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We study the backreaction of superhorizon fluctuations of a light quantum scalar field on a classical de
Sitter geometry by means of the Wilsonian renormalization group. This allows us to treat the gravitationally
amplified fluctuations in a nonperturbative manner and to analytically follow the induced renormalization
flow of the spacetime curvature as long wavelength modes are progressively integrated out. Unbounded
loop corrections in the deep infrared are eventually screened by nonperturbative effects which stabilize the
geometry.
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Despite more than half a century of effort (and substantial progress), the extreme smallness of the measured
cosmological constant in Planck units remains a major
open issue in physics, which directly questions our fundamental understanding of gravity [1–3]. In the language of
quantum field theory, the problem appears as that of an
unnatural fine-tuning between the—a priori arbitrary—
bare cosmological constant, allowed by all symmetries
known to date, and the—inevitably large—quantum contribution from vacuum fluctuations of the standard model
fields. Some potential key players are, however, missing in
this picture. Obvious ones are the quantum fluctuations of
the gravitational field itself, which have been suggested
early on as a possible solution of the puzzle [4–6]. There
could also be important backreaction effects of the quantum
fluctuations in the matter (nongravitational) sector [7–12].
Fortunately, a complete theory of quantum gravity might
not be needed to address this question, which concerns
the far infrared sector of the theory [6]. A semiclassical
description, with quantum fluctuations self-consistently
coupled to a (dynamical) classical gravitational field
through Einstein’s equations, already provides a framework
for a possible solution. In the absence of quantum fluctuations, the classical solution to Einstein’s equations with a
positive (negative) cosmological constant is the maximally
symmetric de Sitter (anti–de Sitter) geometry. In this
context, it has been long suggested that the classical
de Sitter geometry may be unstable against quantum
fluctuations [4–6,8–11], a possibility which has received
a renewed interest in the past two decades [13–30].
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In standard cosmological coordinates, the qualitative picture goes as follows. The accelerated spacetime expansion
pulls apart particle-antiparticle pairs from the quantum
vacuum. The self-gravitation of the latter may then slow the
expansion down, resulting in an effective decay of the
spacetime curvature, that is, of the effective cosmological
constant.
The route to establish this scenario is, however, paved with
serious technical difficulties. Leave alone the hard task of
properly computing graviton loop corrections in a de Sitter
geometry [31–33], even the case of a simple scalar quantum
field is far from trivial. First, convincingly assessing the
question of a possible instability (beyond a linear analysis)
requires one to actually control loop corrections of the scalar
field in a non–de Sitter geometry, with less symmetries,
where calculations are technically more involved [34–36].
Second, the strong particle production from the de Sitter
gravitational field actually results in dramatically amplified
quantum fluctuations and, in turn, in infrared divergent loop
contributions [37,38]. The latter signal a breakdown of
perturbation theory and a proper treatment of quantum
contributions thus requires resummation techniques or genuine nonperturbative approaches [39,40].
Here, we propose a novel perspective on the problem of
backreaction based on the recent developments of nonperturbative renormalization group (NPRG) techniques in
de Sitter spacetime [24,41–44]. This consists in progressively integrating out the infrared sector of the theory and it
has been shown to efficiently capture the nonperturbative
infrared dynamics of quantum scalar fields in this context.
We adapt the method to the semiclassical problem at hand
by including a classical gravitational field, self-consistently
determined through the semiclassical Einstein’s equations
at each renormalization group (RG) scale. We can, thus,
follow the RG flow of the effective spacetime curvature
as infrared, superhorizon fluctuations are progressively
integrated out.
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This approach offers various technical advantages. First,
of course, we fully capture the nonperturbative character of
the problem. Second, we can consistently work in de Sitter
spacetime since we follow the RG trajectory of the theory,
instead of its time evolution. Third, we can focus specifically on the role of the infrared modes, the ultraviolet
contributions being absorbed in the initial conditions of the
RG flow. Finally, as we shall see below, most calculations
can be performed analytically thanks to the simple nature of
the RG flow in the far infrared.
We consider the theory of a quantum scalar field φ̂
coupled to a classical gravitational field gμν , described by
the generating functional
Z
−iW κ ½J;g
e
¼ Dφ̂eiS½φ̂;gþiΔSκ ½φ̂;g−iJ·φ̂ ;
ð1Þ
R
where S is the classical action J · φ̂ ≡ x JðxÞφ̂ðxÞ, and
where the quadratic modification of the action
Z
1
ΔSκ ½φ; g ¼
R ðx; yÞφðxÞφðyÞ
ð2Þ
2 x;y κ
plays the role of an infrared cutoff, which suppresses
fluctuations of wavelength larger than 1=κ (in the sense
R
of the metric gμν ) from the path integral. Here, x ¼
R 4 pﬃﬃﬃﬃﬃﬃ
d x −g is the invariant measure and we Rdefine the
corresponding functional trace as Trg F ¼ x F ðx; xÞ.
The regularized effective action Γκ ½φ; g, with φ ≡ hφ̂i,
is defined through the modified Legendre transform
Γκ ½φ; g þ ΔSκ ½φ; g þ W κ ½J; g ¼ J · φ, and interpolates
between the microscopic action for κ large compared to
any other scale in the problem Γκ→∞ ¼ S, and the usual
effective action Γκ→0 ¼ Γ. It satisfies the exact flow
equation [45,46]
i
ð2Þ
∂ κ Γκ ½φ; g ¼ Trg f∂ κ Rκ ½g · ðΓκ ½φ; g þ Rκ ½gÞ−1 g;
2

