PHYSICAL REVIEW LETTERS 121, 251603 (2018)

Distinguishing Black Hole Microstates using Holevo Information
Wu-zhong Guo,1,‡ Feng-Li Lin,2,* and Jiaju Zhang3,4,†

1

Physics Division, National Center for Theoretical Sciences, National Tsing Hua University,
No. 101, Sec. II, Kuang Fu Road, Hsinchu 30013, Taiwan
2
Department of Physics, National Taiwan Normal University,
No. 88, Sec. IV, Ting-Chou Road, Taipei 11677, Taiwan
3
Dipartimento di Fisica G. Occhialini, Università degli Studi di Milano-Bicocca,
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We use Holevo information in the two-dimensional conformal field theory (CFT) with a large central
charge c to distinguish microstates from the underlying thermal state. Holographically, the CFT microstates
of a thermal state are dual to black hole microstate geometries in anti–de Sitter space. It was found recently
that holographic Holevo information shows plateau behaviors at both short and long interval regions. This
indicates that the black hole microstates are indistinguishable from the thermal state by measuring over a
small region, and perfectly distinguishable over a region with its size comparable to the whole system. In
this Letter, we demonstrate that the plateaus are lifted by including the 1=c corrections from both the
vacuum and nonvacuum conformal families of CFT in either the canonical ensemble or microcanonical
ensemble thermal state. Our results imply that the aforementioned indistinguishability and distinguishability of black hole microstate geometries from the underlying black hole are spoiled by higher order
Newton constant GN corrections of quantum gravity.
DOI: 10.1103/PhysRevLett.121.251603

Introduction.—The black hole information paradox lies
in the fact that a pure state seems to evolve into a thermal
state through Hawking radiation, and thus it violates the
unitarity of quantum mechanics. This paradox can be
partially resolved if there exists black hole microstates,
which are pure states that cannot be distinguished from the
underlying thermal state. This resolution however calls for
a complete theory of quantum gravity, which is beyond the
reach at this moment. However, with the help of the anti–de
Sitter/conformal field theory (AdS=CFT) correspondence
[1] one may glimpse the answer for this quantum gravity
problem from the viewpoint of its dual CFT.
Recently, it was proposed in [2] to characterize the
distinguishability of the black hole microstates from its
underlying thermal state by Holevo information. One can
call it, in short, the distinguishability of black hole
microstates. The thermal state of the whole system is
described by
X
ρ¼
pi ρi ;
ρi ¼ jiihij;
ð1Þ
i
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with the orthonormal microstates
jii satisfying hiji0 i ¼ δii0 .
P
Note that 0 ≤ pi ≤ 1, i pi ¼ 1. One would like to distinguish the microstates from the thermal state by performing
measurements in a subsystem A, whose complement is
denoted by B. The first step is to consider the relative entropy
by comparing the reduced density matrix ρA;i ¼ trB ρi of
each of the microstates with the reduced density matrix ρA ¼
trB ρ of the corresponding thermal state, i.e.,
SðρA;i kρA Þ ¼ trðρA;i log ρA;i Þ − trðρA;i log ρA Þ:

ð2Þ

This quantity is a well-defined divergence and characterizes
the difference between the two reduced density matrices.
The average relative entropy gives Holevo information
X
X
χA ¼
pi SðρA;i kρA Þ ¼ SA −
pi SA;i ;
ð3Þ
i

i

with entanglement entropies (EEs) SA ¼ −trðρA log ρA Þ,
SA;i ¼ −trðρA;i log ρA;i Þ. It is the difference between the
thermal state EE and the average EE of the microstates.
Holevo information χ A is the upper bound of the mutual
information between the thermal state and any measurement
inside A, which is aiming to reproduce the thermal state and
to characterize the accessible information.
By construction
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0 ≤ χ A ≤ Sthermal ;

ð4Þ
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with Sthermal being the thermal entropy of the whole system:
X
Sthermal ¼ − pi log pi :

ð5Þ

i

When χ A ¼ 0, ρA;i ¼ ρA so that the microstates are totally
indistinguishable by measurements inside A. On the other
hand, when χ A ¼ Sthermal , ρA;i ρA;i0 ¼ 0 for arbitrary i, i0 and
thus the microstates are completely distinguishable.
To investigate the information loss paradox of black hole
in Einstein gravity in the three-dimensional anti–de Sitter
(AdS3 ) background, i.e., the Bañados-Teitelboim-Zanelli
(BTZ) black hole [3], we calculate Holevo information in a
two-dimensional (2D) CFT. When the gravity is weakly
coupled, the CFT has a large central charge [4]
c¼

