constants of integration in aI
a0. Fluctuation in the axion τa at 

near horizon turns out to be

τa

p
= τa

0

p
+ 1

4πT e2A(h)p2Z(h)
[−εabB

ICb
I0 + 2iω(−πT e2A(h)�a

1 + qI a
I
0a)

+ iω(qIB
I )εab

τ
b(0)
0

p
] logρ + ...

(3.34)

where constants are absorbed in τa
0 .

Comparing with the near horizon behaviour of �a and ηI
a = aI

a + 1
2BI εab

τb

p
as given in (3.11), 

we obtain

(�IJ (h) + BIBJ

2p2Ze2A(h)
)Ca

J0 + �IJ (h)qJ

e2A(h)4πT
�a

2

= iω{−(aI
a0 + 1

2
BI εab

τ b
0

p
) − BI

e2A(h)p2Z
[εab(−πT e2A(h)�b

1 + qJ aJ
0b) − 1

2
(qJ BJ )

τa
0

p
]},

�a
2 = − 4πT

p2Z(h)
[εabB

ICb
I0 − 2iω(−πT e2A(h)�a

1 + qI a
I
a0) − iω(qJ BJ )εab

τ b
0

p
].

(3.35)
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From the two equations above (3.35) we can express Ca
I0 and �a

2 in terms of other constants 
aI
a0, �a

1 and τa
0 in the following manner,

Ca
I0 = iω(M J

I )ab{−[(�JK(h) + 2qJ qK

p2Z(h)e2A(h)
)δbc + �JN(h)BNqK

p2Z(h)e2A(h)
εbc]ak

c0

+ 2πT

p2Z(h)
[qJ δab + 1

2
�JN(h)BNεbc]�c

1 − 1

2
[(�JK(h) + 4qJ qK

p2Z(h)e2A(h)
)BKεbc

− (qMBM)
�JK(h)BK

p2Z(h)e2A(h)
δbc]τ

c
0

p
},

�a
2 = − 4πT

p2Z(h)
εabB

ICb
I0 + iω

4πT

p2Z(h)
[2(−πT e2A(h)�a

1 + qI a
I
0a) + (qIB

I )εab

τ b
0

p
],

(3.36)

up to leading order in ω, where we have introduced the matrix (MJ
I )ab satisfying

[(δJ
I + �IN(h)BNBJ

2p2Z(h)e2A(h)
)δab − qIB

J

p2Z(h)e2A(h)
εab](M K

J )bc = δK
I δac. (3.37)

In absence of magnetic field it reduces to δJ
I δab .

In order to identify the operators in the boundary theory, we require the asymptotic solution 
of �a , aI

a and τa . It is sufficient to determine the asymptotic solution of the fields up to lowest 
order in frequency. From the linearised equations of motion of the fluctuations it is clear that 
magnetic field contributes at a higher order in frequency. Therefore, up to lowest order of fre-
quency, expressions remain the same as those obtained in absence of magnetic field [22]. To this 
end we introduce

�(v) = sgn(θ)

∫
vθ−3z−1dv

F(v)2 ,

Y 1(v) = 4sgn(θ)q1

2 + z − θ
(−v2+z−θ

h �(v) + sgn(θ)

∫
dvv−2z+1F−2),

Y 2(v) = 4sgn(θ)q2

θ − z
(−vθ−z

h �(v) + sgn(θ)

∫
dvv2θ−4z−1F−2).

(3.38)

In terms of these functions we can write the asymptotic expansions of the solutions of the fields 
at small frequency

�a(0) = v2(z−1)F (v)(�a
1 + �a

2�(v) + 4Ca
I Y I (v)),

aI
a = aI

a0 − �a
1a

I
t − sgn(θ)�2qJ

∫
dv�IJ vz−3�(v)

− sgn(θ)

∫
dv�IJ v−z−1(F−1δJ

K + 4qJ v2(z−1)YK(v))Ca
K.

(3.39)

From (3.38) and (3.39) one can establish a relation between the parameters describing the 
asymptotic behaviour of the solutions and operators in the boundary theory. This relation has 
been discussed elaborately in [22] and we have included their discussion in the appendix. As 
explained there, a basis of symplectic variables that parametrize the asymptotic solutions can be 
identified from asymptotic behaviour of the generalised coordinates and momenta. To this end 
one considers the radial Hamiltonian formulation and express asymptotic solutions of the linear 
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fluctuations of the fields �a(0), aI (0)
a and τa(0) and their conjugates in terms of the modes �a

1, 
�a

2 , aI
a0, Ca

I and τa
0 . Then one makes a suitable canonical transformation, that can be realised by 

adding appropriate counterterms, leading to holographic renormalisation of the action. From the 
asymptotic behaviour of these transformed canonical variables the operators can be identified in 
terms of the modes parametrizing the asymptotic solution.