ð3Þ

ð2Þ

where Γκ ðx; yÞ ¼ ½gðxÞgðyÞ−ð1=2Þ δ2 Γκ ½φ; g=δφðxÞδφðyÞ.
The physical point in field or metric space is given, at each
RG scale κ, by the extremization conditions


δΓκ ½φ; g
δΓκ ½φ; g
¼
0;
¼ 0:
ð4Þ
δφðxÞ φκ ;gκ
δgμν ðxÞ φκ ;gκ
The second equation in Eq. (4) is nothing but the set
of (regularized) semiclassical Einstein equations, which
encode the backreaction of the scalar field quantum fluctuations on the classical metric field gμν . Solving the system
(4) for each κ yields the RG flow of the effective metric.
One important advantage is that we can consistently study
the RG flow restricted to the hypersurface of maximally
symmetric field and metric configurations. This corresponds to constant field configurations φðxÞ ¼ φ and, for

the case of positive curvature which we consider here, to
the de Sitter geometry gμν ðxÞ ¼ gH
μν ðxÞ, characterized by the
(Hubble) scale H. More specifically, we shall consider
the expanding Poincaré patch of the de Sitter geometry,
which, in terms of conformal time η ∈ R− and comoving
2
spatial coordinates, reads gH
μν ðxÞ ¼ ημν =ðHηÞ , with ημν the
Minkowski metric. Writing
the effective action for constant
R
field as Γκ ½φ; gH  ¼ x V κ ðφ; HÞ, with V κ the (running)
effective potential, and assuming a symmetric situation with
φκ ¼ 0, Eq. (4) reduces to the semiclassical Friedmann
equation ∂ H ðH−4 V κ ÞjHκ ¼ 0 for the (running) Hubble
parameter Hκ. In the following, we are interested in the
effects of superhorizon fluctuations, on scales larger than
H−1
κ 0 , for a given initial value H κ0 at the initial scale κ 0 .
We thus choose κ 0 ∼ Hκ0 and integrate the flow down to
κ ¼ 0.
The physics of the massless, minimally coupled scalar
field in de Sitter spacetime is well known: Fluctuations
on superhorizon scales are dramatically amplified by the
gravitational field, which results in nonperturbative infrared
effects. In the NPRG framework, this is manifest in the
phenomenon of dimensional reduction [41,42]: For infrared scales, the RG flow of the effective potential reduces to
that of an effective zero-dimensional theory, whose solution
at κ ¼ 0 is identical to the late time equilibrium state of
the stochastic approach of Ref. [39]. Moreover, it is easy
to see from the Friedmann equation that the infrared
flow of the Hubble parameter is dominated by that of
the effective potential, whereas derivative terms in the
energy-momentum tensor give no contribution in this
regime. These are dominated by ultraviolet scales [47]
and only affect the initial value H κ0 . Finally, it has been
shown that the exact effective potential in the infrared limit
can be obtained from the lowest order approximation in
a derivative expansion of the regularized effective action
known as the local potential approximation (LPA). This has
been discussed in depth in Refs. [41,42] to which we refer
the reader for details. In the infrared regime κ ≪ H κ and for
field values where ∂ 2φ V κ ≪ H 2κ , the (fully functional) flow
equation for the effective potential reads (this implicitly
assumes the de Sitter invariant Chernikov-Tagirov-BunchDavies vacuum state [48,49] for the quantum field)
κ∂ κ V κ ðφ; HÞ ¼