3R
;
2GN

ð6Þ

with GN being the Newton constant and R being the AdS
radius. The 1=c corrections on the CFT side correspond to
quantum corrections on the gravity side.
We consider a 2D large c CFT in thermal state on a
cylinder with spatial period L. For an interval A with length
l, we denote Holevo information by χðlÞ. Holevo information χðlÞ is monotonically increasing with respect to l.
It is easy to see that
lim χðlÞ ¼ 0;

l→0

lim χðlÞ ¼ SðLÞ:

l→L

We find that Holevo information is not vanishing as long
as the length of the interval is nonvanishing, and this
indicates that the black hole microstates are distinguishable
from thermal state as long as the measuring region is
nonvanishing. We also find the Holevo information is
smaller than the thermal entropy as long as the interval
is shorter than the whole system.
For calculation convenience we choose that the interval
A is short, i.e., l=L ≪ 1, and thus its complement B has a
length L − l comparable to L. Then we have
SA ¼ SðlÞ;
SB ¼ SðL − lÞ;

χ A ¼ χðlÞ;

SB;i ¼ Si ðL − lÞ;

χ B ¼ χðL − lÞ:

ð8Þ

Note that SA;i ¼ SB;i . To get the short and long interval
Holevo information χ A and χ B , we need to calculate the
short and long interval EEs of thermal state, i.e., SA , SB ,
and the average
P of the short interval EEs of the microstates, i.e.,
i pi SA;i . For the short interval, as in
Refs. [12–15], we use the operator product expansion
(OPE) of twist operators [7,16–21] to calculate the short
interval expansion of the EE. This method is still available
for the long interval case [22–24].
Canonical ensemble thermal state with high
temperature.—For a canonical ensemble thermal state we
have

ð7Þ

By using the holographic entanglement entropy (HEE)
[5,6], it was recently found in Ref. [2] that holographic
Holevo information shows plateau behaviors around both
l → 0 and l → L. This indicates that the microstates are
totally indistinguishable until the interval reaches a nonvanishing critical length, and are perfectly distinguishable
after the interval reaches another critical length that is
shorter than the length of the whole system. However, the
HEE is only the classical gravity result, and it is expected
that quantum corrections to the HEE [7–9] would resolve
both plateaus of the holographic Holevo information. On
the dual CFT side, these correspond to 1=c corrections. The
problem has been addressed in Ref. [10] for the 2D CFT
due to the zero mass BTZ black hole. In this Letter, we
consider the more general thermal states, including the
canonical ensemble thermal state with both high and low
temperatures, as well as the microcanonical ensemble
thermal state. This is not only technically challenging by
performing the thermal average over all eigenstates, i.e.,
including both primaries and their descendants, but also
conceptually interesting to see if the peculiar nonthermal or
nongeometrical descendants states found in Ref. [11] will
be thermally averaged out so that the microstates remain
almost ultralocally indistinguishable.

SA;i ¼ Si ðlÞ;

pi ¼

e−βEi
;
ZðβÞ

ZðβÞ ¼

X
e−βEi ;

ð9Þ

i

with β being the inverse temperature. We consider high
temperature limit β=L ≪ 1 and omit the terms suppressed
by the exponential factor e−2πL=β. The thermal entropy is
SðLÞ ¼

πcL
;
3β

ð10Þ

which is just the entropy of a nonrotating BTZ black hole.
Using the HEE [5,6], one can get the holographic Holevo
information [2]
(
β
0 l < 2π
log 2
χ holo ðlÞ ¼ πcL
:
ð11Þ
β
l > L − 2π
log 2
3β
The holographic Holevo information χ holo ðlÞ with
ðβ=2πÞ log 2 < l < L − ðβ=2πÞ log 2 is unknown. The
result is plotted in Fig. 1. There are plateaus at both l <
ðβ=2πÞ log 2 and l > L − ðβ=2πÞ log 2. We will resolve the
plateaus in CFT.
We consider only contributions from the vacuum conformal family, and will briefly discuss the contributions
from nonvacuum conformal families in the end of the
Letter. For the short interval A we have the EE [16]
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FIG. 1. The holographic Holevo information χ holo [Eq. (11)], the short and long interval expansion of the CFT Holevo information
χ CFT [Eqs. (14) and (16)], i.e., (S14) and (S18) in the Supplemental Material [25], and the leading order c Holevo information χ BO
[Eq. (18)], for the high temperature thermal state with β=L ¼ 0.1 (Left), β=L ¼ 0.2 (Middle), and β=L ¼ 0.5 (Right), respectively. The
unknown region of holographic Holevo information χ holo is left blank. To draw the figures we have set c ¼ 30.