Choice of the boundary condition turns out to play critical role in this identification. As ex-
plained in [22] adding an additional finite term in the renormalised on-shell action, the Dirichlet 
boundary condition can be imposed on the gauge field. In the case of electrically charged black 
hole as the background, it has been found that the expressions of the conductivities obtained us-
ing the near horizon method agrees with the Dirichlet boundary condition. In the present case, 
where we have magnetic field in addition, we are considering the Dirichlet boundary condition 
so as to compare the results already obtained using near horizon method. With the present set up 
generalising it to Neumann or mixed boundary condition is quite straightforward.

In case of Dirichlet boundary condition, we are interested in energy operator Ea and current 
operator J a

I as shown in [22]. Their expressions in terms of different modes are given by (A.10)
and (A.11)

Ea = − 1

2κ2 (�a
2 + 4μICa

I0), J a
I = − 2

κ2 (Ca
I0 − iωqI

p
τa

0 ), Xa = − 2iω

pκ2 qIα
I
a , (3.40)

where αI
a is obtained from the asymptotic behaviour for the renormalised variables as given 

in (A.12). From these expressions we can obtain the various correlation function, that leads to 
computation of the coefficients of thermoelectric conductivity.

4. Thermoelectric DC conductivities

In this section we obtain thermoelectric conductivities for the present model. In the last section 
we have derived �a

2 and Ca
I0 in terms of other constants in (3.35). We substitute these expressions 

in the energy operator Ea given in (3.40), we get

Ea = − iω

2κ2 [{8πT

p2Z
qKδad − (−4πT

p2Z
εabB

I + 4μI δab)(M
J

I )bc[(�JK + 2qJ qK

p2Ze2A
)δcd

+ �JMBMqk

p2Ze2A
εcd}αK

d0 + (
8πT

p2Z
(qKμK − πT e2A)δad

+ (−4πT

p2Z
εabB

I + 4μI δab)(M
J
I )bc{2πT

p2Z
(qJ δcd + 1

2
�JMBMεcd)

(4.1)

− [(�JK + 2qJ qK

p2Ze2A
)μKδcd + �JMBMqKμK

p2Ze2A
εcd ]})�d

1

+ {−1

2
(−4πT

p2Z
εabB

I + 4μI δab)(M
J

I )bc

[(�JK + 4qJ qK

p2Ze2A
)BKεcd − (qKBK)�JMBM

p2Ze2A
δcd ] + 4πT

p2Z
(qKBK)εad}τ

d
0

p
,

where we have used the asymptotic value of fluctuation in gauge field, αI
a given in (A.12). In 

this section, to simplify the notation, unless otherwise mentioned A, �IJ and Z represents their 
respective values at the near horizon limit.
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Similarly, the current operator J a
I turns out to be

J a
I = 2iω

κ2 {(M J
I )ab[(�JK + 2qJ qK

p2Ze2A
)δbc + �JMBMqK

p2Ze2A
εbc]αK

c0

− (M J
I )ab{2πT

p2Z
(qJ δbc + 1

2
�JMBMεbc)

− [(�JK + 2qJ qK

p2Ze2A
)μKδbc + �JMBMqKμK

p2Ze2A
εbc]}�c

1

+ {1

2
(M J

I )ab[(�JK + 2qJ qK

p2Ze2A
)BKεbc − (qNBN)

�JKBK

p2Ze2A
δbc] + qI δac}τ

c
0

p
},

Xa = − 2iω

pκ2 qIα
I
a ,

(4.2)

where the matrix (MJ
I )ab is given by (3.37).

From the above expressions one can obtain the following two-point functions

〈J a
I (−ω)J b

J (ω)〉 = 2iω

κ2 (M K
J )bc[(�KI + 2qKqI

p2Ze2A
)δca + �KMBMqI

pZe2A
εca],

〈Ea(−ω)J b
I (ω)〉 = −2iω

κ2 (MJ
I )bc{2πT

p2Z
(qJ δca + 1

2
�JKBKεca)

− [(�JK + 2qJ qK

p2Ze2A
)δbc + �JMBMqK

p2Ze2A
εbc]μK},

〈J a
I (−ω)Eb(ω)〉 = 2iω

κ2 {−2πT

p2Z
qI δba + (− πT

p2Z
BJ εbc + μJ δbc)(M

K
J )cd

[(�KI + 2qKqI

p2Ze2A
)δda + �KMBMqI

p2Ze2A
εda]},

〈Ea(−ω)Eb(ω)〉 = −2iω

κ2 [2πT

p2Z
(qKμK − πT e2A)δba + (− πT

p2Ze2A
εbcBI + μI δbc) (4.3)