H4
κ2
;
Ω κ 2 þ ∂ 2φ V κ ðφ; HÞ

ð5Þ

where Ω ¼ 8π 2 =3. Equation (5) is equivalent to the
standard LPA flow equation in the Euclidean space RD
(using an appropriate regulator), with D ¼ 0 [45]. This
effective dimensional reduction originates from the peculiar
dynamics of minimally coupled massless fluctuations in a
de Sitter geometry, described by □φ̂ ¼ 0. In standard
cosmological coordinates, the rapid spacetime expansion
strongly washes out (comoving) spatial gradients and
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damps away temporal evolution on timescales larger than
the Hubble rate, leaving the constant zero mode as the only
relevant degree of freedom.
An important consequence is that the functional integral
representation of the infrared effective theory reduces to a
simple integration over the single fluctuating degree of
freedom left [42]. Consider the following generating function
eV 4 W κ ðj;HÞ ¼

Z

dφ̂e−V 4 fV in ðφ̂;HÞþκ

2 φ̂2 =2−jφ̂g

;

ð6Þ

where V 4 ¼ Ω=H 4 , and V in is to be specified below. It is an
easy exercise to check that the modified Legendre transform
V κ , defined as V κ ðφ; HÞ þ κ 2 φ2 =2 þ W κ ðj; HÞ ¼ jφ, satisfies Eq. (5) and, thus, coincides with the effective potential
of our problem provided one adjusts V in in Eq. (6) to match
the initial condition at κ ¼ κ0 . For large enough κ0 , we have
V in ≈ V κ0 . In the following, we choose a massless, minimally
coupled field described by
V in ðφ̂; HÞ ¼ α − βH2 =2 þ λφ̂4 =8;

ð7Þ

where the φ̂-independent
terms reflect the effective EinsteinR
2
Hilbert action M P x ðR=2 − ΛÞ at the scale κ0 , with R ¼
12H2 the Ricci scalar and Λ the cosmological constant. One
could add a term H4 for completeness but the latter does not
play any role in what follows. The parameters α and β are
related to the cosmological constant Λ and the Planck mass
MP as α ¼ ΛM 2P and β ¼ 12M 2P . More general cases, with
nonzero mass and nonminimal gravitational coupling can be
discussed along the same lines and are studied in detail in a
companion paper [50]. Finally, we emphasize that the simple
polynomial potential (7) is by no means a restriction on the
form of the running effective potential V κ ðφ; HÞ. Instead, the
functional flow equation (5)—or, equivalently, the Legendre
transform of W κ ðj; HÞ in Eq. (6)—generates a nontrivial
running potential with, in principle, arbitrary powers of both
H and φ.
Using the representation (6), one easily shows that the
equation ∂ H ðH−4 V κ ÞjHκ ¼ 0 is equivalent to
hH∂ H ½H−4 V in ðφ̂; HÞiκ ¼ 2H−4 κ2 hφ̂2 iκ ;