c
β
πl
sinh
:
SA ¼ log
3
πϵ
β

ð12Þ

χB ¼

Though we do not calculate SA;i for all the pure states, using
the results in Refs. [15,26] we can get the average EE

þ

2 2 2

2

π l ðπ c L þ 72πcβL þ 864β Þ
8505cβ6 L2

þ    þ Oðl12 Þ:

ð13Þ

We have omitted some involved terms denoted by   , and
one can find full form of the equation in (S13) of the
Supplemental Material [25]. There are technical issues in
calculating the result to higher orders of l. See details in the
Supplemental Material [25]. Combining them, we obtain
the short interval Holevo information
χA ¼

2π 3 l4 8π 4 l6 ðπcL þ 12βÞ
þ    þ Oðl12 Þ:
−
45β3 L
945cβ5 L2

þ

8π 4 ð32π 2 L2 − 143πβLÞl6
þ    þ Oðl11 ; 1=cÞ:
135135β6 L2
ð16Þ

X
c
l π 2 cl2 π 3 l4 ðπcL þ 24βÞ
pi SA;i ¼ log þ
−
3
ϵ
540β4 L
18β2
i
4 6

πcL 2π 3 ð4πL − 7βÞl4 32π 5 l5
−
þ
3β
315β4 L
3465β5

One can find full form of the equation in (S18) of the
Supplemental Material [25]. Note that SðLÞ − χ B is nonvanishing in the thermodynamic limit.
We denote the results of Eqs. (14) and (16) as the CFT
Holevo information χ CFT ðlÞ and χ CFT ðL − lÞ, respectively.
Note that they are only valid for l ≪ β ≪ L. They are
consistent with holographic Holevo information χ holo
[Eq. (11)] at the leading order of large c, while at the
subleading orders we see the corrections. We plot them in
Fig. 1. We see that, with 1=c corrections, both the short and
long interval plateaus are resolved.
The leading c of Eq. (13) is consistent with the result


X
c
β
πl
sinh
þ Oðc0 Þ;
pi SA;i ¼ log
3
πϵ
β
i

ð14Þ

See full form of the equation in (S14) of the Supplemental
Material [25]. We find that, to the order we consider, it is
vanishing in the thermodynamic limit [27,28], i.e., the limit
L → ∞ with β; l fixed.
For the long interval B we have the EE [24]


2πl
c
β
πl
πcL
SB ¼ log
sinh
þ
− Ið1 − e− β Þ: ð15Þ
3
πϵ
β
3β
The function IðxÞ is the mutual information of two intervals
on a complex plane with cross ratio x. The small x expansion
of IðxÞ to order x8 was calculated in Refs. [8,29] and to order
x10 was calculated in Refs. [30,31]. Note that nothing
but tediousness prevents one from calculating the mutual
information to even higher orders of l. Combining with the
fact that SB;i ¼ SA;i , we obtain the long interval Holevo
information

ð17Þ

which was gotten in Ref. [2] by assuming that the
contributions from the primary excited states dominate
the average. In fact, from the result in Ref. [32], we can
show that there are far more descendant states than primary
states in high levels of a large c CFT [26]. It is intriguing to
show explicitly why primary excited states dominate the
average. Supposing that Eq. (17) is valid as long as
l < L=2, one can get Holevo information by Bao and
Ooguri in Ref. [2] with the following:
8
0
l < L=2
>
>
>
<c
sinhπl
β
β
L=2 < l < L − 2π
log 2 ;
χ BO ðlÞ ¼ 3 log sinhπðL−lÞ
β
>
>
>
: πcL
β
l > L − 2π
log 2
3β
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It is a combination of the holographic and CFT results, and
it is the leading order c Holevo information. For comparison, we also plot χ BO in Fig. 1.
Canonical ensemble thermal state with low
temperature.—In low temperature limit, we have β ≫ L.
The dual gravity background is the thermal AdS and the
holographic thermal entropy is vanishing
Sholo ðLÞ ¼ 0:

ð19Þ

From 0 ≤ χðlÞ ≤ SðLÞ, we obtain
χ holo ðlÞ ¼ 0:

ð20Þ

In CFT, the above total indistinguishability can be lifted
by taking into account the finite-size effect exponentially
suppressed by the factor q ¼ e−2πβ=L. Using the results in
Ref. [24] and considering only the contributions from the
holomorphic sector of the vacuum conformal family, for the
short interval we get

 4
32q2 24q3 64q4
πl
5
þ
þ
þ Oðq Þ
χA ¼
L
15c
5c
5c

2
3
128ðc − 16Þq
32ðc − 24Þq
þ
þ
315c2
35c2
 6
256ðc − 40Þq4
πl
5
þ
þ
Oðq
Þ
þ Oðl8 Þ;
L
105c2