(MJ
I )cd [(2πT

p2Z
qJ − (�JK + 2qJ qK

p2Ze2A
)μK ]δda

+ �JMBM(
πT

p2Z
− qKμK

p2Ze2A
)εda],

〈X a(−ω)J b
I (ω)〉 = 2iω

κ2 [1

2
(MJ

I )bc[(�JK + 4qJ qK

p2Ze2A
)BKεca − (qMBM)

�JKBK

p2Ze2A
δca]

+ qI δba,

〈J a
I (−ω)X b(ω)〉 = − 2iω

pκ2 qI δ
ab,

with rest of the two point functions vanishing.
Next following [22] we introduce the heat current

Qa = Ea − μIJ a. (4.4)
D I
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The two point function for heat current and electric currents are given by

〈Qa
D(−ω)Qb

D(ω)〉 = 2iω

κ2 2(
πT

p2Z
)2{p2Ze2Aδab + BMεac(M

J
M )cd [qJ δda + 1

2
�JNBNεda]},

〈Qa
D(−ω)J b

I (ω)〉 = −2iω

κ2

2πT

p2Z
[(M J

I )bc[qJ δca + 1

2
�JKBKεca],

〈J a
I (−ω)Qb

D(ω)〉 = −2iω

κ2 {2πT

p2Z
qI δba + πT

p2Z
εbcB

J (M K
J )cd [(�KI + 2qKqI

p2Ze2A
)δda (4.5)

+ �KMBMqJ

p2Ze2A
εda]}

〈J a
I (−ω)J b

J (ω)〉 = 2iω

κ2 (M K
J )bc[(�KI + 2qKqI

p2Ze2A
)δca + �KMBMqI

pZe2A
εca],

We obtain the thermoelectric conductivities from the above two point functions as follows.

σDC
D =

(
T K̄

ab T ᾱab
I

T αab
I σ ab

IJ

)
=

(
〈Qa

D(−ω)Qb
D(ω)〉 〈Qa

D(−ω)J b
I (ω)〉

〈J a
I (−ω)Qb

D(ω)〉 〈J a
I (−ω)Qb

D(ω)〉

)
. (4.6)

In order to obtain the following expressions for the components of the conductivity matrix in a 
compact form we have introduced the following parameters

rI = 1

2
�IJ BJ , bI = BI

p2Ze2A
. (4.7)

In terms of these parameters the matrix (M J
I )ab is given from (3.37)

(M J
I )ab = δJ

I δab − [(1 + r.b)rI + (q.b)qI ]δab − [(1 + r.b)qI − (q.b)rI ]εab

(1 + r.b)2 + (q.b)2 bJ , (4.8)

where we have used (r.b) = rI b
I , (q.b) = qI b

I and  = (1 + r.b)2 + (q.b)2. With these expres-
sions, components of conductivity matrix becomes

K̄
ab = πsT

κ2p2Z

[(1 + r.b)δba + (q.b)εba]
 ,

ᾱab
I = αab

I = − 4

sT
K̄

bc(qI δca + rI εca)],

σ ab
IJ = 2

κ2 �JI δ
ba + 16

s2T
K̄

bc(qJ δcd + rJ εcd)(qI δda + rI εda),

(4.9)

where we have used 4πe2A = s. All the components of the conductivity matrix reduce to the 
expressions of the same given in [22] for setting BI = 0. It may be observed that both the U(1)

gauge fields are on the same footing and that we have got ᾱab
I = αab

I .
We have obtained the thermoelectric conductivities for the general case and in this form the 

symmetry between and electric and magnetic fields is also becomes apparent. We can apply this 
general result to the case of the black hole solution discussed in section 2. Substituting values of 
the various quantities in the above expressions we obtain the following forms for conductivities. 
For the solution we get  = (p2 + B2

v4z−6−θ )2 + (2q2Bv2z−4)2 and using that we get,
4
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K̄
ab = 8π2T