ð8Þ

where the expectation values are computed with the
measure in Eq. (6) evaluated at j ¼ 0 and H ¼ Hκ .
Using the explicit expression (7) this rewrites as the
following (regularized) semiclassical Friedmann equation
H2κ ¼



4
κ2
λ
α þ hφ̂2 iκ þ hφ̂4 iκ ;
β
8
2

ð9Þ

to be compared to the classical solution H2cl ¼ 4α=β. Notice
also that this is an implicit equation since the expectation
values on the right-hand side depend on Hκ .

We can
R further simplify Rthis equation by using the
identity dφ̂e−vðφ̂Þ φ̂v0 ðφ̂Þ ¼ dφ̂e−vðφ̂Þ, valid for suitable
functions v. Applied to Eq. (6), we obtain the relation
hκ 2 φ̂2 þ λφ̂4 =2iκ ¼ H4κ =Ω, which allows us to eliminate
the quartic term in Eq. (9), and we get
4α − βH2κ þ H4κ =Ω þ κ 2 hφ̂2 iκ ¼ 0:

ð10Þ

Finally, before presenting explicit results, let us recall the
range of validity of our approach. First, the semiclassical
approximation requires that H2κ =M2P ≪ 1, which implies
α=β2 ≪ 1. Second, as already mentioned, the flow equation (5) is valid for κ 2, ∂ 2φ V κ ≪ H2κ .
The exact flow of Hκ is easily found numerically from
Eqs. (6) and (10). It is instructive, though, to analyze how
the flow develops as κ is decreased from the initial scale κ 0 .
For sufficiently large κ the regularized theory, Eqs. (6) and
(7), is essentially that of a nearly Gaussian field with mass κ
and perturbation theory is applicable. The two-point
correlator of the Gaussian theory is hφ̂2 i0;κ ¼ H4κ =ðΩκ 2 Þ
and Eq. (10) becomes, at tree level, 4α−βH2κ0 þ2H4κ0 =Ω¼0.
The consistency of our approach selects the solution with
H2κ0 =β ≪ 1:
H2κ0 ≈ H2cl þ 2H 4cl =βΩ;

ð11Þ

where the second term is the first quantum correction to the
classical solution H 2cl ¼ 4α=β at the scale κ0 . Here, we have
neglected terms of relative order H4cl =ðβΩÞ2.
Deviations from the solution (11) come from perturbative corrections to the correlator hφ̂2 iκ. Using Feynman
diagrams, one easily checks that the actual expansion
parameter is λeff;κ ¼ ðλΩ=H 4κ Þhφ̂2 i20;κ ¼ λH4κ =ðΩκ 4 Þ, which
is the effective coupling of the regularized zerodimensional theory. The growth of the latter as κ decreases
is, thus, a direct consequence of the gravitational amplification of infrared Gaussian fluctuations. The first nontrivial (one-loop) correction is
hφ̂2 iκ ¼ hφ̂2 i0;κ ½1 − 3λeff;κ =2 þ Oðλ2eff;κ Þ;

ð12Þ

from which we obtain, defining β̃ ¼ βΩ=H2κ0 ,
H2κ =H 2κ0 ¼ 1 − 3λeff;κ =ð2β̃Þ þ Oðλ2eff;κ ; β̃−2 Þ:

ð13Þ

We see that the one-loop contribution leads to a decay of
the spacetime curvature as superhorizon fluctuations are
progressively integrated out, as shown in Fig. 1.
However, when the one-loop correction becomes significant, higher orders also become important and, in fact,
the perturbative expansion breaks down, as also illustrated
in Fig. 1. In this nonperturbative regime, large infrared
fluctuations trigger the dynamical generation of an effective
mass, which screens the growth of quantum fluctuations on
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FIG. 1. Flow of the spacetime curvature H 2κ with parameters
α ¼ 0.1, β ¼ 1, and λ ¼ 0.1. Also shown are the one- and twoloop perturbative results, which correctly describe the flow at
sufficiently large κ. For lower κ, all loop orders contribute equally
and perturbation theory breaks down. The flow eventually
saturates as a nonperturbative mass is dynamically generated.
The long-dashed curve shows the approximate expression (17).