32πβðβ2 þ L2 Þð4β2 þ L2 Þ 2
3Þ
q
þ
Oðq
χ B − SðLÞ ¼ −
15L5
 4
πl
×
þ Oðl5 Þ:
ð22Þ
L
Microcanonical ensemble thermal state.—We now consider the microcanonical ensemble thermal state with fixed
high energy E, with contributions from both the holomorphic and antiholomorphic sectors. We have the thermal
state [Eq. (1)] with
δðE − Ei Þ
:
ΩðEÞ

ð23Þ

At energy E the number of states ΩðEÞ is given by the
Cardy formula [33] and it is an inverse Laplace transformation of canonical ensemble partition function ZðβÞ.
Beyond the saddle point approximation of Refs. [33,34], it
turns out that
rﬃﬃﬃﬃﬃﬃﬃﬃﬃ rﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
πcL
2πcLE
ΩðEÞ ¼
I1
;
6E
3

π 3 l4 ½πcLðI 3 − I 1 Þ þ 24λI 2 
þ    þ Oðl12 Þ; ð25Þ
540λ4 LI 1
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
with the definition λ ≔ ðπcL=6EÞ, which is fixed in the
thermodynamic limit, and I ν being the shorthand notation of
I ν ðπcL=3λÞ. The full form of the equation is presented in
(S38) of the Supplemental Material [25].
For the long interval case, we use the OPE of twist
operators in Refs. [22–24] and obtain the following result,
χA ¼

ð21Þ

and for the long interval we obtain

pi ¼

with I ν being a modified Bessel function of the first kind. As
with the case of the canonical ensemble thermal state with
high temperature, we omit the exponentially suppressed
terms of large E but keep the power suppressed terms.
The Cardy formula can be generalized to the cases
of various multipoint correlation functions on a torus
[32,35–37], i.e., in a canonical ensemble thermal state.
One can use the inverse Laplace transformation of the
canonical ensemble average to obtain the corresponding
microcanonical ensemble one. In this way, we can derive
the one-point functions, and thus the short interval EE, of
the microcanonical ensemble thermal state from the canonical ensemble one-point functions. Similarly, we can obtain
the microcanonical ensemble average short interval EE from
the corresponding canonical ensemble one. Combining the
short interval EE and average EE, we obtain Holevo
information:

ð24Þ

χ B − SðLÞ ¼ Oðl12 Þ:

ð26Þ

However, we cannot get the term of order l12 explicitly.
It is possibly nonvanishing. See details in the Supplemental
Material [25].
Contribution from a nonidentity primary operator.—
Lastly, we consider the leading contribution to Holevo
information from a nonidentity primary operator ψ with
normalization αψ , conformal weights ðhψ ; h̄ψ Þ. We have the
scaling dimension Δψ ¼ hψ þ h̄ψ and spin sψ ¼ hψ − h̄ψ .
For a general thermal state with density matrix [Eq. (1)], we
use the OPE of twist operators [7,16–24] and get the short
and long interval Holevo information
pﬃﬃﬃ
π ΓðΔψ þ 1Þl2Δψ i2sψ
δψ χ A ¼ 2Δ þ2
2 ψ ΓðΔψ þ 32Þ αψ
2 
X
X
2
þ oðl2Δψ Þ;
×
pi hψiρi −
pi hψiρi
i

i

l2Δψ i2sψ X
hijψji0 ihi0 jψjiipi ∂ n
δψ χ B ¼ δψ SðLÞ − 2Δψ þ1
αψ i≠i0
2

X
n−1
ðpi0 =pi Þj
×
þ oðl2Δψ Þ:
ð27Þ
πj 2Δψ
ðsin
Þ
n¼1
j¼1
n
These forms are general and can be applied to both canonical
ensemble and microcanonical ensemble thermal states.
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The results however are not universal in the sense that they
depend on the structure constants, so we cannot evaluate their
explicit forms without knowing the details of the theory.
See more details in the Supplemental Material [25].
Discussion.—For the conclusion of this Letter, we would
like to mention the implication of the almost vanishing
short interval Holevo information to our recent finding of
nongeometric states in Ref. [11]. As shown in Ref. [11]
some special descendant states are nongeometric, which
indicates that they cannot be locally thermal. The ensemble
average for obtaining the Holevo information is over all
states including those nongeometric descendant states.
However, we see the resultant leading order c short interval
Holevo information is still consistent with thermality.
Using the results in Ref. [32] we can show that there are
far more descendant states than primary ones at high levels
in a large c CFT [26]. This indicates that the contributions
from the nongeometric descendant states are suppressed. It
is intriguing to show how this happens explicitly.
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