κ2p2 v
2(z−θ)
h

(p2 + B2

4 v4z−6−θ
h )δba + 2q2Bv2z−4

h εba

 ,

αab
1 = −8π

κ2 v2z−θ−2
h

(p2 + B2

4 v4z−6−θ
h )q1δba + 2q1q2Bv2z−4

h εba

 ,

αab
2 = −8π

κ2 v2z−θ−2
h

p2q2δba + [(p2 + B2

4 v4z−6−θ
h )B

8 v2z−2−θ
h + 2q2

2Bv2z−4
h ]εba

 ,

σ ab
11 = 1

2κ2 vθ−4
h δba + 8

κ2 q2
1v2z−4

h

(p2 + B2

4 v4z−6−θ
h )δba + 2q2Bv2z−4

h εba

 ,

σ ab
12 = 8

κ2 q1
q2p

2δba + [2q2
2Bv2z−4

h + B
8 v2z−2−θ

h (p2 + B2

4 v4z−6−θ
h )]εba

 ,

σ ab
22 = p2

2κ2 v6z−8−2θ
h

B2

4 + v6−4z+θ
h (p2 + 16q2

2vθ−2
h )

 δba

+ q2B

κ2 v8z−12−2θ
h

B2

4 + (2p2 + 16q2
2vθ−2

h )v−4z+6+θ
h

 εba,

(4.10)

Hall angle can be obtained from the above conductivities by taking the ratio of coefficients of 
εab and δab in the expression of σ . We get

�H = 2q2B

p2 v2z−4
h [

B2

4 + v−4z+6+θ
h (2p2 + 16q2

2vθ−2
h )

B2

4 + v−4z+6+θ
h (p2 + 16q2

2vθ−2
h )

]. (4.11)

As explained in [29] since the factor in the square bracket lies between 1 and 2 Hall coefficients
can be approximated as

�H = 2q2B

p2 v2z−4
h p2, (4.12)

these expressions, after setting θ = 1 − z, agree with the results obtained in [21] using the near 
horizon method.

With the explicit expressions of various components of thermoelectric matrix we can study 
temperature dependence. For the analytic black hole solution the temperature is given by T =
− sgn(θ)

4π
vz+1
h F ′(vh) which for the case of dyonic solution reduces to

T = − sgn(θ)

4π
[(z + 2 − θ)vz

h − 8q2
2

2 − θ
v2θ−z−2
h − p2

2 − θ
vθ−z
h − B2

4(2 − z)
v3z−6
h . (4.13)

The expression of temperature is quite involved and it is difficult to obtain an analytic expression 
of the conductivities in terms of the temperature. Nevertheless, choosing appropriate limits of the 
quantities we can identify regimes, where one can discuss scaling behaviour of the coefficients 
with the temperature.

We begin with θ < 0, where the first term is positive while rest of the terms are negative in 
the expression of temperature. To identify a regime of large temperature, following [22] we con-
sider q2

2v2θ−z−2
h << vz

h, p2vθ−z
h << vz

h and B2v
3(z−2)
h << vz

h. In this regime one can identify 

T ≡ 8q2
1

4π(z−1)
vz
h. The behaviour of thermoelectric conductivity matrix will depend on the rela-

tive strengths of the different terms in the temperature. We have considered the following three 
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regions of parameters. Apart from that one can also obtain the cases, where two terms are com-
parable, but there it is difficult to identify the scaling behaviour of the conductivities.

We begin with the range of parameters where momentum dissipation is strong compared to 
charge and magnetic field, which is given by, B2v

3(z−2)
h , q2

2v2θ−z−2
h << p2vθ−z

h << vz
h. In this 

limit we obtain

K
ab ∼ 8π2T

κ2p4 [T 2(z−θ)
z δba + 2q2B

p2 T
4z−2θ−4

z εab],

σ ab
11 ∼ 8q2

1

κ2p2 [T 2z−4
z δba + 2q2B

p2 T
4z−8

z εba],

σ ab
12 ∼ q1

κ2p2 [8q2T
2z−4

z δba + BT
4z−6−θ

z εba],

σ ab
22 ∼ 1

2κ2 [T 2z−2−θ
z δba + 4q2B

p2 T
4z−6−θ

z εba],

αab
1 ∼ −8πq1

κ2p2 [T 2z−θ−2
z δba + 2q2B

p2 T
2z−4

z εba],

αab
2 ∼ − 8π

κ2p2 [q2T
2z−θ−2

z δba + B

8
T

4z−2θ−4
z εba].

(4.14)

The Hall angle is θH ∼ T
2z−4

z . Since θ < 0 we cannot get linear resistivity for σxx
22 in this regime. 