deep superhorizon scales [39,42]. The correlator hφ̂2 iκ¼0 is
thus finite and can be trivially evaluated from Eq. (6) as
rﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Γð3=4Þ
8H4κ
hφ̂2 iκ¼0 ¼
:
ð14Þ
Γð1=4Þ λΩ
It follows from Eq. (10) that H2κ saturates to a finite value at
κ ¼ 0, given by 4α − βH2κ¼0 þ H4κ¼0 =Ω ¼ 0, that is,
H2κ¼0 ≈ H2cl þ H4cl =βΩ:

ð15Þ

The relative change in H2κ is thus given by H2cl =ðβΩÞ ≪ 1.
The complete flow is obtained by solving Eq. (10) with
the exact expression of the correlator [K ν ðxÞ is the modified
Bessel function of the second kind]


K 3=4 ðλ−1
hφ̂2 iκ
eff;κ =4Þ
−1
¼
λ
−
1
≡ Cκ ðHκ Þ;
eff;κ
K 1=4 ðλ−1
hφ̂2 i0;κ
eff;κ =4Þ

ð16Þ

which implicitly depends on Hκ through λeff;κ . An approximate explicit solution of Eq. (10) can be obtained by
expanding around H2κ0 in inverse powers of β̃:
H2κ =H 2κ0 ¼ 1 − β̃−1 ½1 − Cκ ðHκ0 Þ þ Oðβ̃−2 Þ;

ð17Þ

where function Cκ is defined in Eq. (16). This is shown in
Fig. 1 together with the exact solution and the breakdown
of the perturbative expansion.
In conclusion, we have investigated the backreaction of a
light quantum scalar field on a de Sitter geometry by means
of recently developed NPRG techniques. We find a nontrivial renormalization of the spacetime curvature as superhorizon fluctutations are progressively integrated out.
Perturbative loop corrections grow unbounded as a result

of the gravitational amplification of such fluctuations. This
signals the breakdown of perturbation theory rather than an
instability. Nonperturbative effects come into play with, in
particular, the dynamical generation of a mass, which
screens the growth of superhorizon fluctuations and freezes
the RG flow of the effective spacetime curvature. Overall,
the infrared renormalization of the latter is controlled by the
gravitational coupling H2κ0 =ðβΩÞ ≈ Λ=ð96π 2 M2P Þ, small by
assumption in the present semiclassical treatment.
We believe the present work brings an interesting light
on the general issue of de Sitter spacetime stability against
quantum fluctuations. It is worth emphasizing, though, that
here we have discussed the specific case of superhorizon
fluctuations of a quantum scalar field in a de Sitter invariant
quantum state. Various other possible sources or directions
of instability have been discussed in the literature such as,
for instance, the question of stability of a global de Sitter
geometry (as opposed to the expanding Poincaré patch
studied here) [15,23], non–de Sitter-symmetric quantum
states for the scalar field [19,22,25,27,29], or the role of
graviton fluctuations [6,28]. It remains to be investigated
whether the NPRG techniques proposed here can be useful
in such cases.
Were we to speculate about these questions from the
present work, we would expect that the physical mechanism studied here, namely, the saturation of the flow due to
the phenomenon of dynamical mass generation, is likely to
be at work for scalar fields even in a non–de Sitter invariant
state. However, no such phenomenon is expected for
graviton fluctuations. The fate of the latter beyond perturbation theory and the question of a possible saturation
mechanisms in that case are left open.
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Poincaré A 9, 109 (1968).
[49] T. S. Bunch and P. C. W. Davies, Proc. R. Soc. A 360, 117
(1978).
[50] G. Moreau and J. Serreau, arXiv:1809.03969.

011302-5