Choosing z = 1 we get θH ∼ 1/T 2 and σxx
22 ∼ T −θ showing a positive power of T for conductiv-

ity. Instead if we choose, B2v
3(z−2)
h << p2vθ−z

h << q2
2v2θ−z−2

h << vz
h, p

2 >> 2q2Bv2z−4
h all 

the coefficients will remain the same except σ22. It becomes

σab
22 = 8q2

2

κ2p2 [T 2z−4
z δba + 2q2B

p2 T
4z−8

z εba]. (4.15)

In this regime, σxx
22 and Hall angle have similar temperature dependence. So for z = 1 both scale 

as ∼ T −2. Choosing z = 4/3 one gets σxx
22 ∼ T −1 implying linear resistivity. However, Hall 

angle also becomes θH ∼ T −1.
Another scaling regime, that one may consider corresponds to the range where the charge 

is strong compared to momentum dissipation and magnetic field. That is given by B2v
3(z−2)
h , 

p2vθ−z
h << q2

2v2θ−z−2
h << vz

h and leads to the following conductivities:

K
ab ∼ 8π2T

κ2(2q2B)
[ 1

2q2B
T

2(4−θ−z)
z δba + 1

p2 T
2(2−θ)

z εab], for B2v
3(z−2)
h << p2vθ−z

h ,

αab
1 ∼ −8πq1

κ2 [ p2

4q2
2B2

T
6−2z−θ

z δba + 1

2q2B
T

2−θ
z εba] for B2v

3(z−2)
h << p2vθ−z

h ,

αab
1 ∼ −8πq1

κ2 [ 4

B2 T
2(z−θ)

z δba + 1

2q2B
T

2−θ
z εba] for p2vθ−z

h << B2v
3(z−2)
h ,

αab
2 ∼ −8π

κ2 [ p2

4q2B2 T
6−2z−θ

z δba + 1

2B
T

2−θ
z εba],

(4.16)

σab
11 ∼ 8q2

1
2 2 [T 2z−4

z δba + 2q2B

2 T
4z−8

z εba], for p2vθ−z
h >> q2Bvz+θ−4

h ,

p κ p
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∼ 8q2
1

κ2 [ p2

(2q2B)2 T
4−2z

z δba + 1

2q2B
εba], for p2vθ−z

h << q2Bvz+θ−4
h ,

σ ab
12 ∼ 8q1q2

κ2 [ p2

4q2
2B2

T
8−4z

z δba + 1

2q2B
T

4−2z
z εba],

σ ab
22 ∼ 1

2κ2 [4p2

B2 T
4−2z)

z δba + 8q2

B
εba].

In this regime, σxx
22 and Hall angle have opposite temperature dependence. Choosing z = 1 one 

gets temperature dependence to be T 2 and T −2 respectively. For z = 2, however both will be 
independent of temperature. Similarly one can consider the regime where magnetic field will be 

stronger compared to the momentum dissipation and charge. In that regime, σxx
22 ∼ T

(4−2z)
z with 

Hall angle having opposite temperature dependence, once again.
For small temperature, one can identify the following regions of parameters.

B2v
3(z−2)
h , q2

2v2θ−z−2
h << p2vθ−z

h � vz
h, B2v

3(z−2)
h , p2vθ−z

h << q2
2v2θ−z−2

h � vz
h and

p2vθ−z
h , q2

2v2θ−z−2
h << B2v

3(z−2)
h � vz

h. However, obtaining an analytical expression for tem-
perature for this region is difficult. The dependence on vh can be obtained from above by 
replacing T by vz

h in (4.14) and (4.16) a respectively in the three regimes.
For θ > 0 first term is negative and so large temperature may corresponds to the regimes de-

pending on whether p2vθ−z
h , q2

2v2θ−z−2
h or B2v

3(z−2)
h dominates. In these regimes, temperature 

can be approximated by T ≡ p2

4π(2−θ)
vθ−z
h , T ≡ 8q2

2
4π(2−θ)

v2θ−z−2
h or T ≡ B2

2
16π(2−z)

v3z−6
h , respec-

tively. The scalings of conductivity matrix for various regimes will be as follows:
For the parameter region corresponding to strong momentum dissipation, B2v

3(z−2)
h ,

q2
2v2θ−z−2

h << p2vθ−z
h we get

K
ab ∼ 8π2T

κ2p4 [
(

T

p2

) 2(z−θ)
θ−z

δba + 2
q2B

p2

(
T

p2

) 4z−2θ−4
θ−z

εab],

αab
1 ∼ −8πq1

κ2p2 [
(

T

p2

) 2z−θ−2
θ−z

δba + 2q2B

p2

(
T

p2

) 2z−4
θ−z

εba],

αab
2 ∼ − 8π

κ2p2 [q2

(
T

p2

) 2z−θ−2
θ−z

δba + B

8

(
T

p2

) 4z−2θ−4
θ−z

εba],

σ ab
11 ∼ 8q2

1

κ2p2 [
(

T

p2

) 2z−4
θ−z

δba + 2q2B

p2

(
T

p2

) 4z−8
θ−z

εba],

σ ab
12 ∼ q1

κ2p2 [8q2δba + B

(
T

p2

) 2z−2−θ
θ−z

εba],

σ ab
22 ∼ 1

2κ2 [
(

T

p2

) 2z−2−θ
θ−z

δba + 4q2B

p2

(
T

p2

) 4z−6−θ
θ−z

εba.

(4.17)

For z → 2 σxx
22 ∼ T −1, but Hall angle becomes independent of temperature.

For the regime, where charge is strong compared to other two factors, given by B2v
3(z−2)
h , 

p2vθ−z << q2v2θ−z−2, conductivities turn out to be
h 2 h
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K
ab ∼ 8π2T

κ2p2 [ p2

4q2
2B2

(
T

q2
2

) 8−2z−2θ
2θ−z−2

δba + 1

2q2B

(
T

q2
2

) 2(2−θ)
2θ−z−2

εab],

for B2v
3(z−2)
h << p2vθ−z

h ,

∼ 8π2T

κ2p2 [ 1

16q2
2

(
T

q2
2

) 2z+2−3θ
2θ−z−2

δba + 1

2q2B

(
T

q2
2

) 2(2−θ)
2θ−z−2

εab],

for p2vθ−z
h << B2v

3(z−2)
h ,

αab
1 ∼ −8πq1

κ2 [ p2

4q2
2B2

(
T

q2
2

) 6−2z−θ
2θ−z−2

δba + 1

2q2B

(
T

q2
2

) 2−θ
2θ−z−2

εba]

for B2v
3(z−2)
h << p2vθ−z

h ,

αab
1 ∼ −8πq1

κ2 [ 1

16q2
2

(
T

q2
2

) 2(z−θ)
2θ−z−2

δba + 1

2q2B

(
T

q2
2

) 2−θ
2θ−z−2

εba]

for p2vθ−z
h << B2v

3(z−2)
h ,

αab
2 ∼ −8π

κ2 [ p2

4q2B2

(
T

q2
2

) 6−2z−θ
2θ−z−2

δba + 1

2B

(
T

q2
2

) 2−θ
2θ−z−2

εba].

σ ab
11 ∼ 8q2

1

κ2 [ p2

4q2
2B2

(
T

q2
2

) 4−2z
2θ−z−2

δba + 1

2q2B
εba], for p2vθ

h >> (2q2Bvz+θ−4
h )2,

∼ 1

2κ2 [
(

T

q2
2

) θ−4
2θ−z−2

δba + 1

2q2B
εba], for p2vθ

h << (2q2Bvz+θ−4
h )2,

∼ 8q2
1

κ2 [ 1

16q2
2

(
T

q2
2

) 2z−2−θ
2θ−z−2

δba + 1

2q2B
εba], for p2vθ−z

h << B2v
3(z−2)
h ,

σ ab
12 ∼ 8q1

κ2 [ p2

4q2B2

(
T

q2
2

) 8−4z
2θ−z−2

δba + 1

2B

(
T

q2
2

) 4−2z
2θ−z−2

εba],

σ ab
22 ∼ 1

2κ2 [4p2

B2

(
T

q2
2

) 4−2z
2θ−z−2

δba + 8q2

B
εba].

(4.18)

As observed from above, σxx
22 and Hall angle has opposite temperature dependence. For z = 1

σxx
22 ∼ T −1, but Hall angle becomes independent of time. Small temperature limit can be chosen 

in a similar way as in the case of θ < 0. The behaviour will be similar to those obtained in the 
case of θ < 0.

We have seen the behaviour of the various thermoelectric coefficients depends on compet-
ing contributions from different terms. For high temperature limits we have discussed several 
regimes where the scaling with temperature can be identified. For small temperature, however, 
the dependence is quite involved and it is difficult to identify the behaviour with specific powers 
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of temperature. In general, a numerical procedure can be used for obtaining temperature depen-
dence.

5. Conclusion

We have used holographic techniques to analyze thermoelectric properties of systems dual 
to hyperscaling violating Lifshitz geometry. Considering a dyonically charged black hole as the 
background we have turned on necessary fluctuations in metrics and gauge fields. Solving the 
equations of motion of the fluctuations and imposing in-falling boundary condition at the horizon 
we have obtained the thermoelectric coefficients from the asymptotic behaviour of fluctuations in 
low frequency limit. Compared to the near horizon method, this method [22] has the advantage 
that it enables one to identify the boundary operators explicitly and is amenable to accommodate 
different boundary conditions.

We have discussed the temperature dependence of various thermoelectric coefficients. Be-
cause of the background solution is too involved, we can analytically discuss only a few specific 
regimes. In one of the regimes, z = 4/3 leads to linear resistivity but Hall angle goes as 1/T , 
though for z = 1 it shows 1/T 2 behaviour. Here we have explicitly considered the dyonic back-
ground. It may be interesting to obtain the result in the case of electrically charged background, 
by using mixed boundary condition on the gauge field. A natural extension of the present work 
is to explore AC conductivity using numerical techniques and study temperature dependence for 
intermediate frequencies. Another direction is to consider turning on mass for the bulk gauge 
field [30], which gives rise to additional exponents. The present method may also be applied to 
explore properties of the other models towards obtaining agreement with experimental observa-
tions.

Appendix A

In order to determine the thermoelectric DC conductivities in this method we need to identify 
the operators in the boundary theory with the parameters describing the asymptotic behaviour of 
the solutions. These have been elaborated in [22] and in this appendix we include a brief review 
for convenience. First we will consider a new set of coordinates parametrizing “dual frame”, 
where radial coordinate is r̄ , which is related to the Einstein frame radial coordinate r through 

the relation dr̄ = −sgn(θ)e
θ

2μ
φ
dr . The advantage of this dual coordinate is it allows both positive 

and negative values of θ and the UV boundary lies at r̄ → ∞.
In order to identify the operators living in the boundary theory and the fields in the bulk 

theory one considers [19,22] the symplectic set of variables consisting generalised coordinates 
and its canonically conjugate momenta in the bulk Hamiltonian radial formalism. This enables 
one to identify the natural basis of symplectic variables that parametrize the space of asymptotic 
solutions.

The metric in the Einstein or the dual frame can be decomposed in the following manner. 
ds2 = dr2 + γij dxidxj , where xi = t, xa . In the Hamiltonian formalism the metric and the 
gauge field can be decomposed as

ds2 = (N2 + NiN
i)dr2 + 2Nidrdxi + γij dxidxj , AI

μdxμ = AI
r dr + AI

i dxi, (A.1)

where N and Ni are the lapse and shift function and γij is the induced metric on radial slices at 
fixed values of r . Similarly Ar and Ai are transverse and longitudinal components of the gauge 



590 S. Mukhopadhyay, C. Paul / Nuclear Physics B 938 (2019) 571–593
fields to the radial slices. We also write down the extrinsic curvature, which can be expressed 
as

Kij = 1

2N
(∂rγij − DiNj − DjNi), (A.2)

where Di is the covariant derivative with respect to the metric γij . We will use barred quantities 
for dual frame and unbarred one for Einstein frame.

The Lagrangian in the dual frame, as obtained in [22] is given by

Lξ = 1

2κ2

∫
d3x

√−γ̄ N̄ [(1 + 4ξ2

αξ

)K̄2 − K̄ij K̄ij − αξ

N̄2
(∂rφ − N̄ i∂iφ − 2ξ

αξ

N̄K̄)2

− 2

N̄2
�

ξ
IJ (φ)(F I

ri − N̄kF I
ki)(F

J i
r − N̄ lF J i

l ) − 1

N̄2
Zξ (φ)(∂rχ

a − N̄ i∂iχ
a)2

+ R[γ̄ ] − αξ∂iφ∂̄iφ − �
ξ
IJ F I

ijF
J ij − Zξ∂iχ

a∂̄iχa − Vξ − 2�γ̄ ]e2ξφ.

(A.3)

The canonical momenta in the dual frame can be obtained from the above Lagrangian as

π̄ ij = δL

δ ˙̄γij

, π̄ i
I = δL

δȦI
i

, π̄φ = δL

δφ̇
, π̄χa = δL

δχ̇a
, (A.4)

with conjugate momenta of the non-dynamical fields, N̄ , N̄i and Ar being zero.
Expressing them in terms of quantities in the Einstein frame one gets

π̄ ij = 1

2κ2

√−γ e2ξφ(Kγ ij − Kij ), π̄ i
I = − 2

κ2

√−γ�IJ γ ijF I
rj ,

π̄φ = 1

κ2

√−γ (2ξK − α∂rφ), π̄χa = − 1

κ2

√−γZ∂rχ
a.

(A.5)

These expressions evaluated around the background in linearised order of perturbations in 
metric and other fields reduce to the following expressions.

πta = 1

4κ2 e2ξφB e−3Af −1/2∂r(e
4ASa

t ),

πa
I = − 2

κ2 eAf 1/2�IJ (∂ra
J
a + f −1(∂ra

J
t )Sa

t ),

πχa = − 1

κ2 e3Af 1/2Z∂rτ
a.

(A.6)

In order to make connection to the asymptotic expressions we will express the above equa-
tions in terms of �a , aI

a and τa . We will consider only the expression in zeroth order of ω. 
Furthermore, we will use the radial coordinate v instead of r . Substituting the background values 
of the fields and using dr = −sgn(θ)v−θ/2F−1/2(v) dv

v
we obtain,

πta = − sgn(θ)

4κ2 vθ−z−1∂v(v
4−2θ (�a(0) + iω

p
τa(0))),

πa
1 = sgn(θ)

2κ2 [vz+θ−3F(v)∂va
1(0)
a + 4sgn(θ)q1(�

a(0) + iω

p
τa(0))],

πa
2 = sgn(θ)

2κ2 [v3z+θ−1F(v)∂va
2(0)
a + 4sgn(θ)q2(�

a(0) + iω

p
τa(0))],

πχa = iω

2 [−sgn(θ)v5−z−θ ∂v�
a(0) − 4qI a

I (0)
a ].

(A.7)
2pκ
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Substituting the expressions for the fields in small frequency limit we can obtain the expressions 
of the canonical momenta. As has been explained in [22] the asymptotic expressions provide a 
map between the two sets. One set is given by the fluctuations, �a(0), aI (0)

a , τa(0) along with 
their conjugate momenta. The other set consists of the modes �a

1, �a
2 , aa

a0, Ca
I and τa .

The set of fluctuations should be identified with the local sources and operators in the bound-
ary theory but with these expressions they will not be independent of radial variable v. In order 
to identify the local sources and operators one needs to consider holographic renormalisation 
of the action. Since our case is very similar to [22] we refer their analysis for details. This 
identification involves a canonical transformation among the fluctuations and their conjugate 
momenta, which can be realised by adding appropriate counterterms in the regularised action. 
The canonical transformation, in absence of magnetic field has been described elaborately In 
[22]. They have considered on shell regularised action for the model with the black hole solu-
tion as the background. In addition of counterterms at the boundary the variables πta , Aa

1 and 
πχa

undergo canonical transformations, keeping Aa
2 and its canonical conjugate momentum un-

changed.
As has been mentioned earlier, since the effect of the magnetic field appears at the linear 

order in frequency or higher, small frequency expansion of the fluctuations �a(0), aI (0)
a , τa(0)

remain the same as in the case of zero magnetic field. However, there are differences in the ex-
pression of the blackening factor F(v) and so the counterterms will be modified in this case. 
In presence of magnetic field we are assuming one can make a similar canonical transformation 
through addition of counterterms and obtain the transformed variables which are appropriate 
to make identification of the local sources and operators on the boundary. A similar addition 
of counterterms will give rise to the following asymptotic expression of the transformed vari-
ables,

�ta = − 1

4κ2 v−2z(�a
2 + 4μICa

I ) + ..., a1
a = a1

a0 − μ1�1 + ...,

�χa = −2iω

pκ2 qIa
I
a + ..., a2

a = a2
a0 − μ2�1 + ...,

(A.8)

where the chemical potentials are given by

μ1 = −4sgn(θ)q1v
2+z−θ
h

2 + z − θ
, μ2 = −4sgn(θ)q2v

θ−z
h

θ − z
. (A.9)

These transformed variables are related to the original symplectic variables through a canoni-
cal transformation. Following [22] we identify the asymptotic expressions of these transformed 
variables with the observables in the dual field theory as follows. One can define different 
holographically dual theory by imposing different boundary conditions. For Dirichlet bound-
ary condition on Aa

1, which requires addition of an additional boundary term to the on shell 
action along with counterterms [22], the observables and the sources for energy flux are given 
by

Ea = 2 lim
r̄→∞ e2zr̄�ta = − 1

2κ2 (�a
2 + 4μICa

I0), �a
1 = lim

r̄→∞ e−2zr̄na, (A.10)

respectively where r̄ is related to r through r ∼ 2
|θ |e

− θ r̄
2 and na is the shift function 

in the decomposition of the metric γ̄ij as γ̄ij dxidxj = −(n2 − nan
a)dt2 + 2nadtdxa +

σabdxadxb , a, b = 1, 2. Similarly the observable for U(1) currents and pseudoscalars are given 
by
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J a
I = lim

r̄→∞�a
I = − 2

κ2 (Ca
I0 − iωqI

p
τa

0 ), Xa = lim
r̄→∞�χa = − 2iω

pκ2 qIα
I
a , (A.11)

respectively and αI
a is given by

αI
a = aI

0 − μI�a
1 . (A.12)
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